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Micromagnetic simulation of µMAG standard problem No. 3:
Evaluating the standard dipole–dipole interaction
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Departamento de Fı́sica, Laboratório de Simulação Computacional, Universidade Federal de Juiz de Fora,
Juiz de Fora, 36036-330 Minas Gerais, Brazil
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Cubic-shaped magnetic particles subjected to a dimensionless uniaxial anisotropy (Q = 0.1) aligned with one of the
crystallographic axes provide an ideal system for investigating magnetic equilibrium states. In this system, three fundamen-
tal magnetization configurations are identified: (i) the flower state, (ii) the twisted flower state, and (iii) the vortex state. This
problem corresponds to standard problem No. 3 proposed by the NIST Micromagnetics Modeling Group, widely adopted
as a benchmark for validating computational micromagnetics methods. In this work, we approach the problem using a
computational method based on direct dipolar interactions, in contrast to conventional techniques that typically compute
the demagnetizing field via finite difference-based fast Fourier transform (FFT) methods, tensor grid approaches, or finite
element formulations. Our results are compared with established literature data, focusing on the dimensionless parameter
λ = L/lex, where L is the cube edge length and lex is the exchange length of the material. To analyze equilibrium state
transitions, we systematically varied the size L as a function of the simulation cell number N and intercellular spacing a,
determining the critical λ value associated with configuration changes. Our simulations reveal that the transition between
the twisted flower and vortex states occurs at λ ≈ 8.45, consistent with values reported in the literature, validating our
code (Grupo de Fı́sica da Matéria Condensada - UFJF), and shows that this standard problem can be resolved using only
interaction dipolar of a direct way without the need for sophisticated additional calculations.

Keywords: micromagnetic simulation, standard problem No. 3, dipolar interaction
PACS: 75.78.–n, 75.78.Cd, 75.40.Mg, 75.10.Hk
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1. Introduction
In ferromagnetic materials like nickel, cobalt, iron, and

their alloys below the Curie temperature, the magnetic mo-
ments spontaneously align in the same direction. However,
different regions in the material can have magnetic moments
oriented in distinct directions. The boundary separating re-
gions with different magnetic moment vectors is called do-
main walls, but if the size of the system is sufficiently small,
the magnetic moment vector configuration is unique and can
be homogeneous or not. To study processes in magnetic small
systems, Schabes et al.[1] proposed a numerical investiga-
tion of the magnetization process in ferromagnetic cubes (see
Fig. 1) via a cubic discretization procedure of the micromag-
netic energy functional.

In the calculations of the theoretical model, the following
four types of interactions can be taken into account: the exter-
nal field energy (Eh), an exchange energy (Eex), a magneto-
static energy (Em) obtained by calculating the demagnetizing
field,[2–7] and an uniaxial magnetic anisotropy energy (Eu) (z-
axis). Thus, the total energy can be written as

Etotal = Eh +Eex +Em +Eu. (1)

The use of these interactions leads to the definition of the

two intrinsic length scales as

lu =
(

A
Ku

)1/2

, lex =

(
A

Km

)1/2

, (2)

where A is the exchange stiffness constant, the term Km =

(1/2)µ0M2
s represents the magnetostatic energy density, Ms

is called the saturation magnetization, µ0 is the vacuum mag-
netic permeability, and Ku is the uniaxial anisotropy constant.
The parameter lu is the magnetocrystalline exchange length,
which scales with the domain wall thickness, while lex is com-
monly known as the exchange length. The equilibrium mag-
netic states are determined by the relative magnitudes of these
characteristic lengths (lu, lex) compared to the edge length L of
the ferromagnetic cube. It is useful to define a dimensionless
relative anisotropy

Q =
Ku

Km
, (3)

and a dimensionless length

λ =
L
lex

. (4)

The transition between equilibrium configurations can
be determined by calculating either the magnetization profile
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along the z-axis or the energy as a function of the dimension-
less length λ . If Q ≪ 1, the system is very soft; if 0.1 <Q < 1,
it is soft; and if Q > 1 it is a hard magnetic material. In 1998,
Rave et al.[8] published a paper entitled Magnetic states of
small cubic particles with uniaxial anisotropy, where the mag-
netic equilibrium states were studied for various values of Q
and λ using a micromagnetic formalism. Various equilibrium
states such as vortex, twisted vortex, double vortex, and flower
were observed.

