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double-wall bounded decaying plasma
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The influencing mechanisms of the initial operating parameters including the initial plasma density, electron tem-
perature, plasma width, and externally applied voltage on ion extraction characteristics are studied based on a simplified
one-dimensional analytical model for a double-wall bounded decaying plasma system. Firstly, a criterion of the dimen-
sionless plasma width (Lmin) which is normalized with the Debye length for evaluating the state of the sheath expansion
is proposed for the first time. Secondly, if the plasma width is larger than the value of Lmin, a complete sheath expansion
process including both the supersonic and subsonic sheath expansion phases occurs during plasma decaying. Consequently,
on the one hand, the total ion extraction time and the fraction of the extracted ions at the end of stage II, i.e., the sheath ex-
pansion and ion rarefaction wave propagation stage during the whole ion extraction process, can be determined by the initial
operating parameters; and on the other hand, it is estimated that about 70% of ions can be extracted at the end of the second
stage from the bulk plasma with a consumption of about 62.5% of the total ion extraction time within the parameter ranges
studied in this paper. This research is helpful for a deep understanding of the physical mechanisms of the charged-particle
transport, as well as for guiding parameter optimizations with better ion extraction performances in practice.

Keywords: ion extraction process, analytical model, parametric analyses
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1. Introduction
There are unique features for laboratory or industrial low-

temperature plasmas (LTPs). Firstly, most of the laboratory
or industrial LTPs are confined in a limited space in con-
trast to space plasmas, for example, the plasmas exist between
electrodes during discharges or near cold walls in materials
synthesis or processing. Secondly, except for self-sustaining
steady discharges driven by direct-current power supplies,[1]

the LTPs may operate under a quasi-steady state with a
short period of decaying process driven by alternating-current
power supplies (e.g., nano-second pulsed discharges), or even
in a continuous decaying process when the external cause is
removed (e.g., afterglow plasmas,[2–4] pulsed discharges[5–7]

or photoionized plasmas[8–10]). Some representative exam-
ples of the laboratory or industrial wall-bounded decaying
LTPs include plasma immersion ion implantation (PIII),[11–14]

vacuum circuit breaker (VCB),[15–20] and ion extraction from
laser-induced plasmas.[21–37] Facing various practical appli-
cations of the bounded decaying plasmas (BDPs), from the
aspect of fundamental research, there exist complex coupling
effects among the spatiotemporal evolutions of the plasma pa-
rameters, e.g., number densities and energy distribution func-
tions of species, movement of plasma sheath, electrical poten-
tial distributions, and the externally imposed parameters, e.g.,

nature, temperature, and surface conditions of walls, geomet-
rical configuration of bounded structures, waveforms of ap-
plied voltages, which makes the analyses on the physical pro-
cesses in the BDPs much more difficult. Furthermore, from
the aspect of actual applications, the flux of charged parti-
cles to the walls, which shows a comprehensive dependence
on the foregoing operating parameters of the BDPs, is one of
the key factors determining the efficiency and efficacy of ap-
plications. For example, the flux and velocity distributions of
ions on the target surface are the key parameters influencing
the plasma treatment results in PIII;[11] the expansion process
of high voltage sheath and the decaying properties of plasma
density under the action of the transient recovery voltage de-
termine the turn-off performance of the VCBs;[17,18] and the
extraction flux and time of ions are two key parameters for
evaluating the performance of the ion extraction process in a
laser-induced plasma.[9,21,23] Consequently, it is of great im-
portance to study the influences of various initial operating
conditions on the spatiotemporal evolutions of the plasma pa-
rameters, especially the spatial variations of the species densi-
ties, electric potentials and charged-particle fluxes to the walls
with time during plasma decaying.

For the preceding BDP systems, the research is usually
focused on the behaviors of the charged particles near the
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cathode surface; that is to say, a single-wall BDP model is
employed for studying the sheath expansion process near the
cathode and the ion flux to the cathode. For example, the
approximate analytical expressions for the ion implantation
current on the cathode in both the matrix sheath and Lang-
muir sheath for the PIII applications were presented firstly by
Lieberman,[11] and were modified later for the collisionless
matrix sheath by Riemann and Daube[12] with considering the
evolutions of the electric field within the sheath during the
ion extraction process, and were further extended to formulate
flux expressions that accommodate arbitrary initial ion density
distributions during the matrix extraction phase by Daube et
al.[13] In terms of VCBs, Andrew and Varey[15] proposed the
continuous transition model based on the assumption of semi-
infinite collisionless plasma while with no self-consistently
dealing with the plasma attenuation caused by the electrode
absorption. With further consideration of the density decaying
in the plasma core region located between two negatively bi-
ased electrodes, Chen[21] originally established an analytical
model after the formation of the Langmuir sheath with con-
sidering the balance between the Langmuir flux of the high-
voltage sheath and the Bohm flux. Based on Chen’s work,
the estimation of the ion extraction time under a wide range
of the initial plasma density was obtained by Okano;[23] and
was further improved with considering the effect of the ion rar-
efaction wave (IRW) on the ion extraction flux and the sheath
movement by Murakami and Nishihara.[24]

Although some important physical processes have been
revealed successfully based on the single-wall BDP model, the
anode may have non-negligible influences on the decay of the
bounded plasmas, which consequently affects the transport of
the charged particles, especially for the cases with limited geo-
metrical dimensions, e.g., in the applications of VCBs and ion
extraction from laser-induced plasmas.[19,20,27,32,35] For exam-
ple, in the single-wall BDP model, it is difficult to deal with
the oscillation process during the sheath formation process;
the IRW propagation process near the anode cannot be in-
cluded, and consequently, the ion density distribution resulting
from the IRW propagation, as well as the ion flux to the an-
ode, also cannot be obtained.[26,27] Therefore, it is necessary
to develop a double-wall BDP model to consider the influences
of the anode on the sheath formation and the charged-particle
fluxes.[26] In recent years, Khrabrov[4] studied the evolution
process of the decaying plasmas between two absorbing walls
for the case with no externally applied electric fields, and ob-
tained the spatial distributions of the ion density and velocity
in the interaction region of two IRWs. Li and his co-workers
studied the transport processes of the charged particles in a
decaying plasma fully or partially occupying a vacuum gap
between two absorbing electrodes for the case with an exter-
nally applied electrostatic field, in which the electron motion
responding to a suddenly applied electric field was described,

