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Neuromorphic circuits based on superconducting tunnel junctions have attracted much attention due to their high-
speed computing capabilities and low energy consumption. Josephson junction circuits can effectively mimic biologi-
cal neural dynamics. Leveraging these advantages, we construct a Josephson junction neuron-like model with a phase-
dependent dissipative current, referred to as a memristive current. The proposed memristive Josephson junction model
exhibits complex dynamical behaviors. Furthermore, considering the effect of a fast-modulated synapse, we explore syn-
chronization phenomena in coupled networks under varying coupling conductances and excitatory/inhibitory interactions.
Finally, we extend the neuromorphic Josephson junction model — exhibiting complex dynamics — to the field of im-
age encryption. These results not only enrich the understanding of the dynamical characteristics of memristive Josephson
junctions but also provide a theoretical basis and technical support for the development of new neural networks and their

applications in information security technology.
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1. Introduction

A neuromorphic electronic circuit is a rapidly advancing
device that employs neuro-dynamics-inspired concepts to im-
plement circuits of biophysical neurons and synapses. Nu-
merous neuromorphic circuits involve memristors and Joseph-
son junctions.!!=! Biophysical neuronal systems generate os-
cillatory behaviors including spiking, bursting, and chaotic
firing.[°! The neuronal network, coupled with synapses,
can oscillate synchronously. The memristive coupled neu-
ron model, based on the effect of electromagnetic induction,
can modulate excitability and induce different types of firing
patterns.l'*~13] The memristive neuron-inspired circuit with
negative differential resistance can be used to emulate a wide
range of firing patterns.!14-18]

Neuromorphic circuits involving Josephson junctions
present several advantages, including storage, processing
speed, memory, and reduced energy consumption. Joseph-
son junctions, discovered in the early 1960s, remain at
the forefront of advancing technology in superconducting
electronics. %211 Josephson junctions are employed in quan-
tum computing and neuromorphic systems. The resistively
and capacitively shunted junction model has the natural ca-
pability of mimicking excitability and spiking behavior. !
An electronic circuit model with two Josephson junctions
can reproduce many neuron-like characteristic behaviors, in-
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cluding action potentials, refractory periods, firing thresh-
olds, excitability, and chaos.[23241 The memristive Joseph-
son junction based on different superconducting materials has
been proposed®! and is employed to generate neuron-like

(261 The memristive Josephson junc-

excitability and spiking.
tion coupled with an inductor can mimic bursting patterns
with the same bifurcation mechanism as the Hindmarsh—Rose
model. Many circuits involving Josephson junctions have been
developed in neuromorphic systems.?’-3% Coupled Joseph-
son junctions with a resistive effect can exhibit near-complete
synchronization for sufficiently strong coupling.*!! Joseph-
son junction arrays with different coupling schemes display
a wide range of collective behaviors, including spatiotempo-
ral patterns, spiral waves, and target waves.>>-3%1 Josephson
junction circuits can display complex oscillatory behaviors, in-
cluding chaotic modes.?”-31 Chaotic series with complex dy-
namics have garnered significant attention due to their extreme
sensitivity to initial parameters and excellent pseudo-random

5.140-42] However, many encryption schemes re-

characteristic
lying on simple chaotic systems suffer from security vulner-
abilities, including limited key space, susceptibility to plain-
text/ciphertext attacks, and dynamic degradation under finite-
precision computations. To address these challenges, re-
searchers are increasingly turning to chaotic systems with
more complex dynamics. Chaotic Josephson junctions have

been proposed for implementing image encryption.[+343]

© 2026 Chinese Physical Society and IOP Publishing Ltd. All rights, including for text and data mining, Al training, and similar technologies, are reserved.

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

010505-1


https://doi.org/10.1088/1674-1056/ae1456
https://cstr.cn/32038.14.CPB.ae1456
mailto:alexwutian@nxu.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn

Chin. Phys. B 35, 010505 (2026)

Neuromorphic Josephson junctions attract attention for
mimicking neurophysiological properties. There are simi-
larities in the nonlinear dynamics between Josephson junc-

tions and neuronal circuits. Given the memristive effect in

5,121 we propose an improved Josephson junc-

superconductor:
tions neuron model inspired by Ref. [24] and conduct a com-
prehensive analysis of its nonlinear dynamics, revealing di-
verse firing patterns and pathways to chaos. Furthermore, we
construct a neural network with fast-modulated synaptic in-
terconnections and investigate its synchronization dynamics.
Finally, we develop a DNA image encryption scheme with en-
hanced performance and security by leveraging the excellent
chaotic sequences generated by the models.

The remainder of this paper is organized as follows. Sec-
tion 2 presents the mathematical models of the memristive
Josephson junction neuronal network based on a single mem-
ristive Josephson junction neuron-like circuit. Section 3 ana-
lyzes the dynamical behavior of the single memristive Joseph-
son junction neuronal circuit system, and numerically investi-
gates the synchronization dynamics of the memristive Joseph-
son junction neuronal network. Section 4 analyzes the appli-
cation of the network system in image encryption. Section 5

concludes the paper.

2. Model description and method

2.1. Modeling of the single memristive Josephson junction
neuron

Josephson junctions, composed of two superconductors
separated by a thin insulating barrier, are nonlinear supercon-
ducting elements. According to the reported work,?*! the cir-
cuit involving two Josephson junctions and two inductors at-
tempts to mimic key neuronal behaviors, as shown in Figs. 1(a)
and 1(b). For an ideal Josephson junction, the resistively and
capacitively shunted junction model, shown in Fig. 1(c), is
given by Kirchhoff’s law as

av

Vv .
C? —I—E—Icsme7

h do
B ¢
2e dt ’

)

where V is the voltage drop across the junction. 8 represents
the phase difference between the order parameters of the two
superconducting electrodes. A tunnel barrier between two su-
perconductors produces a non-dissipative current called the
Josephson current Is = I, sin 0, where I is the critical current.
The quasiparticle dissipative current is described as I =V /R.
t represents time, and e and 7 denote the electron charge and

Planck’s constant, respectively.

Fig. 1. Neuromorphic circuit schematic. (a) Josephson junction neuron
circuit with two inductors. (b) Emulated neuromorphic spiking repre-
sented by the total phase difference (red solid line), compared with the
pulse junction phase (green dashed line) and the control junction phase
(blue dashed line). (c) Equivalent circuit of a Josephson junction, in-
cluding the resistor R, capacitor C, Josephson current Is, and quasiparti-
cle dissipative current Ir. (d) Enhanced equivalent circuit with an addi-
tional phase-dependent dissipative current, referred to as the memristive
current Iyy.

