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We systematically investigate the intricate dynamics of the breather-to-soliton transitions and nonlinear wave interac-
tions for the higher-order generalized Gerdjikov—Ivanov equation. The transition conditions of the breather-to-soliton are
established and the novel nonlinear converted waves, including the W-shaped soliton, multi-peak soliton, anti-dark soliton
and periodic wave solution are discussed. Meanwhile, the interactions among the above nonlinear converted waves are ex-
plored by choosing appropriate parameters. Furthermore, we derive the double-pole solutions exhibiting breather-to-soliton
transitions and employ the asymptotic analysis method to analyze the dynamics of the asymptotic solitons for the double-
pole anti-dark soliton. This work deepens the fundamental understanding of nonlinear wave metamorphosis induced by

higher-order terms in integrable systems.
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1. Introduction

It is well known that solitons, breathers, and rogue waves
represent fundamental nonlinear wave phenomena, each ex-
hibiting distinct dynamic behaviors across diverse physical do-
mains. They have attracted extensive attention due to their
emergence in numerous nonlinear models involving various
fields such as plasma physics, nonlinear optics, hydrodynam-
ics, and Bose—Einstein condensations (BEC).!1-0]

Recently, the state transition mechanisms between the
breathers (or rogue waves) and solitons have been explored in
various nonlinear models. Breathers and rogue waves can turn
into solitons through the Raman effect. This idea is backed up
by evidence in Refs. [7,8]. Similar to the effect of trapping
perturbation on soliton trajectories and the influence of Rabi
coupling on soliton-type conversion in BEC,°~!!] the higher-
order term induces the transition of breathers to show struc-
tural diversity by regulating the balance between dispersion
and nonlinearity.

A wealth of converted wave forms have been derived
from breathers and rogue waves under appropriate tran-
sition conditions. The first case involves the nonlinear
models featuring higher-order terms that contribute to the

state transitions.!'”] The mixed nonlinear Schrodinger equa-

CSTR: 32038.14.CPB.ae15f2

tion (NLS),[13] fifth-order NLS, !4 higher-order generalized
NLS, 5] and six-order NLS equation!'®) have been succes-
sively discovered to possess various converted waves. The Hi-
rota equation!!~1°1 also exhibits the breather-to-soliton tran-
sition phenomenon. Meanwhile, Sasa—Satsuma equation?"]
and the high-order Chen-Lee—Liu equation have also been
considered.?! Another case occurs in coupled equations de-
scribing multi-field interactions which facilitate the state tran-
sitions. The transitions of the breather solution have been pro-
gressively discussed in the coupled NLS equation, *?! coupled

Hirota equation,!”*?* multi-component AB system,?>-27]

28]

coupled Fokas—Lenells system,[*®! and coupled extended

modified Korteweg—de Vries system. [>’]
In addition, multi-pole solitons, also known as degener-
ate solitons, have attracted extensive attention in the academic

30-321 They can describe the interactions among mul-

research. [
tiple chirped pulses with the same amplitude in the optical
fibers and in the quantum physical field. Hence, the double-
pole breather-to-soliton represents a significant area of re-
search.

In this article, we focus on the the higher-order general-

ized Gerdjikov—-Ivanov equation (HGGI),

igi+ 2iquee + [(168 +4)|g|* — 48] qux + (48 + 1)g* g+ (128 +3)¢™%¢2

- [(206 +2)qq" — (4862 +308 + 145> ijg|* + (246% +68) i|q|* — 2187 | g
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— [(246% +68)|ql*q* — 86°¢”] iqﬁ—(1663+2452 —6+ )lql q

+ (1663 +128%+ ;a) lq*q — (48° + 8%) |q*q +28°q =0, (1)

where 0 is an arbitrary real number. It exerts a significant
influence on the self-steepening effect during transmission,
which corresponds to the self-frequency shift in Raman scat-
tering. Guan, Yang, Meng, and Liu obtained the higher-
order rogue wave solutions and their dynamic properties for
the HGGI equation by generalized Darboux transformation
(DT).133! The soliton, breather and new rogue wave solutions
of the HGGI equation were reached by Zhao, Wang and Yang
through DT method.**! The multi-positon solutions, interac-
tion solutions and the modulation instability for the HGGI
equation were exhibited by Zhao, Wang and Zhang.[3>!