and an analytical expression for the oscillation frequency of
electrons was presented in Refs. [28,32]; and in particular,
a one-dimensional (1D) analytical model has been developed
to describe the whole charged-particle transport process with
considering the influences of the two absorbing electrodes
and the interactions among the solid electrodes, IRWs, and
charged particles during plasma decaying under an externally
imposed electrostatic field.[35] Although the influences of the
initial operating parameters including the externally applied
voltage[38–45] and the width of the plasmas[38–41,44] between
two electrodes, the initial electron temperature,[27,28,40–42,46]

and number density[23,38,40–45,47,48] on the overall ion extrac-
tion characteristics have been reported, the influencing mech-
anisms of the initial operating parameters on the formation
of the electrode sheaths, propagation of the IRWs, evolution
of the charged particle densities, and fluxes to the walls, as
well as the complex interactions between the charged parti-
cles and the IRWs in different ion extraction stages starting
from the imposing of the external electrostatic field to the dis-
appearance of the plasma, are still very limited. Therefore,
the goal of this paper is to reveal the influences of different
initial operating parameters, e.g., the initial plasma density,
electron temperature, plasma width, and the externally applied
voltage, on the physical processes during ion extraction from
the double-wall BDPs based on the 1D analytical model de-
veloped in Ref. [35], and then, to establish a semi-quantitative
relationship between the key parameters, such as the ion ex-
traction flux and the ion extraction time, and the initial operat-
ing parameters with the simplification of the original 1D the-
oretical model.[35] This would be very helpful for presenting
a clear physical image of the charged particle transport pro-
cesses based on the initial operating conditions, and also for
providing theoretical guidance for physical design of the ion
extraction facilities in actual applications.

2. Derivation of simplified 1D analytical model
focusing on influences of initial operating pa-
rameters on ion extraction characteristics

2.1. Brief description on the whole ion extraction process
and validation of the original 1D analytical model

For the absorbing double-wall BDP system as shown in
Fig. 1(a), since the laser-induced plasma initially occupies
the space between the two parallel plates uniformly, the two-
dimensional (2D) or three-dimensional (3D) effects are not
significant; and thus, a 1D model is still used in this paper for
revealing the fundamental physical features during the ion ex-
traction process. Therefore, the whole charged particle trans-
port process under an electrostatic field can be divided into
three stages based on the original 1D analytical model,[35]

i.e., the electron oscillation and matrix sheath extraction stage
(stage I), sheath expansion and IRW propagation stage (stage
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II), and the plasma collapse stage (stage III). The major fea-
tures of the foregoing three stages are as follows:

(i) Stage I: Once an electrostatic field is imposed between
the two parallel metal electrodes, the matrix sheath near the
electrode forms very quickly as a result of the electron oscil-
lations, and its evolution process leads to the formation of the
Langmuir sheath at the end of this stage. The ion extraction
flux curve during stage I is characterized by a high peak value
and a short duration.

(ii) Stage II: The ion extraction flux to the anode is pri-
marily controlled by the IRW propagation, while the ion ex-
traction flux to the cathode is determined by the advancement
of the Langmuir sheath with the aid of the IRW propagation.
Depending on the relationship between the sheath propagation
velocity and the ion acoustic velocity, stage II can be further
divided into the supersonic and subsonic propagation phases.
In the supersonic propagation phase, the sheath expansion flux
is balanced by the Langmuir flux and an additional flux due to
the sheath movement; however, in the subsonic propagation
phase, the presence of IRW modulates the velocity and den-
sity of the ions at the sheath edge and thus changes the corre-
sponding sheath expansion flux. The end of stage II is marked
by the disappearance of the IRW at the cathode sheath edge,
which originates from the anode.

(iii) Stage III: The sheath expansion flux to the cathode is
influenced by the two IRWs coming from the cathode and an-
ode, while the flux to the anode is approximately proportional
to t−2, where t is the dimensionless time. Here, it should be
emphasized that: firstly, in this paper, the variable with “ˆ” rep-
resents the dimensional parameter, while the variable without
“ˆ” stands for its corresponding dimensionless form after nor-
malization with the method presented in Ref. [35]; secondly,
a normalized form of the equations is used principally for en-
hancing convenience and clarity in the theoretical analyses,
which is more compact than its corresponding dimensional
form, remains invariant under changes in the system of units,
and facilitates a clear description of the whole ion extraction
process.

Except for the preliminary validations of this 1D analyt-
ical model by comparing with the particle-in-cell (PIC) mod-
elling results provided in Ref. [35], a further comparison of
the model-predicted results with those using the experimental
scaling relation, which is obtained by fitting with experimental
data,[38] i.e.,

t̂ext

t̂ext,ref
=

(
Û0

Û0,ref

)−0.81( L̂
L̂ref

)1.4( n̂0

n̂0,ref

)0.56

(1)

is conducted in this section, where t̂ext, Û0, L̂, and n̂0 stand for
the ion extraction time, externally applied voltage, distance be-
tween electrodes / plasma width, and the initial plasma number

density, respectively. The subscript “ref” indicates the refer-
ence case with Û0 = 300 V, L̂ = 2 cm, n̂0 = 1× 1016 m−3,
T̂e,0 = 0.5 eV, and Mi = 40 amu.[35] Here, we assume that
the initial electron velocity distribution is Maxwellian accord-
ing to the previous studies, e.g., Refs. [28,29,31,32,35], and
thus, an initial electron temperature (T̂e,0) can be used. The
validity of this assumption is discussed briefly as follows:

(i) During the first stage of the ion extraction process, al-
though the electrons absorb energy from the oscillating elec-
tric field, leading to a slight increase in the proportion of
highly energetic electrons, the overall electron energy dis-
tribution only slightly deviates from the initial Maxwellian
distribution.[27,32]

(ii) During the second and third stages, a further deviation
from the Maxwellian velocity distribution for electrons occurs
since highly energetic electrons are gradually exhausted dur-
ing the plasma decay process, which results in a decrease of
the effective electron temperature and, consequently, leads to
a decrease of the ion acoustic velocity. While in the analytical
model, the propagation speed of IRW equals that of the ini-
tial ion acoustic velocity corresponding to the initial electron
temperature, which results in a faster IRW propagation speed
and an earlier analytically predicted end time point of the sec-
ond stage than that of the PIC modeling value. For example,
in a typical case studied in Ref. [35], the end time of the sec-
ond stage predicted by the analytical model is 193.0, while the
PIC simulation result is approximately 206.0, with a relative
discrepancy of 6.3%.