L

L
L

N

aa

a

x

y

z

Fig. 1. Illustration of a cubic micromagnetic system composed of N3

cells prior to relaxation to equilibrium. Each cell has a length a and
contains a local resultant magnetic moment.

Due to the possibility of finding well-defined magnetic
states of small cubic particles with uniaxial anisotropy cal-
culated by means of the micromagnetic formalism, Hertel et
al.[9] defined the study of these systems as a problem to be
used as a test for micromagnetic simulation of magnetic ma-
terials (micromagnetic modeling activity group-µMAG[10]).
They focused their study on systems with Q = 0.1 and stud-
ied the magnetization in the uniaxial direction and energy to
determine the changes in the equilibrium states that can occur,
such as flower, twisted flower, and vortex (shown in Figs. 2–4,
respectively). They found that at λ ≈ 8.56, the vortex state
becomes energetically more favorable than the twisted flower
state. This problem was called standard problem No. 3, and
we applied it to test and validate a program developed by our
group using dipolar interaction instead of calculating the de-
magnetizing field.

Fig. 2. Magnetization configuration corresponding to the flower state,
characterized by a nearly uniform alignment of magnetic moments with
slight curling at the edges due to boundary effects.

Fig. 3. Magnetization configuration of the twisted flower state, exhibit-
ing a central uniform core with increasing in-plane twisting of magnetic
moments towards the cube boundaries.

Fig. 4. Magnetization configuration of the vortex state, where magnetic
moments circulate around a central core, minimizing magnetostatic en-
ergy through flux closure.

2. Methodology
The concept of micromagnetism was initially established

by Brown in 1958 with the publication of his book[11] and later
with his contributions in published works involving applica-
tions of computational methods.[12] It is a continuous theory
of magnetic materials that allows the calculation of spin con-
figurations of materials with different shapes.[13]

Magnetic systems are made up of many magnetic mo-
ments distributed throughout their structure, with a length
scale ranging from tens of nanometers to hundreds of
micrometers.[14–16] To measure interactions on this scale,
we use micromagnetic simulation, which consists of treat-
ing the system through a semiclassical approximation, since
approaching these systems through quantum theory becomes
highly complex. Then the magnetic moment is represented by
a classical vector field

𝑀i = Ms𝜇̂i, (5)

with |𝜇̂i|= 1, where Ms is the saturation magnetization defined
in each work cell of the magnetic system. The work cells are
obtained by dividing the space into small cuboids with an edge
length a (lattice parameter). This way, the Hamiltonian of the
system with NC = N3 work cells (N is the number of work
cells in each direction) considering only exchange, magneto-
static, and anisotropy energy is given by

ℋ = −Jcel

2

NC

∑
⟨i, j⟩

𝜇̂i · 𝜇̂ j

017501-2
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− Dcel

2

NC

∑
i=1

NC

∑
j=1
j ̸=i

[
−𝜇̂i · 𝜇̂ j +3(𝜇̂i ·𝑟i j)(𝜇̂ j ·𝑟i j)

(ri j/a)3

]

−Kcel
NC

∑
i=1

(𝜇̂i ·𝑧)2. (6)

The first term corresponds to the exchange interaction,
where the summation is taken over the nearest magnetic mo-
ment pairs ⟨i, j⟩. The second term represents the dipole energy
or magnetostatic energy calculated using the standard method
for a system of magnetic moments distributed in a discrete lat-
tice. The third term is the uniaxial magnetic anisotropy en-
ergy. The parameter Jcel = 2Aa is the micromagnetic exchange
coupling constant, Dcel = µ0M2

s a3/4π is the micromagnetic
dipole-dipole coupling constant, and Kcel = Kua3 is the uniax-
ial anisotropy constant. Since lex is the smallest characteristic
length of the system, we must impose the condition

a = ξ lex, (7)

with 0 < ξ < 1. Thus, L = Na = Nξ lex and the dimensionless
length can be rewritten as

