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We systematically investigate the intricate dynamics of the breather-to-soliton transitions and nonlinear wave interac-
tions for the higher-order generalized Gerdjikov–Ivanov equation. The transition conditions of the breather-to-soliton are
established and the novel nonlinear converted waves, including the W-shaped soliton, multi-peak soliton, anti-dark soliton
and periodic wave solution are discussed. Meanwhile, the interactions among the above nonlinear converted waves are ex-
plored by choosing appropriate parameters. Furthermore, we derive the double-pole solutions exhibiting breather-to-soliton
transitions and employ the asymptotic analysis method to analyze the dynamics of the asymptotic solitons for the double-
pole anti-dark soliton. This work deepens the fundamental understanding of nonlinear wave metamorphosis induced by
higher-order terms in integrable systems.
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1. Introduction
It is well known that solitons, breathers, and rogue waves

represent fundamental nonlinear wave phenomena, each ex-
hibiting distinct dynamic behaviors across diverse physical do-
mains. They have attracted extensive attention due to their
emergence in numerous nonlinear models involving various
fields such as plasma physics, nonlinear optics, hydrodynam-
ics, and Bose–Einstein condensations (BEC).[1–6]

Recently, the state transition mechanisms between the
breathers (or rogue waves) and solitons have been explored in
various nonlinear models. Breathers and rogue waves can turn
into solitons through the Raman effect. This idea is backed up
by evidence in Refs. [7,8]. Similar to the effect of trapping
perturbation on soliton trajectories and the influence of Rabi
coupling on soliton-type conversion in BEC,[9–11] the higher-
order term induces the transition of breathers to show struc-
tural diversity by regulating the balance between dispersion
and nonlinearity.

A wealth of converted wave forms have been derived
from breathers and rogue waves under appropriate tran-
sition conditions. The first case involves the nonlinear
models featuring higher-order terms that contribute to the
state transitions.[12] The mixed nonlinear Schrödinger equa-

tion (NLS),[13] fifth-order NLS,[14] higher-order generalized
NLS,[15] and six-order NLS equation[16] have been succes-
sively discovered to possess various converted waves. The Hi-
rota equation[17–19] also exhibits the breather-to-soliton tran-
sition phenomenon. Meanwhile, Sasa–Satsuma equation[20]

and the high-order Chen–Lee–Liu equation have also been
considered.[21] Another case occurs in coupled equations de-
scribing multi-field interactions which facilitate the state tran-
sitions. The transitions of the breather solution have been pro-
gressively discussed in the coupled NLS equation,[22] coupled
Hirota equation,[23,24] multi-component AB system,[25–27]

coupled Fokas–Lenells system,[28] and coupled extended
modified Korteweg–de Vries system.[29]

In addition, multi-pole solitons, also known as degener-
ate solitons, have attracted extensive attention in the academic
research.[30–32] They can describe the interactions among mul-
tiple chirped pulses with the same amplitude in the optical
fibers and in the quantum physical field. Hence, the double-
pole breather-to-soliton represents a significant area of re-
search.

In this article, we focus on the the higher-order general-
ized Gerdjikov–Ivanov equation (HGGI),

iqt+ 2iqxxx +
[
(16δ +4)|q|2−4δ

]
qxx +(4δ +1)q2q∗xx +(12δ +3)q∗2q2
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+

[
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(
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4
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(
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−
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2q2] iq∗x−

(
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3 +24δ
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15
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δ +
5
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)
|q|6q

+

(
16δ

3 +12δ
2 +
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where δ is an arbitrary real number. It exerts a significant
influence on the self-steepening effect during transmission,
which corresponds to the self-frequency shift in Raman scat-
tering. Guan, Yang, Meng, and Liu obtained the higher-
order rogue wave solutions and their dynamic properties for
the HGGI equation by generalized Darboux transformation
(DT).[33] The soliton, breather and new rogue wave solutions
of the HGGI equation were reached by Zhao, Wang and Yang
through DT method.[34] The multi-positon solutions, interac-
tion solutions and the modulation instability for the HGGI
equation were exhibited by Zhao, Wang and Zhang.[35]

This paper is organized as follows: In Section 2, we pro-
vide the state transition conditions and obtain different non-
linear converted waves including W-shaped soliton, anti-dark
soliton, multi-peak soliton and periodic waves. In Section 3,
the interactions between the above various nonlinear converted
waves are investigated. In Section 4, double-pole converted
waves are derived and the asymptotic analysis is given for the
double-pole anti-dark soliton to obtain the explicit expression

of the asymptotic solitons.

