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Einstein—Podolsky—Rosen (EPR) steering is an important resource for one-sided device-independent quantum infor-
mation processing. This steering property can be destroyed by the interaction between a quantum system and its environ-
ment in practical applications. In this paper, we employ the characteristic function representation of probability distributions
to investigate the quantum steering of two-mode continuous-variable states in a laser channel, where both the gain factor
and the loss effect are taken into account. Firstly, we analyse the steering time of the two-mode squeezed vacuum state
under one-mode and two-mode laser channels, respectively. We find that the gain process introduces additional noise into
the two-mode squeezed vacuum state, thereby reducing the steerable time. Secondly, by quantifying EPR steering, we show
that two-side loss exhibits smaller steerability than one-side loss, although they share the same two-way steerable time. In
addition, we find that the more-gained party can steer the other party’s state, whereas the other party cannot steer the gained
party beyond a certain threshold value. In this sense, the gain effect in one party appears to be equivalent to the loss effect
in the other party. Our results pave the way for the distillation of EPR steering and quantum information processing in

practical quantum channels.

Keywords: Einstein—Podolsky—Rosen steering, laser channel, characteristic function

PACS: 03.65.Ud, 03.65.Yz, 03.67.—a, 03.67.Hk
DOI: 10.1088/1674-1056/ae1820

1. Introduction

The Einstein—Podolsky—Rosen (EPR) steering was first
proposed by Schrodinger in 1935 in response to the famous pa-
per by Einstein, Podolsky, and Rosen on the completeness of
quantum mechanics.[!! It allows the subsystem Alice to steer
the quantum state of a distant subsystem Bob through local
measurements. [>~®! In terms of the degree of quantum correla-
tion, EPR steering is intermediate between Bell inequality and
quantum entanglement.!-8] Unlike Bell inequality and quan-
tum entanglement, EPR steering is inherently asymmetric for
two subsystems, i.e., the ability of Alice to steer Bob may be
different from the ability of Bob to steer Alice, and there may
even be a one-way EPR steering situation.[®~4] EPR steering
has received increasing attention since Wiseman et al.!”! ana-
lyzed quantum entanglement, EPR steering and Bell inequal-
ity separately from the perspective of quantum information
tasks.

One important element of research on quantum EPR
steering is to demonstrate the existence of one-way steering.
In terms of discrete-variable systems, one-way EPR steering
was first demonstrated with Werner states and has been proved
by using the “all-or-nothing proof” criterion and quantum
storage.!!>1%1 Pan et al.!'”] have demonstrated true four-body
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EPR steering and its application to one-way quantum comput-
ing. For continuous-variable systems, the existence of one-
way EPR steering based on Reid’s criterion was first demon-
strated by introducing one-sided loss in a two-mode squeezed
state.!'8] On this basis, Su er al.['%2% have successfully real-
ized free control of EPR steering by using noise, and many-
body Gaussian EPR steering has been observed by introduc-
ing asymmetric losses. On the other hand, the interaction be-
tween a quantum system and its environment is inevitable for
quantum information processing in practical quantum chan-
nels. Thus, it is crucial to investigate the effect of decoherence
on EPR steering in quantum channels, which can help to de-
sign effective distillation programmes. The decoherence of
EPR steering has been theoretically analysed and experimen-
tally demonstrated in recent years.?!=2%] Most existing stud-
ies only take into account lossy and noisy channels. How-
ever, quantum tasks in free space encounter challenges be-
yond simple loss channels. For instance, satellite-based quan-
tum teleportation is subject to atmospheric turbulence, which
is typically modeled by a laser channel or a phase-sensitive

27281 Hence, to enable reliable quantum information

channel.[
processing (QIP) over such channels, it is essential to analyze
the evolution of EPR steering and entanglement resources un-

der these specific conditions. This investigation provides a the-
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oretical foundation for designing more effective QIP protocols
with enhanced fidelity and robustness.

We first derive the relation between probability distribu-
tion functions and the characteristic function in Section 2. This
relation provides a relatively easy approach for obtaining an-
alytical expressions of the EPR steering criterion for the two-
mode squeezed vacuum state. In Section 3, we analyse the
steering conditions of the two-mode squeezed vacuum state
under a laser channel. In Section 4, we further analyse the
relationship between the magnitude of EPR steering and the
parameters of the laser channel. In Section 5, we compare the
decoherence of quantum steering and entanglement in a laser
channel. In Section 6, we extend our discussion to the evolu-
tion of the TMSV in the presence of a phase-sensitive environ-
ment. Lastly, in Section 7, we give concluding remarks.

2. The EPR steering criterion
2.1. Relation between PDFs and CF

In quantum steering criteria, the probability distribution
functions (PDFs) are usually employed in the calculation of
the original Reid criterion, entropic steering criterion, and
Adesso’s steering lower bound for Gaussian states. In addi-
tion, it is worth noting that the characteristic function (CF)
provides a relatively easy way to obtain analytical expressions
for expectation values, especially for systems in noisy envi-
ronments. Here, we therefore first derive the relation between
PDFs and CF.

For a two-mode quantum system p, its Weyl expression
of the density operator is given by

p = /°° dgidp1dgadps

3 ) % (q1,P1:92,P2)

XDy (—q1,—p1)D2(—q2,—p2), (1)

where x (q1,p1:q2,p2) = tr[pD1(q1,p1)D2(q2,p2)] is the
CF, and Dj(q;,p;) (I = 1,2) are the displacement operators.

