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A uniform longitudinal field applied to the transverse Ising model (TIM) distinguishes the antiferromagnetic Ising
interaction from its ferromagnetic counterpart. While the ground state of the latter shows no quantum phase transition
(QPT), the ground state of the former exhibits rich phases: paramagnetic, antiferromagnetic, and possibly disordered
phases. Although the first two are clearly identified, the existence of the disordered phase remains controversial. Here,
we use the pattern picture to explore the competition among the antiferromagnetic Ising interaction J, the transverse field
hy and the longitudinal field &, and uncover which patterns are responsible for these three competing energy scales, thereby
determining the possible phases and the QPTs among them. The system size ranges from L = 8 to 128 and the transverse
field A, is fixed at 1. Under these parameters, our results show the existence of the disordered phase. For a small A,
the system transitions from a disordered phase to an antiferromagnetic phase as J increases. For a large h;, the system
undergoes two phase transitions: from paramagnetic to disordered, and then to antiferromagnetic phase. These results not
only unveil the rich physics of this paradigmatic model but also stimulate quantum simulation by using currently available

experimental platforms.
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1. Introduction

The Lenz-Ising model introduced initially in order to ex-
plain ferromagnetism!!=3! plays a paradigmatic role in many
branches of modern physics, such as statistical physics!*>!
and condensed matter physics.[®! In particular, it is one of
the central models in quantum simulation!'!7 and quan-
tum annealing.!'8-2!1 The intriguing physics of such a model
originates from the fact that it can exhibit a thermodynamic
phase transition from a paramagnetic phase at high tempera-
ture to a ferromagnetic phase at low temperature in the two-
dimensional (2D) case, which was obtained by Onsager in
1944 in a mathematically exact form.??! This triggered the de-
velopment of modern statistical physics, in which the key con-
cepts of universality class and critical scaling related to phase
transitions have been introduced and described by critical ex-
ponents in renormalization group theory.?>! Thus the study
of finding and classifying new phase transitions remains one
of the scientific frontiers in current condensed matter physics,
statistical physics, and related disciplines.

In the one-dimensional (1D) case, as demonstrated by
Ising,? thermal fluctuations completely destroy the system’s
ordering, leading to the absence of thermodynamic phase tran-
sitions; however, at absolute zero temperature, with the disap-
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pearance of thermal excitations, the system may achieve an
ordered ground state, where introducing quantum fluctuations
can potentially induce a quantum phase transition (QPT).[7-"]
The 1D transverse-field Ising model serves as the simplest
paradigmatic system in this context,?*! where adjusting the
ratio between the Ising interaction strength and the transverse
magnetic field clearly exhibits a QPT from a disordered phase
to an ordered ferromagnetic phase. It was found that such a
QPT follows the standard universality class of the classical 2D
Ising model. Furthermore, the situation becomes more intrigu-
ing once an extension term such as a longitudinal magnetic
field, long-range interaction, or frustration is introduced.

In this work, we focus on the simplest scenario of in-
troducing a longitudinal magnetic field. In the case of a fer-
romagnetic Ising interaction, the QPT in the ground state is
smeared out. Conversely, for the antiferromagnetic case, the
situation becomes more complex and exhibits richer physics,
as three competing energy scales govern the system’s behav-
ior: the antiferromagnetic Ising interaction flavors an alternat-
ing alignment of up and down spins, and the longitudinal field
prefers to align all spins along the direction of the field while
the transverse field introduces quantum fluctuations, driving
possible QPTs in the system. Intuitively, two phases must ex-
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ist: the antiferromagnetic one if the antiferromagnetic Ising
interaction dominates over the others and the paramagnetic
one if the longitudinal field is strong enough. How about
the third case, namely, the transverse field is predominant
over the others? This constitutes the first controversy of the
model. State-of-the-art numerical techniques including ex-
act diagonalization (ED),/*>! density matrix renormalization
group (DMRG) [26-28] and quantum Monte Carlo (QMC) (29]
consistently identify only antiferromagnetic and paramagnetic
phases, a finding corroborated by ultracold atom quantum
simulations.!'!! However, the fidelity susceptibility analyses
challenge this conclusion by suggesting an additional disor-

dered phase.[?"!

