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Quantum error correction technology is based on the principle of redundant encoding, encoding logical quantum
information into multiple physical qubits to provide important support for the stable operation of quantum computers. To
address the issues of low decoding accuracy and limited feature extraction in quantum error correction, this paper proposes
a toric code decoder based on a syndrome-preliminary error fusion module (SPEFM) and a ResNet architecture. This
decoder takes full advantage of the correlations between X and Z errors. In the SPEFM, the syndrome and preliminary
error predictions are deeply fused, while a unidirectional Swin transformer architecture is incorporated to extract global
error features from the syndrome data, significantly improving both decoding accuracy and computational efficiency. In
addition, this paper further extracts local error features from the fused features using the deep residual structure of ResNet,
enhancing the decoder’s ability to capture quantum error patterns. Experimental results show that the decoder is applicable
to different code distances (d = 4,6,8,10) under the depolarizing noise model. Its bit error rate is lower than that of the
minimum weight perfect matching (MWPM) algorithm, and its logical error rate is lower than both the MWPM algorithm
and the ResNet18 decoder. Furthermore, the decoding threshold is increased to 0.163, representing a 3.82% improvement

over the MWPM algorithm threshold of 0.157.
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1. Introduction

Quantum computing (QC) leverages the principles of
quantum mechanics to solve complex problems that are in-
tractable for classical computation.!'=3! However, its practical
application is severely hindered by errors. Quantum systems
are highly susceptible to environmental disturbances, leading
to quantum decoherence,*®! which poses significant chal-
lenges to the reliability and stability of quantum computing.
To address this issue, quantum error correction (QEC) has
emerged as a critical technology to ensure the feasibility of
quantum computing.[’~!?l The core of QEC lies in quantum
error correction codes (QECC), which protect the integrity
of quantum information by encoding it into multiple physi-
cal qubits and leveraging redundant information to detect and
correct errors induced by noise.'3-16] The threshold theorem
states that when the noise strength is below a certain thresh-
old, increasing the code distance can significantly suppress the
logical error rate.!'”-!8) Among various QECC schemes, topo-
logical QECC!!'%-22! has attracted considerable attention due
to its high fault-tolerant threshold and low resource overhead.

e, 123-27

In particular, the toric cod I a prototypical example of
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topological QECC, can be implemented on a two-dimensional
(2D) lattice using local stabilizer measurements. This struc-
ture not only facilitates physical realization but also exhibits
strong error resilience, making it one of the most promising
error correction schemes for quantum computing.

The optimal decoding of a QECC is an NP-hard
problem.?8-3% Various decoders have been proposed to
achieve near-optimal decoding accuracy. Conventional decod-
ing algorithms for QECCs include the MWPM algorithm, 3!}
the union-find algorithm (UF),13?! the reorganized group algo-
rithm (RG),3*34! the Monte Carlo-Markov chain algorithm
(MCMC),[?33¢1 and the maximum likelihood decoding algo-
rithm (MLD). 37! These conventional decoding algorithms an-
alyze syndrome information and use logical inference to iden-
tify and correct qubit errors, making them essential for build-
ing efficient QEC systems. In recent years, deep learning-
based QEC decoders, including architectures such as multi-
layer perceptrons, neural networks, and transformers, have
significantly improved decoding accuracy and computational
efficiency by automatically learning quantum error features,
providing more efficient error correction solutions for quan-
tum computing. Wagner et al. demonstrated that incorporating
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the symmetries of toric codes into the training of feedforward
neural network decoders significantly reduces data require-
ments and improves decoding performance.*8! Varsamopou-
los et al. transformed surface code decoding into a classifica-
tion problem and employed feedforward neural networks for
decoding, achieving performance comparable to or better than

5.[31 Chamberland and Ronagh proposed

traditional algorithm
a deep neural network-based universal decoding framework,
with their neural decoder outperforming traditional lookup ta-
ble decoders in key metrics such as pseudo-threshold.*% Ni
designed a neural network decoder for large-distance 2D toric
codes, and experiments showed that its performance is close
to that of the MWPM algorithm.*!) Choukroun and Wolf pro-
posed a transformer-based deep quantum error correction de-
coder that significantly outperforms conventional methods in
error correction accuracy under various noise models and code

lengths.[#?

