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The rate at which quantum coherence is generated or degraded significantly impacts quantum information processing.
The minimum time for the coherence-changing process can be well evaluated using the quantum speed limit (QSL), which
typically requires taking the maximum across different QSL bounds. In this paper, we derive a coherence QSL bound
using the quantum Jensen—Shannon divergence as a coherence measure. It is shown that for any state, there is always
a representation in which the dephasing dynamics can saturate the QSL bound. We also numerically demonstrate that
our QSL bound can be tighter than previous bounds for some applications. Our results make up for the tightness of the

coherence QSL.
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1. Introduction

Quantum coherence is the most fundamental feature of
quantum mechanics; it is the root of the other quantum
features and is also a critical quantum resource in many
applications.!'~"!] To some extent, quantum information pro-
cessing can be understood as the production and consumption
of quantum coherence. Therefore, how fast quantum coher-
ence is produced or consumed, i.e., the quantum speed limit
(QSL) based on coherence, is an essential characteristic to as-
sess the potential utility of a quantum system.

QSL originated from the unitary evolution time be-
tween two orthogonal pure states, for which Mandelstam
and Tamm!'?! proposed the well-known MT bound Tyt =
7/ (2AE), where (AE)? = (H?) — (H)? is the variance of the
Hamiltonian.!"3] QSL has become a fundamental concept in
quantum mechanics and is pivotal in understanding the state
evolution of a quantum system. QSL has also displayed in-
creasing importance in many fields, such as quantum optimal

control,['*17 quantum metrology,''®!°! quantum information
processing,?%?!l quantum battery technology,!”>%}! and so
on, [22:24-301

Besides the MT bound, Margolus and LevitinB!! estab-
lished another important ML-Bound Ty, = n/2E based on
the average energy E.!'3] The combination of MT and ML
bounds TvT_mr, = max{TuL, TMT} Was suggested as a tight
bound.?? In fact, extensive research on the QSL has been

[33-41

done not only for unitary dynamics, I but also for non-

unitary dynamics of open systems.*>-3%! Recently, the QSL

of quantum resources has attracted increasing interest, such

[14,18,19,22-28,57-63

as coherence I and entanglement. (%461 Evi-
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dence shows that a single QSL bound is not enough to give a
tight enough evaluation of the minimum evolution time3%46]
because the tightness usually strongly depends on the system
of interest. In this sense, it is crucial to explore the different
QSL bounds.

In this paper, we present a QSL bound on the coherence
variation with a certain degree of tightness. We first prove that
the quantum Jensen Shannon divergence (QJSD) can measure
coherence with monotonicity. Then, we develop the coherence
QSL by considering the production and consumption of co-
herence based on the new coherence measure. It is shown that
the QSL bound is attainable in the sense that, given a qubit
state, one can always find a representation in which the de-
phasing dynamics can saturate the QSL bound. Comparing

1631 jt is shown that

our coherence QSL with the previous one,
the two QSLs are equivalent for the states with equal popu-
lations. However, our QSL can exhibit stronger tightness in
some cases, suggesting that it is necessary to combine all QSL
bounds to obtain a reliable estimate of the coherence evolu-
tion time. The remainder of this paper is organized as follows.
Section 2 presents our QJSD coherence measure and demon-
strates its computability. In Section 3, we establish the co-
herence QSL. In Section 4, we study the attainability and the
tightness. In Section 5, we briefly discuss the potential exper-
imental realization and provide a conclusion.

2. Coherence measure based on QJSD

To quantify quantum coherence, we first define the free
states and the free operations. Given the basis {|i)} in N-
dimensional Hilbert space, the free state, i.e., the incoherent
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state, has the density matrix as § = Y; §; i) (i| with ¥; 8; =
1,8; > 0. All the incoherent states form the set of free states
denoted by Z. For coherence, the free operations are re-
ferred to as incoherent operations, which are defined by the
Kraus operators & (-) = ZkMk(-)MZ with @(6) € Z for any
incoherent state 6. A good coherence measure C(p) for a
state p should satisfy the following three conditions:>%7! (i)
C(p) >0 for all states, and C(p) = 0 only if p is incoherent.
(ii) C(p) > C(®(p)) for any incoherent operation P (). (iii)
C(p1p1® p2p2) = p1C(p1) + p2C(p2) for any p1+pr =1 and
density matrices p; and p,. Here, we show that the QISD!%8!
can induce a coherence measure with monotonicity.

Theorem 1 For an N-dimensional quantum state p, the
coherence can be quantified by

C(p) =min/(p,0), (1

where

1 +0o 1 +o
J(p,c)=25(p,”2>+25<c,”2 ) )

is the QJSD with S(A,B) = TrAlogA — TrAlog B denoting the
relative entropy for a pair of density matrices A and B.