This paper is organized as follows: In Section 2, we pro-
vide the state transition conditions and obtain different non-
linear converted waves including W-shaped soliton, anti-dark
soliton, multi-peak soliton and periodic waves. In Section 3,
the interactions between the above various nonlinear converted
waves are investigated. In Section 4, double-pole converted
waves are derived and the asymptotic analysis is given for the
double-pole anti-dark soliton to obtain the explicit expression

1.
01 = Elq*4xx+

1 1
Eiqqxx 16[ 8ig; + (485 +12)|q]*q — (8A* +168) ¢*] .

of the asymptotic solitons.

2. Breather-to-soliton transitions

In this section, we discuss the existence conditions for
several types of nonlinear converted waves by analyzing the
explicit expression of the first-order solution on the plane wave
background. The Lax pair for Eq. (1) have given in Ref. [35]

as follows:
D, =PP, P =09, )
where @ = (y,¢)T is the complex vector function and
1 1
Laziisgr lag
b |2 2
o 1 1 ’

(01 O
Q= <Q3 —Q1)’

with

. 1 A 8],
3{‘] (5+4)q63]qqx

2 2248 2012
—6ilg|° <62+5+956) +4i(6+16> (x +8) ql*— wﬂxum“mm%zﬁs%

— _ Gxx : N o 1.,
QZ—ZA[ 5 —&—{1(5—&— >q| zlk

+2<52+ia+ )|q|4} ]

— i5] g+ {iéqq; +

2

A*+8)? 1\ /A2
(2)—2(5+4> <2+6)|q|2

¥ A2+ 8 A2
Q3=2/1[q§* { (5+ >| 1> — ilz—ié}qi—&-[w*qqx—(;) (5+ )( +5>q|2

2(52+ja+ ) )|q|4} }

where A is the complex spectral parameter and the zero curvature equation P; —
= del(@th1) 1o Eq. (2) with

We introduce the seed solution ¢[0]

15 5

b=—1683d° —248%d° — d°5 —

—168%d%a — 8*d* —

Based on the above expression, it is found the parameter 6 af-
fects the dispersion relation of the equation. According to the

T
(ll]j ) ¢j ) >

are the eigenfunctions under A = 4, j=1,...

DT given in Ref. [34], we assume @; = j=1,....n

,n, then we can

3 15
gdﬁ +168%d* +248%d*a+128%d* +24d*Sa + Ed“& + Zd“a

0O, + PO — QP = 0 generates original Eq. (1).

— 484>

12d2a25 —6d*8a—6d%a* +2a° +4a*5 +28%a+28°.

obtain the n-order solution as follows:

2|
||’

q[n] = q[0] — A3)

with the following matrix expression:
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A{]ZthW1 112n74 vy l]anl ¢1 Al2n73 ¢1 . a’l ¢1
122n72w2 122n74 WV o Y /’\«22”71 ¢2 122n73¢2 . AZ ¢2
-Qz — /'Lr%n—zwn AnZn—étwn Sy, /'LZn—l ¢ )LZn—B ¢n . )Lnd)n ;

)Vl*Zn—2¢1* A1*2n—4¢1* (Pl )‘*Zn lw A*Zn 3‘I’T _)q*wf

l,’{z”.*z(])n l;Zn 4o .. (P A*Zn Ly l*2n Sy —lr%‘l/;
and €, is given by replacing the (n + 1)-th column in £, with
(AP W1, = 23", = A W, =AY AT,
where * denotes the complex conjugate and c1, ¢y are the real coefficients,
vj = [c1(dA;je® + (H;—Dj)e ) + ca(—dAje B + (Hj+ Dj)ePi)le?,

¢; = [c1((Hj—Dj)eP +dAje ) + co((Hj + Dj)e P —dAjeP)]e™,
A=i(ax+bt), D;=2i8d*>+iA;} —ia,

H; - \/— 2+ 25a + %dz o) ~d?(a-260 - %dz),

H; 3
B= 2’x+H,»t{ (452+36+8> d+a+ (A2 +28)a+ (A2 +8) +

(o33 0s) (2)] )

Subsequently, we firstly consider the first-order solution, namely n = 1. Assuming H; = H; r +iH1 1, which corresponds to

the spectral parameter A; = ¢t +if, we can find that the first-order solution comprises the hyperbolic function parts cosh(tV y+
xH\ r), sinh(tVi gy +xH; r) and the trigonometric function parts cos(tVi t +xH 1), sin(tVi t +xH 1), where the symbols R and
I denote the real part and the imaginary part and