2. Breather-to-soliton transitions
In this section, we discuss the existence conditions for

several types of nonlinear converted waves by analyzing the
explicit expression of the first-order solution on the plane wave
background. The Lax pair for Eq. (1) have given in Ref. [35]
as follows:

Φx = PΦ , Φt = QΦ , (2)

where Φ = (ψ,φ)T is the complex vector function and
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,

where λ is the complex spectral parameter and the zero curvature equation Pt −Qx +PQ−QP = 0 generates original Eq. (1).
We introduce the seed solution q[0] = d ei(ax+bt) to Eq. (2) with

b = −16δ
3d6−24δ

2d6− 15
2

d6
δ − 5

8
d6 +16δ

3d4 +24δ
2d4a+12δ

2d4 +24d4
δa+

3
2

d4
δ +

15
4

d4a−4δ
3d2

−16δ
2d2a−δ

2d2−12d2a2
δ −6d2

δa−6d2a2 +2a3 +4a2
δ +2δ

2a+2δ
3.

Based on the above expression, it is found the parameter δ af-

fects the dispersion relation of the equation. According to the

DT given in Ref. [34], we assume Φ j = (ψ j,φ j)
T, j = 1, . . . ,n

are the eigenfunctions under λ = λ j, j = 1, . . . ,n, then we can

obtain the n-order solution as follows:

q[n] = q[0]− 2i|Ω1|
|Ω2|

, (3)

with the following matrix expression:
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Ω2 =


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1 ψ1 λ

2n−4
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2n−1
1 φ1 λ
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1 φ1 · · · λ1φ1

λ
2n−2
2 ψ2 λ

2n−4
2 ψ2 · · · ψ2 λ

2n−1
2 φ2 λ

2n−3
2 φ2 · · · λ2φ2

...
... · · ·

...
...

... · · ·
...

λ 2n−2
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...
... · · ·

...
...

... · · ·
...
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
,

and Ω1 is given by replacing the (n+1)-th column in Ω2 with

(−λ
2n
1 ψ1,−λ

2n
2 ψ2, . . . ,−λ

2n
n ψn,−λ

∗2n
1 φ

∗
1 , . . . ,−λ

∗2n
φ
∗
n )

T,

where ∗ denotes the complex conjugate and c1,c2 are the real coefficients,

ψ j = [c1(dλ jeB j +(H j−D j)e−B j)+ c2(−dλ je−B j +(H j +D j)eB j)]eA,

φ j = [c1((H j−D j)eB j +dλ je−B j)+ c2((H j +D j)e−B j −dλ jeB j)]e−A,

A = i(ax+bt), D j = 2iδd2 + iλ 2
j − ia,

H j =

√
−
[
λ 2

j +(2δd2 +
1
2

d2−a)
]2
−d2
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+

[(
−4δ − 3

2
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a−4

(
λ 2

j

2
+δ

)(
δ +

1
4

)]
d2

}
,

Subsequently, we firstly consider the first-order solution, namely n = 1. Assuming H1 = H1,R + iH1,I, which corresponds to
the spectral parameter λ1 =α1+ iβ1, we can find that the first-order solution comprises the hyperbolic function parts cosh(tV1,H+

xH1,R), sinh(tV1,H + xH1,R) and the trigonometric function parts cos(tV1,T + xH1,I), sin(tV1,T + xH1,I), where the symbols R and
I denote the real part and the imaginary part and

V1,H =W1H1,R−W2H1,I, V1,T =W1H1,I +W2H1,R, W2 = 4α1β1

(
−2d2

δ +2δ − d2

2
−2β

2
1 +2α

2
1 +a

)
,

W1 =
1
4

[
32
(

d2− 1
2

)2

δ
2 +
(

24d4−16α
2
1 d2 +16β

2
1 d2−32ad2−8d2−16β

2
1 +16α

2
1 +16a

)
δ +3d4

+
(
−4α

2
1 +4β

2
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)
d2 +8α

4
1 +
(
−48β

2
1 +8a

)
α

2
1 +8β

4
1 −8aβ

2
1 +8a2

]
.