In addition, D; (g;, p;) can be expressed as
D (q,p1) = el(PiQi—aiP)
— e~ iapi giP1Qi o —iqiF
= elare=iab ginQ )
where Q) = a; + alT and P, = (a; — a;) /1 are the coordinate and

momentum operators, respectively, satisfying [Q;, P)] = 2i.
From Eq. (2) and noting that =197 |g,) = ‘671+\@q1>, as

well as e'P12 |5;) = ‘p‘l + \@pl>, it is straightforward to ob-
tain

@D arpo)la) = V78 (Vagr), @)

(Pl D ar,pi) i) = V478 (Vapr), )

where |g;) and |p;) are the eigenstates of Q; and P, respec-
tively, i.e., Q11G1) = V2q;|qi) and Py |pr) = V2 |pr).-

After substituting Egs. (3) and (4) into Eq. (1), the joint
PDFs, as well as their marginal and conditional PDFs, can be
readily calculated. For instance,

P(q1,32) = (q1,32|p1G1,32)

= dpidp2  _iagipi+a :
_ /7007e 1 (LIII’] 42P2>X(071)1’0’p2),

P(ppr) = <p_lap_2|p|ﬁ1aﬁ2>

< dg,d - s .
:/ 29194: q2elﬁ(”lq'ﬂ’z‘n)x(ql,O;qz,O), 5)

ceo 22
and
P@G) = /_idqu(q‘l,QZ)
— ﬁ/_i dpie V201 (0, p130,0),
P(p) = /:dﬁzP(ﬁl,ﬁz)
= ﬁ/j‘: dg1 eV y (¢1,0;0,0), ©)
as well as

P(q|q1) =P(q1,32) [P (q1)- )

Thus, the inferred variance of Q can be derived as
A (02]01)
= [ dg1P(q1) Ay (2101 = 1)

:/_ dq'lP(Cil)/_ dq2P (32141) (G2 — gest)’

| aa1daP@.2) @2~ g ®)
Here g. is a function of the variable g .

2.2. Reid criterion

Using linear inference, i.e., taking gest = d — A1, where
the two parameters A and d are chosen to minimize the
inferred variance Aﬁlf(Q2|Q1), a straightforward calculation
yields

1
Aii(02]Q1) = 52%(0F) +A(Q102) ~V22d (Q1)

+d? —V2d (02) + % (03), ©)

where we have used the relation between the CF and the ex-
pectation values, for instance

P)

(02) = 57,577 0.0:0,p2) L (10)
82

(03) = mx(o,o;o,m) : (11)
P2) p2=0
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Y
dp1dp2

(0102) = 2(0,p1;0,p2) . (12)

P1,p2=0

The parameters A and d are determined by minimizing
A2 (02]01), such that 5 7 A2 (02]01) = ad A2:(02]01) =
which yields
A(01) +(Q2)

V(Q1)’ V2o
where Eg 0, = (0102) — (01)(02) and V(Q)) = (Q}) —
<Q1>2 is the variance of Q; (I = 1,2). Substituting Eq. (13)
into Eq. (9), the minimized inferred variance A2, (Q,|Q)) is

obtained as

(EQle)2
V(o) ) (9

(P,|Py) can be derived

A2 (02]01) = (v<Q2>—

The minimized inferred variance A2,

(EP1P2>2> s

in a similar manner as

Avin (P2|P1) = % (V ) v (P)

where V (P) = (P?) — (R)* and Epp, = (PLP2) — (P1) (P2).
Combining Egs. (14) and (15) and employing the Heisenberg
uncertainty relation yields the Reid inequality (RI)

Vaia = Agin (02]01) ALy (P2|Py) > (16)

1
2
where the commutation relations [Q;, P;] = 2i are used. Thus,
the EPR paradox — or steering — occurs when the RI is vio-
lated.

In a similar way, if Bob aims to infer Alice’s measurement
outcomes, the RI reads

VA\B EAr%lin (Q1|Q2) min (P1|P2> a7

-IM»—‘

with

(EQle)2
V(Q)> o

(EP1P2)2
V(P ) (19

Axin (01]02) = % (V(Qi) -

:;<V(P1)—

From Egs. (14)—(19), it is evident that once the CF is known,
V|4 and Vj p can be directly evaluated using Egs. (10)—~(12).

Al (PLP2)

In addition, for Gaussian states, which are fully characterized
by their covariance matrices, the quantities involved in the in-
ferred variances can be directly extracted from the covariance
matrix.

2.3. RI violation of two-mode squeezed vacuum state

Next, we consider a two-mode squeezed vacuum (TMSV)
state |[TMSV), which can be generated via a nondegenerate
optical parametric process, i.e.

ITMSV) = S(r)|00), (20)

where S (r) = exp(r (aTa; —ajay)) is the two-mode squeezing

operator. The corresponding CF is given by

1
XTMSV = €Xp (_2 (Cli + q% +p% +P%) cosh Zr)

x exp ((q192 — p1p2)sinh2r). 1)

Using Eqgs. (10)—(12), one readily obtains

Ar%iin (Q2‘Q1) = min (P2|P1) 2C0 hor (22)
which leads to
1 1
Vap=——5— < - 23
BiA 4cosh?2r 4 (23)

Thus, the TMSV state exhibits EPR steering for any nonzero
squeezing. Here we note that the Reid criterion depends only
on second-order moments of observables, which implies that
it is particularly effective for Gaussian states, since Gaussian
states are fully characterized by their second-order moments
or covariance matrices. However, this is not the case for non-
Gaussian states, whose characterization also involves higher-
order moments.

2.4. Entropic steering criterion

To more effectively demonstrate EPR steering, especially
for non-Gaussian states, correlations of all orders should be
involved in the steering criterion. Based on the entropic un-

certainty relation!?’]