2 & 2 2
Vin=WiHi g —WoH1, Vit =WiH 1+ WH g, W2 =40 ( —2d°6+26 — 5 —2Bf +204 +a),

1 1\?
W= l32 <d2 - 2) 8%+ (24d4 — 1607d> 4+ 16B2d> — 32ad” — 8d°> — 16B} + 160 + 16a> §+3d*

+ (—4af +4B7 — 12a)d* +8af + (—48B% +8a) af + 8B} — 8aBi + 8d

The above two function parts respectively describe the lo-  the first-order solution will be converted into a continuous soli-
calization and periodicity of the wave’s transverse distribution. ton. The breather-to-soliton state transition will be discussed.
In other words, the first-order solution is composed of the soli-
ton parts and the periodic parts. It is obvious that the veloci-  2-1- The case Viu/Hig # Vir/Hix
ties of the two parts are V; y/H; r and Vi 1/H] 1, respectively. In this case, the first-order solution becomes the local-
We can derive the first-order breather solution from Eq. (3)  ized wave solution with breathing behavior. By substitute

when Vl‘H/Hl,R 7£ V17T/H17[ holds. If Vl‘H/Hl,R = V17T/H17[, l] =0 +iﬁ| into H;, we obtain

2
Hy = \/— [(af—ﬁf+ %(45+ 1)d2—2a) +2ia[3} + %d4+d2 (2d?6 —a).

\
The condition a? — BZ + (1/2)(48 4+ 1)d* —2a = 0 means the ~ condition

quantity under the square root is purely real, with no imaginary

a*
4B% 0 d? (2d*6 —a) >0, 4
component, we call it condition I. When adding the following ﬁl ! + + ( a) @)

080202-3
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itmeans H; g # 0,H; 1 = 0, the general breather solution is ob-
tained. The Akhmediev breather solution which is localized in
time and periodic in space is presented when Hy r = 0,H; 1 #
0, in other words, adding the condition

4
4Blad + dZ +d*(2d*5 —a) < 0. (5)

2.2. The case V17H/H17R = VI,T/HI,I

In this case, the breather solution will be converted to the
continuous soliton solution. We will discuss different types
of the nonlinear converted waves. The condition V| y/H| r =
Vi,r/H, 1 can be expanded in the following form,

1
—2d26+25—Ed2—2[312+2a12+a:0. (6)

Given that the condition equation (6) is satisfied, we can
obtain the multi-peak soliton as is shown in Fig. 1 by choosing
appropriate parameters when the condition

o —BE+(1/2)(48+1)d> —2a #0

(b)

21
01
8]
.61
41
21
01
.81
.61
41

20 <10 0 10 20

<
o
oo
A—
—
—
g1
C OO = = NN

1.8 ©
1.4
g1 Lo C A\
0.6 ‘
\‘)\)\\
%0\;\ /0/’5‘0

20 -10 0 10 20
X

holds and we call it condition II. We can find that figures 1(a)—
1(d) are the oscillation W-shaped soliton, while figures 1(e)—
1(h) are the oscillation M-shaped soliton. Reversing the sign
of the imaginary part §; of the eigenvalue leads to the transi-
tion between these two solitons. The waveform of each multi-
peak soliton solution in Fig. 1 maintains its stability without
change across different time points. Furthermore, when the
parameters a,b,d,d are given, the condition (6) can be writ-
ten as 207 —2B% —1/10 = 0. Then the real part o of the
parameter A; satisfies o > +/5/10. It is observed that when
V/5/10 < oy < 1 and keeps decreasing, the number of wave
peaks for the oscillation W-shaped and M-shaped soliton will
increase.

Based on the condition (6), we add condition 1. In this
case, the periodic wave solution and anti-dark soliton solution
are obtained. We can derive two different types of periodic
wave solutions as shown in Fig. 2 by selecting appropriate pa-
rameters when the condition equation (5) is satisfied.