Furthermore, the nature of the phase transi-
tion itself in this model remains debated, with some studies
proposing a continuous phase transition from antiferromag-

[25,30]

netic phase to paramagnetic phase, while others argue

for a more complex mixed-order or hybrid-type transition that
defies conventional classification. [!7-28.31-36]

Here we investigate the antiferromagnetic transverse-
field Ising model in the presence of a longitudinal field
by employing the pattern picture method,*”! which is a
novel approach we developed for extracting information
from Hamiltonians. The method involves reconstructing
the Hamiltonian in the space formed by spin operators
{6},167,6},65,165,65,...,67,167,6f}, decomposing the
original Hamiltonian into multiple components (expressed as
H =Y,H,), and then using ED and DMRG methods to ob-
tain the system’s ground state wavefunctions and projecting
them onto different Hamiltonian components A, to determine
phases through their intersection points. For a fixed transverse
field h,, we calculate the ground state energy and its compo-
nents as functions of the antiferromagnetic Ising interaction J
and the longitudinal field A, for lattice sizes up to 128 spins.
The results show that the system transitions directly from the
disordered phase to the antiferromagnetic phase as J increases
for small h,, whereas at large &, the system first transitions
from the paramagnetic phase to the disordered phase before
transitioning to the antiferromagnetic phase.

The paper is organized as follows. In Section 2, we in-
troduce the model and the pattern picture. In Section 3, we
first calculate the ground state energy and its components for a
lattice size of L = 8 and analyze the responses of different pat-
terns to the Ising interaction and the longitudinal field; then we
extend our analysis to large lattice sizes ranging from L = 16
to 128. Finally, Section 4 is devoted to a brief conclusion and
discussion.

2. Model and method

The Hamiltonian of the transverse antiferromagnetic
Ising model with a longitudinal field reads

—JZ”AM h’Zo- —h Y, 6}, (D
J

where J' is assumed to be non-negative, which denotes the
antiferromagnetic Ising interaction between two spins repre-
sented by Pauli matrices 6° located at site j and its nearest
neighbors j+ 8. A, and h, denote the longitudinal and trans-
verse fields, respectively.

2.1. A novel formulation of the Hamiltonian

In what follows, we take the transverse field 4, as the units
of energy, and take i, = 1, so quantum fluctuations always ex-
ist in the present context. Equation (1) is rewritten as

A=Y A, 2
J

Aj = —267 —2h.6% +JZ( 67516 +56>, 3)

A

H =

N\F

where J = J'/h, and h; = I, /h,. Using the identities 6*6” =
i6% and 6Y6% = i16”*, the Hamiltonian (3) can be rewritten as

A; = 2(i6)) 6; + 2167 (i)
L (6565+65.56). @

For a chain with size L under periodic boundary condition
(PBO) (i.e., 67, = 67), H can be reformulated as a 3L x 3L
matrix in a spin operator space as follows:

A

o AX AV A7 AX Ay Az AX Ay Az
H = (67 —i6] 67 65 —i6; 6] --- 6 —i6] 6] )

OrRr 000 O --00 O
h0-100 0--00 O
0o-1ro000 J ---00 J
00 00AR O --00 O
00 0RO -1---00 0
00 0-10--00 0
0 000 O --0hnr O
00 000 O --h 0 —1
o0 JOO O --0-10

(67 i6) 67 63 i6) 6 - 6F i6) 67)', ()
where the superscript T denotes the transpose of the operator
vector. The matrix in Eq. (5) can be diagonalized to obtain
eigenvalues and corresponding eigenfunctions {A,,u,} (n =

.,3L). With these {A,,u,} at hand, H is reformulated

as
MALA,, (©6)

where the newly obtained operator A, reads

L
A, = Z [umgj,z@; +up3j-1 (i@}}) + un’3j65 . 7)
Jj=1
It can be observed that A, is a single-body operator encom-
passing spins from all lattice sites, thus reflecting global infor-
mation of the system rather than local characteristics. Equa-
tion (6) represents the newly formulated Hamiltonian, which is
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mathematically fully equivalent to the original one in Eq. (1).
All subsequent computations will be based on this new Hamil-
tonian formulation. Before proceeding to physical observ-
able calculations, we first examine the properties of the ob-
tained Hamiltonian by analyzing the behaviors manifested in

{An, tn}.