Based on the preceding discussions, it is seen that the in-
fluence of the non-Maxwellian electron velocity distribution
during the plasma decay process on the ion extraction charac-
teristics is not significant, and thus, the Maxwellian electron
velocity distribution is a relatively good approximation in the
1D analytical model.

Under different values of Û0, L̂, and n̂0, the calculated ra-
tios of (t̂ext/t̂ext,ref) using the original 1D analytical model[35]

and Eq. (1)[38] are presented in Figs. 1(b)–1(d). It is seen that
the theoretically predicted values of (t̂ext/t̂ext,ref) are very close
to those using the experimental scaling relation with a maxi-
mum relative discrepancy of 16.9%. Furthermore, these data
are mapped in Fig. 1(e), where each point stands for a specific
case in Figs. 1(b)–1(d), and the horizontal axis and vertical
axis represent the ion extraction times obtained from Eq. (1),
t̂ext,scale, and the analytical model, t̂ext,mod, respectively.

In Fig. 1(e), the closer the point is to the 45-degree green
dashed line, the better the agreement is between the analytical
model and the experimental scaling relation. Since the multi-
dimensional effects cannot be considered in this 1D analytical
model, and there exists a relative error of 15.0% for the scaling
relation in Ref. [38], such a level of discrepancy falls within
an acceptable range. Consequently, this original 1D analytical
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model[35] provides a solid basis for our following derivation on
the simplified 1D analytical model in order to reveal the influ-
ences of the initial operating parameters on the ion extraction
characteristics.
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Fig. 1. Schematic diagram of the double-wall BDP system (a), and
comparisons of the ion extraction time predicted by the 1D analytical
model[35] and experimental scaling relation[38] (b)–(e).

2.2. Simplified 1D analytical model

To clearly reveal the influencing mechanisms of the initial
operating parameters on the charged particle transports dur-
ing plasma decaying, in this section, a simplified 1D analyt-
ical model is derived based on the well-established theoreti-
cal model as discussed in Subsection 2.1[35] for describing the
semi-quantitative relationship between the key parameters of
the ion extraction process and the initial operating parameters.
For ease of reading, the physical quantities involved in the an-
alytical model are listed in Table 1, and the key parameters in
each stage during the ion extraction process are listed in Ta-
ble 2.

Table 1. Physical quantities involved in the analytical model.

Symbol Description

sm,ca/sm,an Thickness of the initial matrix sheath near the cath-
ode/anode

tm,end Time point when stage I ends
ssup,end,ca Thickness of the sheath near the cathode when the su-

personic sheath expansion phase ends
tsup,end,ca Time point when the supersonic sheath expansion

phase ends
sdis,an Thickness of the sheath near the cathode when stage II

ends
tdis,an Time point when stage II ends

IRW-A / C IRW originating from the matrix sheath edge near the
anode/cathode

Table 2. Key parameters during each stage.

Stage Key parameters

Stage I Γca, Γan, tm,end

Stage II
Supersonic Γca, ssup,end,ca, tsup,end,ca

Subsonic sdis,an, tdis,an, r2

Stage III text

2.2.1. Analysis on stage I

For stage I, the dimensional thickness of the matrix
sheaths in the vicinity of the cathode and anode can be ex-
pressed as[35]

ŝm,ca =

√
6ε0Û0

en̂0
, (2a)

ŝm,an =
2
3

ŝm,ca. (2b)

Since the ion extraction fluxes to the cathode and anode can
be described by Eqs. (15) and (16) in Ref. [35], by combining
those three equations with Eq. (2), it indicates that the ratio of
the flux on the cathode to that of the anode in the first stage
approximately equals the ratio of the matrix sheath thickness
near the corresponding electrodes, i.e.,

Γ̂ca/Γ̂an ≈ ŝm,ca/ŝm,an. (3)

If we take the flux on the cathode as an example to study
the influence of the initial operating parameters, it is found
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that, in the first stage, the ion extraction flux on the cathode is
approximately proportional to the initial plasma number den-
sity and the square root of the externally applied voltage, while
with no explicit relationship with the plasma width, i.e.,

Γ̂ca ∝ n̂0 ·
√

Û0. (4)

In addition, the time point when stage I ends can be expressed
as

tm,end =

√√√√2

√
1+4

(
3
4

sm,ca

)4/3

−2. (5)

For a typical ion extraction process, a high externally
applied voltage (103 V∼ 104 V) is usually employed for a
short ion extraction time. Meanwhile, the electron tempera-
ture equals the difference between the energy of the laser used
for ionization and the ionization energy of the metal atoms,
and is usually on the order of 0.1 eV∼1 eV. Therefore, U0 will
be much larger than 1 for the typical ion extraction process,
leading to the matrix sheath thickness being much greater than
1. Taking the reference case in Subsection 2.1 as an example,
sm,ca = 60� 1. Based on the analysis in Appendix A under
this condition, equation (5) can be reduced to

tm,end ≈ 2
(

3
4

sm,ca

)1/3

= (6sm,ca)
1/3 , (6)

with its corresponding dimensional form as

t̂m,end ≈
√

ε0Mi

n̂0e2

(
6

√
6eÛ0

kT̂e,0

)1/3

∝ (n̂0)
−1/2 (Û0

)1/6
, (7)

where ε0 is the vacuum permittivity, e is the elementary
charge, Mi is the ion mass, and k is the Boltzmann constant.
From Eq. (7), we can know that the higher the plasma density,
the shorter the duration of the first stage; and the higher the ap-
plied voltage, the greater the thickness of the matrix sheath, as
well as the longer duration time of the first stage; the plasma
density has a greater effect on the time duration of the first
stage than that of the externally applied voltage.

2.2.2. Analysis on stage II

For stage II, according to our previously established an-
alytical model in Ref. [35], the flux on the anode during this
stage is mainly influenced by the IRW and is proportional to
the initial plasma density with its dimensional form expressed
as

Γ̂an = exp(−1) n̂0

√
kT̂e,0

Mi
. (8)

While the flux evolution on the cathode involves much more
complex physical processes, based on the relationship between

the sheath propagation velocity and the ion sound velocity, the
sheath evolution process near the cathode can be further di-
vided into two phases, i.e., the supersonic and subsonic sheath
expansion phases.