Proof It is obvious that J(p, o) is the combination of rel-
ative entropy, which is always positive, so C;(p) > 0. For
p € I, we can select 6 = pdia¢ = p to get C(p) = 0. So, the
condition (i) holds.

To prove condition (ii), let the state p undergo an incoher-
ent channel @(-), and o* be the optimal incoherent quantum
state to achieve glei%] (p, o). Based on the contractivity of rela-

tive entropy!®! §(P(p), @ (o)) < S(p, o) for any completely

positive, trace-preserving maps @, one will immediately find

Ci(®(p)) = min/(P(p),0)

o€l

< [S P(p),

1 p+o . pto
< — LA
<3 (50557 s 257))

= J(p,0%) =Cs(p), €)

where the first inequality comes from replacing the optimal
incoherent state by a particular incoherent state @ (c*). Thus,
we show that the coherence measure C;(p) does not increase
under incoherent operations.

To show condition (iii), the subspace coherence additiv-
ity, we first show that this condition is satisfied by the relative
entropy. Let us consider a state given as the direct sum of two
states as p = p1p1 @ p2p2 with p; + pr = 1 and divide the
incoherent state ¢ as ¢ = g1 01 b g20»> with g1 +¢» = 1. Sub-
stituting them into the relative entropy, one can easily obtain

S(p,0) = p1S(p1,01) + p2S(p2,02),

which directly leads to

Cs(p) = p1J(p1,01) + p2J(p2,02). “)

It is obvious the above two equations don’t hold for general
p # q. So Cy could not satisfy the strong monotonicity.

We would like to emphasize that the QJSD can be viewed
as an alternative to the quantum relative entropy. When used
as a distance, QJSD can effectively address the problem of
support of input states. Strictly speaking, quantum relative en-
tropy is not a reasonable distance due to its asymmetry, nor is
the QSJD due to its violation of the triangle inequality. Unlike
the coherence measure based on relative entropy, the QJSD co-
herence measure cannot be analytically calculated in the gen-
eral case. Still, it has its own advantages in terms of the QSL’s
tightness. In fact, there are other coherence measures based
on different types of entropies, such as the square root of the
QSJDI®81 and the Tsallis relative a-entropy,!’%”! but we still
employ the QJSD because of the relatively simple form of the
QSL. Next, we present analytically calculable examples that
can help demonstrate the tightness of our following QSL.

Theorem 2 For any qubit state p = %2 +aoy + boy, with
real a, b, the coherence is given by C;(p) = J(p, %2)

Proof Let us define the incoherent state as ¢ =
diag{x,1 —x} with 0 < x < 1. Suppose the eigendecompo-
sition of (p +0)/2 is

p+o A0 ¥
O T

where W is the eigenvector unitary matrix and A =

(1++/x2—x+a2+b2+1/4)/2 is the eigenvalue. Then,
C;(p) can be rewritten as
Cr(p) = mins(p.0)
1
= —Tr(plogp +ologo) — TP to log pteo

2 2

1 1
= Exlongr 5(1 —x)log(1l —x)
—AlogA —(1—A)log(1—A) + %Trp logp. (6)

Taking the derivative of J with respect to x yields

dJ(p,o) 1

o x _87),1 A
dx 2 glfx ox

0g - @)

One can find that only for x = 1/2, dJ(p,0)/dx = 0, which
implies o = pdi22 =1, /2.

Theorem 2 only gives the analytically calculable case, but
for the general case, one can use MATLAB’s numerical opti-
mization, which is straightforward. We have compared the
numerical and analytical results in Fig. 1(a), where we con-
sider a state as Eq. (14) with pg; = 0.5, which undergoes a de-
phasing channel defined in Eq. (15) with y = 0.1. It is shown

090301-2
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that the analytical results are well consistent with the numer-
ical solutions, which verifies the correctness of Theorem 2.
Of course, one can also see that the coherence of the initial
state monotonically decreases as the dephasing time increases,
which is consistent with our physics. Simultaneously, we also
give general numerical results for randomly generated density
matrices. We randomly generated 1000 density matrices with
dimensions ranging from 3 to 30 and calculated their coher-
ences. It is shown that, as the dimension increases, the MAT-
LAB built-in tools can stably calculate coherence, demonstrat-
ing the usability of the numerical process.