2.2. The pattern picture

We begin by analyzing the evolution of A, with respect
to J under different longitudinal fields, as illustrated in Fig. 1.
For simplicity, we consider a spin chain of length L =8 as a
representative example. At J = 0, the eigenvalues A, exhibit
three distinct values: one positive, one negative, and one zero.
As J increases, the degeneracy is partially lifted, and all lines
evolve without any crossings. This allows us to classify A,
into three groups: A;—Ag (lower part), Ag—A;5 (middle part),
and A6-Ay4 (upper part). Within each group, only the mini-
mum and maximum A, values remain non-degenerate, while
all intermediate states maintain two-fold degeneracy, for in-
stance, in the lower group, the eigenvalues appear as A, A2 3,
Ass, As7 and Ag. These features are independent of the lon-
gitudinal field strength, as shown in Figs. 1(a)-1(d). Since
A;ﬂAn represents a physical quantity analogous to the occupa-
tion number, its projection onto wavefunctions must yield pos-
itive values, making A, qualitatively indicative of the energy
hierarchy among different Hamiltonian components H,,.

4l(a) h.=0 Ilb) h.=1.0 o

21 1

Al

characterize the relationship between lattice spins; therefore,
we call them patterns marked by their corresponding A,, as
shown in Fig. 2. All patterns can be divided into three groups,
as marked by the dashed red, dashed green and dashed blue
frames. These patterns show the following characteristic fea-
tures.

(i) Except for the patterns 42,13 with zero eigenvalue, the
patterns with negative eigenvalues have the opposite signs for
the coefficients of 6}‘ and iéjy, namely, they are out-of-phase;
conversely, they are in-phase for the patterns with positive
eigenvalues.

(i) The distinction between different patterns in each
group lies in the signs of the coefficients of 65. and their orders,
which correspond to different domains or kinks contained in
the patterns.

(iii) For the first group marked by the red frame, the signs
of 67 in the pattern A; are opposite for nearest neighbor sites,
which is a typical characteristic of an antiferromagnetic or-
der with eight-domain; on the contrary, the signs of 67 in the
patterns Ag are the same for all sites, denoting a ferromagnetic
order with single-domain. The intermediate patterns have six-,
four-, two-domain structures, respectively.

(iv) For the second group, the signs of &7 are the same as
those in the first group, i.e., from the pattern Ag to pattern A;g,
the domain structures are eight-, six-, four-, two-, one-domain.
However, their signs of 67 and iéj}-' are different, which indi-
cates that these two groups of patterns possess the same mag-
netic order but have different dynamical behaviors.

(v) For the third group, the situation is also the same as
that in the first group; however, this group does not play an
important role in the ground state due to its higher eigenvalues
(seen in Fig. 1), as discussed later.

Fig. 1. The eigenvalues 4, of the patterns as functions of the Ising inter-
acting strength J for L = 8 under different longitudinal fields #, =0, 1.0,
2.5 and 5.0. The legend in (a)—(d), from bottom to top, corresponds to
pattern A1, 423, A4 5, 467, A8, Ao, A10,11, 12,135 Aiaiss Aiss A7, Aig 10,

A20,21, A22.23, A24. The patterns are divided into three groups: A;—Ag
(lower part), Ag—A;5 (middle part), and A;4—Ay4 (upper part), which are
the same as those grouped by colored-dashed frames in Fig. 2.
Subsequently, we extract the signs (i.e., plus or minus)
of the coefficients u, = (up3j—2,un3j—1,un3;) of the spin op-
erators {Gj‘ , iO'; , G/Z} in the A, operator, where o} represents
the spin state (spin-up/down) and o} and iG}) represent the
flip of spins (or dynamical information). These signs are inde-
pendent of the specific values of the longitudinal field 4, and

Pattern \;
Pattern g3
Pattern Ay
Pattern g7
Pattern Ag
Pattern g
Pattern i 11
Pattern g 13
Pattern Ai4 15
Pattern A\
Pattern A7
Pattern A\ig 19
Pattern Ao 21
Pattern X203
Pattern Aoy

[c+ple—a]e+nE - ]E+n @ [+ n -]
T Y e ) ) | [ Ty )
[crn]ern]t-D]E-D]crn]ctn G- E-]

[crn[crn[cran[can][E-[E- ]t - ]t-]

[crplern]crnlern]EsnErnERnEmb]

e I [ [ [
N Y T [ e [ [T Y
[on o n]=0]E09 [0 [0 [0 0]
N T T L [ [ [y [y
|(+,+, +) |(+, ++) |(+,+,+) ‘(+, ++) ‘(+,+,+) |(+,+,+) |(+,+, + |(+,+, +) |