λ =
L
lex

= Nξ . (8)

Therefore, the value of λ is determined as a function of
the system size N and the proportionality constant ξ , which
varies in the interval 0 < ξ < 1. For each value of λ , there
is a specific corresponding value of ξ , which is the parameter
directly adjusted in the simulations. With these definitions, the
micromagnetic energy can be expressed in reduced units (R.U)
by dividing the total energy by µ0M2

s a3 and consequently the
constants Jcel, Dcel and Kcel can be rewritten in reduced units
as follows:

Jcel* =
l2
ex

a2 =
1

ξ 2 , (9)

Dcel* =
1

4π
, (10)

Kcel* =
Q
2
. (11)

Furthermore, defining the distance between sites in re-
duced units as r*i j = ri j/a, the Hamiltonian ℋ* in reduced units
(as a function of Q and ξ ), can be written as

ℋ* = −Jcel*

2

NC

∑
⟨i, j⟩

𝜇̂i · 𝜇̂ j

− Dcel*

2

NC

∑
i=1

NC

∑
j=1
j ̸=i

[
−𝜇̂i · 𝜇̂ j +3(𝜇̂i ·𝑟i j)(𝜇̂ j ·𝑟i j)

(r*i j)
3

]

−Kcel*
NC

∑
i=1

(𝜇̂i ·𝑧)2. (12)

However, the goal of this work is to compare the system
energy for different values of ξ . According to the relation (7),

the edge length a will also change. Since the definition of the
exchange energy is formulated without considering the con-
stant term 6Aa that arises during the transition from the contin-
uous to the discrete case used in micromagnetism, we include
this term to enable a proper comparison of the energy for dif-
ferent values of ξ . This term can be expressed in reduced units
by dividing it by µ0M2

s a3, resulting in 3N3/ξ 2. Thus, we can
rewrite the Hamiltonian as ℋ* = ℋ*+ 3N3/ξ 2. In this way,
the study can be conducted independently of the parameters
that characterize the magnetic system. The magnetization dy-
namics are studied using the Landau–Lifshitz–Gilbert (LLG)
equation, which is used to find the equilibrium states[17] and
is given by

d𝜇̂i

dt*
=− 1

1+α2

[
𝜇̂i ×𝐵ef*

i +α𝜇̂i ×
(
𝜇̂i ×𝐵ef*

i

)]
, (13)

where α = 0.1[18,19] is a dimensionless empirical damping pa-
rameter, known as the Gilbert damping constant, and 𝐵ef* =

−dℋ*/dµ̂i is the effective field in reduced units. The choice
of integrator depends on the system’s definition and what is
being measured. In this work, we are interested in minimiz-
ing the energy to identify these states. The key point here,
therefore, is the energy difference between these states; that
is, the error obtained from integrating the equations must be
much smaller than this energy difference between the observed
states. We have chosen the Adams–Bashforth integrator be-
cause it provides stability and precision aligned with the ob-
jectives of this work. For better visualization, Fig. 5 shows
a comparison between the fourth-order Runge–Kutta method
(considered one of the best methods) and the method used in
this work. As can be observed, the energy difference between
the methods is very small (on the order of decimal places,
which is much smaller than the energy difference between the
lowest energy states). The only difference lies in the moment
when the state change occurs, but this is not important for this
work. Thus, we opted to use the Adams–Bashforth method
because it is much faster.[20,21]

0 1 2 3 4 5 6 7 8 9 10

Time (R.U)

1928

1930

1932

1934

1936

1938

1940

1942

T
o
ta

l 
e
n
e
rg

y
 (

R
.U

)

Adams-Bashforth, λ=8.40 

Runge-Kutta (RK4), λ=8.40 

Fig. 5. Total energy as a function of time for N = 15 and λ = 8.40, us-
ing the fourth-order Runge–Kutta and Adams–Bashforth methods. The
energy exhibits a small variation over time, confirming the stability and
consistency of the method in the micromagnetic simulation. Both time
and energy are expressed in reduced units.
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The dimensionless time step used was dt* = 2× 10−15,
and the relation between the real time dt and dt* is given by
dt* = γµ0Ms dt, where γ is the electron gyromagnetic ratio.

