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We propose an adaptive double piecewise interpolation reproducing Hilbert kernel method (ADPIRHKM) for the
first time to solve the model of the neutron transporting process in the nuclear reactor core. The theory focuses on the
reproducing kernel theory, integrated with the adaptive technique and the double piecewise interpolation means, which
can produce a sparse matrix B by selecting the appropriate parameters, avoiding calculating the conjugate operator and
practising Gram–Schmidt orthogonalization. The adaptive multi-step technique, which ensures a more reasonable segment
count, and the double piecewise interpolation approach, which enhances accuracy, combine together to give a key innovation
point of this paper: a simple and efficient numerical method. Three numerical experiments are done to show the accuracy
of the new method and the comparisons are based on the known results. The numerical simulation indicates the effect of
time t and β on neutron flux behavior of graphite.

Keywords: reproducing kernel method, nonlinear time-fractional telegraph equations, adaptive technique,
double piecewise interpolation, numerical experiments
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1. Introduction

In recent years, the fractional-order telegraph equation
has garnered significant attention in both theoretical and ap-
plied aspects, and has made substantial advancements. Cur-
rently, the fractional-order telegraph equation is utilized in
various applied scientific fields to describe a wide range of
phenomena, such as fluid flow in porous materials, reaction-
diffusion phenomena, sound propagation in the viscoelastic
materials, dynamics of self-similar structures, and signal pro-
cessing in biological electric systems. Due to the inherent
characteristics of fractional calculus, its introduction has ad-
dressed the shortcomings of classical differential equations
in representing objective realities. However, the fractional-
order telegraph equations derived from practical problems are
often nonlinear variable-coefficient partial differential equa-
tions. Most of these problems do not have exact analytical
solutions, and generally yield numerical solutions. There-
fore, to obtain their analytical forms, numerical methods must
be employed for solving them. In Ref. [1], the authors pro-
posed a meshless spectral method for working out the non-
linear time-fractional telegraph equation (TFTE), which em-
ployed two main stages to approximate the unknown solu-
tion. In Ref. [2], the authors presented two collocation meth-
ods made with one-dimensional (1D) and two-dimensional
(2D) Romanovski–Jacobi polynomials for solving the nonlin-

ear TFTE. In Ref. [3], Uday Singh introduced a new method
for approximating the TFTE using spline functions, which
transformed the fractional-order model into a series of alge-
braic equations that can be solved by using Newton’s iter-
ated method. In Ref. [4], the authors addressed the pseudo-
hyperbolic telegraph equation involving the Caputo fractional
derivative by using an explicit finite difference method. In
Ref. [5], Mamta Kapoor provided the particular Lagrange in-
terpolation polynomial DQM and the NUAH B-spline DQM
for solving the hyperbolic telegraph equation. In Ref. [6], the
authors presented an adaptive Monte Carlo method for solv-
ing the telegraph equation. In Ref. [7], Suayip proposed a col-
location method for working out the 1D telegraph equation,
based on the first kind of Bessel functions. By utilizing op-
eration matrices involving collocation points and derivatives,
the nonlinear TFTE was simplified to a set of linear alge-
braic equations. In Ref. [8], Zogheib and Tohidi introduced a
modal Hermite spectral collocation (MHSC) method to work
out the multi-dimensional telegraph equations, which incorpo-
rated suitable initial time conditions and boundary space con-
ditions to provide numerical solutions.