Inspiring the previously proposed Josephson junction
neuronal model in Ref. [26], we introduce a phase-dependent
dissipative current, redefined as the memristive current in
Ref. [25], into the shunted junction model in Ref. [22]. The
memristive shunted junction model, as depicted in Fig. 1(d),
is rewritten as

dv
CE =I1—-G(1+kpcos0)V —I.sinB,

h doe
vy
2e dt ’

@

where k; is the ratio between the phase-dependent conduc-
tance and the leakage conductance. Through mathematical
manipulation, the memristive Josephson junction model is
rewritten as

AC d%e

h deé .
EF—FG(H—kpcose) —t—i-lcsme—l. 3)

2e d
Then, by using the following normalizations:

2 2el 5

h
2 2
= = G
hC "’

1
y L= 7
2€ICC Ic

“

the dimensionless equation for the phase of the memristive
Josephson junction circuit is obtained as
d*0 +I(1+k cos9)d6+sin6 j Q)
— — =1
dr? P dr
Based on the reported Josephson junction neuronal model
in Ref. [24], we propose an improved model incorporating the
memristive current. The memristive Josephson junction neu-
ronal model is described by the following second-order non-
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linear dimensionless differential equations:

6y + (1 +kycos6,)6, +sin6, = —A(6, + 6,)

+ Agiin + (1= Ap )i,
Oc + (1 +kycos 6:)0 +sin 6. = —A(6, + 6;)

+ Aslin _Apiba

(6)

where the dot notation denotes differentiation with respect to
7. The first derivative of 6, corresponds to the voltage U,
across the pulse junction, and the first derivative of 6. corre-
sponds to the voltage U, across the control junction. 6, and 6.
represent the pulse and control junction phases, respectively. A
is the coupling parameter, ij, is the input current, #, is the bias
current, and I" is the normalized drag constant. p and s denote
the inductance gains of L, and L, respectively. The two core
components of this circuit are the pulse junction (p) and the
control junction (c). In the simulation, the system parameters
are i, = 1.909, ij, = 0.203,I" = 0.8, and A, = A; = 0.5, based
on Refs. [24-26].

2.2. Modeling of the memristive Josephson junction neu-
ronal network

In the brain, synchronized neuronal electrical activity
plays a significant role in neuronal signal transmission and
coding. Complex networks can capture these biophysical
mechanisms. Dynamical networks comprise interacting units,
such as memristive Josephson junction neurons, connected
through synaptic coupling schemes. In this section, we in-
troduce the fast threshold modulation scheme as a synaptic
component into the network. [*®! The dynamic equations of the
coupled network system are given as follows:

By + I (14 kp cos By;) Bpi + sin Op; = —A(6p; + Oc;)

+ Aglin + (1 — Ap)ip + Inet,
Oci + I (14 kp cos 0c;) Oc; + sin O; = — A (6p; + Oc;)

+ Asiin — Apip,

. N .
Inet = _gc(epi _Vs) E] kijF(epj _Vth)a
j=

(7

where the state of the ith neuron is described by the variables
6y and 6, and i = 1,2,...,N denotes the neuron index. The
connectivity matrix k;; characterizes the network architecture
and is configured as a chain in this study. The index j iterates
over the neurons that are directly connected to the ith neu-
ron. Since the right-hand side of Eq. (7) denotes a current
term, I is introduced to represent the synaptic current with
fast threshold modulation. g. represents the coupling conduc-
tance, a positive vy indicates an excitatory bias voltage, and a
negative vy indicates an inhibitory bias voltage. The nonlinear

coupling function is F (Gpj — ) = tanh(vy, — Gp i), Where vy,
denotes the threshold potential that determines neuronal sen-
sitivity. When the membrane potential exceeds the threshold

value, a neuron can influence other neurons via the synaptic

current. To stabilize the membrane potential, the threshold
level is fixed at vy, = 0.

3. Numerical simulation

3.1. Dynamics of the single memristive Josephson junction
neuron

To investigate the effects of the parameter kj, on the firing
patterns of the single memristive Josephson junction neuron,
we use MATLAB to perform numerical bifurcation analysis
and compute the Lyapunov spectrum of the model.

Figure 2 presents the ISI bifurcation diagram and the Lya-
punov exponent spectrum for the parameter k,. Specifically,
when k; ranges between —0.3 and 0.1, the discharge mode
of the memristive Josephson junction neuron changes signifi-
cantly, exhibiting distinct patterns. As shown in Fig. 2(a), with
increasing kp, the discharge mode of the neuron model initially
exhibits period-2 oscillation. Subsequently, it transitions into a
chaotic state after a period-4 bifurcation, and finally returns to
period-1 oscillation at k, = 0.057. Correspondingly, Fig. 2(b)
shows four Lyapunov exponent curves associated with the four
state variables of the model, where the red curve represents the
largest Lyapunov exponent. Combining Figs. 2(a) and 2(b),
we observe that the largest Lyapunov exponent is positive in
the chaotic regime and negative in the periodic regime. Based
on the above analysis, we find that the dynamic characteris-
tics of the memristive Josephson junction neuron model are
significantly influenced by the parameter k.

(a) 20 (b) 0.3

—LE1 LE2 —LE3 —LE4|

15 1) STV o W

n
m 10 H-03
5 —0.6
—0.9
—003 —0.2 —0.1 0 0.1 0:)0,3 —0.2 —0.1 0 0.1
k. k,

P P

Fig. 2. Dynamical transitions of the memristive Josephson junction neu-
ron. (a) Inter-spike interval (ISI) bifurcation diagram as a function of
the parameter kp. (b) Lyapunov exponent spectrum corresponding to the
parameter k.

In order to further verify the numerical results shown in
Fig. 2, we select different values of the parameter k, from
Fig. 2(a) and numerically simulate the time series of the state
variable U, as well as the phase trajectories of 6, + 6. and
the sum of the second derivatives of 6, and 6.. Figure 3
presents the time series (upper panels) and phase trajecto-
ries (lower panels). When the parameter k, is set to —0.2,
—0.005, 0.02, and 0.06, respectively, distinct dynamical be-
haviors emerge. For k, = —0.2, the memristive Josephson
junction neuron model exhibits spiking-like firing with two
peaks. As k, increases to —0.005, the model enters a chaotic
state, as illustrated in Figs. 3(b) and 3(f). Furthermore, when
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kp becomes positive, the model displays spiking-like firing
with three peaks (Figs. 3(c) and 3(g)) and one peak (Figs. 3(d)
and 3(h)) at k, = 0.02 and k, = 0.06, respectively. These ob-
servations demonstrate that both positive and negative modu-

lation of the parameter k;, significantly affect the firing patterns
of the model. Moreover, the characteristics of the firing pat-
terns agree with the results in Fig. 2, further confirming the
correctness of the numerical analysis in Fig. 2.