H(Q)+H(P)>In(er), (24)

where H (Y) (Y = Q, P representing observables) is the Shan-
non entropy of the y (= ¢, p) PDF, i.e.
H) =~ [ &P)nP(), ©3)

Walborn et al.’%! have derived an entropic steering inequality,
i.e., for instance, for the position and momentum distributions

Hpa =H (02|Q1)+H (P2|P1) > In(em), (26)

where the conditional entropies H (Q»|Q;) and H (P»|P;) are
respectively given by

H(Q|01) =H (Q1,02) —H(Q1), 27
H(P|P\) =H(P,P,)—H(P), (28)

with
H(x) = —/dle(xl)lnP(xl), (29)

H (x1,x2) /d)q dxaP (x1,x2) InP (x1,x2).  (30)
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Next, we consider the inferred Shannon entropy Hps for
the TMSYV state defined in Eq. (20) as an example. Using the
CF of the TMSV in Eq. (21) and Egs. (5) and (6), one readily
obtains

1 )
P = — efql sech2r7 31
(@) v/ mwcosh2r G
1 )
P = — efplsecth’ 32
(P1) v/ mwcosh2r 32)
and
P(G1,3) = ie—(é%+q%)cosh2r+2q1q2sinh2r’ (33)
T
P(p1,p2) = le—(ﬁ%-‘rﬁ%)cosh2r—2ﬁ1ﬁzsinh2r7 (34)
v/
which yield
H(Q1)=H(P)=1Iny/mecosh2r, (35)
H(Q1,02) =H (Pi,P,) =In(en), (36)
and
1 en
H(QZ‘QI)*H(PZ‘PI)*Elnmv 37
as well as

H(Q2|Q1)+H(P2|P1)=ll‘l <1n(en), (38)

cosh2r

where we have used the following relations

P(x) = ,/%e*% H(X) = In/7ae, (39)

and
2 _ 12
P(Xl,xz): ac—b e—a(x%+x§)+2x1x2b, (40)
T
T
H(XI’XZ):lnjibzv a>b @1
a —

Comparing Eq. (38) with Eq. (23), it is clear that the Reid
and entropic criteria lead to the same result for the TMSV
state. In fact, for Gaussian states, the entropic uncertainty
relation is equivalent to the Heisenberg uncertainty relation,
and thus both criteria yield identical results for position—
momentum measurements. *!] However, this equivalence does
not generally hold for non-Gaussian states. In such cases,
the entropic steering criterion typically outperforms the Reid

criterion. 3233

3. EPR Steering under laser channel

In this section, we consider the quantum steering of
continuous-variable quantum states, such as the TMSVs, when
both modes propagate through a laser channel that includes
both gain and loss effects. For this purpose, we start from the
master equation and establish the output-input relation of the
CE.

3.1. Laser channel and the output-input CF relation
For a single-mode system, the master equation describing
the laser channel is given by 3%

d
P (t)=¢g (Zana —aa'p — paaT)

+K (2apaJr —a'ap — paTa) , (42)

where g and K are the gain and loss factors, respectively. In
particular, when g = 0, Eq. (42) reduces to the master equation
describing the amplitude decay (photon-loss) channel; for the
case g — k7 and Kk — K (i+ 1), Eq. (42) becomes the master
equation describing the thermal channel.[?3)

To establish the output-input relation, we employ the

entangled-state representation to obtain (see Appendix A)
Hou (01,00%) = =19y, (™0 g e =70 ) | 43
where

A=Q(1-R), 0= 528 poeca g

= g’

Equation (43) gives the output-input relation for any single-
mode quantum state propagating through the laser channel.
When both modes of a two-mode quantum state independently
propagate through the laser channel, Eq. (43) leads to

Xout (aaa*;ﬁ7ﬁ*) = e_%(‘a‘2+‘ﬁ‘2)xin ((x76‘*’373*) )
a=oe K8 f=Be (O 45)

where, for simplicity, symmetric laser channels are assumed,
characterized by identical gain and loss factors for both modes.

3.2. TMSYV under two-mode laser channel

We first consider the effects of symmetric laser channels
on the steerability of the decohered TMSV (Fig. 1). Combin-
ing Eqs. (21) and (45), the output CF of the TMSV under the
laser channel can be readily obtained

Xou (q1,P1592,p2) = exp (—5(4%+Q%+P%+P§)>
x exp (C(q192 — p1p2))- (46)
where o = gy +ip1, B = g2+ ip2, and
B =A+Rcosh2r, C =Rsinh2r. @7

Using Egs. (5), (6), and (46), the joint position distribution and
its marginal PDFs are given by

1 =2
P(q1) = ﬁexp <—(g> ; (43)
1 _B(q%+q%)72Cq1q2
P(‘jla‘b) = WC B2-c? . (49)
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The joint momentum distribution and its marginal PDFs have
the same functional form as Eqgs. (49) and (48), respectively,
with the replacement gy, g» by p;, —p>. From Egs. (49) and
(48), one obtains

2 _ 2
H(:10) =H (i) = T s0)
which leads to
2 _ (2
H(:I0) +H (lp) = ) s

On the other hand, from Eq. (46) and using Egs. (10)—(12), the
inferred variances are obtained

) ) BZ _ C2
Anin (Q2|Q1) = Ay (P2|P1) = ——, (52)
and consequently the steerability condition is given by
B2 _ C2
Amin (02|Q1) Amin (P2|P1) = B (53)

Comparing the Reid and entropic steering conditions in
Egs. (51) and (53), one finds that they yield the same steer-
ability condition, namely

B> —C* < B. (54)

TMSV states

Fig. 1. The theoretical diagram of a two-mode squeezed vacuum state
propagating through a laser channel.