0.25 0.250

() (b)

[} [

° <

2 g

g g

S 0.15 g

a a

n n

L) L)

c c

0.05 ]

0 1 2 0 500 1000

Matrix number

Fig. 1. (a) The QJSD coherence of a qubit state versus the evolution time T
subject to a dephasing dynamics. The dotted line is generated by MATLAB
numerical optimization, and the solid line is the analytical result in Theo-
rem 2. (b) The QJSD coherence versus the number of randomly generated
density matrices.

3. Quantum speed limits

With the above coherence measure, we can establish the
coherence QSL. Considering a dynamical evolution given in
the general form of a master equation as g, = L,(p;), the co-
herence of the state p; will usually be changed. The variation
of coherence can be characterized as follows.

Theorem 3 Considering the evolution from the state pg
to pz, the change of the coherence is denoted by AC;. The
required time 7 is lower bounded by T > Tc(po, pr) with

|AC;|
L(ITeL, (pr) log (PE20) 4 81

where x = 0 for AC; > 0, and x = 7 for AC; < 0 and (f;); =
% fOT f:dt corresponds to the time-average of f; along the tra-

Te(po,pr) = (8)

jectory.
Proof The increment of the coherence reads
AC; = J(pr,07 ) —J(po. 07 )
S J(p‘f7 GO') 7‘](p07 60')

1 pr+0] po+oy
—ZA _g( 20
2S+S( 5 sS\75) o

where AS = S(pz) — S(po), oy and o are the optimal in-
coherent states for Cj(pg) and C;(p;). Equation (9) can be
rewritten in the integral form as

1T, T v
AC) < —f/ dtS(p,)+/ dtS(pﬂL(FO )
2 Jo Jo 2

p: + O
7 ] (10)

1 T
= _5/0 { (pr)+TrLy(pr)log ———
If AC; <0, we have

—AC] = J(p(),GO') (p‘ﬁ V)
< (p07 ') (pr’ )

+Po p:+o7
- ,A S ) -S| == ). (1
5 S—|—S< 5 ) S< 5 ) an

Analogous to Eq. (10), one can arrive at

T T v
1/ dtS'(p,)—/ dtS(th;GT>
0

_'_
= 2/ dt{ pt)JrTrL,(pt)logpt >

—ACy <

} 12)

Combining Eqs. (10) and (12), one can immediately arrive at
Eq. (8).
Based on the above proof process, one can find that the
coherence QSL can be given in another form as follows.
Theorem 4 The required time 7 for the coherence change
ACy is lower bounded by 7 > Tes(po, pr) with

2AC; + AS|
+a)
(10t ooy tog (257 ) e

Proof The proof is straightforward by combining
Egs. (10) and (12). The proof is completed.
From Theorem 3, one can find that the average speed is

Tes(po, pr) = (13)

the combination of the entropy change rates of two states, the
state p, and the state (p; + oy )/2. When the state undergoes
the unitary evolution, the entropy is invariant, so S(p,) = 0.
The average speed will be reduced to the entropy change rate
of the state (p; + 0, )/2. In this sense, Theorem 3 and Theo-
rem 4 are equivalent to each other. Our results are parallel to
those in Ref. [63]; however, from the following applications,
it can be seen that our current results can compensate for the
tightness of the previous coherence QSL.

4. Applications and attainability

Let us consider a qubit state to show the attainability and
the applications. For any qubit state, one can always find a
representation in which the state can be given with equal pop-

po = (1/*2 ol ) (14)

ulations as

por 1/2

In this representation, let us consider a dephasing dynamics as

pr = Li(p) = y(0:0,0. — 1), (15)

where o7 is the Pauli matrix and 7 is the decay rate. Solving
the dynamics, one can directly obtain the density matrix as

(172 e Mpy
pt - ( e—2’ytp(>)kl 1/2 . (16)
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Substituting p, into Theorem 3, one will arrive at

L pit+o7y
2/0 TrL;(p;) log 5

T 1— e 2"
e
0 2

)

Calculating the integral, one can find that the right-hand side
(rhs.) yields

1+ |po1|e 2"

—1
og >

a7

-2yt 1 -2yt |
rths. = [ 1+ [Pore log +1Por e
2 2 0
e 1— e~ "
0

which, adding %AS, equals AC;. This means that our QSL is
attainable.

To give an intuitive illustration of the attainability, we
plot our QSL in Fig. 2. One can easily see that our coher-
ence QSL matches the practical evolution time of the qubit
state under dephasing dynamics in Fig. 2(a). In addition, we
also consider another numerical example, namely, a qubit un-
dergoes a depolarizing dynamics with the Liouvillian opera-
tor given by £;(p;) = y(% — po) and the initial state given by

(1/202
Po=1{021/2

our coherence QSL is also attainable. In fact, by solving the

). Numerical results (in Fig. 2(b)) show that

evolution of the aforementioned depolarizing dynamics, one
finds that the off-diagonal elements of py decay at some rate,
corresponding to a dephasing process.

