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We demonstrate that 𝒫𝒯 -symmetric mixed linear-nonlinear lattices can sustain mixed-gap vector solitons in the
coupled nonlinear Schrödinger equations with fractional diffraction. Here, mixed-gap vector solitons refer to solitons
whose first and second components exist in different band gaps. In this work, the first component is a fundamental soliton,
while the second is a dipole. When the propagation constant of the first component is fixed, the soliton power of the first
component decreases as the propagation constant of the second component increases. Conversely, the power of the second
component increases with its own propagation constant. We study cases with both large and small values of the Lévy index.
We also study the stability of these solitons, using linear stability analysis and perturbed propagations. Interestingly, the
stability domains of vector solitons with a large Lévy index are consistently much wider than those with a small Lévy index.

Keywords: parity–time-symmetry, vector solitons, linear–nonlinear lattices, fractional diffraction, nonlinear
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1. Introduction

The formation of solitons[1–5] is an interesting topic in
nonlinear physics, which has attracted a great deal of at-
tention in the past few decades, especially in the fields of
nonlinear optics[6–12] and Bose–Einstein condensates.[13–19]

Generally, solitons are generated by the balance of disper-
sion/diffraction and nonlinear effects. With the help of lin-
ear and nonlinear potentials, many types of solitons have been
reported,[2,20] including fundamental solitons,[21,22] dipole
solitons,[23] multipole solitons,[24] vortex solitons,[25] and
coupled solitons.[26,27] Especially interesting settings are the
periodic linear and nonlinear potentials, among which the for-
mer are called the linear lattices[28] and the latter the nonlinear
lattices.[29,30]

The parity–time (𝒫𝒯 ) symmetry[31,32] of physical sys-
tems has produced much interest at the turn of the
century.[33–36] It represents a great extension of phys-
ical settings from Hermitian to non-Hermitian quantum
mechanics.[3,37,38] It also turned out to be highly relevant for
other fields of physics, such as photonics, where systems
that do not obey Hermiticity are quite common. For exam-
ple, materials with distributed loss and gain, or lasing me-
dia in lossy resonators, are typical systems that lead to non-
Hermitian behavior.[33] With 𝒫𝒯 symmetry, non-Hermitian
Hamiltonians may exhibit completely real spectra, provided

only the system obeys the symmetry. Thus, Hamiltonians with
a 𝒫𝒯 -symmetric lattice V can have real spectra if the condi-
tion V (x) = V *(−x) is satisfied.[33–36] With fascinating 𝒫𝒯 -
symmetric lattices, many types of solitons have been investi-
gated both theoretically[39–48] and experimentally.[49]

Fractional quantum mechanics is another important ex-
tension of quantum mechanics, also achieved at the turn
of the century.[50–52] By replacing the Brownian paths in
the Feynman integral with Lévy-like paths, the nonlinear
Schrödinger equation (NLSE) turns into the nonlinear frac-
tional Schrödinger equation (NLFSE). After experimental re-
alizations of the fractional derivative were proposed,[53,54]

solitons in NLFSE have gained considerable attention, and
many types of solitons have been investigated,[55,56] includ-
ing fundamental solitons,[57–59] dipole solitons,[60,61] multi-
pole solitons,[62] accessible solitons,[63] vortex solitons,[64,65]

surface solitons,[66] and coupled solitons,[67] to name a few.
Despite the fact that so many types of solitons have been re-
ported, vector solitons[68–71] in the NLFSE warrant additional
attention, especially in physical settings with 𝒫𝒯 symmetry.

In this work, we study mixed-gap vector solitons in
parity–time-symmetric mixed linear–nonlinear lattices with
fractional diffraction. Note also that we focus on mixed vec-
tor solitons, where the first component of the coupled soliton
exists in the semi-infinite band gap, while the second compo-
nent exists in the first finite band gap. The cases with both

†Corresponding author. E-mail: liangweizeng@gzmtu.edu.cn
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small and large values of the Lévy index are included. We are
not aware of any work in the literature that investigated such
systems.

The rest of this paper is arranged as follows. The the-
oretical model and the method of linear stability analysis are
introduced in Section 2. The numerical results are displayed in
Section 3, which is divided into three subsections. The numer-
ical results with large and small Lévy indices are presented in
Subsection 3.1 and Subsection 3.2, while the varied nonlinear
lattice is considered in Subsection 3.3. Finally, we conclude
this work in Section 4.

2. Model and its linear stability analysis
The coupled one-dimensional NLFSEs with parity–time-

symmetric mixed linear–nonlinear lattices are employed to de-
scribe the propagation of vector solitons in our model. They
can be written in the following dimensionless form:

i
∂U1

∂ z
=

(
− ∂ 2

∂x2

)α/2

U1 −V1U1 −V2
(
|U1|2 + |U2|2

)
U1,

i
∂U2

∂ z
=

(
− ∂ 2

∂x2

)α/2

U2 −V1U2 −V2
(
|U1|2 + |U2|2

)
U2. (1)

Here, U1,2 and z are the field amplitudes and the propagation
distance, respectively. α denotes the Lévy index, whose range
of values is 1 < α ≤ 2. V1 and V2 represent the parity–time-
symmetric linear and nonlinear lattices. In this work, the frac-
tional diffraction is defined as(

− ∂ 2

∂x2

)α/2

U(x) =
1

2π

∫ +∞

−∞

dt|t|α
∫ +∞

−∞

dξ e it(x−ξ )U(ξ ).

