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Molecular dynamics simulations were performed to study some model metallic glass-forming systems with distinct
glass-forming ability (GFA), including monatomic metals and multicomponent alloys for understanding the physical origin
of the GFA. Here the topological features of atomic packings in these systems were explored by employing the persistent
homology (PH), a novel approach of computational algebraic topology to characterize the homology classes/Betti number
and connection propensity of the densest packings. We found that the homology classes in all systems decrease with
decreasing temperature, suggesting that the atomic packings generally become more and more heterogeneous during glass
formation, but with different degrees. Moreover, we found that the connection propensity of the densest packings exhibits
distinct evolution tendency in both multicomponent alloys and monatomic metals during cooling, and is consistent with
the order of their GFA. This indicates that the connection propensity of the densest packings may be a general factor
controlling the GFA of metallic glass-forming systems. Our findings demonstrate that the topological features of dense
atomic packings in metallic glass-forming systems may be intrinsic in disordered structures and provide new insights into

the structure-property relationship in glass-forming systems.
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1. Introduction

Glasses are substances in far-from-equilibrium states,
but commonly exist in nature and our daily life, including
polymers, organics, silica glasses, metallic glasses, volcanic
glass, amber glass,!' and recently reported lunar glasses.?!
Glasses are often formed by vitrifying liquids if the cooling
rate is high enough and crystallization is suppressed.l3l Ac-
cording to Kauzmann’s hypothesis,*! all liquids may be vit-
rified. As a matter of fact, the glass-forming ability (GFA)
varies significantly with different glass-forming systems."!
While polymers and silica glasses can be easily produced
by cooling at a few kelvins per minute, the formation of
metallic glasses (MGs) often requires much higher cool-
ing rates of 10%> K/s~10° K/s.>~7! Particularly, to vitrify
the monatomic metals, the cooling rate is even as high as
102 K/s~10' K/s.39 Therefore, GFA is a critical issue in
the field of MGs, and its origin has stimulated broad scientific
and technological interest. It has been well known that GFA
of metallic alloys can be tuned by the constituent elements
and compositions.! For instance, while Pd-based metallic al-
loys can be fabricated into bulk MGs with very slow cool-
ing rates, Al-based MGs are obtained by relatively fast cool-
ing rates.!'%121 Moreover, minor addition of some elements
may significantly enhance GFA of metallic alloys.!'3] How-
ever, further addition of a given element often deteriorates the

TCorresponding author. E-mail: maozhili@ruc.edu.cn

CSTR: 32038.14.CPB.ae1457

GFA.!"31 So far, the physical principles underlying alloying are
still unclear. To design new and improved bulk MGs, a variety
of empirical rules/parameters has been formulated based on
various thermodynamic variables for predicting GFA of metal-
lic alloys.!! 14171 However, no single rule/parameter is able to
fully capture the essential factors that influence GFA of most
alloys. Meanwhile, great effort has been devoted to explor-
ing the physical origin of GFA.!'3-2I However, it is still an
unresolved mystery and under hot debate.

So far, it is difficult to establish a direct link between
the critical cooling rate and atomic structures/properties of
metallic liquids and glasses, which makes the exploration of
the physical origin of GFA a notoriously complex problem.
To understand the physical origin of GFA, most studies have
adopted a common strategy that one may characterize the
atomic structure features or properties for different metallic
alloys with distinct GFA and compare the observed differ-
ences, trying to establish a correlation between the observed
differences and distinct GFA and elucidate its physical origin.
It is generally believed that dense atomic packing associated
with icosahedral short-range order (ISRO) may be quite im-
portant for enhancing GFA of metallic alloys, because ISRO
with the five-fold symmetry and dense packing features may
facilitate the geometric frustration and dynamic slowdown,

[24,27-31

favoring glass formation. I Therefore, numerous stud-
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ies have been devoted to exploring the relationship between
ISRO and GFA by analyzing the population of ISRO and its
temperature evolution in various metallic glass-forming alloys
with distinct GFA.[!8191 However, in some metallic glasses
ISRO is not the dominant structure motif, and even absent. 32!
Moreover, even if two different alloys share quite similar lo-
cal atomic structures, their GFA may differ significantly.[33]
A typical example is that while CusgZrsy and NisgAlsg alloys
are found to share quite similar local atomic structures in both
supercooled liquid and glassy states characterized by Voronoi
tessellation, both alloys exhibit distinct GFA.[33341 Thus, it is
unclear in what aspects dense atomic packings relate to the
GFA in metallic glass-forming alloys. On the other hand, some
studies show that GFA of CuZr metallic alloys is closely cor-
related with structural heterogeneity of the high-temperature
liquid states, since it is better inherited by glassy states dur-
ing glass formation of alloys with better GFA.!*?! From the
viewpoint of crystallization, computer simulations also sug-
gest that the liquid-crystal interfacial structure may play an
important role in the GFA of alloys, and chemical ordering
may be crucial in determining interface tension in multicom-
ponent alloys.[?#3