The above two function parts respectively describe the lo-
calization and periodicity of the wave’s transverse distribution.
In other words, the first-order solution is composed of the soli-
ton parts and the periodic parts. It is obvious that the veloci-
ties of the two parts are V1,H/H1,R and V1,T/H1,I, respectively.
We can derive the first-order breather solution from Eq. (3)
when V1,H/H1,R 6= V1,T/H1,I holds. If V1,H/H1,R = V1,T/H1,I,

the first-order solution will be converted into a continuous soli-
ton. The breather-to-soliton state transition will be discussed.

2.1. The case V1,H/H1,R 6=V1,T/H1,I

In this case, the first-order solution becomes the local-
ized wave solution with breathing behavior. By substitute
λ1 = α1 + iβ1 into H1, we obtain

H1 =

√
−
[(

α2
1 −β 2

1 +
1
2
(4δ +1)d2−2a

)
+2iαβ

]2
+

1
4

d4 +d2 (2d2δ −a).

The condition α2
1 −β 2

1 +(1/2)(4δ +1)d2−2a = 0 means the

quantity under the square root is purely real, with no imaginary

component, we call it condition I. When adding the following

condition

4β
2
1 α

2
1 +

d4

4
+d2 (2d2

δ −a
)
> 0, (4)
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it means H1,R 6= 0,H1,I = 0, the general breather solution is ob-
tained. The Akhmediev breather solution which is localized in
time and periodic in space is presented when H1,R = 0,H1,I 6=
0, in other words, adding the condition

4β
2
1 α

2
1 +

d4

4
+d2 (2d2

δ −a
)
< 0. (5)

2.2. The case V1,H/H1,R =V1,T/H1,I

In this case, the breather solution will be converted to the
continuous soliton solution. We will discuss different types
of the nonlinear converted waves. The condition V1,H/H1,R =

V1,T/H1,I can be expanded in the following form,

−2d2
δ +2δ − 1

2
d2−2β

2
1 +2α

2
1 +a = 0. (6)

Given that the condition equation (6) is satisfied, we can
obtain the multi-peak soliton as is shown in Fig. 1 by choosing
appropriate parameters when the condition

α
2
1 −β

2
1 +(1/2)(4δ +1)d2−2a 6= 0

holds and we call it condition II. We can find that figures 1(a)–
1(d) are the oscillation W-shaped soliton, while figures 1(e)–
1(h) are the oscillation M-shaped soliton. Reversing the sign
of the imaginary part β1 of the eigenvalue leads to the transi-
tion between these two solitons. The waveform of each multi-
peak soliton solution in Fig. 1 maintains its stability without
change across different time points. Furthermore, when the
parameters a,b,d,δ are given, the condition (6) can be writ-
ten as 2α2

1 − 2β 2
1 − 1/10 = 0. Then the real part α1 of the

parameter λ1 satisfies α1 >
√

5/10. It is observed that when√
5/10 < α1 < 1 and keeps decreasing, the number of wave

peaks for the oscillation W-shaped and M-shaped soliton will
increase.

Based on the condition (6), we add condition I. In this
case, the periodic wave solution and anti-dark soliton solution
are obtained. We can derive two different types of periodic
wave solutions as shown in Fig. 2 by selecting appropriate pa-
rameters when the condition equation (5) is satisfied.
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Fig. 1. The multi-peak soliton solution with a = 2/5, d = 1, δ = 7/10, c1 = c2 = 2, b = −5.109. (a) The oscillation W-shaped soliton with λ1 =
2/5− (

√
11/10)i, (b) the cross-sectional view of (a) at t = 0, (c) the oscillation W-shaped soliton with λ1 = 3/10− (1/5)i, (d) the cross-sectional view of

(c) at t = 0, (e) the oscillation M-shaped soliton with λ1 = 2/5+(
√

11/10)i, (f) the cross-sectional view of (e) at t = 0, (g) the oscillation M-shaped soliton
with λ1 = 3/10+(1/5)i, (h) the cross-sectional view of (g) at t = 0.
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Fig. 2. The periodic wave solution with a = 3/10, d = 1, δ =−3/20, c1 = c2 = 2, b =−1/160. (a) λ = 1/2+(
√

15/10)i, (b) the cross-sectional view of
(a) at t = 0, (c) λ = 7/20+(3/20)i, (d) the cross-sectional view of (d) at t = 0.