161 @

= 1.0

0.6

—40 -100 10203040
X

L6T

—40 -10 0 10203040
X

Fig. 1. The multi-peak soliton solution with a =2/5,d =1, § =7/10, ¢; = ¢, =2, b = —5.109. (a) The oscillation W-shaped soliton with A; =
2/5 — (v/11/10)i, (b) the cross-sectional view of (a) at = 0, (c) the oscillation W-shaped soliton with A; = 3/10 — (1/5)i, (d) the cross-sectional view of
(c) att =0, (e) the oscillation M-shaped soliton with A; =2/5+ (\/ﬁ /10)i, (f) the cross-sectional view of (e) at# = 0, (g) the oscillation M-shaped soliton
with A; =3/10+ (1/5)i, (h) the cross-sectional view of (g) at 7 = 0.

(b) (d)

-20 -10 0 10 20 -10 0 10 20
X X

Fig. 2. The periodic wave solution with a = 3/10,d =1, § = —3/20, ¢; = ¢, = 2, b= —1/160. (a) A = 1/2 4 (v/15/10)i, (b) the cross-sectional view of
(@) atr =0, (c) A =7/20+ (3/20)i, (d) the cross-sectional view of (d) at # = 0.

It is worth noting that the period of the periodic wave is 27 /Hj, hence when the period extends to infinity, namely H; — 0,

the periodic wave solution will be converted to the W-shaped soliton solution as is presented in Figs. 3(a) and 3(b). The W-

shaped soliton solution is rational without the hyperbolic function and the trigonometric function, we show its explicit expression

080202-4
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as follows:

—213000 [—63—9r2 + (i+ gx> t

200i .
2137 71

4 2 i
40 24 %] exp {—1270(1‘—48)6)]

drs =

—136107¢2 + (213000i + 255600x)7 — 200000ix — 120000x% — 200000

Subsequently, when the condition (4) holds, the first-order solution can be degenerate into the anti-dark soliton solution which is

a bell-shaped localized wave on the plane wave background in Figs. 3(c) and 3(d).

(b)

Fig. 3. (a) The W-shaped soliton degenerated from the periodic wave Fig. 2(a) with 4; = v/35/10 — (1/2)i, a =3/10,d =1, §

(d)

-10 0 10 20
X

-3/50,c1 =cp =1,

b= —1/160; (b) The cross-sectional view of (a) at ¢ = 0; (c¢) The anti-dark soliton with A; =7/10+ (\/5/10)1, a=3/10,d=1,86=-3/20,c1 =c2 =2,

b= —1/160; (d) The cross-sectional view of (c) atz = 0.

3. Nonlinear wave interactions

In this section, the breather-to-soliton state transition of
the second-order solution is discussed. When n = 2, we
have H, = Hr +iH>1 which corresponds to the spectral
parameter A, = & +if;. Then the second-order solution
contains an additional hyperbolic function part cosh(V, ut +
Hj rx), sinh(V ut + Hy rx) and a trigonometric function part
cos(Vort + Hp 1x), sin(Vao 1t + Hp 1x) compared to the first-
order solution. Thus, due to the existence of two eigenvalue
parameters, except for the condition of the case 2.1 or the

case 2.2, it is necessary to take into account another condition,

R

namely Vo y/Hor = Var/Ha 1 or Vayu/Har # Vo /Ha 1.

Firstly, under the conditions Vi y/Hir = Vi.1/Hi1 and
Vou/Hor # Va1/Ha1, the interactions between the breather
and other nonlinear converted waves can be obtained under
¢1 = ¢y = 2. Figure 4(a) exhibits the interaction between the
breather and the anti-dark soliton when additional condition I
and condition (4) are satisfied. When the condition (5) holds,
we can obtain the interaction between the breather and the pe-
riodic wave as is shown in Fig. 4(b). Moreover, under Condi-
tion I, the second-order solution is degenerated into the inter-
action between the breather and multi-peak soliton and we can
see Fig. 4(c).

Fig. 4. The interaction solutions: (a) the breather and the anti-dark soliton with A; = 7/10+ (v/59/10)i, A, = 14 (1/5)i, a =3/10,d = 1, § = —3/20,
b = —1/160; (b) the breather and the periodic wave with A; = 7/20— (3/20)i, A, =1 —(1/5)i,a =3/10,d = 1, § = —3/20, b = —1/160; (c) the breather
and the multi-peak soliton with A; = 2/5 — (v/11/10)i, o = —1/2+i,a=2/5,d =1, 8 =7/10, b = —5.109.