Recent studies of monatomic MGs have drawn attention
back to the role of dense atomic packing in GFA.3®! Because
of the monatomicity, the glass formation of monatomic metal-
lic liquids may be purely determined by the atomic pack-
ing, independent of chemical effects. For example, high-
throughput physical vapor deposition produces various micro-
regions with distinct packings of different atomic clusters in
the vapor-deposited Ta film, indicating that proper packing
of atomic clusters may be crucial for monatomic metallic
liquids to form amorphous states.*®! Very recently, metallic
glassy nanoparticles with diverse atomic arrangements have
been successfully synthesized for monatomic FCC and HCP
metals, but they demonstrated different stabilities.”] Molec-
ular dynamics simulations indicate that different stabilities of
diverse nanoparticles are attributed to the difference in topo-
logical frustration degree induced by icosahedral-like clusters,
suggesting that atomic packing may play an intrinsic role in
determining the GFA of metallic alloys.[®! Therefore, to get
more fundamental physical bases of GFA, it is vital to eluci-
date the atomic packing features in metallic glass-forming sys-
tems with different GFAs and how they influence GFA. Unfor-
tunately, current atomic cluster analysis approaches based on
the Voronoi tessellation fail to distinguish the specific atomic
packing features or topological frustration in different metallic
glass-forming systems.[*>]

Recently, persistent homology (PH), a novel approach
of computational algebraic topology to problems of fea-
ture detection and shape recognition in high-dimensional
datasets,®’3°! has been widely applied in many fields such

as social science, computing science, biology, and materials
science.37#31 In materials science, PH is introduced to ex-
tract topological structure features such as components, rings,
and voids embedded in atomic configurations by treating the
atoms as a three-dimensional (3D) point cloud in space, so
that the topological fingerprints of atoms across scales and
dimensions can be classified and visualized by persistent
barcodes. 3740441 Therefore, it is advantageous to character-
ize the difference between materials structures. 4143461

In this work, we employed PH to characterize the topo-
logical features of atomic packings, i.e., homology classes or
Betti numbers, and the connection propensity of the densest
packings in metallic glass-forming systems. In order to eluci-
date the general topological features of atomic packings that
are critical for the GFA, various metallic glass-forming sys-
tems with distinct GFA were adopted, including monatomic
metals (Zr, Cu, Al, Ta), binary, and ternary alloys (NisgAls,
CU50Zr50, CU46ZI'46A18).
dency of the topological atomic packings manifested by the

We found that the evolution ten-

graph filtrated PH is consistent with the order of GFA in multi-
component alloys during glass formation, suggesting that they
may play an important role in the GFA. However, this is not
the case in monatomic metals. Further analysis of the con-
nection propensity of the densest packings by the assortativity
coefficient reveals that its temperature evolution tendency is
consistent with the order of the GFA in both multicomponent
alloys and monatomic metals. This suggests that the connec-
tion propensity of the densest packings may be a general factor
controlling the GFA of metallic glass-forming systems.

2. Model and method
2.1. Molecular dynamics simulations

In our studies, various metallic systems including
monatomic metals (Zr, Cu, Al, Ta), binary and ternary al-
loys (NisgAlsg, CusoZrsg, CugeZraeAlg) were adopted. Classi-
cal molecular dynamics (MD) simulations were performed to
generate the liquid and glass structures for the above metal-
lic systems by using the large-scale atomic/molecular mas-
sively parallel simulator (LAMMPS) package.*’! The realis-
tic embedded-atom method (EAM) potentials were applied to
describe the interatomic interactions in these systems. 348521
Each sample consists of 4000 atoms in a cubic box with pe-
riodic boundary conditions applied in three dimensions. For
NispAlsg, CusgZrsg and CuyeZrscAlg alloy systems, the sam-
ples were firstly equilibrated at 2000 K for 2 ns, and then
cooled down to 300 K with a cooling rate of 1.0x10'> K/s in
the NPT ensemble. After that, the systems were further equi-
librated at each temperature in the NPT ensemble with pres-
sure adjusted to be zero. Finally, the samples were adequately
relaxed in the NVT ensemble for more than 2 ns at each tem-

perature, and 100 configurations were collected for structure
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analysis. For monatomic metals, the samples were fully equi-
librated at 5000 K, 4000 K, 2500 K, and 2000 K for Ta, Zr, Cu
and Al, respectively, and 100 independent configurations were
obtained for each system. These 100 configurations of each
system were then cooled down to 100 K with a cooling rate of
1.0x 10" K/s in the NPT ensemble, outputting a configuration
every 100 K for subsequent structural analysis.