It is worth noting that the period of the periodic wave is 2π/HI, hence when the period extends to infinity, namely HI→ 0,
the periodic wave solution will be converted to the W-shaped soliton solution as is presented in Figs. 3(a) and 3(b). The W-
shaped soliton solution is rational without the hyperbolic function and the trigonometric function, we show its explicit expression
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as follows:

qrs =

−213000
[
− 639

1000
t2 +

(
i+

6
5

x
)

t− 200i
213

x− 40
71

x2 +
200
71

]
exp
[
− i

160
(t−48x)

]
−136107t2 +(213000i+255600x)t−200000ix−120000x2−200000

.

Subsequently, when the condition (4) holds, the first-order solution can be degenerate into the anti-dark soliton solution which is
a bell-shaped localized wave on the plane wave background in Figs. 3(c) and 3(d).
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Fig. 3. (a) The W-shaped soliton degenerated from the periodic wave Fig. 2(a) with λ1 =
√

35/10− (1/2)i, a = 3/10, d = 1, δ = −3/50, c1 = c2 = 1,
b =−1/160; (b) The cross-sectional view of (a) at t = 0; (c) The anti-dark soliton with λ1 = 7/10+(

√
59/10)i, a = 3/10, d = 1, δ =−3/20, c1 = c2 = 2,

b =−1/160; (d) The cross-sectional view of (c) at t = 0.

3. Nonlinear wave interactions

In this section, the breather-to-soliton state transition of
the second-order solution is discussed. When n = 2, we
have H2 = H2,R + iH2,I which corresponds to the spectral
parameter λ2 = α2 + iβ2. Then the second-order solution
contains an additional hyperbolic function part cosh(V2,Ht +
H2,Rx), sinh(V2,Ht +H2,Rx) and a trigonometric function part
cos(V2,Tt + H2,Ix), sin(V2,Tt + H2,Ix) compared to the first-
order solution. Thus, due to the existence of two eigenvalue
parameters, except for the condition of the case 2.1 or the
case 2.2, it is necessary to take into account another condition,

namely V2,H/H2,R =V2,T/H2,I or V2,H/H2,R 6=V2,T/H2,I.
Firstly, under the conditions V1,H/H1,R = V1,T/H1,I and

V2,H/H2,R 6= V2,T/H2,I, the interactions between the breather
and other nonlinear converted waves can be obtained under
c1 = c2 = 2. Figure 4(a) exhibits the interaction between the
breather and the anti-dark soliton when additional condition I
and condition (4) are satisfied. When the condition (5) holds,
we can obtain the interaction between the breather and the pe-
riodic wave as is shown in Fig. 4(b). Moreover, under Condi-
tion I, the second-order solution is degenerated into the inter-
action between the breather and multi-peak soliton and we can
see Fig. 4(c).
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Fig. 4. The interaction solutions: (a) the breather and the anti-dark soliton with λ1 = 7/10+(
√

59/10)i, λ2 = 1+(1/5)i, a = 3/10, d = 1, δ = −3/20,
b =−1/160; (b) the breather and the periodic wave with λ1 = 7/20− (3/20)i, λ2 = 1− (1/5)i, a = 3/10, d = 1, δ =−3/20, b =−1/160; (c) the breather
and the multi-peak soliton with λ1 = 2/5− (

√
11/10)i, λ2 =−1/2+ i, a = 2/5, d = 1, δ = 7/10, b =−5.109.
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Subsequently, based on the conditions V1,H/H1,R =

V1,T/H1,I and V2,H/H2,R = V2,T/H2,I, when the conditions
α2

j −β 2
j +[(4δ +1)d2−2a]/2= 0, j = 1,2 hold and 4β 2

j α2
j +

d4/4+d2
(
2d2δ −a

)
, j = 1,2 have the same signs, we obtain

the interaction about the W-shaped soliton and the anti-dark
soliton under c1 = c2 = 2. In Fig. 5(a), the interaction between
the W-shaped solitons is obtained. The interaction between
the W-shaped soliton and the anti-dark soliton is presented in
Fig. 5(b). Meanwhile, we can also derive the interaction be-
tween the anti-dark solitons in Fig. 5(c).