Substituting Egs. (44) and (47) into Eq. (54) and noticing
that A = Q(1 —R) > 0, we can rewrite the steerable condition
as

aA’>4+bA—c <0, (55)
where we have set

a Q% +1-2Qcosh2r),

=5
1

b= ;) (2Q cosh2r+cosh2r—2—Q),

¢ =cosh2r— 1 =2sinh?r > 0.

After a straightforward discussion, it is shown that the two-
way steerable condition is

-1
)

t<tc:;1n 1+w ) (56)
2(k—g) 2Qa

Here we obtain a general expression (56) that also applies to
linear amplifiers. In general, the upper bound of the evolution

time . not only depends on the gain and loss factors, but also
on the squeezing parameter. The photon-loss, photon-gain,
and thermal-noise channels can be regarded as three special
cases. In particular, for the photon-loss channel with g = 0,
the steerable condition reduces to

1
k1 < 5 In2. (57)

It is interesting to note that this steerable condition is inde-
pendent of the TMSV squeezing parameter, provided r > 0.
From Eq. (57), the decohered TMSV remains steerable as
long as the photon loss is less than 50%, i.e., e 2K > 1/2.
For the thermal channel, g — k7 and kK — k(i7+1). When
O<n< (ezr — 1) /2, the steerable condition becomes

1 2 ||
Kt < =1In ,
2 <B+\/[32+4|a|6>

where o = (N +1)> —4Ncosh®r, B = (2N — 1) (cosh2r — N),
O0=N(N-1)>0,and N = (27i+ 1) > 1. In particular, when
i1 =0, Eq. (58) reduces to Eq. (57), as expected.

Finally, we consider the case k¥ = 0, which yields Q2 =
—1. From Eq. (56), we obtain

1 <3+\/1+8tanh2r> 1
4 X

(58)

gt < Eln Eln%. (59)
Equation (59) clearly shows that when gain exists in the ab-
sence of loss, the steerable condition depends on the squeezing
parameter r, in contrast to the photon-loss case in Eq. (57). In-
terestingly, for any value of the squeezing parameter, the steer-
able condition is no longer satisfied once the gain exceeds a
threshold, i.e., gt > %ln % This indicates that gain introduces
additional noise into the TMSYV, thereby destroying the steer-
ability. In addition, comparing Eqgs. (57) and (59), we find that
the gain process yields a shorter steerable time when taking
g = k, with the difference between the two limits given by
% In %.

3.3. One way steering

In fact, quantum steering is characterized by asymmetry,
i.e., system A can steer system B, but the reverse is not nec-
essarily true. To clearly demonstrate this asymmetry, we ex-
amine the effect of gain and loss on the steering parameters of
systems A and B when the TMSV is subjected to a one-mode
laser channel. Let us assume that system B (mode b) is cou-
pled to the laser channel. In this case, according to Eq. (45),
the CF of the final state is given by

Fou(@.a:B.p7) = el (@ aiB 7). (60)

and the output CF of the TMSV under the one-side laser chan-
nel is

cosh2r
XTMSV = €Xp (— > (q%—i—p%))
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B
X exp <—2(q§ +p§))

C
X exp <\/E(41Q2P1P2))- (61)

From Eq. (61) we can obtain the covariance matrix X/, i.e.,

cosh2r 0 £ 0

VR
0 cosh2r 0 —<
= o 5 ) (62)
VR
o -< o B

which reduces to the covariance matrix of the TMSV under
ideal conditions (r = 0), as expected. Using Egs. (14)—(19)
and (62), the steering parameters of B (mode b) and A (mode
a) are given by

1 R\’
=— (A
Vaja 4( +costh)7 (63)
1 (R+Acosh2r\?
Vig=~ [ ——— 64
AlB 4(A+Rcosh2r) ©4)

In particular, when R =1 (t = 0) we have Vg4 = Vyp =
1/(2cosh2r)?, as expected.

For the steering of B (A steering B), using Eq. (63) and
noting that R > 0 and A > 0, the steerable condition is

1 In xcsinh® r + gcosh? r 7 65)
2(k—g) gcosh2r

4B <

where the upper bound time for steering of B depends on both
the loss (gain) factor and the squeezing parameter. In particu-
lar, three special cases are identified

Kts_p < oo, loss, (66)
1 1
gia—p < 5In (2 —sech’r) < 72, gain, (67)
1. /N-—sech2
Kiaop < 5 1n (;ecr) . thermal noise, (68)
n

where N = 2+ 1.
photon-loss channel (g = 0), the photon-gain channel (k = 0),

Equations (66)—(68) correspond to the

and the thermal noise channel (g — k7i,x — k(i + 1)), re-
spectively. It is notable that A can always steer B for arbitrar-
ily long decoherence time if B passes only the loss channel.
However, when B passes only the gain channel, there exists an
upper bound %ln (2 — sechzr) < %ln 2. For the thermal noise
channel, the upper bound depends on both the thermal average
photon number 7 and the squeezing parameter r.
Similarly, for the steering of A (B steering A), we have

1 2K
2(K—g)1n<K+g>’ (r>0), (69)

g4 <
and

1
Ktp_a < Eln2, loss, (70)

gtp_,p < oo, gain, 71)
1 2n+2
Kig_a < Eln (;L) , thermal noise. (72)

By comparing Egs. (65) and (69), it is clear that when B
passes the laser channel, the upper bound time for steering of
B depends on both loss (gain) factor and squeezing parameter,
whereas that for steering of A depends only on the loss (gain)
factor. When B passes only the loss channel, A can steer B for
any decoherence time, but B can steer A only within a thresh-
old %ln 2. Thus, the region (0, % In2) corresponds to two-way
steering, while (% In2,00) corresponds to one-way steering.