1 Cao et al. proposed the qecGPT framework utiliz-
ing generative transformers for quantum error correction de-
coding, with experimental results demonstrating superior ac-
curacy over conventional algorithms while maintaining gener-
alization capability. (3]

However, existing deep learning decoding methods still
have certain limitations. Traditional single network archi-
tectures show limited improvements in decoding accuracy
and computational efficiency, and conventional feature fu-
sion strategies struggle to represent the complex correlations
among quantum errors. To address these issues, this paper pro-

poses a deep learning decoding method based on SPEFM and
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ResNet. In the SPEFM, a multi-scale feature fusion structure
is employed to enhance the model’s ability to analyze quan-
tum error features, while a unidirectional Swin transformer is
used to optimize the processing efficiency of syndrome data.
In addition, the integration of residual structures strengthens
the transmission of multi-level features, thereby enabling ef-
ficient modeling of the correlated characteristics of quantum
erTors.

2. Background
2.1. Toric code

The principle of QEC is based on the stabilizer

m, #4401 which is a quantum encoding method con-

formalis
structed using the commutation properties of the Pauli group.
Stabilizer codes are a type of QECC defined in terms of the
stabilizer formalism.[*”*8] By specifying a set of independent
and mutually commutative stabilizer generators, such codes
define a code space that encodes logical qubits into multiple
physical qubits, enabling detection and correction of quantum
errors on up to L%J physical qubits (where d is the code dis-
tance). The code space C is the set of all quantum states |y)
satisfying the stabilizer conditions:

C={ly) € A7 |Sly)=|y),¥S€ .7}, M

where 7" is the Hilbert space for n qubits, . is the stabi-
lizer group formed by a set of stabilizer generators, and each
of its elements S consists of tensor products of Pauli operators.

Fig. 1. A planar representation of a toric code with code distance d = 5 and its corresponding toric torus. The blue circles represent physical qubits, the
orange set of 4 qubits with Pauli Z operators forms a plaquette operator, and the green set of 4 qubits with Pauli X operators forms a vertex operator.

The subspace formed by quantum states serves as the en-
coded space for logical qubits. To ensure the encoded quantum
information remains protected during logical operations, the
logical operators must preserve the code space. These logical
operators constitute a subgroup C of the Pauli group, charac-
terized by commuting with all elements of the stabilizer group
. while not belonging to . themselves. This property is for-

mally defined as follows:

L:={Pc 2,|PS=SP}\.7¥, 2, ={,X,Y,Z}*", (2)

where \ denotes the set difference, &7, denotes the Pauli
group, I denotes the identity mapping, X denotes the quan-
tum bit flip, Z denotes the phase flip, Y denotes the combined
flip, and {--- }*" denotes all possible n-fold tensor products.
The toric code is an earlier proposed stabilizer code with
good periodicity and efficient local operability. The left part
of Fig. 1 illustrates the planar representation of a toric code
with code distance d = 5. Physical qubits are positioned on
the edges of a two-dimensional lattice with periodic bound-

ary conditions (represented by blue circles in Fig. 1), form-
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ing a topological toroidal structure (toric torus on the right
side of Fig. 1), where the rightmost edges connect to the left-
most edges and the topmost edges connect to the bottommost
edges. On a two-dimensional lattice, the toric code comprises
2d? physical qubits and 24> stabilizer generators.*’! These
stabilizer generators consist of vertex operators and plaquette
operators. The vertex operators are constructed as the tensor
productP%3!1 of Pauli X operators acting on the four adjacent
qubits at each lattice vertex, while the plaquette operators are
formed by the tensor product of Pauli Z operators applied to
the four edge-adjacent qubits. The definitions of these opera-
tors are as

H 1 o 3)

jestar(s Jj€boundary(s)

where X; denotes the vertex operators, Z, represent the pla-
quette operators, 6* and ¢* correspond to the Pauli operators,
and j signifies the edge.

2.2. Swin transformer

The transformer architecture has demonstrated remark-
able success in natural language processing.l>?l However,
when directly applied to computer vision tasks, traditional vi-
sion transformers!>3~%! face challenges such as high compu-
tational resource demands for high-resolution images and dif-
ficulty in capturing pixel-level details. To address these lim-
itations, Liu et al. proposed an improved hierarchical vision
transformer architecture — Swin transformer.!>>! The core
innovation of the Swin transformer primarily resides in its
shifted window mechanism, which alternately employs regular
and shifted window partitioning between adjacent transformer
layers. The regular windows partition the image into non-
overlapping local regions, confining self-attention computa-
tion to achieve linear complexity, while the shifted windows
establish cross-window connections through window bound-
ary offsets to enhance the model’s representational capacity.
Experiments demonstrate that this design significantly reduces
computational complexity while improving multiscale feature
extraction, achieving excellent performance on multiple main-
stream vision benchmarks.

Errors in quantum error correction often exhibit nonlocal
correlations, making them difficult to capture with traditional
local analysis methods. The Swin transformer’s shifted win-
dow mechanism effectively identifies and corrects these global
error patterns while maintaining computational efficiency and
improving correction accuracy.