2.2. Evaluation of glass-forming ability of monatomic met-
als

To characterize the GFA of the monatomic metals of Cu,
Zr, Al, and Ta, we cooled the generated atomic configura-
tions of each high-temperature liquid down to 0.17}, with cool-
ing rates of 1.0x10'> K/s, 5.0x10'? K/s, 1.0x10'® K/s, and
1.0x 10'* K/s, respectively. Here Ty, denotes the melting tem-
perature. The 10 independent configurations at 0.17;, in each
system were generated. Here we used the bond-orientational
order parameters to characterize the local structures of atoms
in each configuration at 0.17}, and examined whether they
are crystallized or not (see Section 1 in supplementary ma-
terial).[33°3] Thus, the averaged fraction of crystallized atoms
in 10 configurations can be used to evaluate the GFA of each
monatomic metal. For the same cooling rate, a smaller frac-
tion of crystallized atoms in a monatomic metal may refer to
its relatively higher GFA (see supplementary material Fig. S1).
For cooling rate of 1.0x 10'* K/s, the fraction is about zero in
all systems, indicating that the cooling rate is fast enough to
suppress the crystallization in all monatomic metallic liquids.
As cooling rate decreases to 1.0x 103 K/s, while the fraction
is still zero in Ta and Cu, the fraction of crystallized atoms
reaches more than 50% in Zr and a small fraction of atoms
is crystallized in Al. With further decreasing cooling rate to
5.0x10'2 K/s, the fraction keeps increasing in Al and Zr, but
no crystallized atoms are detected in Ta and Cu. As cooling
rate decreases to 1.0x 10! K/s, the fraction in Al and Zr lig-
uids reaches almost 100%, and liquid Cu starts to crystallize,
but the fraction in Ta is still almost zero. These results indicate
that among Cu, Zr, Al, and Ta monatomic metals, Ta has the
strongest GFA, followed by Cu, Al, and Zr successively.

2.3. Persistent homology

Since an atomic configuration obtained in MD simula-
tions can be abstracted as a Delaunay network, i.e., a sim-
plicial complex, atoms and connections between two adja-
cent atoms can be regarded as vertices and edges, respec-
tively. The topological features in this simplicial complex,
i.e., connected components can be analyzed by the PH via a
filtration process.*’-3°! Filtration can be conducted in several
ways, each of which gives different descriptions of topological
features. 373541 In our work, a graph filtration based on edge
weight was used,!3! because it is able to describe the topo-
logical features of atomic packing in short-to-medium range

in disordered systems. Note that a Delaunay network only
consists of vertices (0-dimensional simplex, 0-simplex) and
edges between adjacent vertices (1-simplex), so that only zero-
dimensional topological features were analyzed. To perform
PH, a Delaunay network was first constructed for a liquid/glass
structure via the radical Voronoi tessellation through Voro+-+
package, % so that the adjacent vertices and the length of each
edge can be determined, with the edge length considered as the
weight of the edge, as shown in Fig. 1(a). To perform the fil-
tration process, each edge was added for two corresponding
vertices in the network in order of the edge length from the
shortest to the longest. In this process of adding an edge, a new
connected component appears if any of the two correspond-
ing vertices has not been connected to other adjacent vertices.
If two independent connected components are connected to-
gether by adding a new edge, the connected component that
appears late is merged into the one that appears early and
disappears. Therefore, the filtration process is accompanied
by the appearance and disappearance of a sequence of con-
nected components (see Fig. S2). The corresponding weight
at which a connected component appears/disappears is defined
as its birth/death length scale. Thus, the persistence barcode
of the connected components can be determined. Each bar
corresponds to a homology class. The left and right points of
each bar are the birth and death length scales, respectively, so
that the bar length represents the persistent lifetime of each
barcode, as illustrated in Fig. 1(b). The number of persis-
tence bars represents the number of the homology classes in
an atomic configuration, i.e., Betti number. [44] Additionally,
although there are some small surfaces obtained by Voronoi
tessellation, eliminating these small faces or not does not af-
fect the results in the filtration process. This is because each
edge was added for two corresponding vertices (atoms) in the
network in order of the edge length from the shortest to the
longest, and small faces correspond to longer edges between
two related atoms. Moreover, we tried to construct a Delaunay
network for atomic configurations, so that the original Voronoi
tessellation was used to fill the space without gaps or overlaps.

(a) (b)

Homology classes number

Death
scale

Fig. 1. Schematic diagram of a Delaunay network with vertices and
edges (a), and persistent barcodes (b), respectively. The edge color in
panel (a) represents its length.

Meanwhile, the minimum spanning tree of a Delaunay
network can also be generated during the filtration process, [>!
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which describes the densest packing as a skeletonized tree in
disordered systems. The skeletonized tree can be obtained by
retaining the edges that introduce new vertices to the global
network or connect two different connected components dur-
ing the filtration process!>! (see Sections S1 and S2 in the
supplementary materials for more details).

