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Postselected weak measurement has shown significant potential for detecting small physical effects due to its unique
weak-value-amplification phenomenon. Previous works suggest that Heisenberg-limit precision can be attained using opti-
cal coherent states. However, the observed Heisenberg scaling requires a measurement of the distribution of postselection
probability, exhibiting no implementation pathway through conventional measurement paradigms. Here, we demonstrate
that the output photons can also reach the Heisenberg scale by utilizing the Fisher information transfer effect, while this
scenario exhibits enhanced robustness against dephasing noise. In addition, we consider the insertion of a power-recycling
cavity and demonstrate its positive impact on the distribution of postselection. Our results enhance the quantum metrologi-
cal advantages of the postselection strategy and broaden its application scope.
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1. Introduction
Postselected weak measurement, first introduced by

Aharonov, Albert, and Vaidman in 1988,[1] has demonstrated
rich potential in quantum mechanics, particularly in the area
of parameter estimation and quantum measurement theory.
It involves weak coupling between the system and the me-
ter, enabling the average shift of the output pointer state to
significantly exceed the eigenvalues of the system observable
through postselection.[2] Generally, the amplification of the
shift observable is associated with the concept of the ‘weak
value’, a phenomenon known as the weak-value amplification
(WVA) effect. With these characteristics, postselected weak
measurement has been successfully used in the detection of
tiny physical effects.[3–21]

The accuracy of a measurement is a crucial factor in as-
sessing the effectiveness of a measurement method. Whether
postselected weak measurement is optimal remains a point
of significant debate.[22–35] Critics often address this is-
sue from the perspective of Fisher information (FI), argu-
ing that postselection, in itself, cannot improve accuracy
and instead discards a significant portion of the photons
that carry useful information.[29] Positive discussions focus
on specific conditions. For example, weak measurement
can outperform conventional measurement in the presence
of detector saturation.[36,37] Additionally, weak measurement
has been pointed out to suppress technical noise in some
circumstances.[23,24,31,38–41] Some recent studies on WVA-
based metrology include Refs. [42,43].

Since debates on weak measurement often center around
low postselection efficiency, several targeted efforts have

been made to address this issue. Recycling techniques have
been demonstrated to enhance both the postselection prob-
ability and signal-to-noise ratio by reusing the failed post-
selection photons.[44–50] Additionally, joint weak measure-
ment has been shown to maximize photon utilization and
remain robust against various sources of noise.[51] Further-
more, certain quantum resources, such as entanglement and
squeezing, can enhance the precision of WVA measurements
to the quantum scale.[41,52–54] Some schemes even claim to
achieve Heisenberg-scaling (HS) precision without relying on
entanglement[55] or any quantum resources.[27,28,56,57] These
works undoubtedly provide a broader perspective of the quan-
tum potential of WVA-based metrology.

In this article, we focus on the WVA setup presented in
Ref. [27], where the distribution of postselection can yield
quantum-enhanced precision. We will demonstrate that the
successful or failed post-selection states can also reach the
quantum scale, utilizing the concentration or transfer effect of
FI in weak measurement. In addition, we will show that recy-
cling techniques can enable the post-selection process itself to
benefit, rather than just the successful post-selection photons.

2. Model of coherent-state-assisted postselection
measurement
In this section, we review the WVA-based setup intro-

duced by Zhang et al.[27] The quantum system is a two-state
system with eigenstates |e〉 and |g〉, which is coupled to an op-
tical meter prepared in a coherent state |α〉. The initial state
of the quantum system is prepared as |ψi〉 = cos(θi/2)|g〉+
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sin(θi/2)e iφi |e〉. The interaction Hamiltonian produces a uni-
tary operation represented as follows:

U = exp(igσ̂zn̂), (1)

where g is the coupling parameter, σ̂z is the Pauli opera-
tor σ̂z = |e〉〈e| − |g〉〈g|, and n̂ is the photon-number operator
n̂ = â†â. This results in the joint state being

|Ψj〉 = U |ψi〉|α〉

= cos
θi

2
|g〉|α e−ig〉+ sin

θi

2
e iφi |e〉|α e ig〉. (2)