4. Double-pole breather-to-soliton transitions
In this section, we start with the double-pole solution

of Eq. (1) given in Ref. [35] to investigate the double-pole
breather-to-soliton transitions. It is known that the double-pole
solution can be rewritten as

q[2] = q[0]− 2i|Ω3|
|Ω4|

, (7)

with

Ω4 =

(
S1,

d
dε

S1,S2,
d

dε
S2

)T

,

Ω3 =

(
S3,

d
dε

S3,S4,
d

dε
S4

)T

,

S1 = lim
ε→0

[(
λ

2
1 ψ1,ψ1,−λ

4
1 ψ1,λ1φ1

)T |λ1=λ1+ε

]
,

S2 = lim
ε→0

[(
λ
∗2
1 φ1,∗,φ

∗
1 ,−λ

∗4
1 φ

∗
1 ,−λ

∗
1 ψ
∗
1
)T |λ1=λ1+ε

]
,

S3 = lim
ε→0

[(
λ

2
1 ψ1,ψ1,−λ

3
1 φ1,λ1φ1

)T |λ1=λ1+ε

]
,

S4 = lim
ε→0

[(
λ
∗2
1 φ1,∗,φ

∗
1 ,−λ

∗3
1 ψ

∗
1 ,−λ

∗
1 ψ
∗
1
)T |λ1=λ1+ε

]
,

where ε is a small parameter and φ1,ψ1 are the same as in
Eq. (3).

Similarly, the state transition condition of the double-pole
solution is V1,H/H1,R = V1,T/H1,I. Based on the condition,
we will obtain multiple double-pole converted wave solutions.
When the additional condition II is satisfied, the double-pole
solution can be reduced into the double-pole multi-peak soli-
ton solution. We can see that figure 6(a) presents the interac-
tion between two series of the double-pole multi-peak soliton.
Their wave peaks achieve the maximal amplitude at (0,0). If
condition I holds, when equations (4) and (5) are satisfied re-
spectively, we can obtain the double-pole periodic wave solu-
tion and the double-pole anti-dark soliton solution as is shown
in Figs. 6(b) and 6(c), respectively. The former possesses a pe-
riodic chained higher-amplitude region which exhibits double-
pole phenomena.

We will apply the asymptotic analysis method described
in Ref. [36] to explore the asymptotic behavior of the double-
pole anti-dark soliton. For convenience, assuming d = 1,
c1 = c2 = 2, λ1 = α1 + iβ1 under the corresponding state tran-
sition conditions, we can obtain a = α2

1 − β 2
1 + (4δ +1)/2,

δ = −3α2
1/2+ 3β 2

1 /2, and 4β 2
1 > 1. Hence, the double-pole

anti-dark soliton solution is

qd =
3072eiD1

(
E1 e(D2∆)/8 +E2 e3(D2∆)/8 +E3 e(D2∆)/2−1/2E4 e(D2∆)/4−E5

)
G1 e(D2∆)/2 +G2 e(D2∆)/4 +384β (G3 e(D2∆)/8 +G4 e3(D2∆)/8−G5)

, (8)

where

D1 =
25(β1−α1)

3(β1 +α1)
3t

4
+2
(

β
2
1 −α

2
1 +

1
4

)
x,

D2 =
(
6β

4
1 +4(5α

2
1 −1)β 2

1 +6α
4
1 +4α

2
1 +1

)
t−4x, ∆ =

√
(4β 2

1 −1)(4α2
1 +1),

and E j, j = 1, . . . ,5 and G j, j = 1, . . . ,5 are too long to be included here, so we omit them.
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Fig. 6. (a) The double-pole multi-peak soliton solution with λ1 = 1/2− (
√

5/5)i, a = 2/5, d = 1, δ = 7/10, b =−5.109; (b) The double-pole periodic wave
solution with λ1 = 1/2−(

√
15/5)i, a = 3/10, d = 1, δ =−3/20, b =−1/160; (c) The double-pole anti-dark soliton with λ1 = 7/10+(

√
39/10)i, a = 3/10,

d = 1, δ = −3/20, b = −1/160; (d) The wave crest line graph (red line) for the asymptotic solitons of (c) with α1 = 7/10, β1 =
√

39/10. Auxiliary lines:
Green: t = 0; Black: 4x−7.5752t = 0.
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Subsequently, we substitute x =
[(

6β 4
1 +4(5α2

1 −1)β 2
1 +6α4

1 +4α2
1 +1

)
t−D2

]
/4 into Eq. (8) so that the expression of

the double-pole solution is only related to D2 and t. Numerous articles about the asymptotic analysis method have illustrated
that the characteristic line of the double-pole solution is curved.[36–38] Therefore, if we want to derive the asymptotic soliton, an
asymptotic balance relation between e±D2 and t need to be satisfied.[39] The explicit expressions of the asymptotic solitons in
general form are exhibited below.