Notably, the truncated unknown coefficient Hermite se-
ries were employed to approximate the solution in both spa-
tial and temporal variables. In Ref. [9], the authors focused
on the Vieta–Lucas Tau operational method and applied it to
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solve initial value problems. In Ref. [10], a novel numerical
method for working out the second-order 2D HTE was pro-
posed, accommodating initial boundary and Dirichlet bound-
ary conditions. In particular, when employing a symmetric
Sinc–Galerkin method, the numerical results were very accu-
rate. The more complex nonlinear time-fractional telegraph
equation is a widely used model for representing various phys-
ical phenomena, such as the propagation of electrical signals
in transmission lines, the strange behavior of the complex
frequency-dependent processes, and the spread of special dis-
eases and infectious diseases.[11] In this paper, we aim at the
numerical simulation of the nonlinear TFTE equation which
can be expressed with the Caputo sense. This mathematical
model is an effective description of the neutron transporting
processes in the core of a nuclear reactor[1]

∂ β Φ(𝑟, t)
∂ tβ

+
∂ β−1Φ(𝑟, t)

∂ tβ−1 +Φ(𝑟, t)

= ∆Φ(𝑟, t)+P(Φ(𝑟, t))+F(𝑟, t),

𝑟 = (r,y) ∈Ω ⊂𝑅2, 0 < t ≤ T, (1)

with initial conditions and the boundary conditions

Φ(𝑟,0) = ϕ(𝑟),
∂Φ(𝑟,0)

∂ t
= ψ(𝑟), r ∈Ω = Ω ∪∂Ω , (2)

Φ(𝑟, t) = h̄(𝑟, t), 𝑟 ∈ ∂Ω , t > 0, (3)

where Φ(𝑟, t) is the neutrons, which is the unknown function
that we need to find, β is the fractional order where 1 < β < 2,
the symbol ∆ is the Laplace operator, Ω̄ represents a spatial
domain in 𝑟2 with sequential boundary ∂Ω . The source term
F(𝑟, t) is a continuously smooth function, and ϕ(𝑟), ψ(𝑟),
and P(Φ(𝑟, t)) are continuous functions. The equation can
also be one dimension. Next, we define the fractional deriva-
tives in the Caputo sense as

∂ β Φ(𝑥, t)
∂ tβ

=


1

Γ (m−β )

∫ t

0
(t− τ)m−β−1 ∂ mΦ(𝑥,τ)

∂τm dτ, m−1 < β < m,

∂ mΦ(𝑥, t)
∂ tm , β = m ∈ N.

(4)

In this study, the authors propose an improved numer-
ical method to simulate the nonlinear TFTEs (1)–(3). As
we know, the traditional reproducing Hilbert kernel method
(TRHKM) has gained significant traction in various fields, par-
ticularly in machine learning, statistics, and functional analy-
sis, due to its strong mathematical foundation and versatility
in approximating complex functions. The notion of repro-
ducing kernels allows for a structured approach to infinite-
dimensional spaces, enabling the representation of linear func-
tionals and encompassing various applications, from regres-
sion problems to classification tasks. In Ref. [12], a novel
TRHKM was proposed to show that high-order linear Fred-
holm integro-differential equations (FIDE) with variable co-
efficients can be converted into ordinary differential equa-
tion (ODE). In Ref. [13], based on reproducing kernel Hilbert
space (RKHS) theory, Attia and Akgul solved the fractal frac-
tional differential equations and well numerical results are ob-
tained. In Ref. [14], the authors developed a numerical inves-
tigation for Caputo–Fabrizio fractional Bernoulli and Riccati
equations by using iterative RHKM. In 2024, the authors of
this paper improved the TRHKM by using adaptive technique
and single piecewise interpolation technology,[15] achieving
a high-precision numerical solution. However, single piece-
wise interpolation is insufficient for more complex mathemat-
ical models. To address this issue, this paper introduces the

ADPIRHKM for the first time. The interpolation facilitates a
smoother problem configuration, reducing computational er-
rors. By integrating the advantages of adaptive techniques
with the high precision of double piecewise interpolation, the
number of pieces is minimized while ensuring computational
accuracy. Therefore, the research presented in this paper has
great significance for solving various types of equations and
conducting numerical computations.