(i) Supersonic sheath expansion phase During this
phase, the Langmuir flux balances with the sheath movement
flux, and thus, the evolution of the sheath over time can be
analytically solved, i.e.,

ds
dt

=
4
√

2
9

U3/2
0
s2 → s3− s3

m,ca =
4
√

2
3

U3/2
0 (t− tm,end) , (9)

with its dimensional form written as

ŝ3

λ 3
D
−

ŝ3
m,ca

λ 3
D

=
4
√

2
3

(
eÛ0

kT̂e,0

)3/2

ωpi (t̂− t̂m,end) , (10a)

ŝ3− ŝ3
m,ca =

4
√

2
3

Û3/2
0

(
ε0

n̂0

)(
1

eMi

)1/2

(t̂− t̂m,end) . (10b)

The time point, as well as the corresponding sheath thick-
ness, when the supersonic sheath expansion phase ends can be
expressed as

ds
dt

= 1→


tsup,end,ca = tm,end +

3
4
√

2U3/2
0

(
s3

sup,end,ca− s3
m,ca

)
,

ssup,end,ca =

√
4
√

2
9 U3/2

0 .

(11)

Combining Eqs. (2) and (11), if the ratio of the sheath thick-
ness at the end of the supersonic phase to the initial matrix
sheath thickness is defined as

ks =
ssup,end,ca

sm,ca
=

√
4
9

√
2U3/2

0√
6U0

=

√
2
√

2
27

√
U0

=

√
2

27
√

3
sm,ca, (12)

equation (11) can be re-written as

tsup,end,ca = tm,end +
9
√

3
2
(
k3

s −1
)
, (13a)

ssup,end,ca = kssm,ca. (13b)

As stated in Subsubsection 2.2.1, the values of the externally
applied voltage and the initial electron temperature are in the
ranges of 103 V∼104 V and 0.1 eV∼1 eV, respectively, and
the corresponding value of ks ranges from 1.82 to 5.76, which
means that the supersonic phase exists with ks > 1 under most
situations in practice.

By neglecting the matrix sheath thickness since (ks)
3� 1

for most cases, there exists the following relationship

ŝ3 ∼ n̂−1
0 → ŝ∼ n̂−1/3

0 , (14a)

ŝ3 ∼ Û3/2
0 → ŝ∼ Û1/2

0 . (14b)

Thus, the relationship among the flux on the cathode and
the initial plasma parameters can be expressed as

Γ̂ca ∼ ŝ−2 ∼ n̂2/3
0 , (15a)

Γ̂ca ∼ Û3/2
0 /ŝ2 ∼ Û1/2

0 . (15b)
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It is seen from Eq. (15) that the initial plasma density has a
greater impact on the ion extraction flux to the cathode than
that of the externally applied voltage.

(ii) Subsonic sheath expansion phase Firstly, the gov-
erning equation for the cathode sheath movement in the sub-
sonic phase is

exp(ξ −1)
(

ds
dt

+1−ξ

)
=

4
√

2
9

U3/2
0
s2 , (16a)

ds
dt

=
s2

0
s2 exp(1−ξ )+ξ −1, (16b)

with

ξ =
s− s0

t− t0
, t ≥ t0; s|t=t0 = s0, ξ |t=t0 = 1, (16c)

where s0 (= ssup,end,ca) represents the starting point of the
IRW originating from the cathode side, i.e., IRW-C, at t0 =

tsup,end,ca. By introducing the terms θ = s/s0 and τ = (t −
t0)/s0, equation (16b) can be re-written as

dθ

dτ
=

1
θ 2 exp(1−ξ )+ξ −1, (17a)

with

ξ =
θ −1

τ
, τ ≥ 0; θ |

τ=0 = 1, ξ |
τ=0 = 1. (17b)

Secondly, as stated in Ref. [35], the subsonic phase starts
with the excitation of IRW-C, and ends when the IRW start-
ing from the anode side (IRW-A) reaches the cathode sheath
edge. Since the propagation of IRW-A can be described by the
following equation

t = L− sm,an− x+ tm,end, (18)

where x represents the position of the front of IRW-A at time t,
the relationship between sheath thickness (sdis,an) and the cor-
responding time (tdis,an) at the end of stage II can be written
as

tdis,an = L− sm,an− sdis,an + tm,end. (19)
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Fig. 2. Illustration of the ion density distribution near the cathode dur-
ing the subsonic sheath expansion phase.

It is seen from Eqs. (16) and (17) and Fig. 2 that: (i) The
variable ξ , ranging from 0 to 1, physically characterizes the
relative positions of the cathode sheath edge and the front of
IRW-C in the IRW-C affected region. At the moment when the
IRW is excited (t = t0 or τ = 0) at the position s = s0 or θ = 1
near the cathode surface, the value of ξ equals 1. (ii) The mov-
ing velocity of the sheath edge (dθ/dτ) gradually decreases
with increasing sheath thickness (A detailed analysis can be
found in Appendix B). This means that the sheath edge mov-
ing velocity approaches zero; and consequently, the sheath po-
sition will be stabilized at a certain location. Since the front of
IRW-C propagates at the ion acoustic velocity, while the mov-
ing velocity of the sheath edge (dθ/dτ) decreases with the
increase of the sheath thickness, the sheath position will move
farther away from the front of IRW-C after a sufficiently long
time, i.e., ξ → 0. (iii) The closer the value of ξ is to zero,
the nearer the sheath edge position is to the starting point of
IRW-C compared to that of the IRW-C front. Based on the pre-
ceding discussions, we can have the following approximated
relationship

0 =
1

θ 2
1

exp(1−0)+0−1→ θ1 = exp(1/2) . (20)

Thus, with the relation θ = s/s0 and Eq. (20), the cathode
sheath thickness at the end of stage II can be expressed as

sdis,an = exp(1/2)s0 = θ1s0. (21)

It should be emphasized that an implicit assumption is em-
ployed in deriving Eq. (21), namely, that the sheath needs a
sufficiently long time for expansion. In the following, we will
discuss the criterion for satisfying this assumption. In order
to ensure a sufficiently long sheath expansion time, on the one
hand, the IRW-C needs enough propagation time which also
makes the relative position of the cathode sheath edge in the
IRW-C affected region close enough to the starting point of the
IRW-C; on the other hand, a large enough plasma width (L) is
necessary to provide the sufficient propagation space and time
for the sheath to reach a stable thickness of (θ1s0) as expressed
by Eq. (21). Thus, there should exist a minimum plasma width
(Lmin) to satisfy the foregoing requirements with L≥ Lmin. So,
the next step work is to derive the expression for Lmin.