Postselecting the system in the state |ψ f 〉 = cos(θ f /2)|g〉+
sin(θ f /2)e iφ f |e〉, the meter state becomes

|Φ̃d〉= cos
θi

2
cos

θ f

2
|α e−ig〉+ sin

θi

2
sin

θ f

2
e iφ0 |α e ig〉, (3)

where φ0 = φi− φ f denotes the phase shift between the ini-
tial system state and the postselected system state. Notably,
|Φ̃d〉 is not normalized. The related normalized form should be
|Φd〉 = |Φ̃d〉/

√
Pd , where the normalization factors are given

by Pd = 〈Φ̃d |Φ̃d〉, which is also the probability of success-
ful postselection. Similarly, the failed postselected state can
be written as |ψr〉 = sin(θ f /2)|g〉− cos(θ f /2)e iφ f |e〉, corre-
sponding to the reflected probe

|Φ̃r〉= cos
θi

2
cos

θ f

2
|α e−ig〉− sin

θi

2
sin

θ f

2
e iφ0 |α e ig〉. (4)

Thus, the corresponding normalized forms are |Φr〉 =
|Φ̃r〉/

√
Pr, where Pr = 〈Φ̃r|Φ̃r〉 is the probability of failed

postselection.
The FI is a central quantity in parameter estimation, de-

noted by F in this article. It establishes a lower bound on the
variance of an unbiased estimator g through the Cramér–Rao
inequality: Var(g) ≥ 1/nF . For a given probability distribu-
tion pm, we can calculate the FI via the formula

F = ∑
m

1
pm

(
d pm

dg

)2

. (5)

The quantum Fisher information (QFI) is defined as the FI
maximized over all possible generalized measurements. When
the meter function |Φ〉 is known, the QFI can be calculated us-
ing the following formula:

Q = 4

[(
d 〈Φ |

dg

)(
d |Φ〉

dg

)
−
∣∣∣∣〈Φ |( d |Φ〉

dg

)∣∣∣∣2
]
. (6)

By substituting |Φd〉 and |Φr〉 into Eq. (6), we obtain the QFI
of the successful and failed postselection parts, denoted as Qd

and Qr, respectively. PdQd +PrQr stands for the maximum
information from detecting photons. Besides, the distribution

{Pd ,Pr} yields a classical FI Fp, which refers to the informa-
tion obtained in the postselection process. Therefore, the to-
tal information contained at different stages of the selection-
coupling-selection process is

Ftot = PdQd +PrQr +Fp, (7)

which is also one of the major conclusions of Ref. [27].
Next, we will demonstrate how to achieve the maximum

Ftot. Notably, Ftot cannot exceed the input FI Q j, which can
be obtained by substituting |Ψj〉 into Eq. (6). It can be calcu-
lated that Q j = 4n2 sin2

θi +4n, where n = |α|2 is the average
photon number. This expression suggests that θi = π/2 can
provide the maximum value

Q j = 4n2 +4n, (8)

where the upper limit of Ftot also reaches its maximum. Next,
we examine the optimal region of Ftot. As shown in Fig. 1, we
plot Ftot, PdQd , PrQr, and Fp varying with θ f , where we set
n = 4 and φ0 = π . We can clearly see that the peak Ftot cor-
responds to θ f = π/2 or 3π/2 (considering only within one
cycle), and the FI is concentrated in the postselection distribu-
tion. In this way, both Q j and the maximum Ftot can exhibit
quantum scaling (∼ n2).
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Fig. 1. FI Composition. Panel (a) corresponds to the cases of the total FI
Ftot varying with θ f . Panel (b) corresponds to the cases of the separated
FI PdQd , PrQr and Fp varying with θ f . In these plots, the average photon
number is set to n̄ = 4. Ftot is the sum total of the FI contained at dif-
ferent stages of the preselection–coupling–postselection process. PdQd
is the QFI of successful postselection photons. PrQr is the QFI of failed
postselection photons. Fp is the FI of the distribution of postselection
probability.