Conversely, when B passes only the gain channel, B can
steer A for any long decoherence time, while A can steer B
only within the threshold %ln (2—sech2r) < %an. In this
sense, the gain channel favors steering of A, whereas the
loss channel favors steering of B. Accordingly, the regions
(0, 31n (2 —sech?r)) and (4 In (2 — sech?r) o) correspond to
two-way and one-way steering, respectively.

Fig. 2. Comparison of the steerable time as a function of the thermal pho-
ton number 7 and squeezing parameter r for one- and two-side thermal
channels. The vertical axis represents e2*’. Blue (green) surfaces corre-
spond to the one-side case, while the orange surface corresponds to the
two-side case.

For the thermal channel, the upper bounds of steerable
time are given by Eqgs. (68) and (72) for B and A, respectively.
These bounds increase with » but decrease for higher thermal
noise. Notably, if the average thermal photon number 72 equals
half of the total average photon number (1) = 2sinh?r of the
TMSV, ie., 1 = (n)/2, then A steering B and B steering A
share the same upper bound. If 7 > (n)/2 (i < (n)/2), the
latter (former) has a longer steerable time than the former (lat-
ter). This implies that one can control the direction of steering
or the two-way steerable condition by tuning the ratio i1/ (n),
as illustrated in Fig. 2.

Next, we compare one-side and two-side decoherence. (i)
For the loss case, from Egs. (57), (66), and (70), a party with-
out loss can steer the other with loss, while the reverse is not
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true when xt > % In2, independent of 7. When both parties ex-
perience photon loss, the two-way steering threshold remains
unchanged, indicating that two-side loss has no greater effect
on steerable time than one-side loss. (ii) For the gain case, the
party with higher gain can steer the other, while the reverse
is not true when gf > %ln (2 — sechzr) (dependent on r), see
Egs. (67) and (71). When both parties experience gain, one-
side gain allows a longer steerable time than two-side gain,
see Egs. (59) and (67), in contrast to the loss case. (iii) For the
thermal noise case, two-side channels lead to a significantly
shorter steerable time than the one-side case, see Fig. 2.

4. Qualification of quantum steering in laser
channel

In the discussions above, we have employed two clas-
As dis-
cussed, for Gaussian states, these two criteria are equivalent

sical steering criteria: Reid and entropy criteria.

and provide qualitative measures of steering. To further quan-
tify the steerability, several measurement methods have been
proposed. 338! In particular, for two-mode Gaussian states,
characterized by the covariance matrix

2A3:<g¥g>, (73)

where A, B, and C are 2 x 2 submatrices, the steerability of
Bob by Alice (A — B) or Alice by Bob (B — A) can be quan-
tified by

1 det A
A—B
= 0, =1 74
g max(,zndet 7AB>, (74
1 detB
B—A
= ~1 . 7
g max (0, 7 ndet2A3> (75)

Using Egs. (74) and (75), we can calculate the steerability
for both two-side and one-side channels, respectively, as

B
Q?HB = max (07 In M) 5 (76)
and

A—B cosh2r

= 0O,ln——— 77
Gi max( ’ nR—l—AcoshQr)7 D

A+ Rcosh2r

B—A

= O0ln——+— |. 78
Gi max( ’ nR+Acosh2r> (78)

Here, the subscripts 1 and 2 denote the one-side and two-side
channel cases, respectively. Comparing Egs. (76)—(78) with
Egs. (54), (63), and (64), we observe that they share the same
steerable condition, or equivalently, the same steerable time.

For the photon-gain (k¥ = 0) and thermal noise (g —
K7, K — k(4 1)) channels, Egs. (76)—(78) reduce to

Rcosh2r—T
(Re?r — T)(Re_er)> » (1)

QQHB = max (O7 In

A—B
= 0,1 80
9 ax ( » " Rsech2r — T) ’ (80)
R —Tsech2r
B—A
- In = ST 1
G = max <0’ " Rsech2r — T) ! 1)

R=¢e% T=1-R,

and

NT + Rcosh2r
- , (82)
NT +Re?)(NT + Re~ %)

QQHB = max (0, In (

1
A—B
= 0, In———— 83
g max( ’ nRsecth—|—NT>7 (83)

R+ NTsech2r
NT +Rsech2r )’

R=e 2 T=1-R, N=2i+]1,

GE4 = max (0, In (84)

where when N = 1, Egs. (82)—(84) reduce to the photon-loss
case (g =0).

To clearly illustrate the effect of different parameters on
the steerability, we plot it as a function of 7 = 1 — R for the
thermal channel with given parameters » and 7 in Fig. 3(a).
From Fig. 3(a) it is evident that: (i) for a given squeezing pa-
rameter r (thermal average photon 1), the steerabilities gg‘HB
(red), G{~B (black), and G4 (purple) decrease (increase)
with increasing 7 (r); (ii) for two-side and one-side photon-
loss cases, although they share the same two-way steerable
time (e.g., solid purple vs solid red lines), their steerabilities
differ, i.e., two-side loss results in smaller steerability than
one-side loss, as expected. This implies that two-side loss de-
stroys coherence more significantly than one-side loss.