Firstly, for obtaining an explicit solution of Eq. (17), a
simplification is conducted with an approximation of ξ that
only contains variable θ or τ , so that the method of separation
of variables can be employed. It is seen from Eq. (17) that
ξ is inversely proportional to τ , while proportional to θ , and
ξ = θ = 1 when τ = 0. Thus, we hypothesize that ξ has the
following approximated form

ξ ≈ 1
τ +1

≈ 2−θ . (22)
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Substituting Eq. (22) into Eq. (17), we can have

dτ =
θ 2 dθ

exp(θ −1)+θ 2−θ 3 , (1≤ θ ≤ θ1) . (23)

Therefore, the time required for the sheath edge advancing
from s0 to (θ1s0) can be expressed as

τ1 =
∫

θ1

1

θ 2

exp(θ −1)+θ 2−θ 3 dθ . (24)

Doing integration on the right-hand side of Eq. (24) with the
aid of a symbolic computing package of Python, Sympy,[49]

we can obtain τ1 ≈ 2.22. Consequently, the value of Lmin can
be determined based on Eq. (19) as

Lmin = t0 + τ1s0− tm,end + sm,an +θ1s0

=−9
√

3
2

+
2
√

6
3

√
U0 +

2
3

4√2
(

τ1 +θ1 +
1
3

)√
U3/2

0 (25a)

for L = Lmin at tdis,an = t0 +θ1s0. And thus, its corresponding
dimensional form can be written as

L̂min =−
9
√

3
2

(
ε0kT̂e,0

n̂0e2

)1/2

+
2
√

6
3

(
ε0Û0

en̂0

)1/2

+
2 4√2

9

(
τ1 +θ1 +

1
3

)(
ε0Û0

en̂0

)1/2( eÛ0

kT̂e,0

)1/4

. (25b)

So far, for the case with L ≥ Lmin, we have obtained the ex-
pressions for the cathode sheath thickness (sdis,an) and the cor-
responding time point (tdis,an) at the end of the second stage,
i.e., Eqs. (21) and (19), respectively. However, when L < Lmin,
the sheath thickness cannot be estimated by Eq. (21). Under
such situation, the subsonic cathode sheath movement is de-
scribed by the following relations based on Eqs. (19) and (23)
and the terms θ = s/s0 and τ = (t− t0)/s0, i.e.,

f (θ) = τ =
∫

θ

1

θ 2

exp(θ −1)+θ 2−θ 3 dθ , (26a)

g(θ) = τ +θ = f (θ)+θ =
L− sm,an− t0 + tm,end

s0

= ζ . (26b)

Since ζ is determined by the specified initial parame-
ters including the initial plasma density and external potential,
equation (26) implies the relationship between ζ and θ as fol-
lows:

g(θ) = ζ → θ = g−1 (ζ ) = G(ζ ) . (27)

Doing a polynomial fitting to G(ζ ) based on the solution of
Eq. (17), we can get

θ ≈ G1 (ζ ) = a0 +a1ζ +a2ζ
2 +a3ζ

3 +a4ζ
4

+a5ζ
5 +a6ζ

6, (28a)

with

a0 = 3.72×10−1, a1 = 7.62×10−1,

a2 =−1.41×10−1, a3 = 8.36×10−3,

a4 =−2.60×10−3, a5 = 9.96×10−4,

a6 =−9.80×10−5. (28b)

Thus, the cathode sheath thickness and the corresponding time
when stage II ends can be expressed as

sdis,an = G1 (ζ )s0, (29a)

tdis,an = [ζ −G1 (ζ )]s0 + t0. (29b)

In conclusion, the cathode sheath thickness (sdis,an) and
the time (tdis,an) corresponding to the end of the second stage
can be estimated by Eqs. (19) and (21) for L ≥ Lmin, while
by Eq. (29) for the case of L < Lmin. Taking the case of
Û0 = 1500 V, L̂ = 1.0 cm∼ 4.0 cm, n̂0 = 1× 1017 m−3,
T̂e,0 = 1.0 eV, Mi = 235 amu as an example with the value of
Lmin = 2.02 cm, the comparisons of sdis,an and tdis,an by solv-
ing Eq. (17) and the corresponding approximated values from
Eqs. (19), (21), and (29) are shown in Fig. 3. It is seen clearly
that equations (19), (21), and (29) provide a very good approx-
imation for the key parameters, i.e., sdis,an and tdis,an, during
stage II with the maximum relative discrepancies of 0.9% and
0.3%, respectively.
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Equation (17)
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Equations (19),

(21) & (29)

Fig. 3. Comparisons of sdis,an (red lines) and tdis,an (blue lines) between
the calculated values from the analytical model [Eq. (17)] and the ap-
proximated formulas [Eqs. (19), (21) for L ≥ Lmin, and Eq. (29) for
L < Lmin] in stage II.

2.2.3. Analysis on stage III

For the third stage of the ion extraction process, the ion
extraction fluxes on the cathode and anode are both rather
small. For the ion extraction flux on the cathode, there are
generally two states at the end of the second stage. One state
is that the Langmuir flux on the cathode equals the Bohm flux.
According to the analyses in Subsubsection 2.2.2, the position
of the cathode sheath edge is nearly stable at the end of the
second stage or the beginning of the third stage for the case of
L ≥ Lmin. This also indicates that the Langmuir flux and the
Bohm flux are balanced with each other. Consequently, the
ion extraction fluxes on the cathode and anode are the same.
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Another state is that the Langmuir flux on the cathode is larger
than the Bohm flux for the case of L < Lmin. This means that
the cathode sheath expansion is insufficient at the end of the
second stage or the beginning of the third stage, under which
the Bohm flux is insufficient to balance the Langmuir flux.
While for the ion extraction flux on the anode, because the
potential difference between the bulk plasma and the anode is
almost zero, the ion extraction flux on the anode always equals
the Bohm flux during the third stage.

Considering two cases with T̂e,0 = 0.1 eV and 5.0 eV as
those listed in Table 1 of Ref. [27], the corresponding values of
L and Lmin are 850.77 and 120.32, 1771.03 and 95.92, which
correspond to the situations of L < Lmin and L≥ Lmin, respec-
tively. Figure 4 shows the comparisons of the ion extraction
fluxes on the anode and cathode for these two cases, where the
red and blue lines representing the ion extraction fluxes on the
cathode (Γca) and anode (Γan), respectively, are modelling re-
sults using the PIC method as reported in Ref. [27]. It is seen
clearly that: for the case of L < Lmin, the simulated flux on the
cathode (Γca) is higher than that on the anode (Γan); while for
the case of L ≥ Lmin, the simulated values of Γca and Γan are
almost the same, and are also close to the calculated results
using Eq. (26) in Ref. [35], i.e.,

Γanalytical = exp(−1)
(

tdis,an− tm,end

t− tm,end

)2

. (30)

Based on the preceding discussion, the simplified analytical
model for describing the 1D ion extraction process bounded

between two parallel metal plates under an externally applied
electrostatic field is summarized in Table 3.