(a) 2.5 (b) 2.5 (c) 2.5 (d) 2.5
2.0 2.0 2.0 2.0
1.5 1.5 1.5 1.5
510 5 1.0 5 1.0 S 1.0
0.5 0.5 0.5 0.5
0 0 0 OfMTFITHTAITFIITITFTTTS
—0.5 —0.5 —0.5 —0.5
1500 1600 1700 1800 1900 2000 1500 1600 1700 1800 1900 2000 1500 1600 1700 1800 1900 2000 1500 1600 1700 1800 1900 2000
T T T T
(e) 2 ) 2 (g) 2 (h) 2
1 1 1 1
< 0 < 0 N < 0
+ + + *
< S} < <
-2 -2 -2 -2
=BT "2 0 2 4 ¢ BT =2 0 2 4 6 3T —2 0 2 4 & 33 0 2 4 6
6,46, 0,46, 6,46, 0,46,

Fig. 3. Time series of the membrane potential and the corresponding phase portraits. (a)—(d) Time series, and (e)—(h) the corresponding phase
trajectories. The parameter kj, is set to —0.2, —0.005, 0.02, and 0.06, respectively.

3.2. Synchronization dynamics of the memristive Joseph-
son junction neuronal network

A neuron is the basic unit of a neural network. In this
paper, we construct a network composed of 100 memristive
Josephson junction neurons and systematically study the dy-
namic characteristics of the coupling gain parameters. The
following formula is used to calculate the degree of synchro-
nization of coupled neural networks:

1 . _
*Z}Gpifeprrf )
N &

J AT

[N

Ex= (®)
where N is the number of neurons, and (- - - ) o7 denotes a tem-
poral average over a suitable time span. The variable épn
represents the cluster-averaged value of the vector Gpi. Af-
ter normalization, the values obtained from the above formula
lie within [0, 1]. The closer the E,, value is to 0, the higher
the synchronization degree of the neurons, with O indicating
complete synchronization; the closer it is to 1, the more asyn-
chronous the neurons are.

Figure 4 shows the synchronization error characteristics

different parameter conditions. In the case of the fixed pa-
rameter kp, = 0.06, we analyze the influence of the coupling
conductance parameter g. and the bias voltage v¢ on the syn-
chronization behavior of the network. Specifically, Fig. 4(a)
illustrates the effect of the coupling conductance parameter g.
on the synchronization error E\;. As g. increases, the synchro-
nization error of the network initially increases and then de-
creases, indicating that increasing the coupling strength within
a specific range facilitates the network’s transition from an
asynchronous state to a synchronous state. This phenomenon
highlights the crucial role of coupling strength in enhancing
network synchronization. Figure 4(b) shows the effect of the
inhibitory bias voltage v on the synchronization error. As v
increases, the network undergoes a transition from synchro-
nization to asynchrony and then back to synchronization. In
contrast, as shown in Fig. 4(c), when the network is affected
by the excitatory bias voltage, the synchronization error gradu-
ally increases with increasing vg, indicating a transition from a
synchronous state to an asynchronous one. These results show
that the excitatory bias voltage vg suppresses network synchro-

of the memristive Josephson junction neural network under  nization.
1.0 1.0 1.0
(a) (b) (c)
0.8 0.8 0.8
. 0.6 . 0.6 . 06
)
0.4 0.4 0.4
0.2 0.2 0.2
0 0.1 0.2 0.3 0.4 —-24 —-1.8 —-1.2 —0.6 0 0 1 2 3 4 5
gC US vb’

Fig. 4. Synchronization index diagrams. (a) As a function of the coupling conductance g.. (b) As a function of the inhibitory bias voltage vy in
the range —2.4 to 0. (c) As a function of the excitatory bias voltage v in the range 0 to 5. The parameter k;, is set to 0.06.
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In summary, Fig. 4 reveals the significant effects of cou-
pling conductance g, and bias voltage vs on the synchroniza-
tion performance of memristive Josephson junction neuronal
networks, providing an essential theoretical basis for under-
standing and regulating the synchronization behavior of neu-
ronal networks.

Figure 5 shows the spatiotemporal patterns and time se-
ries of the memristive Josephson junction neural network un-
der different values of the parameter g.. The values of g
shown in the figure are 0, 0.1, 0.2, and 0.4, respectively, while
the other parameters are fixed as I’ = 0.8, A = 0.1, A, = 0.5,
iin = 0.203, i, = 1.909, vs = 0, k, = 0.06, and A; = 0.5. The
time series of the membrane potentials U, of two represen-
tative neurons from different locations in the coupled network
are shown in blue (N = 1) and red (N = 100), respectively. The
similarity of the traces reflects the degree of synchronization
between the two neurons. In the spatiotemporal pattern dia-
gram, colors indicate instantaneous membrane potential val-
ues, with warmer colors corresponding to higher potentials
(the excited state) and cooler colors to lower potentials (the

(a) 2.0

1.5

resting state). Numerical values in the legend correspond to
the actual U, values obtained in the simulation. It can be seen
from Figs. 5(a) and 5(e) that when g. = 0, the neural network
exhibits a periodic spike-discharge mode, indicating period-
one synchronization behavior. With increasing g., as shown in
Figs. 5(b) and 5(f), when g, =
network is disrupted, and the firing mode becomes irregular,

0.1, the synchronization of the

showing a chaotic oscillatory state. Further increasing g to
0.2, as shown in Figs. 5(c) and 5(g), the network system ini-
tially enters a disordered and unsynchronized state. However,
as time progresses, around 700 seconds the network transi-
tions into a synchronized state. This indicates that an appro-
priate coupling strength can facilitate network synchroniza-
tion. When g, is increased to 0.4, as shown in Figs. 5(d) and
5(h), the firing patterns of all 100 neurons become highly con-
sistent, and the network achieves full synchronization. This
phenomenon is consistent with the data in Fig. 4(a), further
confirming that increasing the coupling parameter promotes
network synchronization.

(c) 2.5

200 400 600 800 1000

200 400 600 800 1000

(g) 100 3.5
80 3.0
2.5

60
2.0

=,

40 15
20 1.0
0.5

| 0.5 1 10Ny
%200 400 600 800 1000 200 400 600 800 1000

T T

Fig. 5. Spatiotemporal patterns and time series of the memristive Josephson junction neuronal network for different values of the coupling
parameter gc. The selected values are g. = 0, 0.1, 0.2, and 0.4. Other parameters are set as ' = 0.8, A = 0.1, k, = 0.06, ij;, = 0.203, i, = 1.909,

(b) 2.5
. Lo
) ‘ 5 1.0
0.5
0.5
0 200 400 600 800 1000 200 400 600 800 1000
T
(e) 100 T ( 15 () 100 g 2.0
80 1 80 1.5
i 1.0
60 filf | 60 1.0
= il Ul z
40 { 0.5 40 0.5
20ff1 ‘ 20 0
\l
% 200 400 600 800 1000 %9200 400 600 800 1000
T T
vs =0, and Ag = 0.5.
(a) 4 (b) 6
DCL
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5
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1
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| _
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(c) (d) 10
8
6
5 <
2
0
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0
(g) 100 ‘

5 (h) 100 8
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2 Z
40
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0 20
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Fig. 6. Spatiotemporal patterns and time series of the memristive Josephson junction neuronal network for different values of the inhibitory bias

—0.3,

voltage vs. The selected values are vy = —0.1,
ip = 1.909, gc = 0.4, k, = 0.06, and A; = 0.5.