Fig. 5. The interaction solutions when a = 3/10, d =1, 6 = —3/20, b = —1/160. (a) The W-shaped soliton and the W-shaped soliton with A; =
7/10 — (v/39/10)i, A = —4/5 + (3v/6/10)i; (b) the anti-dark soliton and the W-shaped soliton with A; = 7/10+ (v/39/10)i, A, = —4/5 + (3v/6/10)i; (c)
the anti-dark soliton and the anti-dark soliton with A; = 7/10+ (v/39/10)i, A, = 4/5 — (3v/6/10)i.

080202-5
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Subsequently, based on the conditions Viu/Hir =
Vl,T/Hl,I and V27H/H27R = VZYT/H27[, when the conditions
oF —B7+[(48 +1)d*> —2a]/2=0, j=1,2 hold and 47 o +
d*/4+d* (2d*6 —a), j = 1,2 have the same signs, we obtain
the interaction about the W-shaped soliton and the anti-dark
soliton under c¢; = ¢ = 2. In Fig. 5(a), the interaction between
the W-shaped solitons is obtained. The interaction between
the W-shaped soliton and the anti-dark soliton is presented in
Fig. 5(b). Meanwhile, we can also derive the interaction be-
tween the anti-dark solitons in Fig. 5(c).

4. Double-pole breather-to-soliton transitions

In this section, we start with the double-pole solution
of Eq. (1) given in Ref. [35] to investigate the double-pole
breather-to-soliton transitions. It is known that the double-pole
solution can be rewritten as

2il|
2] =¢q[0] — ,
a2 = 40l T

)

with

d d \"
Q3= <S37 ——83,84, 54) )
de €

$i = lim {(/11211/17 W17—1fW1711¢1)T |/11:/11+s} ;

. " T
S2 = lim | (4201007 20, =47 wi) " 1, e
|

307201 (E1 e(D28)/8 | B, 3(D28)/8 | pre(D24)/2 1 J3F, e(D24)/4 _ ES)

. T
S3 = ilg% [(llzllll,llflﬁlf%,/llfi)l) |11=Al+gi| ,

o= lim [ (420107 -2 Wi =20 w1) oy

where € is a small parameter and ¢,y are the same as in
Eq. (3).

Similarly, the state transition condition of the double-pole
solution is Vi y/Hir = Vit/Hi1. Based on the condition,
we will obtain multiple double-pole converted wave solutions.
When the additional condition II is satisfied, the double-pole
solution can be reduced into the double-pole multi-peak soli-
ton solution. We can see that figure 6(a) presents the interac-
tion between two series of the double-pole multi-peak soliton.
Their wave peaks achieve the maximal amplitude at (0,0). If
condition I holds, when equations (4) and (5) are satisfied re-
spectively, we can obtain the double-pole periodic wave solu-
tion and the double-pole anti-dark soliton solution as is shown
in Figs. 6(b) and 6(c), respectively. The former possesses a pe-
riodic chained higher-amplitude region which exhibits double-
pole phenomena.

We will apply the asymptotic analysis method described
in Ref. [36] to explore the asymptotic behavior of the double-
pole anti-dark soliton. For convenience, assuming d = 1,
c1 = ¢y =2, A = a; +1P; under the corresponding state tran-
sition conditions, we can obtain a = o — 2 + (45 +1)/2,
8 = —3a?/2+3B2/2, and 482 > 1. Hence, the double-pole
anti-dark soliton solution is

®)

14 T G D)2 1 G, e D28)/4 { 3846 (G3eD2A)/8 1 G, e3 D248 _Gs)
where

p, = 2P _al):(ﬁl LIV (ﬁf—a%l) X,

Dy = (6B} +4(50F — 1)B? +-60f +40 + 1)1 —4x, A= 1/(4p2 —1)(4af +1),
and Ej, j=1,...,5and Gj, j=1,...,5 are too long to be included here, so we omit them.