However, the quantum scale only occurs in the classical
FI of the postselected process under the parameter conditions
specified in previous literatures [27,28,30,56]. In other words,
we need to establish a measurement scheme based on the post-
selection distribution rather than directly detecting the output
state. This raises an immediate question: can the output meter
state (PdQd) reach the quantum scale?
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3. The quantum perspective of PdQd measure-
ment

3.1. The information transfer effect

To begin with, we must reiterate the concept of a weak
value,[1] which is typically employed to amplify measured pa-
rameters. Its mathematical form here is

Aw =
〈ψ f |σ̂z|ψi〉
〈ψ f |ψi〉

=
sinθi sinθ f e iφ0 − cosθi cosθ f

sinθi sinθ f e iφ0 + cosθi cosθ f
. (9)

Previous related works conclude that weak-value measure-
ments can concentrate the input FI regarding the measured
parameter into a small number of successful postselection
events.[24,44,52] However, in Ref. [27], the FI is concentrated in
the postselection distribution rather than in the typical aggre-
gation of successful-postselection photons. This change stems
from an alteration in the parameter region. For example, by
focusing on one of the maximum Ftot parameter conditions
where θi = θ f = π/2, we can readily calculate that Aw = 1.
However, this does not represent a strict weak-value measure-
ment because there is no manifestation of the weak-value am-
plification effect. Reference [28] provides a more in-depth ex-
planation of this issue; here, we merely emphasize that this
measurement method is distinct from traditional weak-value
measurement.

Next, we will demonstrate how this distinction signifi-
cantly influences the postselection. The values of θi and θ f are
chosen to be π/2, which corresponds to the parameter condi-
tion for the maximum Ftot (this condition will be consistently
applied in the following sections), and present the equation for
the probability of successful postselection:

Pd =
1+ e−2nsin2 g cos(nsin2g+φ0)

2
. (10)

When we apply the parameter settings from Ref. [27], where
φ0 = π and a constant incident photon number, the postselec-
tion is introduced solely by the weak coupling g. However, for
typical weak-value measurements, where the angle between
the pre- and postselected states is denoted by φ and the pa-
rameter range is g� φ � 1, the postselection process is pri-
marily determined by φ , rather than by g. In other words,
as φ increases from 0 into the weak-value region, the FI is
continuously transferred from the postselection process to the
successful-postselection photons.

Finally, we demonstrate that this transfer effect also ex-
ists in our scheme. From Eq. (10), disregarding the high-order
terms of g, it is evident that φ0 holds the same significance as
nsin2g. To examine how φ0 affects the postselection, we plot
PdQd , PrQr, and Fp varying with φ0 in Fig. 2, where the trend
of FI transfer is clearly illustrated. It can be seen that PdQd

can reach the maximum scale 4n2 + 4n, with the peak corre-
sponding to the horizontal coordinate φ0 = π − nsin2g− 2g.

(The calculation here is straightforward because Fp decreases
to 0 at the peak value of PdQd . We simply need to solve for
Fp = 0.) Therefore, we conclude that during the transition of
φ0 from φ0 = π to φ0 = π−nsin2g−2g, the FI gradually trans-
fers from the postselection distribution (Fp) to the successful-
postselection photons (PdQd), resulting in the output photons
∼ n2 scaling. Next, we will further compare the merits and
drawbacks of these two measurement scenarios from the per-
spective of dephasing noise.

20
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PdQd

P
a
Q
a

PrQr

Fp

θf (π)

0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0

Fig. 2. Transfer of FI. PdQd , PrQr and Fp vary with the phase shift be-
tween the pre- and postselected state φ0. In this plot, all PdQd , PrQr
and Fp can achieve the maximum value of 4n̄2 + 4n̄. Ftotis the sum to-
tal of the FI contained at different stages of the preselection–coupling–
postselection process. PdQd is the QFI of successful postselection pho-
tons. PrQr is the QFI of failed postselection photons. Fp is the FI of the
distribution of postselection probability.

3.2. Effects of phase fluctuations

While the preceding analysis addresses an idealized
Heisenberg-scale model, the inevitable inclusion of decoher-
ence/dephasing noise fundamentally alters the scaling dynam-
ics, precipitating a characteristic transition from Heisenberg
scaling to standard quantum scaling. Furthermore, although
the meter states are seemingly classical coherent states, phase
fluctuations (or other dephasing noise) in measuring two-state
systems operating at the Heisenberg limit can severely affect
the scheme’s measurement conclusions. The theoretical basis
for these assertions can be referenced in Ref. [28].