—0.5, and —2.4.

Other parameters are set as I' = 0.8, A = 0.1, A, = 0.5, jj, = 0.203,
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0 200 400 600 800 1000
T

(d) 100 3.5
80 3.0
2.5
=z 60 2.0
40 1.5
1.0
20
0.5

0 200 400 600 800 1000
T

0 200 400 600 800 1000
T T

200 400 600 800 1000

200 400 600 800 1000

Fig. 7. Spatiotemporal patterns and time series of the memristive Josephson junction neuronal network for different values of the excitatory
bias voltage vs. The selected values are vy = 0, 0.48, and 2.0. Other parameters are set as I’ = 0.8, A = 0.1, Ap =0.5, ij = 0.203, i, = 1.909,

gc = 0.4, kp = 0.06, and A; =0.5.

(a) 1.0 (b) 1.0 (c) 1.0
0.8 0.8 0.8
. 0.6 . 0.6 _ 0.6

S & &

0.4 0.4 0.4
0.2 0.2 /\ 0.2
0 0 N 0

0 0.1 02 03 04 24 —-18 -12 —06 0 0 1 2 3 4 5

8

Vs

Fig. 8. Synchronization function diagrams of the memristive Josephson junction neuronal network. (a) Synchronization as a function of coupling
strength g.. (b) Synchronization as a function of synaptic reversal potential vs in the range —2.4 to 0. (c) Synchronization as a function of

synaptic reversal potential v in the range O to 5.

In summary, these results demonstrate that the appropri-
ate coupling parameter g is crucial for the synchronization of
neural networks. As g increases, the network gradually tran-
sitions from a disordered state to a fully synchronized state.
This finding is of great significance for understanding and con-
trolling the dynamic behavior of complex neural networks.

To further study the influence of the bias voltage parame-
ter vg on the synchronous dynamic behavior of the neural net-
work, Fig. 6 shows the spatiotemporal patterns and time se-
ries of the memristive Josephson junction neuronal network
under different values of vs. The parameters vy are set to
—0.1, —0.3, —0.5, and —2.4, respectively, while the other pa-
rameters are set to I' = 0.8, A = 0.1, A, = 0.5, ij, = 0.203,
ip = 1.909, gc = 0.4, k, = 0.06, and As = 0.5. In Figs. 6(a)
and 6(e), at vy = —0.1, the memristive Josephson junction neu-
ronal network is in a synchronous state. As v increases to
—0.3, Figs. 6(b) and 6(f) show that the network begins to ex-
hibit more complex and irregular dynamic behavior. When
vs further increases to —0.5 and —2.4, the network undergoes
a transition from periodic synchronization to resting synchro-
nization. This phenomenon is consistent with the data shown
in Fig. 4(b). These results are of great significance for under-
standing the dynamic characteristics of the memristive Joseph-
son junction neuronal network and its behavior under different
parameter conditions.

Figure 7 shows the spatiotemporal patterns and time se-
ries of the memristive Josephson junction neural network un-

der different values of the parameter vs. The parameter vy in
the figure is set to 0, 0.48, and 2, respectively, while other pa-
rameters are fixedas I’ = 0.8, A = 0.1, Ap =0.5, i, = 0.203,
iy = 1.909, gc = 0.4, k, = 0.06, and A; = 0.5. Observing
the time series in Fig. 7(a) and the spatiotemporal diagram in
Fig. 7(d), it can be seen that when g. = 0.4 and vy = 0, the
memristive Josephson junction neural network system is in a
stable synchronized state. As vy increases to 0.48 (Figs. 7(b)
and 7(e)), the network initially exhibits an unstable state, but
its dynamic behavior becomes more regular at approximately
500 seconds.
creases to 2, the amplitude and frequency of fluctuations in

When the excitatory bias voltage further in-

the time series grow, and the spatiotemporal pattern becomes
significantly more complex, indicating increased diversity and
complexity in the network dynamics. This process shows
that increasing the excitatory bias voltage can lead to network
desynchronization.

Next, we consider the synchronization of the memristive
Josephson junction neuronal network with k, = 0.05, which
corresponds to the chaotic discharge mode.

Figure 8 details the influence of different parameters on
the synchronization error when k, = 0.05. When &, = 0.05,
the memristive Josephson junction system is in a chaotic state.
Specifically, Fig. 8(a) illustrates the effect of the coupling
conductance parameter g. on the synchronization error. The
figure shows that, as g. increases, the synchronization er-
ror initially rises and then decreases, eventually approaching
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zero. This trend suggests that appropriately increasing the cou-
pling strength can effectively enhance network synchroniza-
tion. Figure 8(b) shows the effect of the inhibitory bias volt-
age vg on the synchronization error. The synchronization error
exhibits noticeable irregular fluctuations with changes in vy,
indicating alternating synchronous and asynchronous states,
which highlights the inhibitory bias voltage’s critical role in
controlling network synchronization. Figure 8(c) shows the
effect of the excitatory bias voltage vs on the synchronization
error. The figure shows that increasing vy leads to a gradual
increase in synchronization error, indicating that higher exci-
tatory bias voltage decreases network synchrony and makes
synchronization harder to achieve. These results collectively
reveal how different parameters affect synchronization error
and help understand the network’s synchronization behavior
under varying conditions.

Figure 9 shows the spatiotemporal patterns and time se-
ries of the memristive Josephson junction neuronal network
under different coupling strengths g.. The parameters g. in the
figure are 0, 0.1, 0.2, and 0.4, while the other parameters are
fixedas I’ = 0.8, A = 0.1, A, = 0.5, i, = 0.203, i, = 1.909,
vs =0, kp = 0.05, and A; = 0.5. Figures 9(a)-9(d) show the

—-0.5

200 400 600 800 1000 0 200 400 600 800 1000
20 (py 100 . 2.0
1.5 80 15
10 oz 60 1.0
0.5 10 0.5

1000

changes in the voltage U, over time T. As g. increases, net-
work synchronization gradually improves. Figures 9(e)-9(h)
show the spatiotemporal patterns of the neurons. As g. in-
creases, the color bars become vertically consistent, indicating
that the network’s spatiotemporal pattern transitions from dis-
order to order, exhibiting a more pronounced synchronization
pattern. Overall, Fig. 9 highlights the significant influence of
coupling strength g, on the network’s spatiotemporal dynam-
ics, showing that appropriate coupling promotes synchroniza-
tion.