(2)
The expression of linear lattices can take many forms. We

opt for
V1 =V10 [sin2(x)+ iW10 sin(2x)], (3)

where V10 and W10 are constant real parameters. The form of
nonlinear lattices is chosen as

V2 = 1+V20 cos2(x)+ iW20 sin(2x), (4)

where V20 and W20 are also constant real parameters. With so
many free parameters at our disposal, some restrictions must
be imposed to keep focus on interesting novel phenomena.
Without loss of generality, we fix the values of V10 = 5 and
V20 = 1 throughout but vary the imaginary part W10 of the
linear potential. Additionally, the imaginary part W20 of the
nonlinear potential is kept constant at W20 = 0.5, except in the
last part of the paper, when it is changed to ascertain the cor-
responding changes in vector solitons. As is typical of 𝒫𝒯 -
symmetric systems, increasing imaginary parts from 0 even-
tually leads to a threshold value, at which the properties of
solutions change dramatically.

Substituting U1,2 = q1,2 exp(iµ1,2z) (where µ1,2 are the
real propagation constants of the two components) into Eq. (1),
one obtains equations for the stationary solutions of the form

−µ1q1 =

(
− ∂ 2

∂x2

)α/2

q1 −V1q1 −V2
(
|q1|2 + |q2|2

)
q1,

−µ2q2 =

(
− ∂ 2

∂x2

)α/2

q2 −V1q2 −V2
(
|q1|2 + |q2|2

)
q2. (5)

These equations are numerically solved by a method devel-
oped from the modified squared-operator iteration method.[72]

In this article, we investigate vector solitons with µ1 ̸= µ2. The
total power of a vector soliton is defined as P =

∫ +∞

−∞
(|q1|2 +

|q2|2)dx, while the two partial powers are P1 =
∫ +∞

−∞
|q1|2 dx

and P2 =
∫ +∞

−∞
|q2|2 dx.

To consider gap solitons, one needs a band structure. To
obtain a band structure of a lattice, one neglects nonlinearity
and considers the linear equation

−
(
− ∂ 2

∂x2

)α/2

q+V1q = µq. (6)

The Bloch theorem tells us that the eigenfunctions of Eq. (6)
can be written as q = Fk(x)exp(ikx), where Fk(x) is a peri-
odic function, Fk(x) = Fk(x+D). The period D (D = π in this
work) is also the period of the 𝒫𝒯 -symmetric optical lattice
and k (−π/D≤ k ≤ π/D) is the Bloch wave number. To obtain
Bloch bands, Fk(x) and V1 are expanded into series of plane
waves: Fk(x) = ∑n An exp(iKnx) and V1 = ∑m Bm exp(iKmx),
where Kn = 2πn/D and Bm =

∫ D
0 V1 exp(−iKmx)dx/D. By

inserting these series into Eq. (6), one finally obtains the fol-
lowing eigenvalue equation:

−|k+Kn|α An +∑
m

BmAn−m = µAn. (7)

Equation (7) is an eigenvalue problem written in a matrix form.
Here, it is solved numerically, and thus the band structure of
𝒫𝒯 -symmetric optical lattices is obtained.

To determine the stability of vector solitons, we perform
linear stability analysis. The perturbations g1,2(x) and t1,2(x)
are added to the stationary solutions q1,2(x):

U1,2(x,z) = [q1,2(x)+g1,2 eδ z + t*1,2 eδ *z]e iµ1,2z, (8)

where δ is the growth rate and |g1,2|, |t1,2| ≪ |q1,2|. The su-
perscript * denotes the complex conjugation. By substituting
Eq. (8) into Eq. (1) and linearizing, one obtains the following
coupled eigenvalue equations:

−iδg1 = L̂1g1 +V2[(2|q1|2 + |q2|2)g1 +q2
1t1 +q1q*2g2 +q1q2t2],
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−iδ t1 =−L̂*
1t1 −V2[(q2

1)
*g1 +(2|q1|2 + |q2|2)t1 +q*1q*2g2 +q*1q2t2],

−iδg2 = L̂2g2 +V2[q*1q2g1 +q1q2t1 +(|q1|2 +2|q2|2)g2 +q2
2t2],

−iδ t2 =−L̂*
2t1 −V2[q*1q*2g1 +q1q*2t1 +(q2

2)
*g2 +(|q1|2 +2|q2|2)t2], (9)

with L̂1 = −(−∂ 2/∂x2)α/2 + V1 − µ1 and L̂2 =

−(−∂ 2/∂x2)α/2 +V1 − µ2. Equations (9) are numerically
solved by the Fourier collocation method.[73] They provide
eigenfunctions q1 and q2, and the spectrum of eigenvalues δ ,
which determines their stability. The vector solitons are lin-
early unstable if one or more real parts of eigenvalues δ are
positive; otherwise, they are stable.