3. Results

3.1. Persistent homology analysis of multicomponent
glass-forming alloys

Figures 2(a)-2(i) show the persistent barcodes obtained
by filtration of edge weight in CuspZrso, NisoAlsg, and
CuygZrysAlg glass-forming liquids at three different temper-
atures, respectively. The profiles of the persistent barcodes
are quite similar in CusgZrsg and CuyeZrycAlg glass-forming
liquids. However, NisgAlsg glass-forming liquid exhibits a

different barcode profile. In particular, the persistent life-
times of the bars in three glass-forming alloys decrease sig-
While the number

of the bars, i.e., Betti number in CusgZrsy and CuygZrseAlg

nificantly with decreasing temperature.

glass-forming liquids continuously decreases during cool-
ing, it keeps almost unchanged in NisgAlsy glass-forming
liquid. For more details, we compared the distribution of
the birth, death, and persistent length scales for CusyZrs,
NisgAlsg, and CuyeZrycAlg glass-forming liquids, respec-
tively. As shown in Figs. 2(j) and 2(k), the distributions
of birth and death scales in three systems are distributions
with a single peak, and become narrower and higher with the
peaks shifted to the larger scales as temperature decreases.
Moreover, the distributions in CuspZrsg and CuygZrseAlg
glass-forming liquids are much broader and larger, and the
scales are also larger, in contrast to the narrower distribu-
tions and smaller scales in NisgAlsg glass-forming liquid.

1000 (a) 1900 K 1000F (b) 800 K 1000 (¢) 300 K CuZr
1 E 1 1
ofF of of
L L 1 1 L L L 1 1 1 1
1.9 22 25 28 1.9 22 25 2.8 1.9 2.2 25 238
1000 T (4 1900 1000F (¢) 900 K 1000F (£) 300 K NiAl
3
e 500f 500 500
=}
Z
of ot of
1 1 1 L 1 1 1 1 L L 1
1.9 22 25 28 1.9 22 25 28 1.9 22 25 28
1000 T (g) 1900 K 10001 (1) 900 K 10001 (3) 300 K CuZrAl
500 € 500 | 500 F
of of ot
1 1 1 1 1 1 1 1 1 1 1
1.9 22 25 28 1.9 22 25 28 1.9 2.2 25 28
0.6 .
(j) Birth o | (k) Death | (1) Persistence
- 0.8 081G —A—Cuzr1900 K
2 0.4} 0.6k 06F |\ —@—NiAl-1900 K
5 —afe— CuZrAl-1900 K
B 0.4F 0.4k - A~ CuZr-300 K
% 0.2F - O~ NiAl-300 K
A 02k 0.2k =% CuZrAl-300 K
of - 1 oL “ e Mt 7% (00 o|
18 21 24 27 2.1 2.3 25 2.7 2.9 0 03 06 09
Scale (A) Scale (A) Scale (A)

Fig. 2. (a)—(i) The number of persistent barcodes, i.e., Betti number in CusoZrsg, NisgAlsg, and CuyeZryeAlg glass-forming liquids and glasses
at three different temperatures, respectively. The distribution of birth (j), death (k), and persistence scale (1) of Betti number, respectively.
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For the persistence scale, the distribution decreases monotoni-
cally as the scale increases, and becomes steeper with decreas-
ing temperature in all three systems, as shown in Fig. 2(1).
However, the distribution is much steeper in NisgAlsg glass-
forming liquid. These results indicate that the topological fea-
tures of atomic packings in NisgAlsg glass-forming liquid are
quite different from those in CusgZrsg and CuygZrysAlg glass-
forming liquids. The topological features in CusyZrso and
CuyeZrasAlg glass-forming liquids are also slightly different.
Therefore, the atomic structures of these three glass-forming
liquids can be preliminarily distinguished from the topological
atomic packing perspective. In addition, it also implies that the
atomic structures in CusgZrsg and CuygZrsgAlg glass-forming
liquids may be more heterogeneous than those in NisyAlsg
glass-forming liquid.

To elucidate the evolution of the topological features of
atomic packings during glass formation in these glass-forming
systems, we investigated the temperature evolution of the ho-
mology classes, as shown in Figs. 3(a) and 3(b), respec-
tively. While the number of homology classes continuously
decreases in CusgZrsy and CuyeZryeAlg glass-forming lig-
uids in the whole cooling processes, it even increases slightly
in NispAlsg glass-forming liquid during cooling and starts
to decrease below glass transition temperature 7;. In addi-
tion, although the homology classes in CuygZrysAlg glass-
forming liquids at high temperatures are more than those in
CusoZrsy glass-forming liquid, they decrease more quickly
and become less below T,. Since each homology class rep-
resents a connected component of densely packed atoms,
the change in the number of homology classes reflects the
change of densely atomic packing regions. For CusgZrso and
CuyeZraAlg glass-forming liquids, the decrease in the num-
ber of homology classes indicates an increase in the scale
of densely atomic packing regions during glass formation.
Moreover, minor addition of Al may make the atomic pack-
ing more homogeneous in CuysZrssAlg liquid at high tem-
peratures and greatly enhance the atomic packing evolution.
For NispAlsg glass-forming liquid, however, the length scale
of densely atomic packing regions represented by the number
of homology classes increases a little in cooling process until
T,. The above findings indicate that the topological features in
NispAlsg supercooled liquid states are quite similar to those in
the high temperature liquid, whereas the topological features
in CuspZrsg supercooled liquid states are significantly differ-
ent from its high temperature liquid state during glass forma-
tion. The difference is more drastic in CuygZrssAlg glass-
forming liquid. Thus, three glass-forming alloys exhibit dis-
tinct evolution tendency of the topological features of atomic
packings during glass formation, which is consistent with the
order of their GFA. The more drastically the number of ho-
mology classes decreases, the better the GFA is. More drastic

evolution tendency may favor glass formation.