3. Toric code decoding method
3.1. Error correction process

The decoding process of QECC draws inspiration from
classical error correction codes, particularly through the im-
plementation of stabilizer codes to detect and correct quantum

errors. The essence of stabilizer codes lies in utilizing stabi-
lizer generators to define the code space of quantum states and
detecting errors by measuring the eigenvalues of these gener-
ators. Specifically, stabilizer generators can be decomposed
into two independent parity check matrices, designed to iden-
tify phase flip errors (Z errors) and bit flip errors (X errors).

The stabilizer generators define a block parity check matrix

(H 0
H(o HX>’

where H; and Hy represent phase flip and bit flip parity

structured as

checks. When an error occurs on a qubit, the corresponding
error operator anticommutes with a subset of stabilizer gener-
ators, producing a measurable syndrome computed as

s=He, @

where e denotes the qubit errors, typically represented as a bi-
nary vector. As illustrated in Fig. 2, in the toric code, a bit
flip error (X error) on a qubit generates non-zero syndromes at
adjacent plaquettes, while a phase flip error (Z error) produces
non-zero syndromes at adjacent vertices. When identical er-
rors occur at the same location, their corresponding syndromes
cancel each other out.

The decoder Fy proposed in this paper is designed to pre-
dict qubit errors based on the toric code simulations imple-
mented by Krastanov and Jiang. %! It computes the syndrome
s via the parity check matrix H and predicts the errors using
the decoder

Fo([s, fo(s)]) =@, Q)

where 0 denotes learnable parameters, fy(s) represents the
parameterized feature transformation neural network proposed
in this paper with parameters , é signifies the predicted er-
rors, and [-, -] indicates the data fusion operation. The de-
coder aims to accurately predict errors on qubits by learning
the mapping relationship between syndromes and error pat-
terns. After obtaining a correct approximate estimate, due to
the self-inverse nature of the quantum operations, applying the
same operation as the initial error can restore the quantum state
to its original form, thereby achieving error correction.

FT/;‘TTT_FTTTT_I_TTTT_
30 30 0 3 SO0 M 2O TS0
fofeto fetetetet 35
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1 I (I o I I o I o
. Bit-flipX @BitflipZ ®y-XZ ® Z-type syndrome o X-type syndrome

Fig. 2. Quantum errors and corresponding syndromes on a toric code with
code distance d = 5. Bit flip (X) errors generate pairs of red syndromes at
adjacent plaquettes, phase flip (Z) errors produce pairs of green syndromes
at adjacent vertices, and Y ~XZ errors simultaneously induce both red and
green syndrome pairs at neighboring plaquettes and vertices, respectively.
When syndromes of the same type generated by identical errors occur at
overlapping locations, they mutually cancel out.
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3.2. Designing unidirectional Swin transformer module

In the field of QEC, error propagation typically exhibits
complex spatial correlations, making purely local analysis in-
adequate for capturing cross-qubit error patterns. Given the
extreme sensitivity of qubits to environmental noise, quantum
computing systems must continuously perform error correc-
tion to maintain quantum information integrity. Insufficient
correction speed allows noise to persistently interfere with

qubits during the correction process, leading to error accumu-
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lation. Such accumulated errors may eventually exceed the
correction capability of the QECC, resulting in correction fail-
ure. To address these challenges by capturing global character-
istics of quantum errors while solving the issues of prolonged
correction time with larger code distances, this paper intro-
duces the window partitioning and shifting mechanism of the
Swin transformer into QEC. We propose a unidirectional Swin
transformer (USWT), as illustrated in Fig. 3, which achieves
linear growth in both computational overhead and memory re-
quirements.

P e - - ————————— - —— - — = - ————— -

Fig. 3. USWT architecture and the computation process of the multi-head self-attention mechanism. Architecture diagram of the USWT, including the
multi-head self-attention computation flow and the partitioned window or shifted window mechanisms.

Within
each module, the input data first undergoes layer normaliza-

This structure consists of two USWT modules.

tion, then passes through either the partitioned window layer
or the shifted window layer, followed by multi-head self-
attention computation.®” Specifically, the input data X is lin-
early projected into three distinct vectors: query (Q), key (K),
and value (V). Each self-attention layer contains / heads, en-
abling the model to extract features from h-independent sub-
spaces. The computation for each attention head is formulated
as

. QKT
Attention(Q,K,V) = SoftMax | =— | V,
Vi

where dj denotes the dimensionality of each subspace. During

(6)

computation, the dot product of Q and K is calculated, scaled
by +/dy, and then normalized via the softmax function to gen-
erate attention weights, which are applied to V for weighted

aggregation. Each attention head operates independently, and
the outputs of all heads are concatenated and linearly trans-
formed to produce the final result:

MultiHead(Q, K, V) = Concat(head,, ..., head, )W?,

where head; = Attention(QWiQ, KwX vwY), )

where WI-O, WiQ, WiK , and Wl-V represent linear transformation
matrices. The multi-head self-attention layer employs residual
connections to propagate outputs to subsequent layers. After
a second layer normalization, the features are fed into a multi-
layer perceptron layer, with residual connections to complete
the output of the current module. Feature fusion between the
two modules is achieved through residual connections, and the
calculation processes are as follows:

7' — MHSA (Pw (LN (Zl_1>>> 7
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7' — MLP (LN (z’)) 2,
211 — MHSA (sw (LN (z’))) +7
Zl+l :MLP (LN (ZZ+])) +Zl+]7 (8)

where PW represents the window partitioned layer, SW rep-
resents the shifted window layer, MHSA represents the multi-
head self-attention mechanism, LN denotes layer normaliza-
tion, and MLP denotes the feedforward neural network.

The following details the partitioned window and shifted
window mechanisms (with the architectural diagram presented
in Fig. 3). In the first USWT module, the input data are par-
titioned into multiple local windows of size W x d, based on
its length (where W denotes the window size and d represents
the data dimensionality). For datasets with varying code dis-
tances, the number of windows Ny, is fixed to 2, with the
window size W = (n+ m)/Num, where n is the length of pre-
liminary error predictions and m is the length of syndrome
data. Each window contains two adjacent quantum state data
patches, and multi-head self-attention computations are per-
formed within these local windows to capture localized quan-
tum error patterns. However, this partitioning isolates win-
dows from cross-window interactions, limiting the model’s
ability to model global contextual dependencies. To address
this limitation, the second USWT module introduces a shifted
window partitioning strategy, where all windows are shifted
rightward by half the window size. Specifically, the first half
of the initial window is concatenated with the latter half of
the final window to form new window partitions. This shift-
ing operation not only establishes cross-window connectiv-
ity but also maintains the computational efficiency of non-
overlapping windows. Subsequently, multi-head self-attention
computations are executed within each new local window, en-
abling the model to progressively integrate global contextual
information and effectively model long-range error correla-
tions.

3.3. Designing syndrome-preliminary error fusion module

In conventional decoder designs, input data typically
comprises only quantum syndrome information. To make
full use of the characteristic information provided by the syn-
drome, this paper integrates syndrome information with pre-
liminary error predictions through deep fusion. Current deep
learning approaches commonly use simple channel concatena-
tion for data fusion, where information is combined via con-
catenation along specific dimensions. However, this method
exhibits significant limitations. First, concatenated data lacks
interactive mechanisms to model intrinsic relationships be-
tween components, resulting in insufficient information inte-
gration. Second, concatenation fails to project features into
higher-dimensional spaces for enhanced representational ca-

pacity and does not support multi-level feature fusion, restrict-
ing integration to single-layer feature linkage. These limita-
tions lead to suboptimal performance in complex tasks, partic-
ularly in scenarios requiring the full utilization of complemen-
tary information across multi-scale data, where concatenation-
based fusion often underperforms practical demands.

To address these limitations, this paper proposes the
syndrome-preliminary error fusion module (SPEFM), which
enhances inter-data interactivity and information-sharing ca-
pabilities by incorporating global context guidance and an
adaptive feature refinement mechanism, thereby improving
model performance. As illustrated in Fig. 4, within this mod-
ule, the syndrome is first processed by a feature transformation
neural network to generate preliminary error estimates. These
preliminary error estimates provide the decoder with reliable
initial predictions, accelerating its convergence process and ef-
fectively reducing misidentification probability. Furthermore,
to augment the model’s representational capacity, the fused
data of syndromes and preliminary error estimates are mapped
into a two-dimensional space as follows:

H = Wy ® concat(s, fu(s)), 9)

where ® denotes the Hadamard product, Wy € R %4 rep-
resents learnable parameters, and f(s) denotes a shallow neu-
ral network parameterized by @. Subsequently, the concate-
nated features are fed into the USWT for global contextual
modeling, which prioritizes the most salient features while
suppressing less critical ones. After processing by the USWT,
the features undergo a split operation and are dynamically
fused with the original data. To illustrate the fusion process,
consider a pair of processed feature components as an exam-
ple. This procedure employs dual weight parameters, both ini-
tialized to 1, which are normalized via a sum-based normaliza-
tion algorithm. This algorithm preserves weight proportions
through linear computations, mitigating distribution shift, as
formalized below:

r_ Wi
Wi =

Y w;
j=1

(ie[1,2],n=2), (10)

where w; represents the original weights, w! denotes the nor-
malized weights, and Z;f:] w; signifies the sum of all weights.
Subsequently, the two processed data features are individu-
ally multiplied by the normalized weights, and dynamic fea-
ture fusion is implemented through weighted summation. Fi-
nally, residual connections are employed to integrate the orig-
inal features with the enhanced features via weighted summa-
tion, enabling multi-level information complementarity, fol-
lowed by concatenation of the results.