This paper is arranged as follows: In Section 2, the series
expressions for analytical solution and approximate solution
of Eqs. (1)–(3) are obtained by reproducing kernel functions,
and the technical route of the ADPIRHKM is given. Three
numerical experiments are done in Section 3. The numerical
simulation indicates the effect of time t and β on neutron flux
behavior of graphite in Section 4. We give a brief conclusion
in Section 5.

2. Reproducing kernel Hilbert spaces

For easy elaboration and understanding, we consider the
1D nonlinear TFTE, let (r, t) ∈ Ω = [0,1]× [0,1], the RKHSs
and their reproducing kernels (RKs) are given as follows:

(i) The RKHS ϒ 1
2 [0,1] = {r|r is one-variable absolutely

continuous function, r′ ∈ L2[0,1]
}

.
The inner product is defined by

090209-2
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〈Φ(r) , Ψ(r)〉
ϒ 1

2
= Φ(0)Ψ(0)+

∫ 1

0
Φ
′(r) ·Ψ ′(r)dr , Φ(r) ,Ψ(r) ∈ ϒ

1
2 [0,1].

The RK of the ϒ 1
2 [0,1] is

R{1}r (t) =
{

1+ r, t > r,
1+ t, r > t.

(ii) The RKHSϒ 3
2 [0,1] = {Φ |Φ ,Φ ′,Φ ′′ are one-variable absolutely continuous functions, Φ(0) = Φ ′(0) = 0,Φ ′′′ ∈ L2[0,1]

}
.

The inner product is defined by

〈Φ(r) , Ψ(r)〉
ϒ 3

2
=

2

∑
k=0

Φ
(k)(0)Ψ (k)(0)+

∫ 1

0
Φ
′′′(r) ·Ψ ′′′(r)dr , Φ(r) ,Ψ(r) ∈ ϒ

3
2 [0,1].

The RK of ϒ 3
2 [0,1] is

R{2}r (t) =

{
r2(r3−5r2t +30t2 +10rt2)/120, t > r,

t2(−5rt2 + t3 +10r2(3+ t))/120, r > t.

(iii) The RKHSϒ 3
2.0[0,1] = {Φ |Φ ,Φ ′,Φ ′′ are one-variable absolutely continuous functions, Φ(0) = Φ(1) = 0,Φ ′′′ ∈ L2[0,1]

}
.

The inner product is defined by

〈Φ(r) , Ψ(r)〉
ϒ 3

2.0
=

2

∑
k=0

Φ
(k)(0)Ψ (k)(0)+

∫ 1

0
Φ
′′′(r) ·Ψ ′′′(r)dr , Φ(r) ,Ψ(r) ∈ ϒ

3
2.0[0,1].

The RK of ϒ 3
2.0[0,1] is

R{3}r (t) =



t(−r(120+30r+10r2−5r3 + r4)(120+30t +10t2−5t3 + t4 +156(t4 +10r2t(3+ t)−5r(t3−24)))
18720

with t > r,

r(156(120t +30rt2 +10r2t2−5r3t + r4)− (120+30r+10r2−5r3 + r4)t(120+30t +10t2−5t3 + t4))

18720
with r > t,

(iv) The RKHS

H(Ω) =ϒ
3

2 [0,1]⊗ ϒ
3

2.0[0,1]

=

{
Φ(r, t)| ∂ n+m

∂ rn∂ tm Φ(r, t) are two-variable complete continuous functions,n = 0,1,2,3;m = 0,1,2,3,

∂ p+q

∂ rp∂ tq Φ(r, t) ∈ L2(Ω), p = 0,1,2,3, q = 0,1,2,3, Φ(r,0) = Φ
′(r,0) = Φ(0, t) = Φ(1, t) = 0

}

=

{
Φ(r, t)|

∞

∑
i=1

∞

∑
j=1

ci j ỹ
(i)
1 (r) · y( j)

2 (t) : ∀
∞

∑
i=1

∞

∑
j=1
|ci j|2 < ∞

}
,

where ỹ(i)k are complete orthogonal function systems of ϒ 3
2 [0,1] and ϒ 3

2.0[0,1]. Furthermore,

Φ(r, t) =
∞

∑
i=1

∞

∑
j=1

ci j ỹ
(i)
1 (r) · y( j)

2 (t) ∈ H(Ω), y(r, t) =
∞

∑
i=1

∞

∑
j=1

dkl ỹ
(k)
1 (r) · y(l)2 (t) ∈ H(Ω).