Here, we consider a small phase fluctuation δ , which is a
Gaussian random variable with zero mean and variance 〈δ 2〉.
This effect manifests directly on the measured parameter g and
can be averaged over, g→ g+ δ . In Ref. [28], Jordan et al.
proposed that the perturbation to the coherent state is effec-
tively an n-independent phase shift of the coherent state under
the small g ∼ 1/n condition; that is, the coherent state in the
weak-coupling regime can be approximated as∣∣∣α e±ig

〉
≈ |α〉 e±ign + |α⊥ (±g)〉 , (11)

where |α⊥ (±g)〉 is orthogonal to |α〉 in this condition. Simi-
larly, Eq. (2) can be approximated as∣∣Ψ ′j 〉 ≈ (1/

√
2)
(
|g〉 e−ign + |e〉 e ign

)
|α〉 ,

+(1/
√

2)(|g〉 |α⊥ (−g)〉+ |e〉 |α⊥ (g)〉) , (12)

where we set the initial phase shift φi = 0. This equation re-
veals two key findings. (a) In the large-n limit, weak coupling
primarily induces rotation of the spin while causing negligible
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disturbance to the coherent state — a phenomenon diverging
fundamentally from classical weak measurement predictions.
(b) The coherent state is separable within the Heisenberg scal-
ing regime, allowing all quantum effects to be captured by
the first half of the equation, (1/

√
2)
(
|g〉 e−ign + |e〉 e ign

)
.

Therefore, the density matrix component associated with the
Heisenberg scaling regime can be decoupled,

ρ ≈ 1
2
(|g〉〈g|+ |e〉〈e|+ e−2ign−2igδ |g〉〈e|

+e2ign+2igδ |e〉〈g|). (13)

Here, we provide necessary clarification regarding the
approximation above. The second term in Eq. (12),
(1/
√

2)(|g〉 |α⊥ (−g)〉+ |e〉 |α⊥ (g)〉) — which captures the
coherent state’s response to weak coupling — has been en-
tirely discarded. One may readily demonstrate that this term’s
FI equals 4n in Eq. (8). This term scales linearly with n,
whereas the present work focuses on quantum contributions
that scale with n2. It is therefore justifiable to neglect the lin-
ear term on physical grounds. Moreover, the large-n limit is
essential to this study: typical photon numbers exceed 102,
under which condition Q j = 4n2 +4n≈ 4n2 holds. Taking the
average over δ , the density matrix becomes

ρ
′ ≈ 1

2

(
|g〉〈g|+ |e〉〈e|+ e−2ign−2n2〈δ 2〉 |g〉〈e|

+e2ign−2n2〈δ 2〉 |e〉〈g|
)
. (14)

Next, we investigate the influence of phase fluctuations by cal-
culating the QFI. Defining L as the logarithmic derivative of
the density matrix ρ ′ with respect to g, the corresponding QFI
can be given by

Fρ ′ = Tr(ρ ′L2) = 4n2 e−4n2〈δ 2〉. (15)

As shown in Fig. 3, the scaling of FI with measurement sam-
ples n is compared between the ideal scenario (〈δ 2〉 = 0) and
a weakly perturbed phase fluctuation scenario (〈δ 2〉= 0.001).
Remarkably, even infinitesimal dephasing noise triggers a su-
perlinear decay of FI, thereby exposing the extreme fragility
of quantum-enhanced metrology against decoherence.
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Fig. 3. The total QFI is highly sensitive to phase fluctuations. The curves
of Fρ ′ versus n under both ideal conditions (〈δ 2〉 = 0) and with a small
phase fluctuation considered (〈δ 2〉= 0.001). 〈δ 2〉 is the variance of phase
fluctuation.