Experimental validation (Subsection 4.4) demonstrates
that the proposed SPEFM captures complex interdependencies
between syndromes and preliminary error predictions more
precisely than traditional concatenation methods, thereby
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significantly enhancing decoding accuracy. Furthermore,
SPEFM offers novel insights for optimizing conventional fu-
sion approaches by proposing innovative solutions for effec-
tively integrating multi-scale data, which provides a valuable

reference for research in related fields.

3.4. Constructing SPEFM-ResNet18 decoder

This paper proposes a novel SPEFM-ResNet18 decoder
architecture, as illustrated in Fig. 4. First, syndrome data are
processed by the SPEFM, where a feature transformation neu-
ral network generates preliminary error predictions. This net-
work is optimized by minimizing the following objective func-
tion:

1 N

Z 6,10g fw

t:l

+ (1 —ei)log(1 = fu(s)i)],
(11)

where e; represents the true error values, and N denotes the
total number of samples. Through optimization of this ob-
jective function, the network effectively captures the primary
mapping relationship between syndrome data and quantum
errors. Second, the preliminary error predictions are fused
with syndromes and fed into subsequent components of the
SPEFM to enhance decoder robustness via synergistic analy-
sis of multi-scale data. To further extract deeper error patterns
and generate refined error predictions, a ResNet18°8 module
is employed after the SPEFM. This module employs stacked
residual blocks, each containing two convolutional layers and
ReLU activation functions. The residual connections mitigate
gradient vanishing in deep networks. Through this progressive
feature extraction strategy, the network sequentially captures
both local and global error patterns. Finally, a global average
pooling layer compresses the fused features into a fixed-length
feature vector, which is then fed into a fully connected layer to
output precise error predictions.

The proposed decoding method employs cross-entropy to
measure the divergence between predicted and true error dis-

tributions, with the loss function defined as

N
2= Y leitog (Fo(s)) + (1 ~en)log (1~ Fa(s)0)],

i=1 a2)
where Fy denotes the SPEFM-ResNet18 decoder. Since the
physical error rate in QEC reflects only individual qubit er-
rors, while the logical error rate better quantifies the reliability
of encoded and corrected qubits in practical computations, this
paper adapts the method proposed by Choukroun and Wolf!#?]
to transform the loss function .%; into the following paradigm
via the composite differentiable function A (L,x) and logical
matrix L:

1 i (Le) log A(L,bin(Fy(s)) ]z)
N & [ +(1—(Le) )i)log (1 —[A(LL,bin(Fg(s))];) |’
(13)

where bin indicates numerical binarization. The overall model
loss function is formulated as a triply cascaded hybrid loss:

L=MA+M D+ 13, (14)

where A1, A2, and A3 are weighting coefficients for the loss
components. All three loss components L, Ly, L3, and the
overall triply cascaded hybrid loss adopt the design paradigm

from Ref. [42].
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Fig. 4. The schematic diagram of the overall decoder architecture. Syn-
dromes undergo feature fusion with preliminary error predictions through
the SPEFM structure. These fused features are then fed into the ResNet18
network to predict refined error values.

@) Element-wise multiplication

€D Element-wise addition

4. Experimental results
4.1. Experimental setup and model performance

This experiment is conducted on the toric code dataset
under code distances of d = 4,6, 8, 10 for decoder training. In-
put data are encoded as one-hot vectors with lengths ranging
from 200 to 400, and physical error rates are randomly sam-
pled across 9 discrete noise levels within the interval 0.05 to
0.2. The USWT adopts a model dimension of 128 and 16 at-
tention heads. For deeper feature extraction, ResNet18 is im-
plemented, comprising four sequential residual block groups—
each group contains 2 residual blocks, and each block inte-
grates 2 convolutional neural networks. The feature transfor-
mation neural network includes three convolutional layers and
one fully connected layer, using the GELU non-linear acti-
vation function. The hybrid loss function weights are set to
A =0.5,4 =0.5 and A3 = 1.0. The initial learning rate is
5% 107*, modulated by a cosine decay scheduler to 5 x 10~/
by the final epoch. The SPEFM-ResNet18 decoder employs
the Adam optimizer®! for training, with a batch size of 128
samples. Training spans 200 epochs, each comprising 5 x 10°
mini-batches. Testing involves 10° samples with a batch size
of 512, evaluated across 18 noise levels randomly generated
within the physical error rate range 0.05 to 0.2. All experi-
ments run on an NVIDIA 3090 GPU with 24 GB GPU mem-
ory.