The inner product of H(Ω) is defined by

〈Φ ,y〉=
∞

∑
i=1

∞

∑
j=1

∞

∑
i=1

∞

∑
j=1

ci jd̄kl

〈
ỹ(i)1 , ỹ(k)1

〉
1

〈
y( j)

2 ,y(l)2

〉
2
=

∞

∑
i=1

∞

∑
j=1

ci jd̄i j,

so the RK of H(Ω) is R1
(ξ ,η)(r, t) = R{3}

ξ
(r)×R{2}η (t).

(v) The RKHS

H1(Ω) = ϒ
1

2 [0,1]⊗ ϒ
1

2 [0,1]

090209-3
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=

{
Φ(r, t)|Φ(r, t) =

∞

∑
i=1

∞

∑
j=1

ci j ỹ
(i)
1 (r) · y( j)

2 (t) : ∀
∞

∑
i=1

∞

∑
j=1
|ci j|2 < ∞,

}
,

where ỹ(i)k are complete orthogonal function systems of ϒ 1
2 [0,1].

Φ(r, t) =
∞

∑
i=1

∞

∑
j=1

ci j ỹ
(i)
1 (r) · y( j)

2 (t) ∈ H1(Ω), y(r, t) =
∞

∑
i=1

∞

∑
j=1

dkl ỹ
(k)
1 (r) · y(l)2 (t) ∈ H1(Ω).

The inner product of H1(Ω) is defined by

〈u,y〉=
∞

∑
i=1

∞

∑
j=1

∞

∑
i=1

∞

∑
j=1

ci jd̄kl

〈
ỹ(i)1 , ỹ(k)1

〉
1

〈
y( j)

2 ,y(l)2

〉
2
=

∞

∑
i=1

∞

∑
j=1

ci jd̄i j,

so the RK of H1(Ω) is R(ξ ,η)(r, t) = R{1}
ξ

(r)×R{1}η (t).

3. Adaptive double piecewise interpolation re-
producing Hilbert kernel method

In order to solve the nonlinear TFTE by ADPIRHKM, the

nonhomogeneous initial conditions should be converted into

homogeneous initial conditions, let Y (r, t) = Φ(r, t)− Z(r, t),
in which Z(r,0) = ϕ(r), ∂Z(r,0)/∂ t = ψ(r), Z(r, t) is not
unique, as long as the initial conditions and the boundary con-
ditions of Z(r, t) and Φ(r, t) are equal, so equations (1)–(3) are
as follows:

∂ βY (r, t)
∂ tβ

+
∂ β−1Y (r, t)

∂ tβ−1 +Y (r, t)−∆Y (r, t)−P(Y (r, t)) = f (x, t,Y (r, t)), 0 < r ≤ 1, 0 < t ≤ 1, (5)

with initial conditions

Y (r,0) = 0,
∂Y (r,0)

∂ t
= 0, (6)

and the boundary conditions

Y (0, t) = 0, Y (1, t) = 0. (7)

In Section 2, the RKHSs ϒ 1
2 [0,1], ϒ 3

2.0[0,1], ϒ 3
2 [0,1],

H(Ω), and H1(Ω) have been defined. Let

(LY )(r, t) = f (r, t,Y (r, t)),

where L : H(Ω) → H1(Ω) is a bounded linear opera-
tor, L∗ is a bounded linear operator, and the L−1 is ex-
istent. To avoid Smith orthogonalization, let λi(r, t) =

L∗ϑi(r, t), ϑi(r, t) = R(ri,ti)(r, t), solve the equation B ·
[ζ1,ζ2, . . .]