-
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Fig. 3. Evolution of the number of homology classes (a) and persistent entropy
(b) with temperatures in CusgZrsg, NisoAlso, and CuygeZrseAlg glass-forming
liquids during cooling, respectively.

To gain more insight into the topological features of
atomic structures and their evolution during the cooling pro-
cess in these glass-forming liquids, we characterized the or-
dering of homology classes in an atomic configuration by an-
alyzing the persistent entropy defined as

I li
Spu= — J)log (’> (1)
m=- X, (L g

where L is the sum of all values of the persistence, i.e., length
of bars, and /; is the persistence of the j-th homology class,
i.e., the j-th bar.’’ The larger the persistent entropy value
is, the more disordered the homology classes are, and vice
versa. Figure 3(b) shows the evolution of persistent entropy
with decreasing temperature during the cooling process in
CusgZrsg, NisgAlsg, and CuyeZrysAlg glass-forming liquids,
respectively. It can be seen that in each glass-forming liquid,
the temperature-dependent behavior of the persistent entropy
is quite similar to that of the number of homology classes.
As temperature decreases, the persistent entropy of NisgAlsg
glass-forming liquid remains almost unchanged before glass
transition, whereas it continuously decreases in CusyZrsy and
CuygZryeAlg glass-forming liquids. This decrease is more
pronounced in CuygZrsgAlg glass-forming liquid. These re-
sults further indicate that NisgAlsg glass-forming liquid main-
tains almost the same homology classes and ordering before
glass transition. In contrast, however, the homology classes
in CuspZrsy and CuyeZrysAlg glass-forming liquids become
more ordered and the topological features of the atomic pack-
ings continuously change during glass formation, deviating far
away from those in high-temperature liquid states. This sug-
gests that the atomic packings become more and more hetero-
geneous in CuspZrsy and CuygZracAlg glass-forming liquids
during glass formation. The minor addition of Al element
causes an increase of homology classes in high-temperature
liquid states of CuysZrscAlg, leading to the increase of the
persistent entropy. Moreover, it also causes a more drastic de-
crease of the persistent entropy in CuygZrysAlg glass-forming
liquid during cooling, leading to smaller values at low tem-
peratures, as shown in Fig. 3(b). This implies that the addi-
tion of Al makes the atomic packings more homogeneous in
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CuyeZrysAlg at high temperatures, compared to CusgZrsg, and
enhances the evolution of atomic heterogeneity in the rapid
cooling process, leading to the most heterogeneous packings at
low temperatures. The above results demonstrate the effective-
ness of the persistent homology in capturing the differences
in topological atomic packing among three glass-forming sys-
tems. Moreover, the evolution tendency of the topological
atomic packing manifested by PH in glass formation is con-
sistent with the order of the GFA in these three glass-forming
systems.

3.2. Persistent homology analysis of monatomic metallic

liquids

To examine the generality of the relation between persis-
tent homology classes and GFA observed in binary and ternary
metallic glass-forming alloys, we also analyzed the persistent
barcodes for the monatomic metallic liquids of Ta, Cu, Al,
and Zr at different temperatures, respectively. The profiles of
the persistent barcodes at various temperatures and the dis-
tribution of birth, death, and persistence scales are different
in these monatomic metallic liquids (see supplementary ma-
terials Fig. S4), indicating distinctive topological features of
atomic packings in these monatomic metallic liquids. Figure 4
shows the evolution of the homology classes and persistent
entropy with temperature in four monatomic liquids during
cooling, respectively. Here the temperature is scaled by 7.
As shown in Fig. 4(a), the number of homology classes de-
creases with decreasing temperature, indicating an increase of
the scale of topological atomic packings in monatomic liquids
during glass formation. In liquid Cu, Al, and Ta, the tem-
perature evolution of the number of the homology classes is
relatively similar. The difference is that while the number in
liquid Ta decreases more rapidly above 27, the number in lig-
uid Al decreases more rapidly below T,. Liquid Zr shows the
largest number of homology classes overall, and the value de-
creases more rapidly below 7,. It can be seen that the evo-
lution tendency of the number of homology classes in four
monatomic systems does not show a correspondence to the
order of their GFA. Figure 4(b) shows the temperature evolu-
tion of the persistent entropy in each monatomic liquid. The
persistent entropy decreases with decreasing temperature in
these monatomic metallic liquids, but exhibits some differ-
ences compared to the homology classes. The persistent en-
tropy in liquid Cu, Zr, and Al shows different values, but sim-
ilar temperature evolution behavior. However, the persistent
entropy in liquid Ta drops drastically until 27, and further de-
creases gradually. It is evident that in four monatomic metallic
systems the topological atomic packings characterized by PH
do not show a consistency with the order of their GFA. How-
ever, we can still observe that the persistent entropy of these
four monatomic metallic systems is generally higher than that

of the multicomponent metallic glass-forming systems, in-
dicating that the topological atomic packings in monatomic
metallic systems are more homogeneous. Moreover, the per-
sistent entropy decreases with temperature in all monatomic
metallic liquids during cooling, leading to denser and more
heterogeneous atomic packings.
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Fig. 4. Evolution of the number of homology classes (a) and persistent en-
tropy (b) with temperature in monatomic metallic glass-forming liquids dur-
ing cooling, respectively. The T /T, is plotted on a logarithmic scale. The
dashed lines mark the scales at 7y and 27,.