Γ
 

0

0.2

0.4

0.6

0.8

1.0

250 275 300 325 350 375

Γ

0

0.2

0.4

0.6

0.8

t

60 80 100 120 140

(b)

(a)

t/tdis,an

L?Lmin

t

t/tdis,an

L<LminΓca

Γan

Γan

Γca

Γanalytical

Fig. 4. Comparisons of the ion extraction fluxes on the cathode and
anode for the cases of L < Lmin (a) and L≥ Lmin (b) in stage III.

Table 3. List of the formulas for the simplified 1D analytical model.

Stage No. Simplified analytical model

Stage I Γ̂ca/Γ̂an ≈ ŝm,ca/ŝm,an, Γ̂ca ∝ n̂0 ·Û
1/2
0 , t̂m,end ∝ n̂−1/2

0 ·Û1/6
0

Stage II
Supersonic phase Γ̂ca ∝ n̂2/3

0 ·Û1/2
0

Subsonic phase
L≥ Lmin sdis,an = θ1s0, tdis,an = L− sm,an− sdis,an + tm,end

L < Lmin ζ =
L−sm,an−t0+tm,end

s0
, sdis,an = G1 (ζ )s0, tdis,an = [ζ −G1 (ζ )]s0 + t0

Stage III Γ = exp(−1)
[(

tdis,an− tm,end
)
/
(
t− tm,end

)]2
, L≥ Lmin

3. Parametric studies on ion extraction characteristics under different initial operating conditions
Based on the derivations in Section 2 and the formulas listed in Table 3, it is seen clearly that there exist strong correlations

between the ion extraction characteristics and the initial operating parameters, e.g., the initial plasma density (n̂0) and electron
temperature (T̂e,0), plasma width or the gap spacing between electrodes (L̂) and the externally applied voltage (Û0) for the
specified laser-induced plasmas with the mass of Mi. Thus, the influences of the initial operating conditions on the ion extraction
features will be discussed in this section.

In Section 2, the ion extraction features are characterized by the ion extraction flux and its duration time in a complete ion
extraction process which includes three stages, i.e., the first stage with the electron oscillation and matrix sheath formation, the
second stage with the sheath expansion and IRW propagation, and the third stage with the plasma collapse. Among these three
stages, the second stage is more complex and also more important than the other two stages. Based on the discussion in Section 2,
there exist three critical values for the plasma width (L), i.e.,

Lcrt,1 = sm,an + sm,ca =
5
3

√
6U0, (31a)
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Lcrt,2 = sm,an + ssup,end,ca + tsup,end,ca− tm,end =
2
3

√
6U0 +

4
3

√
4
√

2
9

U3/2
0 − 9

√
3

2
, (31b)

Lcrt,3 = Lmin = t0 + τ1s0− tm,end + sm,an +θ1s0 =−
9
√

3
2

+
2
√

6
3

√
U0 +

2
3

4√2
(

2.22+
√

e+
1
3

)√
U3/2

0 . (31c)

Thus, the completeness of the second stage of the ion ex-
traction process can be determined by the following criteria:

(i) L < Lcrt,1: There exists no stage II.
(ii) Lcrt,1 ≤ L < Lcrt,2: There exists a supersonic sheath

expansion phase of stage II.
(iii) Lcrt,2≤ L< Lcrt,3: There exists a complete supersonic

sheath expansion phase and part of the subsonic sheath expan-
sion phase approaching a steady cathode sheath edge position
of stage II.

(iv) L ≥ Lcrt,3: There exist sufficient supersonic and sub-
sonic sheath expansion phases with a steady cathode sheath
edge position at the end of stage II.

Here, it should be emphasized that, although the com-
pleteness of stage II depends on the initial operating parame-
ters, a complete second stage generally exists in practice. In
previous studies, the typical parameter range for the external
applied voltage is 103 V∼104 V,[22,24,29,30,33,38,40,42,47,48,50]

the initial plasma density ranges from 1× 1016 m−3 to 1×
1017 m−3,[27–33,35–38,46] and the initial electron temperature
ranges from 0.1 eV to 1 eV.[27–33,35–37,46] Thus, on the one
hand, considering the case with the nearly-averaged values
of the parameters Û0 = 5000 V, n̂0 = 5× 1016 m−3, and
T̂e,0 = 0.5 eV, the value of L̂min is 8.2 cm; while on the other
hand, if keeping other parameters unchanged, the range of
L̂min is 2.5 cm∼13.7 cm when Û0 changes from 103 V to
104 V, 18.3 cm∼5.8 cm when n̂0 varies from 1×1016 m−3 to
1× 1017 m−3, while 12.1 cm∼6.9 cm with T̂e,0 varying from

0.1 eV to 1 eV. In addition, L̂ is on the order of 10 cm for a

typical ion extraction device.[22,38,50] Therefore, L ≥ Lmin can

be satisfied under most cases in practice. Consequently, the

characteristics of the ion extraction process including a com-

plete second stage with L ≥ Lcrt,3 = Lmin will be discussed in

the following sub-sections.

3.1. Ion extraction ratio at the end of stage II

The previous PIC and analytical studies showed that a

large part of ions could be extracted from the main plasma re-

gion at the end of stage II.[35] For the case of L≥ Lmin, because

a sufficient sheath expansion has been achieved at the end of

the second stage with a stable position of the cathode sheath

edge, the ratio of the ions extracted from the bulk plasma can

be estimated by neglecting the ions in the Langmuir sheath

and assuming a uniform ion density distribution in the bulk

plasma.[35] Since the plasma density at the sheath edge is ap-

proximated as exp(−1) at the end of stage II, and the distance

between the sheath edge and the anode surface is (L− θ1s0),

thus, by neglecting the remaining ions between the sheath edge

and the cathode, the ratio of the extracted ions (r2) can be ex-

pressed as

r2 = 1−
(

1− θ1s0

L

)
× exp(−1) . (32)

Letting kL = L/Lmin, we can have

r2 = 1−
(

1− 1
kL

θ1s0

Lmin

)
× exp(−1) = 1− exp(−1)

[
1− 1

kL

θ1s0

−9
√

3/2+481/6s2/3
0 +(τ1 +θ1 +1/3)s0

]

= 1− exp(−1)