Figure 10 shows the spatiotemporal patterns and time
series of the memristive Josephson junction neuronal net-
work under different values of v, with a fixed g = 0.4.
The vg values in the figure are —0.1, —0.5, —2.1, and —2.4,
while the other parameters are fixed as I’ = 0.8, A = 0.1,
Ap = 0.5, i = 0.203, i, = 1.909, g. = 0.4, k, = 0.05, and
As = 0.5. Figures 10(a) and 10(e) show that the network
exhibits more stable dynamics under smaller inhibitory bias
voltage vs. When vy increases to —0.5, the network shows
—2.1, the network enters a
—2.4, the network
is in a resting synchronization state. These results indicate that
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Fig. 9. Spatiotemporal patterns and time series of the memristive Josephson junction neuronal network for different values of the coupling

strength g¢: 0, 0.1, 0.2, and 0.4. Other parameters are setas I’ = 0.8, A =
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Fig. 10. Spatiotemporal patterns and time series of the memristive Josephson junction neuronal network for different values of the synaptic

reversal potential vs: —0.1, —0.5,

kp = 0.05, and As = 0.5.

—2.1, and —2.4. Other parameters are set as I’ = 0.8, A = 0.1, Ap = 0.5, i = 0.203, ip, = 1.909, gc = 0.4,
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Fig. 11. Spatiotemporal patterns and time series of the memristive Josephson junction neuronal network for different values of the synaptic
reversal potential vg: 0, 0.49, and 2. Other parameters are set as I’ = 0.8, A = 0.1, Ap = 0.5, ij; = 0.203, iy, = 1.909, gc = 0.4, kp, = 0.05, and

As=0.5.

varying the inhibitory bias voltage vy significantly affects net-
work dynamics, inducing a range of behaviors from stable to
periodic synchronization, then to chaotic non-synchronization,
and finally to resting synchronization. Overall, Fig. 10 demon-
strates the important influence of v¢ on spatiotemporal network
dynamics and shows that network synchronization can be ef-
fectively regulated by adjusting vs. These findings enhance
our understanding of network dynamics and provide theoreti-
cal support for designing networks with specific dynamic be-
haviors.

Figure 11 shows the spatiotemporal patterns and time se-
ries of the network under different values of the excitatory
bias voltage parameter vs. The parameters are selected as
vs =0, 0.49, and 2, respectively, while the other parameters are
fixedas I' = 0.8, A = 0.1, A, = 0.5, ij, = 0.203, i, = 1.909,
g = 0.4, kp = 0.05, and A; = 0.5. The memristive Joseph-
son junction neuronal network maintains a stable synchro-
nized state without applying an excitatory bias voltage. How-
ever, when the excitatory bias voltage is slightly increased to
vs = 0.49, the network synchronization begins to be disturbed.
Further increasing the excitatory bias voltage to vy = 2, the
time series diagram shows pronounced fluctuations, while the
spatiotemporal pattern exhibits disordered color changes. At
this stage, network synchronization is significantly disrupted,
and the system enters an asynchronous state. This finding un-
derscores the pivotal role of the excitatory bias voltage in con-
trolling network synchronization. It reveals that even small
voltage changes can induce substantial alterations in the net-
work’s dynamic behavior within a specific parameter range.
These results indicate that network synchronization can be ef-
fectively regulated by adjusting vs. In particular, a larger vy
value can destroy network synchronization. These findings
not only deepen our understanding of the dynamic behavior
of such networks but also provide essential theoretical sup-
port and practical guidance for designing and optimizing neu-
ral networks with specific dynamic characteristics.

4. Color image DNA encryption and decryption
algorithm

In this section, image encryption is implemented by us-
ing the improved Josephson junction neuron model, DNA en-
coding and decoding, column replacement, and global pixel
diffusion. The following is a flowchart illustrating the imple-
mentation of image encryption and decryption.

4.1. Color image DNA encryption algorithm

The improved neuron model is applied to the practical
application of image encryption, and dynamic DNA coding is
integrated to construct the image encryption algorithm. The
specific process is as follows.

Step 1 Image preprocessing and blocking: read the plain-
text image I with total dimensions M x N. Divide the plain-
text image into three two-dimensional matrices (11, I, I3) in a
hierarchical manner. To ensure consistent block sizes during
encryption, divide the image into fixed-size blocks of size ¢. If
the original image size cannot be evenly divided by the block
size t, pad the image matrix with zeros to extend its bound-
aries, ensuring all image blocks have identical dimensions.

Decryption Process

Fig. 12. Flow chart for the proposed cryptosystem.
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Step 2 Generate the initial values of the chaotic system:
based on the processed image block data in step 1, calculate
the initial values of the system state variables of the improved
Josephson junction neuron model.

Step 3 Dynamic DNA encoding and computation: us-
ing the initial values Xoy, Yy, Zp, and Hy generated in step
2, combined with the improved Josephson junction neuron
model, we employ MATLAB’s ode45 adaptive ODE solver for
high-precision numerical computation. This process generates
four pseudo-random chaotic sequences (denoted as {X;}, {¥;},
{Z;}, and {H;}), which serve distinct control functions during
the encryption process.

To ensure encryption efficiency, the sequence {X;}-
controlled /; (where i = 1,2,3) employs identical DNA encod-
ing methods for blocks with matching positions. The {X;}
sequence is mapped to an integer range [1,8], corresponding
to eight DNA encoding rules. Subsequently, the sequence
{X;} is rounded and subjected to a 256-bit modulo opera-
tion to convert it into a one-dimensional sequence P. This
is then transformed into a two-dimensional matrix R of the
same size as I1, with values normalized to 0-255 for DNA op-
erations. The DNA encoding method for the R matrix under
the {Y;}-controlled sequence follows the same mapping rules
as {X;}. Similarly, considering encryption efficiency, the se-
quence {Z; }-controlled /; (where i = 1,2, 3) and corresponding
matrix blocks implement four operation rules: addition when
equal to 0, subtraction when equal to 1, XOR when equal to 2,
and OR when equal to 3.

Step 4 Dynamic DNA decoding: after completing DNA
computation, the matrix blocks processed in step 3 undergo
DNA decoding. This stage uses the sequence {H;} generated
by the improved Josephson junction neuron model as the de-
coding controller to determine the DNA decoding rules for the
processed sub-blocks. The process begins by mapping ele-
ments from sequence {H;} into an integer range [1,8], cor-
responding to one of eight possible DNA decoding schemes.
The decoding rules maintain a strict dual relationship with the
encoding phase to ensure reversibility. Based on the selected
decoding rules, the system converts DNA base sequences
(A/G/C/T) into corresponding numerical matrices (pixel val-
ues within the 0-255 range), thereby completing the DNA de-
coding process.