T = [λ1(r, t),λ2(r, t), . . .]T, so the matrix B =

(Lλi(r, t)|(r,t)=(r j ,t j))i, j=1,2,... is given, when B−1 is existent, the
matrix (Lζ j(r, t)|(r,t)=(ri,ti))i, j=1,2,... is an identity matrix, so the
analytical solution of Eqs. (5)–(7) is

Y (r, t) =
∞

∑
j=1

f (r j, t j,Y (r j, t j))ζ j(r, t),

the approximate solution of Eqs. (5)–(7) is

Ym(r, t) =
m

∑
j=1

f (r j, t j,Y (r j, t j))ζ j(r, t).

The proof processes are given in Ref. [16]. The approxi-
mate solution of Eqs. (1)–(3) is

Φm(r, t) = Ym(r, t)−Z(r, t).

If we use the TRHKM to solve the TFTE, the numer-
ical solutions are not accurate. Therefore, we improve the
TRHKM by extending the single piecewise interpolation to
double piecewise interpolation. The steps are as follows:

(i) We extend the single piecewise interpolation to double
piecewise interpolation. We believe that if the solution region
is divided into n intervals, for each interval, using the TRHKM
to calculate after stretching the interval, then restoring the
stretched interval, the problem will become smoother and the
numerical solution will be more accurate. First, let d = 1/n,
ri = i ·d, ti = i ·d, i = 0,1,2, . . . ,n−1, so Ω = [0,1]× [0,1] is
divided into Ωi+1 = [ri,ri+1]× [ti, ti+1]. Second, stretch Ω1 to
Ω , using TRHKM to work out the Ym,1(r, t), which is the ini-
tial condition of Ω2, stretch Ω2 to Ω , using TRHKM to work
out the Ym,2(r, t), which is the initial condition of Ω3, . . ., until
work out the Ym,n(r, t).

(ii) However, the accompanying issue is that while a
higher number of partitions improves computation accuracy, it
simultaneously increases the computational workload, result-
ing in longer computation time. In fact, it is observed that the
numerical errors obtained from n = 1000 and n = 100 are sim-
ilar. But the computational effort of the former is much larger

090209-4
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than the latter. For instance, the smooth ”+” region in Fig. 1, a
large number of partitions do not enhance the precision of the
numerical solution. Therefore, we consider that how to choose
d rationally to ensure both accuracy and time efficiency.

–1.0
–0.5
0

0.5

1.0

Φ
(r
,t
)

–4
–2

0

2

4

r

–4

–2

0

2
4

t

Fig. 1. The smooth “+” region.

To solve this problem, we use the means of combining
adaptive techniques. We establish a fixed threshold δ to limit
the number of partitions: when the absolute errors exceed δ ,

we continue partitioning. And when the absolute errors fall
below δ , we stop partitioning. As shown in Fig. 2, the n is au-
tomatically selected with more nodes for computation in steep
regions. To enhance computational accuracy, we stretch the
domain and restore the domain after the computation.

–4 –2 0 2 4

–4

–2

0

2

4

Fig. 2. The interval n is automatically selected with more nodes for compu-
tation in steep regions.

Theorem 1 (Convergence analysis) If Φn(r, t)
‖·‖−→Φ(r, t)(n→ ∞), then Φn(r, t)→Φ(r, t)(n→ ∞).