3.3. Connection propensity of the densest packing: assor-
tativity
To further elucidate the relation between persistent ho-
mology and GFA, we analyzed the connection propensity of
the skeletonized tree of the Delaunay networks, i.e., densest
packings in these metallic glass-forming systems by calculat-

ing the assortativity coefficient defined as>®)

i M_l):ijiki—[M_l):i%(ji‘f'ki)f @
MY (2R - M S Gk k)]

where M is the number of edges in the skeletonized tree, and
Jji and k; are the degrees of vertex j and vertex k connected
by edge i. The degree of a vertex is the number of edges con-
nected to it. The assortativity coefficient values are located in
the range of —1 and 1. » = —1 and 1 correspond to the most
disassortative mixing of connected vertices with significantly
different degrees and the most assortative mixing of connected
vertices with almost the same degrees, respectively, and r =0
refers to the random mixing. The assortativity coefficient de-
scribes the similarity of the local close-packed environments
of two connected atoms. While assortative mixing means that
atoms with similar close-packed environments tend to connect
to each other, disassortative mixing means that atoms with
different close-packed environments tend to connect together.
Random mixing means that there is no preference in the con-
nection of atoms. The assortativity coefficient characterizes
the packing heterogeneity from the perspective of the connec-
tion propensity of local atomic closed packings.

Figure 5 shows the evolution of the assortativity coeffi-
cient values with temperature scaled by 7 in the cooling pro-
cess in these metallic glass-forming liquids. It can be seen in
Fig. 5(a) that the skeletonized trees in binary and ternary glass-
forming alloys have negative assortativity coefficient values,
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indicating the disassortative mixing properties. However, the
skeletonized trees in these glass-forming alloys exhibit quite
different mixing properties. As shown in Fig. 5(a), the as-
sortativity coefficient values in NisgAlsy glass-forming liquid
remain nearly constant above 7; and decrease a little below
T,. In contrast, the assortativity coefficient in CusoZrsg glass-
forming liquid decreases significantly with decreasing temper-
ature, becoming more negative. In the CuygZrscAlg system,
the assortativity coefficient presents the most significant de-
crease as the temperature decreases, starting from the highest
value and reaching the lowest value in the glass state among
the three systems. This suggests that the connection propen-
sity of the skeletonized trees in NispAlsg glass-forming lig-
uids does not change in supercooled liquid states, remaining
the same as that in high-temperature liquid states. However,
the atomic packing propensity exhibits a continuous increase
in the disassortative mixing feature during the glass formation
process in CusgZrsy and CuygZrycAlg glass-forming liquids.
The evolution tendency of the disassortative mixing feature
is consistent with the order of GFA in these metallic glass-
forming alloys.
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Fig. 5. Evolution of the assortative coefficient in alloy systems (a) and in
monatomic systems (b). The solid lines in panel (b) represent the fitted as-
sortativity coefficient in supercooled liquid state, and the T' /Ty in panel (b) is
plotted on a semi-log plot.

In the following, we also analyzed the temperature evolu-
tion of the assortativity coefficient for the connection propen-
sity of the skeletonized tree of the Delaunay networks in these
monatomic metallic liquids. As shown in Fig. 5(b), assorta-
tivity coefficients are less negative than those in multicom-
ponent metallic systems, indicating that the atomic packings
prefer less disassortative mixing in monatomic metallic sys-
tems. Moreover, the assortativity coefficients increase with
decreasing temperature. This indicates that atomic connec-
tion propensity in monatomic metallic systems tends to be-
come less and less disassortative mixing in glass formation, in
contrast to that in multicomponent metallic systems shown in
Fig. 5(a). In monatomic systems, the distribution of the persis-
tence scale becomes steeper with decreasing temperature (see
supplementary materials Fig. S4(0)), but the number of per-
sistent barcodes does not change much (see Fig. 4(a)). This
implies that topological features in atomic packings become
similar during cooling in a monatomic liquid. Therefore, the
connection propensity of the densest packings becomes less

disassortative mixing during cooling in monatomic systems.
In multicomponent alloys, however, the opposite temperature
dependence of the assortativity coefficient could result from
the chemical effect, which will be discussed in the next sec-
tion.

It can also be seen that the assortativity coefficient in-
creases more rapidly in liquid Ta, followed sequentially by
liquid Cu, Al, and Zr (see Fig. S5 in supplementary materi-
als). The increasing tendency is also consistent with the or-
der of their GFA. Thus, the atomic connection propensity of
the skeletonized tree of the Delaunay networks may be an in-
trinsic factor that generally correlates to the GFA in metallic
glass-forming systems.