Step 5 Column replacement: to achieve enhanced scram-
bling effects, the sequence {H;} generated by the chaotic sys-
tem is sorted in descending order while recording each ele-
ment’s original position within the sequence. This process
yields two new positional sequences U, and Uy. The values of
these sequences, along with their corresponding indices, are
used as row-column swap coordinates. By applying these co-
ordinates to the matrices of the three channels processed in
step 4, we obtain the matrices 11, 11, and 113 through matrix

transposition.
Step 6 Global pixel diffusion:
global pixel diffusion on matrices 111, I1,, and I15.

perform bidirectional

Step 6.1 First perform forward diffusion. Taking matrix
II as an example, starting from the top-left pixel 77;(1,1) and
scanning in row-first order to the bottom-right pixel, the in-
termediate encrypted value C(i, j) of each pixel is determined
by combining the current plaintext pixel I1; (i, j), key K; (i, j),
and the previous pixel’s calculated result C;. The interme-
diate encryption value of each pixel is defined as C(i, j) =
I (i,j) ® K (i, j) @ C1, where C; typically takes the value
C(i,j— 1) (in the same row) or C(i — 1,N) (at the end of
the previous row). K is generated through the chaotic se-
quence Y; produced by the improved Josephson junction neu-
ron model, forming a key matrix of the same size as the im-
age. K; is generated from the chaotic sequence {Z;}, forming
another key matrix of equal size. For C(1,1), the formula is
C(1,)=IL(1,1)®K;(1,1)® (K2(1,1) ®Kr(M,N)).

Step 6.2 Forward diffusion alone is insufficient as it can-
not propagate changes from the image’s edges forward. To ad-
dress this, we introduce a reverse diffusion phase. This stage
takes the intermediate result matrix C from forward diffusion
as input and scans backward from the bottom-right pixel to
the top-left pixel C(1,1). The final encrypted value E (i, j) for
each pixel is determined by three components: the intermedi-
ate value C(i, j), the key K»(i, j), and the subsequent pixel’s
calculated result E. The final encrypted value of each pixel is
defined as E(i, j) = C(i, j) ® Ka2(i, j) ® E1, where E; typically
takes the value E(i, j+ 1) or E(i+1,1).

Step 7 Combine three channels R, G, B: the three matri-
ces from step 6 are merged into a three-dimensional matrix to
obtain the encrypted image.

4.2. Color image DNA decryption algorithm

Step 1 Encrypted image reading and layering: read the
encrypted image and divide it into three two-dimensional ma-
trices in a hierarchical manner.

Step 2 Generate chaotic sequences: use the same initial
values Xy, Yy, Zy, and Hy as in the encryption process to gen-
erate four sequences {X;}, {¥;}, {Z}, and {H;} through the
improved Josephson junction neuron model.

Step 3 Global bidirectional reverse diffusion: perform
global pixel inverse diffusion on the three matrices from step
1.

Step 4 Global pixel reverse scrambling: perform inverse
row and column substitution on the matrices from step 3.

Step 5 Dynamic DNA encoding: perform DNA encod-
ing on the sub-blocks from step 4. Use {H,} to determine the
DNA encoding method for the sub-blocks of the encrypted im-
age matrix. The generation method of the R matrix is identical
to that used in encryption.
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Step 6 DNA inverse operation: perform DNA inverse op-
erations on the three matrices from step 5 using the corre-
sponding blocks in the R matrix. During encryption and de-
cryption, the operations are mutually inverse. Specifically, the
addition, XOR, and OR operations used during encryption are
reversed to subtraction, OR, and XOR operations during de-
cryption, respectively.

Step 7 Dynamic DNA decoding: perform DNA decoding
on the three matrices from step 6.

Step 8 Image reconstruction and output: remove the 0
pixels added during encryption, then merge the matrices into a
three-dimensional matrix to obtain the decrypted color image.

4.3. Performance analysis of encryption security

4.3.1. Analysis of inter-adjacent pixel correlation

Generally, pixels are highly correlated with their neigh-
bors. This connection is a critical vulnerability, as it can leak
information and expose the image to statistical attacks. A ro-
bust encryption scheme must eliminate this pixel-to-pixel cor-
relation. Its value range is [—1, 1], and the quality of the al-
gorithm depends on how close the correlation coefficient is
to zero. To measure this, we selected 5000 pairs of adjacent
pixels from an original image and its encrypted version, then
calculated the correlation coefficients for each using the fol-
lowing formula:

€))

= 15
102
5 51

Plaintext dog in vertical

where N is the total number of pixels in the image, Cov(x,y) is
the covariance between pixel x and y, representing the corre-
lation between two adjacent pixels, and D(x)'/2 and E (x) are
the standard deviation and mean of all elements in the image,
respectively.

Figure 13 shows the correlation scatter distribution of ad-
jacent pixels in the R, G, and B channels of the Dog image
in horizontal, vertical, and diagonal directions: the upper row
shows the original image, with scatter points obviously clus-
tered along the diagonal; the lower row shows the encrypted
image, with scatter points approximately evenly distributed,
without obvious linear structure. The adjacent pixels of the
original image show strong correlation in all three directions,
whereas the correlation of adjacent pixels of the encrypted im-
age is significantly weakened to near zero. This demonstrates
that the encryption process effectively breaks the neighbor-
hood correlation of the image and improves its resistance to
statistical and correlation analysis attacks.

Table 1. Correlation analysis.

Algorithm Image Horizontal Vertical Diagonal
Dog —0.0009 —0.0016 0.0055
Proposed Minions 0.0079 0.0005 —0.0038
Fruit 0.0007 —0.0056 —0.0046
Ref. [47] image —0.0072 0.0258 —0.0098
Ref. [48] image —0.0031 0.0097 0.0005
Ref. [49] image 0.0167 0.1567 0.0090
Ref. [50] image 0.0040 0.0148 0.0068

Table 1 shows the comparison of correlation coeffi-
cients of different algorithms in three adjacent pixel direc-
tions (horizontal, vertical, diagonal). For our algorithm, we
list the results using three images — Dog, Minions, and
Fruit — as examples, and compare them with results re-
ported in Refs. [47-50]. As shown in Table 1, the correlation

Secret dog in horizontal

Secret dog in vertical

Secret dog in diagonal

Fig. 13. Correlation between adjacent pixels in the Dog image. (a)—(c) Correlation maps of the R, G, and B channels for the original image in
the horizontal, vertical, and diagonal directions; (d)—(f) Correlation maps of the R, G, and B channels for the encrypted image in the horizontal,

vertical, and diagonal directions.
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coefficients of our algorithm in all three directions are close
to 0 and remain stable across the three test images, with the
absolute value reaching about 0.0079 (horizontal direction of
Minions). In contrast, the comparison methods exhibit sig-
nificantly higher correlation, especially in the diagonal direc-
tion. Therefore, the quantitative results in Table 1 are consis-
tent with the visual observations shown in Fig. 13.