In Fig. 3(b), for the gain channel we plot steerability
as a function of 1 —1/R =1 — e 2¢. Tt is observed that:
(1) the more strongly gained party can steer the other party’s
state, while the reverse is not possible beyond a certain thresh-
old, which depends on the squeezing parameter r. This is
in sharp contrast to the less decohered party being able to
steer while the other cannot. In this sense, the gain effect in
one party is equivalent to the loss effect in the other party.
(i1) In terms of steerable length, for a given r the relation is
GB=4 > g8 > G118 implying that two-side gain channels
lead to worse steerability, since they further degrade coher-
ence.

In general, for the laser channel, k¥ # g # 0, and for sim-
plicity we define g/« = y. To clearly illustrate the effect of y
on the steerability, we plot it as a function of the dimensionless
time kt for a given r and different values of y in Fig. 4. It is
found that:

(i) There exists a threshold time xt. for all of gfﬁA,
Gi—B, and G478 whenever both gain and loss are present,
even in the case of Kk = g.

(ii) For a given 7, the thresholds satisfy the inequality
chain

A—B

A8 >y ACB

B—A
c >t R
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indicating that there is always a threshold time for one-side
steering (GP74 and G{7P) when both gain and loss are
present, in contrast to the cases with only loss or only gain.
Moreover, the presence of gain and loss on both sides further
shortens the threshold.

(iii) In addition, for (]f—’A, g;HB, or Q‘ZL‘HB, the corre-
sponding threshold k7. decreases with increasing 7, indicating
that a larger gain g leads to a shorter threshold time.

1.00 r=0.88 (a) ]
i Black: A»>B
0.8 | Purple: B»>A |
>, Red: AoB

h=1
2
5]
o
()
[
o
n

1.0

Black: A»>B
Purple: B>A |
2 Red: AB

z
5]
-
()
()
=
n

1-1/R

Fig. 3. Steerability as a function of 7 = 1 — R (for the thermal channel)
or 1 —1/R (for the gain channel) for selected parameters r and 71. (a)
Thermal channel, including the photon-loss case with R = e 2K plack,
purple, and red lines correspond to Gf 8, GB=4, and G)*'B, respec-
tively. For each color, dashed, solid, dotted, and dash-dotted lines cor-
respond to (r =0.5, i=0), (r=20.88, 1=0), (r=0.5, 7i=1), and
(r=0.88, 1= 1), respectively. (b) Gain channel with R = e28': black,
purple, and red lines correspond to Q?HB, g{HA, and QQHB, respectively.

0.5 T T v r
r=05 Black: A>B
N Purple: B5>A
0.4 W Red: AGB
> RN
s AN
= 03f '\
'D \
< .
— \
Q .
S 0.2 . ¥=0.5
a \
y=2.0 \
0.1 Y]
N \s 710 \
N N e T S T~
0 0.05 0.10 0.15 0.20
Kt

Fig. 4. Steerability as a function of kt for » = 0.5 and different gain-to-
loss ratios Y = g/x = 0.5, 1.0, and 2.0. Black, purple, and red lines cor-
respond to g;HB ) QFHA, and QQHB , respectively. For each color, solid,
dashed, and dotted lines correspond to ¥ = 0.5, 1.0, and 2.0, respectively.

5. Comparison with the decoherence of quan-
tum entanglement

Quantum steering is a type of quantum correlation closely
related to quantum entanglement and Bell nonlocality. For
Gaussian states, the relationship between quantum steering
and entanglement has been discussed in Ref. [4]. In this sec-
tion, we further compare the decoherence of quantum steering
and entanglement in a laser channel.

For two-mode Gaussian states, the degree of entangle-
ment can be quantified by the logarithmic negativity

En = max(0, —Invy), (85)

where Vg is the smallest symplectic eigenvalue of the partially
transposed state. The symplectic eigenvalues are defined as
the modulus of the eigenvalues of the matrix i§2X, where X
is the covariance matrix (CM) of the partially transposed state,

01 01
Q:(—10>@(—10>' (86)

Next, we compare the decoherence of entanglement and
steering under two-side and one-side channels. First, we con-
sider the two-side case. From Eq. (46), the CM is given by

B 0O CO
0 B 0-C
Y= coBo | &7)

0-CO0 B

and

The symplectic eigenvalues are vi = B+C and v, = B—C, so
that vg = min(v;, v,) = B— C. Consequently, the logarithmic
negativity reads Ex = max(0, —In(B — C)), and the insepara-
bility condition is B—C < 1.

On the other hand, under the two-side channel condition,
the steerable condition from Eq. (53)is B—C < B/(B+C) <
1. Comparing these two conditions, it is evident that any state
satisfying the steerable condition must also satisfy the insep-
arability condition, while the converse is not true. This indi-
cates that the steerable condition is stronger than the insepa-
rability condition for characterizing quantum correlations, i.e.,
the steerable time is shorter than the entanglement time.

Indeed, the critical time for inseparability can be ex-
pressed as

1 tanh
<o — m<g+Kmr), (88)

2(k—g) g(1+tanhr)

as expected.??! Figure 5 presents a comparison of the upper
bounds on the evolution time for steering and entanglement
under identical conditions. It is shown that, for the same pa-
rameters, the upper bound for entanglement is always longer
than that for steering.

In particular, for the photon-loss, photon-gain, and ther-
mal noise channels, Eq. (88) reduces to

Kt — oo, (89)

1
gte = 3 In(1+ tanhr), (90)
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tanhr /7 >, 1)

1
Kte==In{ 14+ ————
¢ 2n<+1+tanhr

where Eq. (91) is also reported in Ref. [40]. As expected, these
critical thresholds are longer than those corresponding to steer-
ability.