(i) When eD2 ∼ t,

[u]±I → eD1

[
1+

K1

2K2 cosh
(
(D2∆)/8+ lnK3

)
+384β1K4

]
, t→±∞, (9)

where

K1 = 32(2β1 +1)2(2β1−1)2(4α
2
1 +1)2(α2

1 +β
2
1 )β

3
1
(
4iβ 2

1 − i−∆
)

t,

K2 = 32
√

2
√
−β 8

1

(
∆ i+2β 2

1 −2α2
1 −1

)
(α2

1 +β 2
1 )

3∆
3|t|,

K3 =

√
2β 4

1

√
∆ i+2β 2

1 −2α2
1 −1(α2

1 +β 2
1 )

2
√
−β 8

1 (α
2
1 +β 2

1 )
3∆ 3|t|

, K4 =
1

24
∆

2(4α
2
1 +1)(α2

1 +β
2
1 )β

2
1
(
4iβ 2

1 − i−∆
)

t.

(ii) When e−D2 ∼ t,

[u]±II → eD1

[
1+

L1

2L2 cosh
(
(D2∆)/8+ lnL3

)
+384β1L4

]
, t→±∞, (10)

where

L1 = 32(2β1 +1)2(2β1−1)2(4α
2
1 +1)2(α2

1 +β
2
1 )β

3
1
(
4iβ 2

1 − i+∆
)

t,

L2 = 32
√

2
√

β 8
1

(
∆ i−2β 2

1 +2α2
1 +1

)
(α2

1 +β 2
1 )

3∆
3|t|,

L3 =−

√
2β 4

1 ∆ 3
√

α2
1 +β 2

1 |t|√
β 8

1 (∆ i−2β 2
1 +2α2

1 +1)
, L4 =

1
24

∆
2(4α

2
1 +1)(α2

1 +β
2
1 )β

2
1
(
4iβ 2

1 − i+∆
)

t.

We can find the characteristic lines of the asymptotic solitons above are (D2∆)/8+ lnK3 = 0 and D2∆/8+ lnL3 = 0, both contain
the logarithmic terms which can reflect the double-pole properties. When a = 3/10, d = 1, δ =−3/20, λ1 = 7/10+(

√
39/10)i

are taken, it can be observed that the wave crest line graph of the corresponding asymptotic solitons in Fig. 6(d) is associated
with the contour plot in Fig. 6(c). Furthermore, we compare the asymptotic solitons (9), (10) with the exact solution (3) under
specific parameter settings. As is evident in Fig. 7, the asymptotic solitons match the exact solution perfectly in the far-field
region, which further validates the reliability of our asymptotic analysis.

–20 –10 0 10
x

–80 –60 –40 –140 –120 –100
x x

–10 0 10 20
x

30 50 70 90 110 130
x x

1

2

3

|q
|

1

2

3

|q
|

1

2

3

|q
|

1

2

3

|q
|

1

2

3

|q
|

1

2

3

|q
|

(a)  t = –5 (b)  t = –30 (c)  t = –60

(d)  t = 5 (e)  t = 30 (f)  t = 60

Fig. 7. The comparisons of the asymptotic solitons and the exact solution (green line) for the double-pole anti-dark soliton in Fig. 6(c). (a)–(c) red: the
asymptotic soliton [u]−I , black: the asymptotic soliton [u]−II ; (d)–(f) red: the asymptotic soliton [u]+I , black: the asymptotic soliton [u]+II .
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5. Conclusions
In conclusion, we explored the breather-to-soliton transi-

tions and nonlinear wave interactions for the HGGI equation.
The following key conclusions have been drawn.

A rich family of the breather-to-soliton nonlinear con-
verted waves are obtained. Notably, these structures exhibit
distinct dynamical features which have not been reported in
lower-order GI models. The elastic interactions between vari-
ous nonlinear converted waves were exhibited. These interac-
tions are characterized by the fact that the amplitude, velocity,
and shape of the localized waves remain unchanged both be-
fore and after collision. The double-pole breather-to-soliton
transitions were studied. Asymptotic analysis shows double-
pole anti-dark solitons evolve into stable structures over long
propagation, due to the interplay of self-steepening and Raman
terms in the HGGI equation.

Our work enriches the localized wave structures and the
related dynamical properties for the HGGI equation. It will
provide a reference for future projects about the breather-
to-soliton transitions for the higher-order nonlinear evolution
equations.
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