[c—p ]+ ][] b s [ [+
[c-n]e-n e [c-n [+ [E s [ D ]E+0]
[c=n]e-p]E+r2 [+ [E= D] ]E+ ) [+
[cmple=n]e-plen]eso[Er e [ero]

lcmp]e-n]e-ple-n]c-n]e-n]c-n]e-n]

Fig. 2. The patterns and their relative phases marked by the single-
body operators in Eq. (7) with (+,4,+) denoting the signs of
(u,,?gj,z,ungj,l,u,,‘gj) for L = 8 under PBC. All patterns are divided
into three groups marked by dashed red, dashed green, and dashed blue
frames, respectively. For each pattern, a phase factor e!” is free, not
affecting the relative signs within and between patterns.

It is necessary to point out that the nature of the patterns
remains unchanged when increasing the system size L; that
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is to say, the pattern A; and the pattern A; always exhibit
a L-domain structure and a single-domain structure, respec-
tively (for details of patterns’ information, one can refer to
Ref. [37]). This is the reason that the physics of QPTs can be
essentially captured even for small lattice sizes. The finite size
effect does not change the physics discussed here qualitatively
but does affect the phase boundary quantitatively, as discussed
later.

2.3. Calculation of physical quantities

After presentation of the pattern picture obtained, we
solve Eq. (6) by inserting into the complete basis [{o}})
(= 1,200, L) with 63|{07}) = &(1,)|{7}). Firstly, we
obtain the matrix of the single-body operator A,,, shown as fol-
lows:

A ) sy = AG3HAN (5, ®)

then Eq. (6) can be solved by diagonalizing the matrix ob-
tained by

3L
{o5HA{o5}) = {{o}}| Z,l/lnﬁf,ﬁnl{cf}’>

3L
Z,lln<{<f§}l/3%nl{0§}’>

3L
o R
YA ) [An]{a;},{o;}/'[ 1] (o3} {03y ©)

— 2\
n=1 {Gj}

It should be noted that the Hamiltonian matrix A here is con-
structed using the single-body operators A, rather than being
built directly. This offers greater simplicity in a numerical im-
plementation, but a detailed discussion about this will not be
presented here. After obtaining the eigen-wavefunctions ¥
(i=0,1,..., corresponding to the ground state, the first excited
state, and so on, respectively), we next project the wavefunc-
tion onto different patterns in order to calculate the contribu-
tions of different patterns to the physical quantities of interest.
For example, the energy contributions of different patterns to
the ground state are calculated using the formula

(A,) = M (B|AJA, ), (n=1,2,...,3L),  (10)

and the pattern occupancy of the ground state is defined as

(0,) = (W|ATA, W), (n=1,2,...,3L). (11)

3. Properties of the ground state

Before analyzing the properties of the ground state in de-
tail, we first present several low-lying energy levels to provide
complete information about the low-lying states and their de-
pendences on the longitudinal field applied, as shown in Fig. 3.
The system size is taken as L = 8. For h, = 0 it is very clear

that there exists a second-order QPT (see, e.g., Ref. [37]) at
J ~ 1.0. As J increases, the overall structure of energy levels
remains unchanged except for two important points: first, the
transition point shifts to larger J values, and second, each en-
ergy level rises up to certain J before behaving similarly to the
h, = 0 case. The larger h; is, the more pronounced these two
features become. What happens in the presence of a finite lon-
gitudinal field? Intuitively, a finite &, aligns all spins along the
field direction, which is obviously a paramagnetic phase. With
increasing J, the paramagnetic phase is gradually suppressed,
but a complete antiferromagnetic order does not emerge im-
mediately, which needs a larger J. Thus, a second QPT should
be expected. In the following we study these two QPTs in de-
tail and identify these three phases through their characteristic
patterns.

()]

— Ground state

I — 1stexcited state
— 2nd excited state
— 31 excited state

- — 4t excited state ————————
| 5t excited state (d)
— 6t excited state
— 7th excited state
I — 8 excited state

Fig. 3. The ground state and the first eight excited states energies of the
transverse antiferromagnetic Ising model in the absence (a) and pres-
ence (b)—(d) of longitudinal fields. The system size is taken as L = 8.