3. Results and discussion
We vary the number of work cells in the range 9≤N ≤ 21

with Q = 0.1, using odd values of N to maintain the symmetry
of the system relative to the center. In addition, we vary ξ to
find the minimum energy states: flower state, twisted flower,
or vortex state. Using Eq. (8), we obtained values of λ that are
in close agreement with those reported in Refs. [8,9,22–26].

3.1. Flower state

Starting from the initial configuration shown in Fig. 6(a),
the system undergoes energy minimization and evolves into
the first single-domain state, known as the flower state. This
state is illustrated in Fig. 7 for N = 9, N = 15, and N = 21, all
evaluated at λ = 8.00.

z

y

x

(a) (b)

Fig. 6. Initial orientation of the magnetic moments. (a) The magnetic
moments are parallel to the easy axis, and (b) half of the moments are
antiparallel to the easy axis.

(a) (b) (c)

Fig. 7. Uniform domain configuration, referred to as the flower state,
observed for (a) N = 9, (b) N = 15, and (c) N = 21, all at fixed length
λ = 8.00.

We observe that the magnetic moments are more inclined
at the lateral faces of the cube, while at the center, they are
more aligned with the easy axis, as shown in more detail
in Fig. 8, highlighting the planes z = −L/2, z = L/2, and
x = L/2. Our simulation results are consistent with previously
reported studies.[8,9,22–26]

The comparison of the energies of the flower state and the
twisted flower state is performed by increasing the value of λ

and is shown in the next section. To further analyze the sta-
bility of these configurations, we will compare the energies of
the flower and twisted flower states as a function of the λ ratio
to determine the state change.

(a) (b) (c)

x

z z

z

y y y
x

↩x

Fig. 8. (a) Bottom view of the cube (z = −L/2), showing magnetic mo-
ments converging inward. (b) Top view (z = +L/2), where the moments
emerge outward from the cube surface. (c) Cross-section of the lateral face
at x = +L/2, illustrating inhomogeneous magnetization near the edges. A
similar pattern is observed for y =±L/2. The configuration corresponds to
a system size of N = 15 and length parameter λ = 8.00.

3.2. Twisted flower state

Starting again from the initial configuration shown in
Fig. 6(a), and increasing the values of ξ to determine higher
values of λ , the system begins to exhibit instability. The total
magnetization rearranges to minimize the total energy, result-
ing in the twisted flower state, as shown in Fig. 9 for N = 9,
N = 15, N = 21. All configurations correspond to λ = 8.20.

(a) (b) (c)

Fig. 9. Twisted flower state displayed as a uniform magnetization con-
figuration for system sizes (a) N = 9, (b) N = 15, and (c) N = 21, with
all cases computed at λ = 8.20.

z
y

↩x

(a) (b)

x

↩z
y

Fig. 10. (a) Top-face projection (z = +L/2) and (b) bottom-face pro-
jection (z =−L/2) of the cube in the twisted flower state, for a system
size of N = 15 and length parameter λ = 8.20.

The two states are similar, with the difference that the
twisted flower state exhibits a greater deformation of the mag-
netization relative to the easy axis. This can be observed in
Figs. 10 and 11, which show cross-sectional views of the faces
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along the z and x directions for the twisted flower state. This
behavior is also evident for the system sizes N = 9 and N = 21,
as previously described in Fig. 9.

(a) (b)
x

↩y

z

x
y

z

Fig. 11. Side view of the cube in the twisted flower state at (a) x=+L/2
and (b) x = −L/2, for a system size of N = 15. These cross-sectional
profiles, obtained at λ = 8.20, are also representative of the magnetiza-
tion behavior on the lateral faces at y =±L/2.

Figure 10 shows the magnetization forming a spiral or
vortex at the top surface of the cube, while on the side faces
of Fig. 11 the magnetic vector is inclined relative to the z-axis.
When observing the cross-section at x = 0 in Fig. 12, we ob-
tain a perspective identical to the image of the side face of the
cube in the flower state (Fig. 8).

x
y

z

Fig. 12. Mid-plane x = 0 cross-section of the twisted flower state, ob-
tained for N = 15 at λ = 8.20.