Proof For ∀ (r, t) ∈Ω ,

|Φn(r, t)−Φ(r, t) |=|
〈
Φn(ξ ,η)−Φ(ξ ,η),R(ξ ,η)(r, t)

〉
|≤ ‖Φn(ξ ,η)−Φ(ξ ,η) ‖‖ R(ξ ,η)(r, t) ‖, (8)

where R(ξ ,η)(r, t) is the RK of H(Ω). ∃ P > 0, it has

|Φn(r, t)−Φ(r, t) | ≤ P ‖Φn(ξ ,η)−Φ(ξ ,η) ‖ . (9)

Because Φn(ξ ,η)
‖·‖−→Φ(ξ ,η)(n→ ∞), Φn(r, t)→Φ(r, t)(n→ ∞). �

Theorem 2 (Error estimate) If Φm(r, t) is the approximate solution, Φ(r, t) is the analytical solution, d = |ri+1− ri| =
|ti+1− ti|, then a positive constant ε exists such as

‖Φ(r, t)−Φm(r, t)‖∞ = max |Φ(r, t)−Φm(r, t)| ≤ εh2, (r, t) ∈ [0,1]× [0,1], (10)

where h = max{d1/m, d2/m, . . . ,dn/m}.
Proof For the sake of proof, after stretching the interval, (r, t) turns into (p,q). A positive constant ε exists such as

‖Φ(p,q)−Φ1,m(p,q)‖∞ = max |Φ(p,q)−Φm,1(p,q)| ≤ εh1
2, (p,q) ∈Ω1, (11)

where h1 = max{d1/m}.
A positive constant ε exists such as

‖Φ(p,q)−Φ2,m(p,q)‖∞ = max |Φ(p,q)−Φm,2(p,q)| ≤ εh2
2, (p,q) ∈Ω2, (12)

where h2 = max{d1/m, d2/m}.
· · ·

A positive constant ε exists such as

‖Φ(p,q)−Φn,m(p,q)‖∞ = max |Φ(p,q)−Φn,m(p,q)| ≤ εhm
2, (p,q) ∈Ωm, (13)

where hm = max{d1/m, d2/m, . . . ,dn/m}. Then restoring the stretched interval (p,q) to (r, t). Hence, ‖Φ(r, t)−Φm(r, t)‖∞ ≤
εh2, where h = max{d1/m, d2/m, . . . ,dm/n}. �
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4. Experiments
In this part, three numerical experiments and a simulation are presented to validate the applicability and efficiency of the

ADPIRHKM. To this end, all parameters are carefully selected to ensure computational accuracy and efficiency.
Experiment 1 Consider the following β -th TFTE[1,17]

∂ β Φ(r, t)
∂ tβ

+
∂ β−1Φ(r, t)

∂ tβ−1 +Φ(r, t) =
∂ 2Φ(r, t)

∂ r2 +

(
2t−β

Γ (4−β )
+

2t1−β

Γ (5−β )
+4π

2 +1

)
t3 sin(2πr).

In Eqs. (2) and (3), ϕ(r), ψ(r), and h̄(t) can be obtained from the analytic solution Φ(r, t) = t3 sin(2πr). Let n = 500,
d = 0.002, δ = 10−4, β = 1.2, L∞ = |Φ(r j, t j)−Φm(r j, t j)| is the absolute error norm, by Wolfram Mathematica, Table 1 shows
the maximum L∞ of the local discontinuous Galerkin method (LDGM),[17] meshfree spectral approach (MSA),[1] TRHKM,[16]

AMPIRKM,[15] and ADPIRHKM at t = 1. Figure 3 shows the L∞ by TRHKM (a), AMPIRKM (b), and ADPIRHKM (c). By
comparing Fig. 3, we can see that the ADPIRHKM provided in this paper is more accurate.

Table 1. Maximum L∞ of Experiment 1 for β = 1.2, n = 500, and d = 0.002 at t = 1.

LDGM[17] MSA[1] TRHKM[16] AMPIRKM[15] ADPIRHKM

L∞ 5.3939×10−4 3.1158×10−4 0.917485 6.50073×10−3 4.75779×10−5
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∞
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1.0
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Fig. 3. L∞ of Experiment 1 by TRHKM (a), AMPIRKM (b), and ADPIRHKM (c) for β = 1.2, n = 500, and d = 0.002.