To show the tightness of the coherence QSL, we com-
pare our current QSLs to our previous QSL 7y in Ref. [63]

1.0

1.0

in Fig. 3. Figure 3(a) shows that our current QSL T¢, Tcs,
and our previous QSL time Ty, T can all be saturated for
the pure qubit state with maximal coherence undergoing the

dephasing dynamics. In Fig. 3(b), we consider a state py =

0.02 0.2
( 0.2 0.98
operator given by £;(p;) = y(oxp:0x — pr). In Fig. 3(c), we

0.1 0.22
study a state pyp = 022 09

damping dynamics with the Liouvillian operator given by
Li(p;) = y(o_pio; — 2{o.0_,p}). Figure 3(b) shows that
Tc is less than Ty, but Tcg is larger than T, and Tes is al-

) undergoing a dynamics with the Liouvillian

) undergoing an amplitude-

ways larger than the other bounds. Figure 3(c) shows that Tc
is larger than Ty in some range, and Tcg is larger than T, but
Tcs is always larger than the other bounds. These figures first
show that our current coherence QSL is tight in many cases,
but also indicate that, to evaluate the coherence evolution time
with relatively high precision, one must combine all potential
bounds to determine the maximum value. In this sense, our
current QSL provides a significant supplement to the quantum
coherence QSL.

Lo 1.0
- Tes (a) - Tcs (®)
ost 7T o8t 7
0.6 0.6
g 2
e 4
04 0.4
0.2 0.2
% 0.5 o % 0.5 10

T T

Fig. 2. QSL time sy versus the practical evolution time 7: (a) shows
the evolution in a dephasing dynamics, and (b) illustrates the evolution in
a depolarizing dynamics. Both figures show our QSL time is attainable.

— Tc

1.0

/ — T b —_ c
e (@), To 4010 (b) T (c) ‘
0.8 M 0.8} =~ Tu 0‘005 08 ~~ Tu =
Tos ys Tes gz Tes e
o6f T 0.6 " T 00204 g6k~ T e
a T / a0 T a0 T &
& / & & e
S 04 / & 0.4 = F 04 L
02t 0.2 T o2t
ok o) = — k£
0 0.5 1.0 0 0.5 1.0 0 0.5 1.0

T

T

Fig. 3. QSL time 7gsr. versus the practical evolution time 7 in different dynamics: (a) shows the case Ty = Tc = Tvm = Tcs = 7, (b) shows that
Tcs > T and Tc < Ty, but (c) shows Tes > Ty and especially Tc > Ty in some time range.

5. Discussion and conclusion

Before the end, we would like to briefly discuss the
experimental verification of our coherence QSL, similar to
Refs. [72,73]. The pure dephasing dynamics have been well
treated in the literature, such as in the nitrogen-vacancy centre
in high-purity diamond at room temperature.[”*! One can pre-
pare a superposed state for simplicity, then allow it to evolve
under dephasing dynamics for a duration 7. Both the initial
and final states can be measured experimentally, and the de-
phasing rate can be determined by the dephasing time 7. One

can substitute the states and the dephasing rate into our QSL to
calculate the QSL time, and then compare it with the practical
evolution time 7. If the initial state is the maximally super-
posed state, the two times should be the same; otherwise, the
QSL time should be less than 7.

We have presented a coherence QSL based on the QJSD
coherence measure. The coherence measure satisfies all the
requirements but the strong monotonicity. We develop a new
QSL concerning coherence variation based on the new coher-
ence measure. For any qubit state, one can always find a rep-
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resentation where the dephasing dynamics can be analytically
demonstrated to saturate our coherence QSL bound. Addi-
tionally, numerical results indicate the attainability of other
dynamics. We compare our QSL and the previous QSL!®3!
and find that our coherence QSL is sometimes tighter than
the previous one. This implies that one should consider all
potential QSLs to characterize the minimum time required to
produce or consume quantum coherence effectively. Besides
the coherence QSL, we would like to emphasize that the QJSD
coherence measure cannot be analytically calculated for a gen-
eral density matrix; however, an analytical expression can be
obtained for the qubit state with equal diagonal entries. In
addition, numerical calculations are quite convenient using
MATLAB?’s built-in functions. However, this coherence mea-
sure helps derive the coherence QSL. Whether it can be ana-
lytically calculated for more and especially high-dimensional
states, and whether it can be shown that it is useful for more
applications, deserve further research.
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