%

(d)

-20 -10 0 10 20
X

Fig. 6. (a) The double-pole multi-peak soliton solution with A; =1/2— (\6 /5)i,a=2/5,d=1,8 =7/10, b= —5.109; (b) The double-pole periodic wave
solution with A} =1/2—(+/15/5)i,a=3/10,d =1, § = —3/20, b = —1/160; (c) The double-pole anti-dark soliton with A; =7/10+ (1/39/10)i, a = 3/10,
d=1,06=-3/20,b= —1/160; (d) The wave crest line graph (red line) for the asymptotic solitons of (¢) with &y =7/10, B; = v/39/10. Auxiliary lines:

Green: t = 0; Black: 4x —7.5752t = 0.
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Subsequently, we substitute x = [(6] +4(50f — 1)B{ + 60} +4af + 1)t — D] /4 into Eq. (8) so that the expression of
the double-pole solution is only related to D, and . Numerous articles about the asymptotic analysis method have illustrated
that the characteristic line of the double-pole solution is curved.*-38] Therefore, if we want to derive the asymptotic soliton, an
asymptotic balance relation between e™”2 and ¢ need to be satisfied.!*®! The explicit expressions of the asymptotic solitons in
general form are exhibited below.

(i) When eP2 ~ 1,

K

1+
2K> cosh ((DzA )/8+ an3) +384B1 K,

u]if — e , 1 — oo, 9)

where
Ky =32(2B1 +1)°(2B1 — 1)* (4o +1)* (o + B7) B (4if7 —i—A)1,

K, = 32ﬁ\/—ﬁ18 (Ai+2B7 —2a} —1) (] +B2)3A% ],

V2B JAi+267 ~ 207 ~ 1(a} + B) |
K3 = . Ki=A 2(4ad +1)(of + BE)BE (4iBf —i—A)1t.
2\/—BP(af +B7)3A%|
(ii) When e P2 ~ ¢,
Ly

1+
20, cosh ((DzA) /8 +lnL3> +384B Ly

[y — ™

]7 1 — oo, (10)

where
Ly =32(2B1 +1)*(2B1 — 1)* (407 + 1)*(of + B7) B} (4iB7 —i+4) 1,
Ly =32V2,/B} (41— 2B} +207 +1) (af +B7)°A% ],
VaBIA® Jo 1 B2 1
Ly=— ’ LR O o= 542 (ad + 1)(of + BY)B] (4iB7 —i+4) 1.
VB (4i 2B} 202 +1)

We can find the characteristic lines of the asymptotic solitons above are (D,A)/8+1nK3 = 0 and D;A/8+1nL3 = 0, both contain
the logarithmic terms which can reflect the double-pole properties. When a =3/10,d =1, § = —3/20, A, =7/10+ (v/39/10)i
are taken, it can be observed that the wave crest line graph of the corresponding asymptotic solitons in Fig. 6(d) is associated

with the contour plot in Fig. 6(c). Furthermore, we compare the asymptotic solitons (9), (10) with the exact solution (3) under
specific parameter settings. As is evident in Fig. 7, the asymptotic solitons match the exact solution perfectly in the far-field
region, which further validates the reliability of our asymptotic analysis.

3 (b) 1=-30
Sip) ‘ |
| \/k_
v ]
-80 —60 40
X
3 (dr=5 !lﬁ 3% (&) 1=30 3 ) =60
I 1
SRR | L s =2
A B
7\ |,___ | — —]
1\1/ T 1_, ]
1000 10 20 30 110 130
X X X

Fig. 7. The comparisons of the asymptotic solitons and the exact solution (green line) for the double-pole anti-dark soliton in Fig. 6(c). (a)—(c) red: the
asymptotic soliton [u];, black: the asymptotic soliton [u]y;; (d)—(f) red: the asymptotic soliton [u];", black: the asymptotic soliton [ul7}.
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5. Conclusions

In conclusion, we explored the breather-to-soliton transi-
tions and nonlinear wave interactions for the HGGI equation.
The following key conclusions have been drawn.

A rich family of the breather-to-soliton nonlinear con-
verted waves are obtained. Notably, these structures exhibit
distinct dynamical features which have not been reported in
lower-order GI models. The elastic interactions between vari-
ous nonlinear converted waves were exhibited. These interac-
tions are characterized by the fact that the amplitude, velocity,
and shape of the localized waves remain unchanged both be-
fore and after collision. The double-pole breather-to-soliton
transitions were studied. Asymptotic analysis shows double-
pole anti-dark solitons evolve into stable structures over long
propagation, due to the interplay of self-steepening and Raman
terms in the HGGI equation.

Our work enriches the localized wave structures and the
related dynamical properties for the HGGI equation. It will
provide a reference for future projects about the breather-
to-soliton transitions for the higher-order nonlinear evolution

equations.
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