3.1. Pattern description of the ground state

Figures 4(al)—4(dl) present the ground state energy Ey
(black solid curves) and their components H, (colored solid
curves, calculated by Eq. (10)) as functions of the interaction
J with h; =0,1.0,2.5 and 5.0, respectively. The system size is
taken as L = 8. The circles represent the results of numerical
exact diagonalization, which confirms the validity of the pat-
tern formulation. In the absence of %, shown in Figs. 4(al) and
4(a2), the antiferromagnetic Ising model is essentially equiva-

t,371 which is plotted here

lent to its ferromagnetic counterpar
for comparison.

Turning to the cases of finite /., the role played by the
longitudinal field is apparent as follows.

(1) The dominant role of the component H| marked by red
curves is obviously delayed with increasing /.

(ii) The effect of the component Hg marked by green
curves is significantly enhanced, which shows a strong re-

sponse to the longitudinal field, crossing lower-energy com-
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ponents H> 3, Hys, Hg 7 and eventually intersecting H, thus
playing a dominant role starting from a certain /4, for a region
of J [see, e.g., Figs. 4(c2) and 4(d2)]. This behavior is phys-
ically justified since Hg corresponds to the pattern Ag which
has a ferromagnetic character (shown in Fig. 2). Therefore,
the pattern Ag precisely reflects the characteristic effect of the
longitudinal field, as it tends to align all spins in the same di-
rection.

(iii) In addition to Hg, H1¢ marked by orange curves also
exhibits a strong response to the longitudinal field. Unlike Hg,
however, H;¢ possesses positive energy. In the small J region,
Hi increases linearly with J, following the same trend as the
total energy, indicating that the total energy primarily origi-
nates from Hjg’s contribution. This linear increase becomes
more pronounced with larger & values, as clearly shown in
Figs. 4(c2) and 4(d2). According to Fig. 2, the pattern 4
also displays ferromagnetic characteristics. Consequently, un-

h.=0

(al) (bl) h:=1.0

der the longitudinal field applied, both pattern Ag and pattern
A6 become excited: while Hg with its negative energy charac-
terizes the system’s phase, Hj¢ effectively serves as the back-
ground contribution induced by the longitudinal field.

(iv) At large enough J the system eventually enters the
antiferromagnetic phase and H; becomes dominant, as shown
in Fig. 4(d1). This transition can be characterized by the sec-
ond derivative of the total energy, as manifested by the dip at
J. shown in Figs. 4(a3)-4(d3).

(v) Therefore, the phase of the ground state can be deter-
mined by combining both the crossing point of H; and Hg and
the second derivative of the total energy. It should be noted
that when J exceeds Jp, the system does not immediately en-
ter the antiferromagnetic phase; instead, it remains in a disor-
dered phase within the J, — J.. interval. Only when J surpasses
J. does the system transition into the antiferromagnetic phase.

() h.=25 @) h:=5.0

2

[§)

0y
(a3) (b3)

c

.)71‘20 1

3
J

4 2 3 4

Fig. 4. (al)—(d1) The ground state energies E (black curves) and their components H, (colored curves) as functions of J for 4, =0, 1.0,2.5 and
5.0. (a2)—(d2) The enlarged views of energy components. Points a and b are the intersections of H; and Hg. (a3)—(d3) The second derivatives
of the total energy. A dip at point ¢ indicates the position at which there occurs a QPT. L = 8 is taken.

3.2. Large system sizes

We now extend the above analysis to larger system sizes
from L = 16 to 128. Figure 5 shows the enlarged views of
energy components under different longitudinal fields, where
the red curves represent H; (whose pattern exhibits antiferro-
magnetic order character) and the green curves represent Hy
(L =16,32,64,128, with patterns showing ferromagnetic or-
der character). The following can be found.

(i) As the longitudinal field increases, Hy, decreases con-
tinuously. Beyond a critical field strength, its energy becomes
lower than H;, dominating the ground state configuration.

(ii) The behavior of Hy is size-dependent: at i, = 0.5,
while H; and H; show no crossing for L = 16, they exhibit
clear intersections for L = 32,64, and 128.

(iii) The significance of Hy becomes particularly pro-
nounced for large system sizes and strong fields, as evidenced
in Fig. 5(d5). The inset shows the second derivative of to-

tal energy. The crossing point between H; and Hy does not
precisely coincide with the dip position, indicating that there
exists an intermediate phase, namely, the disordered phase.