4.3.2. Analysis of information entropy

Information entropy quantifies the randomness of a sig-
nal. When applied to an image, it measures how evenly the
grayscale values are distributed within each color channel. We
calculate the information entropy using the following formula:

H(x)=—

-

P(xi)log, P(xi), (10)

i=1

where x; is the gray value of the i-th pixel of the image x, and
P(x;) is the probability of occurrence of this gray value. As
shown in Table 2, the information entropy of the three images
is very close to the ideal value of 8. Compared with other algo-
rithms, the encryption method proposed in this work demon-
strates higher randomness and enhanced security.

Table 2. Information entropy analysis

Encrypted images

Algorithm Image
R G B
Dog 7.9994 7.9992 7.9993
Proposed Minions 7.9993 7.9994 7.9993
Fruit 7.9993 7.9994 7.9993
Ref. [50] image 7.9982 7.9985 7.9984
Ref. [51] image 7.9990 7.9990 7.9990

Table 2 presents the information entropy analysis results
of different algorithms on three test images, showing the en-
tropy values of the encrypted images on the R, G, and B chan-
nels, respectively. As observed from Table 2, the informa-
tion entropy of our algorithm for all three channels across the
three images is close to the theoretical ideal value of 8, ranging
specifically between 7.9992 and 7.9994, which nearly matches
an ideal random distribution. In contrast, the information en-
tropy of other algorithms is generally slightly lower; for ex-
ample, the results reported in Refs. [50,51] range from 7.9982
to 7.9990, showing a certain deviation from the ideal value.
These results indicate that our algorithm achieves superior uni-
formity and randomness of pixel distribution, effectively en-
hancing the unpredictability and security of the encrypted im-
ages.

4.4. NPCR and UACI

In image encryption, it is crucial to verify that the al-
gorithm can effectively resist differential attacks. A secure

scheme should ensure that a minor change in the plaintext im-
age leads to a significant difference in the corresponding ci-
pher image. To quantify this property, two commonly used
metrics are the number of pixels change rate (NPCR) and the
unified average changing intensity (UACI), defined as follows:

NPCR=%__
M

- % 100%, (11)

where D(i, j) is defined as
1, Ci(i.j) £ Coli ),
o = { & G 20

0, otherwise,

12)

and the UACT is calculated by

1 Z‘Cl(la])_CZ(lv]”
M xN 255

where C; and C, correspond to the cipher images generated

UACI = x 100%,  (13)

from two plaintexts differing by a single pixel.

The ideal values for NPCR and UACI are 0.9961 and
0.3346, respectively. The closer these metrics are to their ideal
theoretical values, the higher the encryption algorithm’s sensi-
tivity to key changes and the stronger its overall cryptographic
robustness and reliability. Table 3 presents the average NPCR
and UACI values obtained by our proposed method compared
with other existing state-of-the-art encryption algorithms. The
results clearly demonstrate that the proposed image encryp-
tion algorithm exhibits superior resistance to differential at-
tacks and practical security threats.

Table 3. Sensitivity test.

NPCR UACI

Dog 0.99613 0.33456
Minions 0.99610 0.33465
Fruit 0.99613 0.33466
Ref. [47] 0.99618 0.33456
Ref. [50] 0.99652 0.33524
Ref. [52] 0.99615 0.33509

Specifically, Table 3 shows the performance of different
algorithms in image sensitivity testing, mainly assessing the
encryption algorithm’s response to very small changes in the
plaintext via NPCR and UACI metrics. As seen in Table 3,
the NPCR value of our algorithm across the three test im-
ages is approximately 0.9960, and the UACI value is about
0.3346, both very close to the theoretical ideal values and con-
sistently stable across different images under various testing
conditions. Compared with the methods reported in the litera-
ture, the NPCR and UACI values of our algorithm are closer to
the ideal, indicating that our method is more sensitive to even
minor changes in the plaintext. Even extremely small pixel
modifications in the original image lead to significant changes
in the ciphertext, effectively resisting differential attacks and
further ensuring the practical security and overall robustness
of the encryption algorithm.
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4.4.1. Analysis of key space

In image encryption, the key space of an algorithm is
a critical factor in determining its resistance to exhaustive
(brute-force) attacks. The key space of the proposed algorithm
primarily consists of the system’s fixed parameters I", kp, 4,
Ap, As, ip, Tin, as well as the initial values of the chaotic se-
quences Xy, Yy, Zy, and Hy. All these parameters are specified
with a precision of 10'>. Therefore, the size of the key space
can be estimated as 10! ~ 2346, Compared with other al-
gorithms, the proposed method offers significantly stronger re-
sistance to exhaustive attacks in practical real-world applica-

tions.

(a) Correct keys (b) '=0.8+10"15

(e) A,=0.54+1071 (f) A,=0.5+10"1°

(i) X,=0.0143+10"% (j) Y;=0.0141+10"1

(c) k,=0.054+10"1°

(g) i, =1.9094+10"1

(k) Z,=0.0146+10"15

4.4.2. Analysis of key sensitivity

Key sensitivity is essential for an effective encryption al-
gorithm, as it ensures that small changes in the key lead to
significant changes in the decrypted image, thus preventing
unauthorized decryption. In this section, the sensitivity of the
proposed algorithm is analyzed. When the correct key is ap-
plied, the ciphertext image is successfully decrypted. How-
ever, when a minor perturbation is introduced to a single key
parameter and decryption is attempted again, the resulting im-
age, as shown in Fig. 14, fails to recover the original informa-
tion. This demonstrates that the proposed algorithm is highly
sensitive to the key, which effectively prevents attacks and fur-
ther strengthens its security against exhaustive searches.

(d) A=0.1+10"1°

(h) i, =0.2034+1071°

(1) Hy=0.0144+10"1%

Fig. 14. Decryption effect with different keys.

4.4.3. Histogram analysis

Raw digital images, as collections of pixels, typically ex-
hibit significant unevenness and discernible statistical patterns
in their pixel value distributions. To effectively resist statisti-
cal attacks exploiting these patterns, an ideal encrypted image
should have a pixel value distribution that is as uniform as pos-
sible. In this context, the histogram — a graphical representa-
tion that intuitively displays the distribution of pixel values —
serves as an essential tool for evaluating the uniformity of en-
crypted images. Consequently, histogram analysis has become
a widely adopted metric for assessing an image’s resistance to
statistical attacks.

Figure 15 illustrates the effects of encryption and decryp-

tion on the Fruit image. Panels (a), (b), and (c) correspond
to the original image, the encrypted image, and the decrypted
image, respectively. Panels (d)—(f) show the histograms of the
original image’s R, G, and B channels, revealing that pixel
values are highly concentrated in specific ranges, reflecting
strong statistical features. In contrast, panels (g)—(i) present
the histograms of the encrypted image, where the pixel val-
ues in each channel are approximately uniformly distributed
across the full 0-255 range.