0.2} 1
\

0 0.2 0.4 0.6 0.8 1.0

K
Fig. 5. Comparison of the upper bound evolution time #. for steerability
(black) and entanglement (blue) as a function of g or x with fixed squeez-
ing parameter r = 0.3. (a) Two-side channel with k¥ = 1; (b) Two-side
channel with g =0.2.

6. Single-side entanglement decoherence

We now examine the single-side case. Similarly, the de-
gree of entanglement can be expressed as

2
En = max (0, —In <BJr —\/B:+ CI;>> ) 92)

where By = (B+cosh2r)/2. At the initial time r = 0, Eq. (92)
reduces to In e?”, as expected. Consequently, the inseparabil-
ity condition reads
K

) lng. (93)

Interestingly, this inseparability condition is independent
of the squeezing parameter » > 0 when the B mode passes
through the laser channel. This behavior is similar to the
A — B steering case but differs from the B — A steering sce-
nario. Moreover, the threshold 7. decreases as the gain factor
g increases. In particular, for photon-loss, photon-gain, and
thermal channels, Eq. (93) reduces to kf. — oo, gf. — oo, and
Kt = %ln ’7%2, respectively. Comparing with Egs. (66)—(68)
and (70)—(72), it is evident that the steerable condition is a
subset of the inseparability condition, as expected. This can
also be verified by directly comparing Eq. (93) with Egs. (65)
and (69).

t<t,=

7. Phase-sensitive environment

Our discussions can be extended to general noise chan-
nels. Specifically, we consider the evolution of a TMSV state
under a phase-sensitive environment, which is described by
the following single-mode master equation!*!]

T — gt i

Frle k(i+1) (2apa’ —a'ap —pa'a)
+K7 (Zd}»pa —aad'p — paaT)
—KM (ZanaJr —ap— paTz)

—kM* (2apa—a*p — pa?), (94)

where M is a complex parameter characterizing the squeezed
environment, satisfying |M|*> < (i + 1) for a valid density op-
erator.

Using the entangled-state representation and following
the method in Eq. (43), the evolution of the CF can be writ-
ten as!*?! (see Appendix B)

x(a,t) = exp (— g (Nla|* —Ma*? —M*a2)>x(aﬁ,0),

95)

where N =27i+1,R=1—e 2%, T = ¢ 2 and y(«,0) is
the initial CF.
For an initial Gaussian state, the CF is

2(@,0) = exp <—;€QVOQT€T) , (96)

with & = (g, p), Vb the covariance matrix of the initial Gaus-
sian state, and {2 = (91 (1)) For simplicity, we assume zero
first moments, & = 0.

Substituting Eq. (96) into Eq. (95), the evolved covariance

matrix becomes
Vout = RVee + TV, 97)

where

Vi — <N+2ReM 2ImM ) 98)

2ImM N —2ReM

is the asymptotic covariance matrix as ¢ — oo [44-46]

Next, we consider the cases in which the TMSV passes
through single-side and two-side phase-sensitive channels, re-
spectively. Using Eq. (97), we can obtain the covariance ma-
trix of the output state for these two cases, which takes the

following form:
A;i C;
V= e ) ,
! (C/T B;

where the subscripts j = 1,2 represent single-side and two-
side channels, respectively. The entanglement degree de-
scribed by Eq. (99) is given by Eq. (85), with 2v2 = A —
/A% —4detV;and A = det A; +detB; —2detC;.

99)
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Fig. 6. Steerability and entanglement as a function of 1 — 7' for given
parameters r = 0.3,0.6,7=1,and M =0, 1, V2 (corresponding to black
dotted, purple dashed, and blue dot-dashed lines, respectively). (a) Steer-
ability in the two-side channel; (b) degree of entanglement.
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Fig. 7. Steerability and entanglement as a function of 1 — T for given
parameters r = 0.3,0.6,7=1,and M =0, 1, V2 (corresponding to black
dotted, purple dashed, and blue dot-dashed lines, respectively). (a)—(b)
Steerability A — B and B — A; (c) degree of entanglement.

Specifically, for single- and two-side decoherence, the co-
variance matrices are given by

aj 0 dl 0
0 aj 0 —d]
= 1
‘/1 dl 0 b] +C1 f1 ’ ( OO)
0 -di fi bi—a

with a; = cosh2r, by = T cosh2r + RN, c¢; = 2RReM, d; =
VT sinh2r, fi = 2RImM, and

ay ) dz 0
[65) b2 0 —dz

d2 0 ay ¢
0 —dy c» by

V, = , (101)

with ay = R(N +2ReM) + T cosh2r, by = R(N —2ReM) +
T cosh2r, ¢ = 2RImM, d» = T sinh2r.
Thus, the steerability can be calculated as

(102)

GBA —max (0 lln M (103)
b ) detV; ’
2
A B arby —c;
= 0, =1 104
% max( e ) (104)

In particular, when 7 = 0 and M = 0, both entanglement
and steerability reduce to the previous results.

To examine the effects of phase-sensitive environments,
especially the squeezing parameter M, on both entanglement
and steerability, we plot them as a function of 1 — T for several
given parameters r, ii, and M in Figs. 6 and 7. Figures 6 and
7 correspond to two-side symmetrical decoherence channels
and single-side decoherence channels, respectively.

For both cases, the presence of thermal noise further re-
duces both entanglement and steerability, with the reduction
becoming more pronounced as 7 increases. For a fixed 71 =1,
a larger squeezing parameter r enhances both entanglement
and steerability initially but also leads to faster decoherence
compared to smaller 7.