(iv) These results lead to two distinct phase transition
pathways. For weak fields (small h;) where H; and H; do
not cross, the system transitions directly from the disordered
phase to the antiferromagnetic phase. For stronger fields (large
h;) where H; dominates Hj, the system progresses sequen-
tially through paramagnetic — disordered — antiferromag-
netic phase transitions.

We have also calculated another physical quantity, the
pattern occupation, using Eq. (11), as shown in Fig. 6, where
we set the system size to L = 128. Although the number of
patterns is 3L, only three patterns are significant: the pattern
A1 (red curves, with antiferromagnetic order character), the
pattern A; (green curves, with ferromagnetic order charac-
ter), and the pattern A, (orange curves, with ferromagnetic

127504-5
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h,=0.1

Fig. 5. The enlarged views of energy components H, for large sizes from L = 16 to 128 with 4, = 0,0.1,0.2,0.5 and 1.0. The different
longitudinal fields are taken in order to show more clearly the evolution of the H; component (green curves) and the red ones are for H;. The

inset in (d5) is the second derivative of the total energy.

1.0 1.0

(b)
0.8f 1 0.8f
- 0.67 1 0.6 h;=0.2
Q
~ 0.4} 1 0.4}
0.2} 10.2f
0 : : ; 0 " " :
0 1 2 3 4 0 1 2 3 4
1.0 \ " - 1.0 . . .
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Fig. 6. The pattern occupancy of the ground state for different longi-
tudinal fields 7, = 0,0.2,1.0, and 3.0 for system size L = 128. Red,
green and orange curves represent the pattern A;, the pattern A, and the
pattern Ay, respectively.
order character), while the contributions from other patterns
approach essentially to zero with increasing lattice size. At
h, = 0, the model reduces to the transverse-field Ising model,
where only pattern A plays a significant role, increasing with
J. For finite h;, the behavior of the pattern A; remains largely
unchanged, merely shifting rightward as h; increases, whereas
both the pattern A; and pattern Ay; exhibit positive responses
to the longitudinal field: the pattern A; gradually increases
from zero, while the pattern A,; decreases from one. Thus, the
pattern picture visually demonstrates the effect of the longitu-
dinal field on the system, namely, the excitation of the pattern
Az and pattern Ay; with ferromagnetic character, which may be
observed on suitable quantum simulation platforms. Addition-

ally, it should be noted that the pattern Az, has negative energy
[HL, see green curves in Figs. 5(d1)-5(d5)], determining the
phases of the ground state, while the pattern Ay, has positive
energy (not shown here) and represents the background contri-
bution from the longitudinal field. This is consistent with the
previous analysis for L = 8.

Based on the above analysis, it is evident that the antifer-
romagnetic Ising model exhibits significantly richer behavior
compared to its ferromagnetic counterpart. In the ferromag-
netic case, the introduction of a longitudinal field suppresses
ground state phase transitions.*”] On the contrary, in the anti-
ferromagnetic system, the longitudinal field cannot eliminate
phase transitions, instead, it exhibits three phases: the param-
agnetic phase, the disordered phase and the antiferromagnetic
phase. This is because the effect of the uniform longitudi-
nal field is somehow frustrated by the antiferromagnetic in-
teraction. Thus in a really frustrated system, e.g., the axial
next-nearest-neighbor Ising model, a richer behavior will be

observed.[38!

4. Conclusion

We employ the pattern picture to investigate QPTs in the
transverse antiferromagnetic Ising model under a longitudinal
field. The patterns are obtained by diagonalizing the model’s
Hamiltonian in operator space. Among these, the pattern A,
representing AFM order and the pattern A, representing FM
order play key roles in characterizing the phases of the system.
Our results reveal the existence of three distinct phases: the
antiferromagnetic phase, the disordered phase, and the param-
agnetic phase. For a small 4., the system transitions from the

127504-6
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disordered phase to the AFM phase as J increases. For a large
h,, the system undergoes sequentially through paramagnetic
— disordered — antiferromagnetic phases. These findings af-
firm the validity of our method. Results for larger lattice sizes
and the full phase diagram will be presented in the future.

It is also noteworthy that the disordered phase had long
been overlooked until a recent study identified its existence
using the quantum fidelity method.*"! Our approach pro-
vides independent confirmation of the disordered phase in this
model. Moreover, the existence of this phase should be con-

firmed by available quantum simulations such as spin chains

12,16

in optical lattices,!'!! trapped ions,'>!%! and Rydberg atom

(39,40

systems, I and so on.
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