[
1− 1

kL

θ1

−9
√

3/(2s0)+481/6s−1/3
0 +(τ1 +θ1 +1/3)

]
. (33)

Since s0 is usually much larger than 1, the above equation can be further simplified as

r2 ≈ 1− exp(−1)
[

1− 1
kL

θ1

τ1 +θ1 +1/3

]
. (34a)

Based on the discussion in Subsubsection 2.2.2, it is known that τ1 and θ1 are both constants, i.e., τ1 ≈ 2.22 and θ1 =

exp(1/2), while kL is a function of U0 and L [Eq. (25a)], i.e., kL = L/Lmin = kL (U0, L). Therefore, the value of r2 is determined
by the initial operating parameters of U0 and L, and thus, equation (34a) can be re-expressed as

r2 (U0,L)n≈ 1− exp(−1)
[

1− θ1

τ1 +θ1 +1/3
1

kL (U0,L)

]
. (34b)
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Considering the real situations during the ion extraction
process, i.e., there are some ions in the sheath region, and a
parabolic ion density distribution exists in the IRW interac-
tion region, the estimated value of r2 would be higher than
the value predicted by the original analytical model.[35] On
the one hand, it can be concluded that, for the critical case of
L = Lmin (kL = 1), the upper bound of the ion extraction ratio
at the end of stage II is r2,crt = 77.6%. Taking the critical case
(Û0 = 1500 V, L̂ = 2 cm, n̂0 = 1× 1017 m−3, T̂e,0 = 1.0 eV,
Mi = 235 amu) with L = Lmin as an example, the calculated
value of r2 using the original 1D analytical model is 70.6%,
which is lower than r2,crt, which, to some extent, validates
Eq. (34). On the other hand, for the cases with L > Lmin,
for example, in the case of Û0 = 1000 V, L̂ = 2 cm, n̂0 =

1× 1017 m−3, T̂e,0 = 1.0 eV, Mi = 235 amu with kL = 1.34,
and the case of Û0 = 1000 V, L̂ = 2 cm, n̂0 = 2× 1017 m−3,
T̂e,0 = 1.0 eV, Mi = 235 amu with kL = 1.89, the values of r2

predicted by Eq. (34) are 74.0% and 70.9%, while their coun-
terparts based on the original 1D analytical model are 70.8%
and 71.6%, respectively, with the corresponding relative dis-
crepancies of 4.3% and 1.0%. In addition, when the value of
kL changes from 1.34 to 2.32 by changing the value of the
initial plasma density, the values of r2 predicted by Eq. (34)
also agree well with those predicted by the original 1D analyt-
ical model with a maximum relative discrepancy of 4.3%, as
shown in Fig. 5. These results further verify the reliability of
Eq. (34) for approximately predicting the ion extraction ratio
at the end of stage II based on the initial operating parameters.
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Fig. 5. Comparison of the ion extraction ratios at the end of stage II pre-
dicted by Eq. (34) and those of the original analytical model,[35] where
η represents the corresponding relative discrepancy.

3.2. Simplified formula for ion extraction time

The integral of the ion extraction flux [Eq. (30)] during
the third stage for the case of L≥ Lmin can be expressed as

∫ text

tdis,an

exp(−1)
(

tdis,an− tm,end

t− tm,end

)2

dt

= exp(−1)

[
tdis,an− tm,end−

(tdis,an− tm,end)
2

text− tm,end

]
. (35)

If the ratio of ions extracted in the third stage is defined
as α , the total number of ions extracted is αL, and it is also
equal to the integral of the fluxes on the anode and the cathode
[Eq. (35)], i.e.,

2exp(−1)

[
tdis,an− tm,end−

(tdis,an− tm,end)
2

text− tm,end

]
= αL. (36)

Thus, the ion extraction time can be calculated from
Eq. (36) as

text = tm,end +
2(tdis,an− tm,end)

2

2(tdis,an− tm,end)− exp(1)Lα

≈
2t2

dis,an

2tdis,an−α exp(1)L
. (37)

Based on the analyses in Subsection 3.1, it is known that the
proportion of ions extracted at the end of the second stage is
about 70%, while the ion extraction time is defined as the time
point with 90% of ions extracted from the bulk plasma. Cor-
respondingly, the value of α can be estimated as 0.2, and thus,
Eq. (37) can be further simplified as

text =
10tdis,an

10− exp(1)L/tdis,an
, (38a)

or
text

tdis,an
=

10
10− exp(1)L/tdis,an

. (38b)

Based on Eqs. (2), (6), (11), (19), and (21), we can obtain
the relationship

tdis,an (U0,L) = L−

√
4
√

2
9

θ1U3/4
0 − 2

√
6

3
U1/2

0

+
√

6U1/6
0 , (39)

which indicates that the variable, tdis,an, is a function of the ini-
tial operating parameters of U0 and L. Thus, Eq. (38a) can also
be re-written as the function of the initial operating parameters
of U0 and L as follows:

text (U0,L) =
10tdis,an (U0,L)

10− exp(1)L/tdis,an (U0,L)
. (40)

Letting β = L/tdis,an, we can estimate the value of β based
on Eqs. (19) and (25) as follows:

1 < β =
L

tdis,an
≈ 1+

sm,an

tdis,an
+

θ1s0

tdis,an
< 1

+
sm,an

t0 + τ1s0
+

θ1s0

t0 + τ1s0
≈ 1.65. (41)

Therefore, the variation range of (text/tdis,an) can be esti-
mated as

1.37 <
text

tdis,an
< 1.81. (42)

Taking the case of Û0 = 1000 V, L̂ = 2 cm, n̂0 = 1×
1017 m−3, T̂e,0 = 1.0 eV, Mi = 235 amu with L > Lmin as an
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example, the predicted dimensionless ion extraction time by
Eq. (38) or Eq. (40) is 962.8, while its corresponding value
given by the PIC simulation is 992.0. It is seen that Eq. (38)
or Eq. (40) provides a very good estimation for the ion ex-
traction time with a relative discrepancy of 3.0%. Similarly,
when the value of kL changes from 1.00 to 1.55 by changing
the value of the externally applied voltage, the ion extraction
times predicted by Eq. (38) or Eq. (40) and those predicted
by the original analytical model[35] both increase with a max-
imum relative discrepancy of 9.5%, as shown in Fig. 6.

η
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%
)

η
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t
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Eq. (38) or (40)

Original model

Fig. 6. Comparison of the ion extraction times predicted by Eq. (38) or
Eq. (40) and those by the original analytical model,[35] where η repre-
sents the corresponding relative discrepancy.