3.3. Robustness advantage of PdQd measurement

In Subsection 3.2, we analyzed the dephasing noise of
the initial joint states. To uncover the mechanism of dephas-
ing evolution in the final detected states, we must examine the
role of postselection. Here, we apply the postselected states∣∣ψ f
〉
= (1/

√
2)(|g〉+ e iφ f |e〉) to the density matrix ρ ′,

ρ
′
f =

∣∣ψ f
〉〈

ψ f
∣∣ρ ′ ∣∣ψ f

〉〈
ψ f
∣∣= P′d

∣∣ψ f
〉〈

ψ f
∣∣ , (16)

where P′d represents a specific probability and its mathematical
expression is

P′d =
1+ e−2n2〈δ 2〉 cos(nsin2g+φ0)

2
. (17)

Notably, P′d in this context embodies the HS probabilistic be-
havior of the protocol, distinct from the physical meaning of
the actual postselection probability Pd , which corresponds to
the experimentally measurable probability distribution. Since
the postselected state

∣∣ψ f
〉

is independent of g (its derivative
with respect to g vanishes), the QFI Fρ ′f

of ρ ′f is fully captured
by the FI of the probability P′d ,

Fρ ′f
= Tr(ρ ′f L2) =

1
P′d

(
dP′d
dg

)2

+
1

1−P′d

(
d(1−P′d)

dg

)2

=
4n2 e−4n2〈δ 2〉 sin2 (2gn+φ0)

1− e−4n2〈δ 2〉 cos2 (2gn+φ0)
. (18)

In Subsection 3.1, we demonstrate that when φ0 = π , the to-
tal FI is concentrated in the distribution of postselection prob-
ability, whereas when φ0 = π − nsin2g−2g, the total FI is
entirely transferred to the output term PdQd . Therefore, to
compare the robustness of probability-distribution measure-
ments and PdQd measurements, one need only compare the
total FI Fρ ′f

at φ0 = π and φ0 = π−nsin2g−2g. As shown in

Fig. 4(a), we plot Fρ ′ and Fρ ′f
(φ0 = π) varying with 〈δ 2〉. We

find that the postselection-probability distribution measure-
ment protocols exhibit heightened susceptibility to dephasing
noise. To quantify this contrast, as shown in Fig. 4(b), we
also focus on the trend of Fρ ′f

(φ0 = π − nsin2g−2g) where
the total FI is concentrated in the output state. Fρ ′f

(φ0 =

π − nsin2g−2g) almost overlaps with Fρ ′ , which indicates
that Fρ ′f

(φ0 = π − nsin2g−2g) is less affected by dephasing
and thus has higher robustness than Fρ ′f

(φ0 = π). To intuitively
demonstrate the effect of postselection on robustness, we de-
fine the ratio of Fρ ′f

to Fρ ′ as R, whose expression is

R =
Fρ ′f

Fρ ′
=

sin2 (2gn+φ0)

1− e−4n2〈δ 2〉 cos2 (2gn+φ0)
. (19)

R takes values between 0 and 1, where a larger R indicates
stronger robustness of the measurement system. In Fig. 4(c),
we visually demonstrate the variation trend of R, which pro-
vides a robustness advantage criterion for output-state mea-
surements.
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Fig. 4. Robustness analysis under different measurement scenarios. Panel (a) corresponds to the case of Fρ ′ and Fρ ′f
(φ0 = π) varying with 〈δ 2〉,

respectively, where g = 0.01π and n = 10. Panel (b) compares the curves of Fρ ′f
versus 〈δ 2〉 for the cases of φ0 = π and φ0 = π−nsin2g−2g.

In panel (c), R is defined as the ratio of Fρ ′f
to Fρ ′ , and the plot displays the dependence of R on φ0 over a full cycle. 〈δ 2〉 is the variance of phase

fluctuations. g is the coupling parameter.

4. Power-recycling
In Section 3, we demonstrate the robustness advantage

of PdQd measurements. However, weak measurement dis-
cards most photons during the postselection process, making
it challenging for its signal-to-noise ratio to surpass that of
conventional measurement methods. A solution to this limi-
tation lies in the power-recycling technique, which essentially
leverages the redistribution and concentration of FI. It trans-
forms failed-postselection photons, which carry low informa-
tion, into successful-postselection light with high information
through a resonant cavity. Theoretically, it can enhance the FI
of the outgoing photons by a factor of 1/χ , where χ is propor-
tional to

√
Pd .[24,44] There is no doubt that this enhancement

also applies to the coherent meter state here. However, dur-
ing this photon transfer process, the postselection distribution
changes. We will demonstrate that this change is also benefi-
cial.