Experiment 2 Consider the following β -th TFTE[3]

∂ β Φ(r, t)
∂ tβ

+
∂ β−1Φ(r, t)

∂ tβ−1 +Φ(r, t) =
∂ 2Φ(r, t)

∂ r2 +

(
Γ (2)

Γ (3−β )
t2−β + t

)
(r2− r)−2t.

In Eqs. (2) and (3),

ϕ(r) = 0, ψ(r) = r(r−1),

h̄(0, t) = h̄(1, t) = 0, Φ(r, t) = (r2− r)t.

Let β = 1.5, n = 1000, d = 0.001, δ = 10−4.
Table 2 shows the L∞ by using the above two methods.

By comparison with the AMPIRKM and ADPIRHKM meth-
ods, we can see that the ADPIRHKM provided in this paper is
more accurate.

Table 2. L∞ of the two methods for β = 1.5, n = 1000. and d = 0.001.

(r, t) Exact solution AMPIRKM[15] ADPIRHKM

(0.1,0.1) −0.009 9.00724×10−5 8.99973×10−6

(0.2,0.2) −0.032 3.19877×10−4 3.20814×10−6

(0.3,0.3) −0.063 6.30129×10−4 6.29981×10−6

(0.4,0.4) −0.096 9.59766×10−4 9.60324×10−6

(0.5,0.5) −0.125 1.25039×10−3 1.25043×10−6

(0.6,0.6) −0.144 1.44005×10−3 1.43996×10−6

(0.7,0.7) −0.147 1.47046×10−3 1.47013×10−6

(0.8,0.8) −0.128 1.28022×10−3 1.28008×10−5

(0.9,0.9) −0.081 8.11051×10−4 8.10902×10−5

Experiment 3 Consider the following βi and αi TFTE and its initial and boundary conditions[2]

∂ β1Φ(r, t)
∂ tβ1

+
∂ β2Φ(r, t)

∂ tβ2
+2
(

∂ α1Φ(r, t)
∂ tα1

+
∂ α2Φ(r, t)

∂ tα2

)
+Φ(r, t) =

1
2

∂ 2Φ(r, t)
∂ r2 +g(r, t).
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In Eqs. (2) and (3), ϕ(r) = e−r · sinr, ψ(r) = −e−r · sinr, h̄(0, t) = 0. g(r, t) can be obtained from the analytic solution
Φ(r, t) = e−t−r · sinr. Let n = 1000, d = 0.001, δ = 10−4. Table 3 shows the L∞ by three methods for β1 = 1.9, β2 = 0.9,
α1 = 1.85, α2 = 0.85, and β1 = 1.7, β2 = 0.7, α1 = 1.55, α2 = 0.55. For (8,8) and (10,10) cases, although the numerical solution
obtained by the ADPIRHKM is slightly less accurate than that from the Romanovski–Jacobi polynomials,[2] it demonstrates
superior stability across the entire domain.

Table 3. Comparisons of L∞ of Experiment 3.

(β1,β2) (α1,α2) Methods (6,6) (8,8) (10,10)

(1.9,0.9) (1.85,0.85) Romanovski–Jacobi polynomials[2] 3.08890×10−4 7.97130×10−7 1.93870×10−7

AMPIRKM[15] 1.81183×10−3 4.52424×10−3 9.11866×10−3

ADPIRHKM 9.84788×10−5 2.44935×10−6 4.91720×10−6

(1.7,0.7) (1.55,0.55) Romanovski–Jacobi polynomials[2] 7.02340×10−4 5.87170×10−7 1.58650×10−7

AMPIRKM[15] 1.81364×10−3 4.52877×10−3 9.12778×10−3

ADPIRHKM 9.83279×10−5 2.44559×10−6 4.90960×10−6

5. Numerical simulation
Consider the following influence of β on neutron flux TFTE for graphite[3,18]

τ

υ

∂ β Φ(r, t)
∂ tβ

+ τ(B−Σ)
∂ β−1Φ(r, t)

∂ tβ−1 +(B−Σ)Φ(r, t) = D
∂ 2Φ(r, t)

∂ r2 +g(r, t),

with initial conditions
ϕ(r) = 0, ψ(r) = 0, (14)

and boundary conditions
h̄(0, t) = 0, h̄(1, t) = t3 sin(1), (15)

where

g(r, t) =
(

3
Γ (3)

Γ (4−β )
t3−β +3

Γ (3)
Γ (5−β )

t4−β + t3
)

sin2(r)−2πt3 cos(2r).