To validate the performance advantages of the proposed
decoder, this paper conducts comparative experiments us-
ing the MWPM algorithm and the ResNetl8 decoder. The
MWPM algorithm, as a conventional decoder for topologi-
cal codes, employs the optimized implementation proposed by
Higgott et al.,!°°! with its decoding computations executed on
the CPU. Although minor GPU memory usage (approximately
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335 MiB across all code distances) is observed, this alloca-
tion stems from system background processes and is unrelated
to the algorithm’s intrinsic computations. The ResNet18 de-
coder adopts the following architecture: a feature transforma-
tion neural network first generates preliminary error predic-
tions, which are then fused with syndrome data via concatena-
tion and dimensionality expansion operations before being fed
into the ResNet18 network. This paper adopts the depolariz-
ing noise model as the standard error benchmark. This noise
model describes stochastic perturbations arising from isotropic
interactions between qubits and their environment, with its
dynamic evolution formally characterized through quantum
channels. Specifically, the evolution of a single qubit’s den-
sity matrix under depolarizing noise is expressed as

p = (1=p)p+pXpX+pYpY+pZpZ,  (15)

where the total error probability p € [0, 1] is defined as the sum
of the probabilities for X, Y, or Z errors, subject to isotropic
distribution (p, = p, = p, = p/3). Correspondingly, the qubit
retains its original state p with probability (1 — p), remaining
error-free.

Computational efficiency and resource consumption are
important metrics for evaluating decoder performance. Based

on the aforementioned experimental setup, we present the
computational efficiency and resource consumption results of
the proposed SPEFM-ResNetl8 decoder at code distances
d =4,6,8,10. As shown in Table 1, rows 1 to 4 correspond
to the average decoding time, peak memory consumption, and
training time under different code distances. When the code
distance expands stepwise from d = 4 to d = 10 with a step
size of 2, the average decoding time remains between 16.36 s
and 17.62 ps. The gradual increase in decoding time is pri-
marily due to the unified design of the model’s fundamen-
tal computational paradigm, which enables the GPU to effi-
ciently parallelize computational tasks. During the decoder
testing phase, the peak memory consumption increases from
2890 MiB at d =4 to 19070 MiB at d = 10. This signifi-
cant growth is primarily due to the substantial increase in the
number of input physical qubits as the code distance expands.
Concurrently, Table 1 demonstrates that as the code distance
increases discretely from d = 4 to d = 10, the training time
per epoch escalates from 196.12 s to 1,286.79 s. This substan-
tial growth in training duration is primarily driven by the surge
in physical qubits iteratively processed during training as the
code distance expands.

Table 1. Computational efficiency and resource consumption of SPEFM-ResNet18 decoder.

Code distance  Avg. decoding time (pLs)

Peak memory consumption (MiB)

Training time (s/epoch)

d=4 16.36
d=6 16.52
d=38 16.73
d=10 17.62

2890 196.12
6960 393.09
12540 738.21
19070 1286.79

4.2. Loss function analysis

Figure 5 presents the convergence curves of the hybrid
loss function for the SPEFM-ResNet18 decoder under differ-
ent code distances. Experimental results demonstrate that the
loss functions for all code distances exhibit a characteristic
convergence pattern of rapid initial decline followed by grad-
ual stabilization, with no overfitting observed throughout the
training process, thereby validating the effectiveness of the
training strategy. Specifically, during the initial training phase
(1-50 epochs), the hybrid loss values decrease sharply, indi-
cating the model’s rapid learning of the mapping relationships
between syndromes and preliminary error predictions. In the
intermediate training stage (50-150 epochs), the loss func-
tion transitions to smoother optimization. After exceeding
150 training epochs, the loss functions for all code distances
reach steady-state convergence but remain at relatively high
values. This primarily results from the design of our triple
weighted hybrid loss function, whose weight sum equals 2,
leading to higher total loss values compared to single loss

functions. Further observation reveals that the converged loss

1.40
— d=4

1.35 1 — d=6

Loss
(3]
W

0 50 100 150 200
Epoch

Fig. 5. Hybrid loss function curves for the SPEFM-ResNet18 decoder un-
der code distances d = 4,6,8,10. The horizontal axis represents training
epochs, and the vertical axis denotes the hybrid loss function. Loss func-
tions for different code distances are color-coded as blue, red, green, and
orange.

values for shorter code distances consistently remain higher
than those for longer code distances. This discrepancy stems
from distinct error modeling characteristics. The relatively

simpler error correlation patterns in shorter code distances al-
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low the model to reach local optima earlier, yet their limited
encoding redundancy constrains the ability to adapt to com-
plex errors. In contrast, the intricate error propagation paths
in longer code distances compel the model to develop stronger
error modeling capabilities through deep feature learning.