Note that the assortativity coefficients in CusgZrsg and
CuygZrysAlg glass-forming liquids show a crossover at around
2T, below which they decrease more rapidly. However,
NispAlsg glass-forming liquid does not show such a crossover
behavior around 27;. For monatomic metallic liquids, the as-
sortativity coefficient in liquid Ta and Zr exhibits a crossover
at around 27; (see Fig. S5). Moreover, the assortativity coef-
ficient in liquid Ta also shows a crossover at around 7. How-
ever, the assortativity coefficient in liquid Cu and Al does not
exhibit an obvious crossover behavior during cooling. The
crossover behavior may be system dependent. It is not clear
whether it is related to the GFA or dynamic properties in
metallic glass-forming systems or not.

4. Discussion

4.1. Correlation between topological atomic packings and
GFA

Based on the above analysis, it is clear that the connec-
tion propensity of the densest packings characterized by the
assortativity coefficient may be a general factor controlling
the GFA of metallic glass-forming systems. For multicom-
ponent metallic alloys, the connection propensity tends to be
more disassortative mixing during cooling, and the evolution
tendency is consistent with the order of the GFA. The more
disassortative mixing the connection propensity is, the better
the GFA is. For monatomic metals, the connection propensity
tends to become less disassortative mixing during cooling, and
the evolution tendency is also consistent with the order of their
GFA. The less disassortative mixing the connection propensity
is, the better the GFA is. Therefore, the connection propensity
of the densest packings, i.e., assortativity, should be the in-
trinsic factor that generally controls the GFA in metallic glass-
forming systems. For the topological atomic packings mani-
fested by the homology classes/persistent entropy, while their
evolution tendency is consistent with the order of GFA in the
multicomponent alloys, it is not the case in the monatomic
metallic systems. However, the homology classes/persistent
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entropy decreases with decreasing temperature in both multi-
component and monatomic metallic systems, leading to denser
and more heterogeneous atomic packings of the Delaunay net-
works.

The correlation between the topological atomic packings
and GFA of metallic glass-forming systems can be generally
understood from the perspective of heredity. As shown in
Fig. 5, the assortativity coefficients in both multicomponent
and monatomic metallic glass-forming systems deviate from
the values of their high-temperature liquid states during glass
formation, and the deviation degree is consistent with the or-
der of the GFA. The deviation means to what degree the topo-
logical features of the high-temperature liquids are inherited
into supercooled and even glassy states during glass formation.
Thus, systems with poorer GFA tend to inherit the topological
features of their high-temperature liquids into the supercooled
liquids and glassy states, whereas those with better GFA tend
to develop more and more densely packed networks during
cooling, deviating substantially from their high-temperature
liquid states. The more the assortativity coefficient value devi-
ates from the high-temperature value, the better the GFA is. In
NispAlsg glass-forming liquid, the persistent entropy and the
assortativity coefficient keep almost unchanged above T;, as
shown in Figs. 3(b) and 5(a), respectively, and almost no devi-
ation occurs before glass transition. This suggests that almost
all topological features of PH and the connection propensity
of the densest packings in the high-temperature liquid state
are inherited into the supercooled states. In contrast, the per-
sistent entropy and the assortativity coefficient in CuygZrysAlg
glass-forming liquid decrease continuously in the cooling pro-
cess, deviating significantly away from the high-temperature
values. This indicates that fewer and fewer topological fea-
tures of PH and the connection propensity of the densest pack-
ings in the high-temperature liquid state are inherited into the
supercooled states, and even glassy states during cooling.

4.2. Evolution of the Voronoi entropy in metallic liquids
during glass formation

As mentioned above, CusoZrsy and NisgAlsy glass-
forming liquids are found to share quite similar local atomic
structures, but have distinct GFA.[?3 This indicates that the
atomic structures characterized by Voronoi tessellation cannot
correlate to the GFA. To further demonstrate the key role of
topological atomic packings in GFA in metallic glass-forming
systems, we also analyzed the temperature evolution of the
atomic structure characterized by Voronoi tessellation in terms
of the Voronoi entropy defined as!®’]

Ny
Sv=-1Y pjlogpj,
j=1
where p; represents the fraction of Voronoi polyhedron type
J in an atomic configuration, and Ny denotes the number of