For further validating the reliability of the simplified for-
mula for the ion extraction time, the predicted values of t̂ext

by Eq. (38), i.e., t̂ext,simplified, are compared with those using
the experimental scaling relation (Eq. (1)[38]), i.e., t̂ext,scale. It
can be seen from Fig. 7 that, among all the values predicted
by Eqs. (1) and (38), the relative discrepancies for most cases
are no more than 15% with a maximum relative discrepancy of
22.1%. Although the maximum relative discrepancy is a little
bit larger than that using the non-simplified analytical model
(i.e., 16.9% in Fig. 1(e)[35]), it still falls within an acceptable
range while with a simplified relationship for predicting the
values of t̂ext according to the initial operating parameters of
U0 and L.

Based on the foregoing analyses, it can be concluded that,
in the parameter ranges studied in this paper, the proportion of
the extracted ions is about 70% at the end of stage II, while the
corresponding time consumption is about 62.5% of the total
ion extraction time; that is to say, the extraction of the remain-
ing 20% ions needs to consume 37.5% of the total ion extrac-
tion time during the third stage. Therefore, it is necessary to
increase the ion extraction ratio or shorten the time duration
of stage II for improving the ion extraction performance with
the aid of the optimization of the initial operating parameters
in future research.

t e
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 s
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e
d
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↽ 
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Fig. 7. Comparisons of the ion extraction time predicted by the simplified
analytical model [Eq. (38)] and the experimental scaling relation [Eq. (1)]
under the initial operating parameter ranges of Mi = 235 amu, T̂e,0 = 1.0 eV,
L̂ = 4∼ 15 cm, Û0 = 0.8∼ 1.5 kV, and n̂0 = 8×1015 m−3∼1.5×1016 m−3.
The solid line represents the cases with equal predicted values from Eqs. (1)
and (38), while the two dashed lines indicate the upper and lower boundaries
with the relative deviations of ±15%.

4. Concluding remarks and future research
In this paper, a simplified 1D analytical model is pro-

posed for revealing the influences of the initial operating pa-
rameters, including the initial electron temperature, number
density, plasma width, and externally applied voltage, on the
characteristics of the ion extraction process. The main conclu-
sions are as follows:

(i) For stage I, the ratio of the ion extraction fluxes on
the cathode to that on the anode is almost equal to the ratio of
the matrix sheath thickness near the corresponding electrodes.
The ion extraction flux to the cathode is approximately propor-
tional to the initial plasma density and the square root of the
externally applied voltage, while the duration of the first stage
is proportional to n̂−1/2

0 and Û1/6
0 .

(ii) For stage II, a complete sheath expansion process in-
cluding both the supersonic and subsonic sheath expansion
phases exists when the electrode gap spacing is larger than
the critical value of Lmin, which is a function of the initial val-
ues of the plasma density, electron temperature, and applied
voltage. In the supersonic sheath expansion phase, the ion ex-
traction flux on the cathode is proportional to n̂2/3

0 or Û1/2
0 ;

and at the end of stage II with a complete sheath expansion,
the fluxes on the anode and cathode are equal to each other in
the subsequent stage III.

(iii) For the whole ion extraction process with a complete
second stage, both the total ion extraction time and the ion ex-
traction ratio at the end of stage II are determined by the initial
operating parameters of U0 and L, and it is estimated that about
70% of ions have been extracted at the end of the second stage
from the bulk plasma with a consumption of about 62.5% of
the total ion extraction time within the parameter ranges stud-
ied in this paper.

Although the simplified 1D analytical model developed
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in this study has been used successfully to predict the charac-
teristics of the ion extraction process based on the initial oper-
ating parameters, further optimization needs to be conducted
to achieve better performance of the whole ion extraction pro-
cess with a higher ion extraction flux and a shorter duration of
the second stage. In addition, the influences of the vacuum gap
between the main plasma region and the electrode surface, the
2D or 3D effects under different electrode configurations, e.g.,
Π-type or M-type electrode configuration in the ion extraction
process, or under even more complex electrode geometries in
the fields of plasma immersion ion implantation and vacuum
circuit breaker, will be considered in future research for a bet-
ter understanding of charged particle transport mechanisms in
actual applications.

Appendix A
Considering the following function

f (x) =
√

2
√

1+4x4/3−2 with x > 0, (A1)

it can be re-written as

f (x) =
√

2
√

1+4x4/3−2 =

√√√√√(2
√

1+4x4/3
)2
−22

2
√

1+4x4/3 +2

=

√
8x4/3√

1+4x4/3 +1
=

√
8x2/3√

x−4/3 +4+ x−2/3
.

(A2)

If x� 1, then we have

f (x)≈ g(x) = 2x1/3. (A3)

Thus, the relative discrepancy between f and g is

η =
| f (x)−g(x)|

f (x)
. (A4)

Variations of f (x), g(x), and η with x ranging from 10
to 1000 are shown in Fig. A1. It can be seen that, within the
range of x considered here, f (x) can be well approximated by
g(x). The larger x is, the smaller η is, and the corresponding
maximum value of η is 5.4%.
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Fig. A1. Comparison of f (x) with g(x) with the corresponding value of η .

Appendix B
Defining the following function from Eq. (17)

f (θ ,τ) =
dθ

dτ
=

1
θ 2 exp

(
1− θ −1

τ

)
+

θ −1
τ
−1, (B1)

and doing the first and second order derivatives with respect to
θ on both sides of Eq. (B1), we have

∂ f
∂θ

=−
2exp

(
1− θ−1

τ

)
θ 3 +

1
τ
−

exp
(
1− θ−1

τ

)
τθ 2 , (B2)

∂ 2 f
∂θ 2 =

(
6

θ 4 +
4

τθ 3 +
1

τ2θ 2

)
exp
(

1− θ −1
τ

)
. (B3)

Since 0 < ξ = (θ −1)/τ ≤ 1, on the one hand, we have
∂ 2 f/∂θ 2 > 0, which means that the function (∂ f/∂θ) always
increases with the increase of θ ; while on the other hand, with
τ going to infinity, θ also goes to infinity, and thus, we can
obtain the relationship limτ→+∞ (∂ f/∂θ) = 0 from Eq. (B2),
which means that the value of (∂ f/∂θ) is always smaller than
zero. Therefore, it can be concluded that the function f always
decreases with increasing θ ; that is to say, the moving velocity
of the sheath edge (dθ/dτ) decreases with the increase of the
sheath thickness.
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