4.3. Bit error rate analysis

A lower bit error rate (BER) demonstrates that the de-
coder can detect errors more precisely.[*?! Figure 6 shows
comparative curves of the BER versus the physical error rate
for the MWPM algorithm and the SPEFM-ResNet18 decoder
under different code distances. The BER calculation formula
is defined as follows:

BER = ian;H(éi #ei), (16)

where n denotes the total number of physical qubits, é; and e;
represent the predicted and true error on the i-th physical qubit,
respectively, and I is the indicator function, which equals 1 if
the condition is satisfied and O otherwise. Experimental data
demonstrate that for the same decoder at a given physical er-
ror rate, the BER decreases as the code distance increases.
Furthermore, under identical code distances and physical er-
ror rates, our proposed decoder achieves lower BER values
than the MWPM algorithm. This advantage directly reflects
enhanced error correction capability at the physical layer.

(2)

Bit error rates

0.05 0.10 0.15 0.20
Physical error rate

b
(b) T
0.10 i
—— d=8
0.08

SPEFM-ResNet18

Bit error rates
(=)
[=)
N

0.05 0.10 0.15 0.20
Physical error rate

Fig. 6. (a) BER characteristic curves based on MWPM decoder at code
distances d = 4,6,8,10. (b) BER characteristic curves based on the
SPEFM-ResNet18 decoder at code distances d =4, 6,8, 10. The horizon-
tal axis represents the physical error rate and the vertical axis represents
the bit error rate. Different code distances are color-coded as blue, red,
green, and yellow.

4.4. Logical error rate analysis

The logical error rate (LER) is an important metric for
evaluating the performance of quantum error correction codes,
reflecting the reliability of qubits in actual computation after
error correction. Figure 7 shows the LER curves of the toric
code under the MWPM decoder, the SPEFM-ResNet18 de-
coder, and the ResNet18 decoder. The formula for calculating
LER is as follows:

1 B
LER = 21 I[3i: (Lé; mod 2), # (Le; mod 2).], (17)
j=

where B denotes the total number of samples, and i is the
index of all logical qubits. The threshold refers to a criti-
cal physical error rate and serves as an important indicator
of decoder performance. When the physical error rate is be-
low this threshold, topological codes can effectively suppress
errors, and the probability of errors decreases significantly
with increasing code distance. We tested the three decoders
under different physical error rates. The threshold of the
MWPM decoder is approximately 0.157 (Fig. 7(a)), while the
threshold of the SPEFM-ResNet18 decoder is approximately
0.163 (Fig. 7(b)). Compared with MWPM, the threshold of
the SPEFM-ResNet18 decoder is increased by about 3.82%.
When using the ResNetl18 decoder alone, due to the limita-
tions of the model’s local receptive field, the LER curve does
not exhibit a clear threshold intersection point (Fig. 7(c)), in-
dicating its difficulty in effectively modeling the long-range
topological correlations of quantum error correction codes.

The experimental results further show that under the
same physical error rate and code distance, the LER of the
ResNet18 decoder is consistently lower than that of the tra-
ditional MWPM algorithm. This indicates that the ResNet18
decoder significantly outperforms the traditional MWPM al-
gorithm in error correction performance by modeling the com-
plex correlations of quantum features. Moreover, the SPEFM-
ResNet18 decoder achieves further optimization of LER com-
pared to the ResNet18 decoder. The integration of the SPEFM
module with ResNetl8 enhances the global error correction
feature extraction capability, validating the critical role of de-
coder architecture innovation in improving quantum decoding
performance. In addition, an analysis of the LER curves at
different code distances under the same decoding scheme re-
veals that when the physical error rate is below the threshold,
increasing the code distance effectively reduces the LER. This
occurs because in low error rate environments, increased code
distance provides additional redundant qubits that supply more
error correction information. This enhances the decoder’s abil-
ity to identify and correct errors, thereby reducing the LER.
However, when the physical error rate exceeds the threshold,
higher code distance leads to an increase in LER instead. This
trend is likely due to larger code distances introducing higher

060303-8



Chin. Phys. B 35, 060303 (2026)

encoding complexity, which introduces additional errors and
degrades decoder performance.