The change of state can be verified by measuring either
the magnetization mz or the energy as a function of λ . Fig-
ure 13 shows the magnetization mz as a function of λ (for
N = 9, 15 and 21), allowing verification of the transition be-
tween the two states.

N/
N/
N/

.

.

.

.

.

. . . . . . .

Flower statem
z

λ

Twisted 
flower state

Fig. 13. Out-of-plane magnetization component mz as a function of λ

for grids with N = 9, N = 15, and N = 21, highlighting the transition
from the flower state to the twisted flower state. This transition occurs
at approximately λ = 8.00, λ = 8.05, and λ = 8.08, respectively.

This transition is further supported by energy analyses,
with Fig. 14 presenting results for λ = 8.08 and Fig. 15 for
λ = 8.20, both simulated with N = 21 using the initial config-
uration shown in Fig. 6(a). For λ = 8.08, the energy reaches
its minimum at the beginning of the simulation and remains
stable throughout, confirming a transition to the stable ground
state. In contrast, at λ = 8.20, the system initially relaxes
into a metastable flower state, characterized by a well-defined
energy plateau, as can be seen in Fig. 15. Subsequently, a
pronounced drop in energy marks the transition to the lower-
energy twisted flower state.

8300

8320

8340

8360

8380

8400

T
o
ta

l 
e
n
e
rg

y
 (

R
.U

) Flower state, λ=8.08 

0 1 2 3 4 5 6 7 8 9 10

Time (R.U)

Fig. 14. Total energy minimization over time in the flower state at
λ = 8.08 for grid size N = 21.
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Flower and twisted flower state, 

λ=8.20

0 1 2 3 4 5 6 7 8 9 10
Time (R.U)

Flower state

Twisted flower state

Fig. 15. Total energy minimization over time for the cube with grid size
N = 21 in the flower and twisted flower states at λ = 8.20, resulting in
a single energy curve.

From this analysis, we conclude that the twisted flower
state is more energetically favorable than the flower state.
This state was first reported by Schabes et al.,[1] who initially
referred to it as the vortex state due to the observed image
along the z-axis and later renamed it the twisted flower state.
Hertel et al.[9] found the twisted flower state for λ ≈ 8.60.
Vansteenkiste et al.,[22] Makarov[26] and Guanghui et al.[23]

found, respectively, λ = 8.16, λ = 8.25 and λ = 8.40. Based
on our simulations for N = 9, N = 15, and N = 21, we found
that the flower state remains stable up to λ = 8.00, λ = 8.05,
and 8.08, respectively. For slightly higher values of λ , the con-
figuration is changed to the twisted flower state. These transi-
tion thresholds are in good agreement with those reported by
the aforementioned authors.
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4. Vortex state
In simulations using the LLG equation, the absence of

transitions from the flower state to the vortex state or from the
twisted flower state to the vortex state is due to a gap energy
that cannot be overcome using micromagnetism. For this rea-
son, we used the initial configuration shown in Fig. 6(b)[9] to
achieve the vortex state with the lowest energy. This allowed
us to compare the energies of the three states — flower, twisted
flower, and vortex — and determine which one has the lowest
energy. In this final equilibrium state, the magnetic moment
vector circulates around the x-axis, as shown in Fig. 16 for
three planes perpendicular to the x-axis (x = L/2, x = 0, and
x =−L/2). Figure 17 shows three planes perpendicular to the
y-axis (y = L/2, y = 0, and y =−L/2), where it is evident that
there is a component of the magnetic moment along the x-axis
in Fig. 17(b).

(a) (b)

z

yx

z

y
x

(c)

z

↩yx

Fig. 16. Cross-sectional views of the cube for the vortex state for a sys-
tem with N = 15 and λ = 8.20: (a) side face at x =+L/2, (b) mid-plane
at x = 0, and (c) side face at x =−L/2.