As can be observed from Fig. 15, the encrypted image
visually loses all recognizable features of the original image,
appearing as random noise, while the decrypted image suc-
cessfully restores the original content, demonstrating correct
reversibility. The histogram comparison further confirms that
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the encryption algorithm effectively eliminates the statistical
features of the original image, achieving near-ideal uniform

(a) (b)

distribution of pixel values and thereby enhancing the random-
ness and security of the encrypted image.
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Fig. 15. Analysis of the fruit image encryption and decryption. (a) Plaintext image, (b) encrypted image, (c) decrypted image; (d)—(f) histograms
of the R, G, and B channels of the plaintext image, showing uneven pixel distribution; (g)—(i) histograms of the R, G, and B channels of the
encrypted image, illustrating uniform pixel distribution and enhanced randomness.

5. Conclusion

In this study, we proposed and constructed a memristive
Josephson junction neuron model. Through numerical sim-
ulations of bifurcation diagrams, time series, and phase tra-
jectories, we systematically investigated the model’s dynamic
characteristics. The results demonstrate that by adjusting key
parameters, the model exhibits a variety of nonlinear dynamic
behaviors, including periodic discharge, period-doubling bi-
furcations, and chaotic discharge.

Based on the single-neuron model, a coupled network
system was further constructed to analyze how the conduc-
tance coupling parameter and the bias voltage influence the
collective dynamics. Our findings indicate that the coupling
parameter plays a crucial role in network synchronization.

Leveraging the complex chaotic sequences generated by
the model, a novel DNA-based color image encryption algo-
rithm was designed and implemented. Security analyses show
that the algorithm possesses a large key space, exhibits high
sensitivity to initial conditions, effectively resists differential
and statistical attacks, and provides strong encryption security.
These results suggest potential applications in secure commu-

nication and neuromorphic computing systems.

The current work primarily focuses on theoretical mod-
eling, network synchronization analysis, and numerical sim-
ulations, without physical circuit fabrication or experimental
verification. Future efforts will involve collaboration with ex-
perimental teams to realize the proposed memristive Joseph-
son junction circuits, referencing existing hardware frame-
works in neuromorphic systems. Additionally, the current
model has been applied only to color image DNA encryp-
tion; its extension to other applications, such as real-time sen-
sor data processing or engineering-oriented estimation tasks in
hybrid neuromorphic computing systems, >33 remains to be
explored.

Network scalability is another limitation: the present
study considers a 100-neuron chain structure, while larger net-
works comprising hundreds or thousands of neurons with di-
verse topologies (e.g., star or scale-free networks) have not yet
been investigated. Future research will examine the effects of
large-scale networks and various topologies on dynamic be-

haviors and synchronization patterns.
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Appendix A

To analyze the equilibrium points of the memristive
Josephson junction neuron-like system, we define

0 =0w,, 6 =0, (A1)
which transforms the original system in Eq. (6) into

6, = p, (A2)

@y = —I"(1+4kycos6,)w, —sin6, — A (6, + 6)
+ Agiin + (1= Ap)iv, (A3)
0. = @, (A4)

0. = —I"(1+kpcos 6. ). —sin 6. — A (6, + 6)
+ Aglin — Api. (A5)

Setting

6, = 6. =0, (A6)

the equilibrium point of the system is (6,0, 67,0), where 6;
and 6} are determined by

sin @ A 1—A)i
sin@; — sin <—)Lp —GS+W) = ip,
(A7)
—sin9*+Asiin+(1—A )ib
* P p X
6; = 1 —6,. (A8)

To investigate the local dynamics near the equilibrium
point, the Jacobian matrix is given by

0100
A B-10
=10o00 1| (A9)
-A0 A B
with
A =kyw.I sinB, —cosO. — A, (A10)
B=—I"(1+kpcosé.).
The characteristic polynomial is
f(u) =au* + b +cp® +du+e=0, (A11)
where
a=1,

b =TI (kycos 8, +kpcos 0. +2),

¢ =22 +cos O +cos O+ I'*(1 + ky cos 6. ) (1 + kp cos 6p)
— Tky (@ sin 6 + ,sin 6;),

d=TMA(2+ kp(cosO,+cos b)) +I"(cos 6. +cos 6y)
+2I"k, cos B, cos 6, fFka(a)C sin O + @, sin 6p)
_ 1"2k§(a)C cos B sin B + @y, cos O sin 6y,

e = cos 0. cos 0, + A (cos 8, 4 cos 6.
— Iky (@ cos B, sin 6, + @), cos 6, sin Bp)
— TkpA (0 sin 0. + @, sin 6p) +F2k%a)ca)p sin 6, sin 6.

The roots of Eq. (A11) yield the eigenvalues

_ b 1/ 2,
M= =3V4 73
_L 02 4 B 4dbe—8d
2\ 2 3 PN
-b 1 [b?2 2c
S L VI S
1 2 42 3 4 4bc —
s %_%_A_M7
4/8 — %4
B=3"Va 3
_L 02 4 B4dbe—8d
2\2 3 4/2 —2 A
=773V 3 3
1 [p2 4 b3 +4bc —
+§ E_%_A_Jric&l’ (A13)
44/8 — %4

where {1, Uy, U3, Us} as defined in the main text. Here,

Ay =2 —3bd + 12e,

Ar =263 —9bed +27d? + 27b%e — T2ce,

A— 24, +3Mﬂ5®ﬁé
33/ do /407482 3V2

(A14)

A key observation is that the damping parameter I" does
not appear in the equilibrium Egs. (A7) and (AS8), and thus
does not affect the location of the fixed points. Furthermore,
analysis of the eigenvalues in Eq. (A13) shows that I" does not
alter the sign of their real parts. Equation (A13) also explains
why the system does not exhibit Hopf bifurcations. Since I”
corresponds to a positive damping coefficient, it cannot cross
the real axis.

Consequently, the stability profile of the system is inde-
pendent of I, although this parameter determines the quali-
tative nature of the fixed point, i.e., whether it manifests as a
focus (complex eigenvalues) or a node.

Figure Al illustrates the distribution of fixed points,
where the system loses stability through saddle-and-yeast bi-

(A12) furcation lines (white). Our analysis indicates that the absolute

value of i, approaches zero as the number of fixed points in-
creases, and the number of fixed points becomes zero when
lip] > 2. To accurately capture the origin of spike potential

behavior, we set i, = 1.909.
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Fig. Al

5

=2 -1 0 1 2

(2

in

Distribution of stable equilibrium points calculated from

Eq. (A7) over the parameter domain i, € (—2,2) and i, € (—2,2). White
lines indicate saddle-node bifurcation thresholds. Constant parameters
are setas A = 0.1 and A, = A; =0.5.
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