Voronoi polyhedral types. If p; is 1 and the probability of
all other types of polyhedra is 0, then Sy = 0, which indi-
cates that the system is in the most ordered structure configu-
ration. However, if all polyhedral types have the same prob-
ability of 1/Ny, Sy will get its maximum value, which indi-
cates that the atomic configuration is most disordered. Since
the Voronoi entropy can quantify the diversity of atomic struc-
tures and the configurational entropy, it has been considered as
a universal metric to capture the structural evolution in glass
transition.>6% Figure 6 shows the temperature evolution of
Voronoi entropy in monatomic, binary and ternary metallic
glass-forming liquids during fast cooling, respectively. For
multicomponent glass-forming alloys, the smaller the Voronoi
entropy is, the better the GFA, which can be clearly seen in
glassy states, as shown in Fig. 6(a). However, it is not the case
for monatomic liquids. Among these monatomic liquids, lig-
uid Ta is the best glass-former, and its Voronoi entropy is the
smallest. For liquid Cu and Zr, the Voronoi entropy values are
quite close in whole cooling process, as shown in Fig. 6(b),
but their GFA differs significantly (see supplementary mate-
rials Fig. S1). The Voronoi entropy of liquid Al changes the
least during cooling, but its GFA is not the weakest. Therefore,
the Voronoi entropy values of these monatomic liquids are not
consistent with the order of their GFA. Therefore, the tempera-
ture evolution of the Voronoi entropy does not show universal
correlation between atomic structures and GFA in both mul-
ticomponent and monatomic metallic glass-forming systems.
On the other hand, although the Voronoi entropy values in the
glassy states of the multicomponent glass-forming alloys are
consistent with the order of their GFA, the difference in the
Voronoi entropy values is very small, especially for NisgAlsg
and CusgZrso systems. Such a small difference is difficult to
account for their distinct GFA.[343>]
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Fig. 6. Evolution of the Voronoi entropy with temperature in cooling process
in binary & ternary (a) and monatomic (b) metallic glass-forming liquids,
respectively.

4.3. Effect of chemical ordering on persistent homology in
multicomponent metallic glass-forming liquids

The above results indicate that the assortativity properties
become more disassortative mixed during cooling in multi-
component glass-forming alloys, while they become more as-
sortative mixed in monatomic metallic liquids. This could be
due to the chemical effect. To elucidate it, we analyzed how
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the chemical short-range order (CSRO) influences the assor-
tativity in multicomponent glass-forming systems. Here the
Warren—Cowley parameter was employed to characterize the
CSRO for each atom![!!

where Zyp is the partial coordination number (CN) (B atoms)
around atom A, Zy is the CN around A, and xp is the nomi-
nal composition of B. Different ap reflect different chemical
environments. A negative oyp means the preferential coor-
dination between A and B elements, whereas a positive Oup
means the non-preferential coordination between A and B ele-
ments. Figure 7(a) shows the temperature evolution of CSRO
in CuspZrsg, NisgAlsg and CuygZragAlg glass-forming liquids,
and similar behavior can be observed. The CSRO in NisyAlsg
glass-forming liquid decreases more slowly with decreasing
temperature. This is consistent with previous studies. !
Figure 7(b) shows the temperature evolution of atomic
average degree of skeletonized trees during the cooling pro-
cess. It is noted that for the generation of the minimum span-
ning tree in multicomponent systems, the distance between
small atoms and other atoms is shorter compared to the dis-
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tance between large atoms and other atoms, making it easier
for small atoms to form larger degrees. The results also show
that atomic degree decreases for large atoms and increases for
small atoms during the cooling process, but this trend is not
obvious in NisgAlsg. The growing preferential coordination
between the different types of atoms in the cooling process
indicates that atoms with different degrees tend to connect to-
gether, as shown in Fig. 7(a). Therefore, the preference in
the chemical ordering may be related to the decrease in the
assortativity coefficients in multicomponent systems. In mul-
ticomponent alloys, the development of chemical short-range
order during cooling promotes the preferential connection be-
tween atoms with different sizes or types, leading to more dis-
assortative mixing, which may enhance the topological frus-
tration, thus favoring glass formation. On the other hand, in
monatomic metallic systems the closest-packed skeletonized
tree presents a reduction of disassortative mixing and prefers
the random mixing during glass formation, reflecting the most
intrinsic atomic packing features in glass formation. These
findings also suggest that chemical ordering has a great impact
on the topological features of atomic packings in multicompo-
nent metallic glass-forming alloys.
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Fig. 7. Evolution of the average Warren—-Cowley parameter (a) and the average degree of skeletonized trees (b) with temperature during cooling
process in CusoZrsg, NisgAlsg, and CuyeZrseAlg metallic glass-forming liquids.

5. Conclusion

In this work, we employed the PH via graph filtration to
explore the topological features of atomic packings and their
temperature evolution in various model metallic glass-forming
systems with distinct GFA. We found that the PH can effec-
tively characterize the topological features of atomic pack-
ings and capture the differences in different metallic glass-
forming systems. Our results demonstrate that the connection
propensity of the densest packings may be a general factor
controlling the GFA of metallic glass-forming systems. For
multicomponent metallic glass-forming alloys, the topologi-
cal atomic packings manifested by the graph filtrated PH may
also play an important role in the GFA. Our results also sug-
gest that the correlation between the topological atomic pack-
ings and GFA of metallic glass-forming systems can be gen-
erally understood from the perspective of heredity. Systems

with poorer GFA tend to inherit the topological features of
their high-temperature liquids into the supercooled liquids and
glassy states, whereas those with relatively better GFA tend
to develop more and more densely packed networks during
cooling, deviating drastically from their high-temperature lig-
uid states. The above structure features cannot be revealed by
Voronoi tessellation-based atomic cluster analysis approaches.
These findings shed light on the structural analysis in metallic
glass-forming systems from the perspective of topology and
provide new understandings for the structure-property rela-

tionship.
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