4.1. Power-recycling can benefit the distribution of postse-
lection

Power-recycling technology involves inserting a partially
transmitting mirror (PTM) with reflection and transmission
coefficients r and p, respectively (r2 + p2 = 1). Meanwhile,

the postselection can be regarded as a specialized partially
transmitting mirror, since it allows a small portion of pho-
tons to reach the detector, while the majority are reflected
back to the PTM. Here, we assume the reflection coefficient of
the postselection is rm, which satisfies rm = 〈ψi|U |ψi〉=

√
Pr.

Thus, the corresponding transmission coefficient pm can be
given by pm =

√
1− rm. Considering an initial amplitude E0

incident into the system, the amplitudes of reflected and trans-
mitted light become Erm = rmE0 and Ert = pmE0, respectively,
where we neglect optical loss. Therefore, the light inside the
cavity and reflected back to the laser are, respectively,

Ec = p
[

1+ rrm e iθ +
(

rrm e iθ
)2

+ · · ·
]

E0

=
p

1− rrm e iθ E0, (20)

Eb =

(
−r+

p2rm e iθ

1− rrm e iθ

)
E0, (21)

where θ is the single-pass phase addition. For a resonant cav-
ity, e iθ ≈ 1, and the gain factor of amplitude is Ecav/E0 =

p/(1− rrm). As shown in Fig. 5, this leads to the successful-
postselection probability changing from Pd to Pc,

Meter

System

Failed
postselection

Power-recycling

Successful
postselection

PPCM

PDH

L

L

⋯⋯
⋯⋯

PTM Postselection
Weak coupling

|ψi>

|α>

Pb

Pc

Pd
Pr

Fig. 5. Sketch of the power-recycled WVA-based metrology. The initial system state |ψi〉 is coupled to the meter state |α〉. The partially
transmitting mirror and the postselection system together constitute a power-recycling cavity. During the first pass through the postselection
stage, a fraction Pd of photons is successfully postselected, while the remaining fraction Pr is failed postselected and reflected back toward the
laser. After multiple cycles, both the successfully postselected photons with probability Pc and the failed postselected photons with probability
Pb are detected via projective photon-counting measurement. PDH: the Pound–Drever–Hall technique, L: lens.
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Pc =

(
p

1− r
√

Pr

)2

Pd . (22)

Note that the probability Pc critically incorporates the cavity-
induced multi-interactions between the probe and the system.
Similarly, the probability of failed postselection photons can
be expressed as the square of the unnormalized amplitude of
the light reflected back toward the laser

Pb =

(
−r+

p2√Pr

1− r
√

Pr

)2

. (23)

By substituting the distribution of {Pc,Pb} into Eq. (5), we
can obtain the FI of postselection process modified by power-
recycling

Fpow =
1
Pc

(
dPc

dg

)2

+
1
Pb

(
dPb

dg

)2

. (24)
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Fig. 6. Comparison of postselection in power-recycling and standard
WVA schemes. Panels (a) and (b) correspond to the case of Fpow and
Fp varying with g under n̄ = 4 and 2, respectively, where r = 0.9. In pan-
els (c) and (d), we assume g = 0.01π and plot Fpow and Fp varying with r
under n̄ = 4 and 2, respectively. Fpow and Fp are the FI of the postselec-
tion process of power-recycling and standard schemes, respectively. g is
the coupling parameter. r is the reflection coefficient of mirror.

To determine whether power-recycling affects the distri-
bution of postselection, we first choose the optimal parameter
φ = π , which corresponds to the maximum Fp. Additionally,
we assume sing≈ g and neglect high-order terms of g (g� 1),
thus simplifying Fpow to

Fpow ≈ n2B2

[
1+

(cosng− r)2

(1− r2)sin2 ng

]
, (25)

where

B =
(1− r2)(sin2ng+2gcos2ng)

(r cosng−1)2 cosng
. (26)

It is evident that the power-recycled distribution of postselec-
tion can also achieve quantum precision (∼ n2). To visualize

this, as shown in Fig. 6, we plot the curves of Fpow (red solid
line) and Fp (blue dashed line), where Fpow exhibits a broad-
range enhancement. This implies that probability distribution
{Pc,Pb} contains significantly more FI than probability distri-
bution {Pd ,Pr}.