When the squeezing environment is involved, under the
condition [M|*> < /i(7i+ 1), a larger M enhances entanglement
and steerability more significantly. At a fixed M, the enhance-
ment is more effective for larger ». These observations hold
for both single-side and two-side decoherence cases.

Comparing Figs. 6 and 7, it is clear that entanglement
and steerability perform worst under two-side decoherence.
Although M enhances both quantities in both cases, the en-
hancement is more pronounced for the single-side case (see
Figs. 7(a)-7(c)). Notably, Fig. 7(c) shows that the same de-
coherence time is nearly shared by different r values (0.3 and
0.6) when M = /2 (i = 1), even though the smaller r yields a
lower entanglement degree.

Interestingly, the decoherence time matches that without
thermal noise, implying that introducing M can effectively
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counteract the thermal decoherence. This is also true for A-
to-B steering (see Figs. 7(a) and 7(b)). These results indicate
that when only B passes through the channel: (i) the two-way
steerable time can be prolonged by increasing M; (ii) even
A’s steering appears unaffected by thermal noise in the limit
IM|* = ii(7i+ 1), whereas B’s steering is not fully immune.

8. Conclusion

In summary, we have studied the quantum EPR steer-
ing of two-mode continuous-variable states in a laser channel
using the characteristic function representation. By varying
channel parameters, we analyzed the evolution of EPR steer-
ing in loss, gain, and thermal channels. Concretely, we showed
that the bound of two-way steerable time depends not only on
the gain and loss factors but also on the squeezing parameter
in the laser channel, whereas the squeezing parameter does not
influence the bound in the pure loss channel.

Furthermore, we found that the gain process introduces
additional noise to the two-mode squeezed vacuum states,
thereby reducing the steerable time under both single-mode
and two-mode laser channels. When only the B system passes
through a gain channel, B can always steer A for arbitrarily
long decoherence times, while A can steer B only within a
threshold time—opposite to the behavior observed in loss chan-
nels. By comparing steerable and inseparable conditions, we
showed that the steerable condition can be regarded as a subset
of the inseparable condition.

Finally, we extended our analysis to phase-sensitive envi-
ronments. Our results establish benchmarks for implement-
ing tasks such as quantum entanglement distribution over
noisy channels and provide insights into mitigating noise to
enable reliable quantum communication protocols. For in-
stance, these findings suggest promising directions for design-
ing quantum steering distillation schemes to enhance the ro-
bustness of quantum information processing under realistic
conditions. Overall, this work deepens our understanding of
quantum communication in imperfect environments and opens
new avenues for practical quantum technology development.

Appendix A: Derivation of Eq. (43)

Here we derive Eq. (43) using the thermal entangled state
representation method. For this purpose, we introduce a state
vector

oo

|I) = exp{aTdT} |O()> = Z |m,m),

m=0

(AL)

where m = 1, and at and @' are the creation operators of the
real and fictitious modes, satisfying [4,a"] = 1 and @|00) = 0.
The thermal entangled state representation is obtained by dis-
placing the real mode

In) = Da(n)|00)

where D, (1) = exp{na’ —n*a} is the displacement operator

tna’ —na + a*af) 100), (A2)

for mode a. The state |n) satisfies the eigen-equations

(a=d)n)=nn), (@ —a)m)=n*n), (A3
and similarly for the bra
(i@ —a)=n"(l, (ml(a=a)=ninl. (a4

When 11 = 0, we have

ally=a' |1y, all)=d'|ll), d'all)=d"all). (A5)

Next, we relate the CF and (n|. By definition, x(1) =

Ad"—A*a

tr[e p], which can be rewritten as

x) = Y (niler T p|m, i)

(A6)

where |p) = p|I).
To derive Eq. (43), we operate Eq. (42) on |I) and use
Eq. (AS), giving

d
Tl

[g(Za%dJr —aa' —aa")

+x(2ad—a'a —afa)] p (1))

= [(k+g)a—ah)a—a) (A7)
+(k—g)(aa—a'a" +1)][p().
Acting on (n = —A| and using
(nla = ~(5+ )l (A8)
(mla" = (a"’m—;’)mL (A9)
(la = (8‘3] >l (A10)
(mla’ = —(aan—";)ml, (A1)
we obtain
) = ~(x—g) (n 305 ()
—(k+g)nlP2(%). (A12)

Its solution is

(A1) = exp [<K+g>r|n2<:<g>t(na+n* J )}

an an*
xx(A,0), (A13)
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with 1 = —A. Using the operator identity

ef(A+O'B) —

GB(Cfrfl)/TefA’ (A14)

[A,B] = B,

and noting [ndy +n*dp+,n*N] =2nn*, Eq. (A13) reduces to

2K—
xx(Ae K780 0),

1 x+ _2(k—
KO = exp | = 5 0 (1= e )]
(A15)

which is Eq. (43), as expected.

Appendix B: Derivation of Eq. (95)

In a manner similar to the derivation of Eq. (43), we first
rewrite Eq. (94) as

% = K{(ﬁ+ 1) [(a_dT)ﬁJr(ﬁ—“T)“}

+i {(aT —a)a' +(a" - a)aq

~M(a' —ap M@ ~apflp),  BD

and then, using Egs. (A8)—(A11), the CF equation becomes

d

PR
° (l,t):—K(G—i—n%-FTI a—n*)x(l,t), (B2)

where

G=(2i+1)|n* —Mn*? —M*n>. (B3)

Using the operator identity in Eqs. (A14) and (A15), we
then obtain the solution

X0 =exp (31 -e)G)z(2e™,0),  (B4)

as expected.
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