(a) (b) (c)

z

y
↩x

z

y
↩x

z

↩y
x

Fig. 17. Representative cross-sections of the cube for the vortex state
along the y-direction for a system with N = 15 and λ = 8.20: (a) face
at y =+L/2, (b) mid-plane at y = 0, and (c) face at y =−L/2.

This alignment (magnetization perpendicular to the easy
axis) is known in the literature as the Bloch line.[27] Similar re-
sults were reported by Hertel et al.[9] and Schabes et al.[1] Fig-
ure 18 shows our results of simulations for N = 21, conducted
to determine which state has the lowest energy. The figure
shows the energy values for the flower, twisted flower, and vor-
tex states at three different values of λ : 8.40, 8.41, and 8.44.
For λ = 8.40 (Fig. 18(a)), the twisted flower state exhibits
the lowest energy, whereas the vortex state has the highest en-
ergy. At λ = 8.41 (Fig. 18(b)), the twisted flower state remains
the lowest energy configuration, but the flower state now be-
comes the highest in energy. Finally, for λ = 8.44 (Fig. 18(c)),
the vortex state changes to the lowest-energy state, while the
flower state becomes the highest. This analysis of the system
energy allows us to accurately verify the transition between
states of equilibrium configurations.
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Fig. 18. Total energy as a function of time for grid N = 21, comparing the
flower, twisted flower, and vortex states at different lengths: (a) at λ = 8.40,
the vortex state remains energetically higher, while the twisted flower state
emerges after the initial plateau; (b) at λ = 8.41, the twisted flower state ex-
hibits the lowest energy, with the flower state being more energetic than the
vortex; (c) at λ = 8.44, the twisted flower state becomes less favorable than
the vortex, which then becomes the energetically preferred configuration.

Our results further demonstrate that λ is system-size de-
pendent. And as shown in Fig. 19, λ exhibits a clear asymp-
totic convergence with increasing N, approaching a limiting
value of λ ≈ 8.45. Given that for N > 17, λ varies only in the
second decimal place, this indicates stabilization.
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Flower vortex (curve fit)
Twisted flower vortex (curve fit)
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Fig. 19. Variation of the characteristic length λ with the number of sim-
ulation cells N, highlighting the energetic transition between the flower-
vortex state and the twisted flower-vortex state. The dash-dotted lines
in the figure are guide for the eyes.
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Table 1 summarizes the values of λ reported in the liter-
ature for the twisted flower-to-vortex transition, as well as our
result. As can be seen, our results are in excellent agreement
with the established data.

Table 1. Comparison between results obtained in this work and results
found in the literature.

Authors λ

Rave; Fabian; Hubert[8] 8.47
Hertel; Kronmuller[9] 8.56
Vansteenkiste et al.[22] 8.47
Guanghui Hu et al.[23] 8.48

Bjørk et al.[24] 8.47
Ribeiro; Freitas; Martins[25] 8.46

Makarov[26] 8.43
GFMC-UFJF 8.45

5. Conclusion

We performed micromagnetic simulations of cubic parti-
cles to investigate minimum-energy states following standard
problem No. 3 where the magnetostatic energy of the system
was calculated using the conventional approach for magnetic
moments distributed across a discrete lattice. Our results suc-
cessfully identified the three fundamental low-energy states
— flower, twisted flower, and vortex states — in agreement
with established literature.[8,9,22–26] For the largest system an-
alyzed (N = 21 cells), the transition between the twisted flower
and vortex states occurred at λ ≈ 8.45, indicating an asymp-
totic behavior. The obtained configurations for all energy-
minimized states are consistent with the published results, as
confirmed by the magnetic structures observed in each cube
face projection. These results demonstrate that the dipolar-
interaction based approach achieves high accuracy and excel-
lent agreement with the results found in the literature. This
confirms its suitability for realistic micromagnetic simulations
and validates the reliability of our computational implementa-
tion.

Program availability

The relevant program GFMC-UFJF is openly available
on GitHub at https://github.com/pzcoura/micromagnetism-
simulation-GFMC-UFJF.git and in the Science Data Bank at
https://doi.org/10.57760/sciencedb.j00113.00290.
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