In addition, to analyze the source of the improvement in
FI, we divide Ftot into two parts,

Ftot = Fc +Fb, (27)

where Fc is the contribution from the successful postselection
part and Fb is the contribution from the failed postselection
part. As shown in Fig. 7, we compare the trends of change
in FI and postselection probabilities. We obtain two similar
trends, but the magnitudes of these trends differ significantly.
The conclusions are as follows. (i) The successful postselec-
tion part has a larger information-to-probability ratio than the
failed postselection part. (ii) The power-recycling cavity trans-
fers photons from the failed postselection part to the successful
postselection part, thereby increasing the FI of postselection.
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Fig. 7. The origin of the benefits of postselection induced by power-
recycling. (a) The FI of successful and failed postselection parts varying
with r under n̄ = 4 and g = 0.01π . (b) The trend of successful and failed
postselection probabilities. Fpow and Fp are the FI of the postselection
process of power-recycling and standard schemes, respectively. g is the
coupling parameter. r is the reflection coefficient of mirror.

4.2. Experimental feasibility

Although this approach significantly enhances the FI of
the distribution of postselection probability, its experimental
implementation faces a major challenge: environmental noise.
Here, we categorize this noise into two distinct types.

The first is noise independent of the recycling cavity —
inherent to standard experimental configurations and also un-
avoidable in recycling-enhanced setups. This category com-
prises a combination of quantum and technical noise, and
its model varies significantly across different measurement
systems. Several methods are available to suppress such
noise, particularly through techniques such as quantum error
correction.[58,59] Fortunately, in photonic crystal fiber systems,
a nearly optimal HS precision has been demonstrated for mea-
suring single-photon Kerr nonlinearity.[60] Chen et al. have
successfully implemented a weak measurement scheme with
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HS precision in this system.[56] Thus, a recycling-enhanced
verification protocol based on this system is feasible.

The second type arises specifically from the recycling
cavity. This noise is predominantly technical in origin and
typically includes vibrations, cavity power loss, and walk-off
effects. Generally, the length of the resonant cavity is unsta-
ble and varies over time due to mechanical vibrations, ther-
mal fluctuations, and pressure, among other factors. Wang et
al. successfully stabilized the cavity length using the Pound–
Drever–Hall (PDH) locking technique.[46] Therefore, the PDH
system can also be employed to suppress vibrations in this
power-recycling cavity. Cavity power loss — commonly char-
acterized by the parameter γ denoting single-pass power loss
— is generally unavoidable owing to imperfections inherent in
the optical assembly. This makes the distribution of postselec-
tion probability as to

P′c =

[
p

1− r
√
(1− γ)Pr

]2

Pd ,

P′b =

[
−r+

p2√Pr

1− r
√
(1− γ)Pr

]2

. (28)

The value of γ generally ranges from 0.1 to 0.3, depending
on the specific optical system. Furthermore, the recycling
beam tends to diminish in signal strength after multiple round
trips, a phenomenon referred to as the walk-off effect. Al-
though this effect is particularly challenging to eliminate in
probability measurement systems, studies have shown that its
impact can be significantly suppressed in noisy systems. By
choosing appropriate optical design parameters (e.g., the par-
tially transmitting mirror), its influence can approximately be
neglected.[49]

5. Conclusion
In summary, we have considered the postselected metrol-

ogy model proposed by Zhang et al.[27] and have analyzed the
effect of FI transfer within it. We have drawn two key conclu-
sions. (1) In addition to the postselection probability distribu-
tion measurement proposed by Zhang et al., output-state mea-
surements can also achieve Heisenberg-scale precision while
exhibiting greater robustness against phase-dephasing noise.
(2) Beyond its conventional role in improving the signal-to-
noise ratio of successful output states, the power-recycling
technique also positively modifies the distribution of postse-
lection probability. These findings represent a direct optimiza-
tion of the scheme introduced by Zhang et al. and, more fun-
damentally, highlight that weak measurements — particularly
the postselection process — still harbor uncharted effects that
are worthy of further exploration.

This FI transfer effect originates from postselection, and
therefore it theoretically manifests in all postselection-related

measurements. However, we do not analyze the connec-
tion between cyclic protocol and dephasing noise, since our
noise model employs an ‘unphysical’ postselection probabil-
ity, whereas cyclic methods typically directly amplify real
postselection probabilities. Subsequent studies could therefore
address noise model refinements for various improved weak
measurement schemes.
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