Let τ = 1, ν = 1 m/s, B = 1.00032, D = 3.141 cm. Dif-
fusion parameters of graphite Σ = 0.00032.

Table 4 gives the comparison of maximum L∞ with
β = 1.15, 1.35, 1.55, 1.75, and 1.95 by Fibonacci–Wavelet
method (M = 4),[3] Legendre–Wavelet method (M = 4),[3]

AMPIRKM,[15] and ADPIRHKM (δ = 10−5, h = 0.0001, and
n = 10000). Obviously, we can see that the ADPIRHKM pro-
vided in this paper is more precise. The values of β consid-
ered for the computation are β = 1.1, 1.3, 1.5, 1.7, and 1.9.
δ = 10−4, h = 0.001, and n = 1000.

Figure 4 shows the neutron flux for graphite with β = 1.1,
β = 1.5, and β = 1.9 at t = 1 s. In Fig. 4, for different β , the

neutron flux for graphite is different. As t increases, the neu-
tron flux of graphite decreases. This indicates that the lower
the neutron density in the reactor, the slower the rate of the
chain reaction and the lower the power output of the reactor.
When r = 3 cm, the neutron flux is close to zero. The neutron
flux being too low may cause the reactor to be unable to sus-
tain the chain reaction, or even lead to a shutdown. Insufficient
power output would fail to meet energy demands.

Figure 5 presents the error function at t = 1 for different
β of by the method reported in Ref. [18]. Figure 6 shows L∞

at t = 1 for different β by ADPIRHKM. It is observed that the
error value is increasing when β is arising.

Table 4. Comparisons of the maximum L∞ by four methods.

β Fibonacci–Wavelet[3] Legendre–Wavelet[3] AMPIRKM[15] ADPIRHKM

1.15 6.4346×10−6 7.5593×10−6 6.36377×10−4 6.56041×10−7

1.35 6.3611×10−6 7.3935×10−6 9.65800×10−3 8.19133×10−7

1.55 5.8519×10−6 7.1980×10−6 7.24024×10−3 7.20247×10−6

1.75 6.8947×10−6 6.9749×10−6 2.09721×10−3 6.56041×10−6

1.95 6.2791×10−5 6.6688×10−6 2.94118×10−3 8.99967×10−6
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Fig. 4. Neutron flux of graphite with β = 1.1, β = 1.5, and β = 1.9 at
t = 1 s.
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Fig. 6. L∞ for neutron flux of graphite with β = 1.1, 1.3, 1.5, 1.7, and 1.9
by ADPIRHKM at t = 1 s.

6. Conclusions
In this paper, TRHKM is improved. First, we produce

a sparse matrix B by selecting the appropriate parameters,
avoiding to calculate conjugate operator and practise Gram–
Schmidt orthogonalization. Second, the ADPIRHKM is pro-
posed to solve the model of the neutron transport process in
the nuclear reactor core, which combines the technology of
adaptive and double piecewise interpolation. The adaptive
multi-step technique makes the piecewise number more rea-
sonable, and the double piecewise interpolation means makes

the absolute errors more accurate. The interpolation facilitates
a smoother problem configuration. Then, three numerical ex-
periments show that the improved method is a highly effective
numerical method. Last, the numerical simulation shows the
effect of time t and β on the neutron flux behavior of graphite.
This paper has provided a new numerical calculation method
in the field of dynamics of neutron flux in a nuclear reactor.
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