0.8
@ | T d
—a— d=6
0.6 1 —— d=8
d=10
MWPM

Logical error rate
[=]
S

o
o

01 P, =0.157
0.05 0.10 0.15 0.20
Physical error rate
b
(®) —e— d=4
0.6
—=— d=6
° —&— d=8
® d=10
& 041 SPEFM-R
2 -ResNet18
5]
3
)
3 02
o] o=t P,,=0.163
0.05 0.10 0.15 0.20
Physical error rate
0.8
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—=— d=6
Q 0.6 1 —— d=8
g d=10
5
g ResNet18
5 0.4
8
)
o
2
0.2 1
0
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Physical error rate

Fig. 7. (a) LER characteristic curves for the MWPM decoder under code
distances d = 4,6,8, and 10. (b) LER characteristic curves for the SPEFM-
ResNet18 decoder under code distances d = 4,6,8, and 10. (c) LER char-
acteristic curves for the ResNet18 decoder under code distances d = 4,6, 8,
and 10. The horizontal axis represents the physical error rate, and the verti-
cal axis denotes the LER. Different code distances are color-coded as blue,
red, green, and yellow.

4.5. Ablation experiments analysis

To verify the role of BER optimization in enhancing the
final decoding performance and to justify the selection of loss
function weights A; = 0.5,4, = 0.5, A3 = 1.0, we conducted
ablation experiments at code distance d = 6 by adjusting the
weights of the three loss functions in formula (14). The results
are shown in Fig. 8. First, the blue curve corresponds to simul-
taneous optimization of loss functions .4}, %, and %5 with
weights set to 4] = 0.5,4; = 0.5, and A3 = 1.0 respectively.
Under this configuration, the LER versus physical error rate

curve is the lowest, demonstrating optimal decoding perfor-
mance. Second, the red curve represents LER variation with-
out BER optimization (A, = 0.0). This curve shows that LER
is significantly higher across all physical error rates compared
to BER-optimized results, indicating that BER optimization
plays a crucial role in achieving low LER and validating the
decoder’s superior performance. Furthermore, we examined
the decoder’s performance when optimizing only BER, with
results shown as the green curve. These results reveal that the
decoder maintains basic decoding capability through physical
layer optimization alone, even without logical layer supervi-
sion, indirectly demonstrating the importance of physical layer
error correction. Finally, setting weight A; = 0.0 for loss func-
tion %] and weights A, = 0.5,43 = 1.0 for .%, and .%; yields
the orange curve. At identical physical error rates, its LER
values are higher than those of the blue curve, indicating that
preliminary error predictions from the feature transformation
neural network effectively enhance the decoder’s LER perfor-

mance.
-o- =0.5,2%=0.5, }s=1.0 PR
e
0.8 1 =0.0, 22=0.5, L=1.0 4—4"%
-4 L=0.0, A=1.0, %:=0.0
—4—- 0=0.5,2=0.0, A>=1.0 A
A
J F g e
o 06 s A
8 ' Ay
5 A g
E 044 /(/A ,3/‘
.§ g ot
& A
| iy 4
0.2 1 xR
g
A 7’,-’
-k~ ="
—A-A g
0| #-0-9
0.05 0.10 0.15 0.20

Physical error rate

Fig. 8. LER performances of the SPEFM-ResNet18 decoder at code distance
d = 6 under different loss weight conditions.

5. Conclusion

This paper proposes an innovative decoding scheme for
quantum error correction of toric codes, achieving signifi-
cant performance improvements through the integration of the
SPEFM and ResNetl18 modules. Specifically, it proposes a
multi-scale feature fusion architecture to enhance feature ex-
traction, introduces a sliding window interaction mechanism
to improve computational efficiency, and integrates residual
structures to enhance decoding accuracy. Experimental results
show that the proposed scheme outperforms the MWPM al-
gorithm in terms of BER and surpasses both the MWPM and
ResNet18 algorithms in terms of LER. Notably, the decoding
threshold is increased to 0.163, representing a 3.82% improve-
ment compared to the 0.157 threshold of the MWPM algo-
rithm. Our future work will build upon the SPEFM-ResNet18
decoder to conduct an in-depth investigation of QEC, with the
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aim of further enhancing the decoding thresholds and accuracy
for QECC such as toric codes, surface codes, and color codes,
while maintaining decoding efficiency. Furthermore, effective
extrapolation of decoder performance to quantum hardware
and accurate prediction of the maximum decodable distance
are critically significant for evaluating the practical applica-
tion value of quantum error correction schemes. We will si-
multaneously optimize decoder performance and closely track
advancements in quantum hardware, thereby enabling precise
quantitative assessment of the maximum decodable distance
in physical quantum systems.
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