3. Numerical results
In this section, we focus on our numerical results, which

include the profiles of vector solitons and their powers as func-
tions of α , µ1, and µ2. Also included are linear stability analy-
ses and propagations of both stable and unstable solitons. The
section is divided into three subsections: the first two present
solitons with large and small Lévy indices. Given that the
Lévy index is restricted to the interval (1, 2], the represen-
tative value for a large index is chosen as α = 1.8, while the
representative value for a small index is α = 1.3. Each of these
subsections first displays the powers and profiles of both fun-
damental and dipole vector solitons, followed by a discussion
of their stability. This analysis is performed for two represen-
tative values of the propagation constant µ1. The third sub-
section deals with vector solitons when the nonlinear lattice is
changed, by changing its imaginary part.

All results are obtained using the band structures depicted
in Fig. 1. In fact, it is the same underlying band structure, pre-
sented for two values of α (large and small), and two values
of W10 (sub-critical and critical). It should be recalled that an
exciting feature of 𝒫𝒯 symmetry is its phase transition at a
critical point, where spontaneous symmetry-breaking occurs
and the eigenvalue spectrum becomes complex. This, natu-
rally, induces instability in the obtained eigensolutions. The
abrupt nature of this phase transition causes various exotic
phenomena,[33] which are directly evident in the coalescence
of eigenvectors and eigenvalues, visible as band merging in
Figs. 1(c) and 1(d).

It should also be noted that, owing to the presence of two
complex potentials in our model, instability can emerge even
below the critical value of W10, depending on the value of W20.
By varying W20, while keeping W10 fixed, similar behavior is
observed: there exists a critical value of W20 as well, at which
instability is promoted. Curiously, instability may also appear
when other parameters are varied, most notably propagation
constants. Here, these behaviors are followed as functions of
the propagation constants. To limit the computational load, we
vary µ2, while restricting µ1 to a few fixed values.

For W10 = 0.2, the band structures for α = 1.8 and α =

1.3 are shown in Figs. 1(a) and (b). The semi-infinite gaps
are µ ≥ 3.1514 and µ ≥ 3.3435, while the first finite gaps are
0.6045 ≤ µ ≤ 2.8212 and 0.9075 ≤ µ ≤ 2.9401, respectively.
We further find that the Lévy index does not alter the critical
threshold of W10, at which the eigenvalues µ become complex.
For different values of α , the phase transition point remains
unchanged at W th

10 = 0.5. The band structures at W10 = 0.5 are
shown in Figs. 1(c) and 1(d). Further down (in the last sub-
section) we establish that the threshold value of the nonlinear
lattice is W th

20 = 0.89.

–1 0 1

Bloch wave number

–1 0 1

Bloch wave number

–1 0 1

Bloch wave number

–1 0 1

Bloch wave number

–2

0

2
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R
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0
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R
e(
µ

)

(a) (b)

(c) (d)

Fig. 1. (a)–(b) The band structures for α = 1.8 and α = 1.3, when W10 = 0.2.
(c)–(d) The corresponding band structures for W10 = 0.5.

3.1. Vector solitons with a large Lévy index

Now, we consider soliton powers and profiles for a large
Lévy index (α = 1.8). First, we select W10 = 0.2, W20 = 0.5,
µ1 = 4.5 (in the semi-infinite gap), and vary µ2. Mixed-gap
vector solitons are readily found under these conditions. Fig-
ures 2(a) and 2(b) portray partial powers and the total power
of these solitons as functions of µ2. It should be emphasized
that the first component is a fundamental mode, while the sec-
ond component is an out-of-phase dipole mode. The prop-
agation constants of the first and second components belong
to the semi-infinite and first finite gaps, respectively. The
existence and stability domains are 0.96 ≤ µ2 ≤ 2.63 and
0.96 ≤ µ2 ≤ 1.63, respectively. Note also that this soliton
family cannot reach the lower edge of the first Bloch band.
The solitons are stable in a low-power region and unstable in a
high-power region, as can be seen in panel (b), where the solid
and dashed lines stand for the stable and unstable solitons, re-
spectively.
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Fig. 2. (a) Partial powers of the two components of vector solitons (shaded red regions are Bloch bands) versus the propagation constant µ2. (b) Total power
of vector solitons (solid and dashed lines represent stable and unstable solitons) versus µ2. (c)–(d) The profiles of the first and second components of the
vector soliton for µ2 = 1.5. (e)–(f) The profiles of the first and second components for µ2 = 2. In all panels α = 1.8, W10 = 0.2, W20 = 0.5, and µ1 = 4.5.

We present the profiles of the first and second compo-
nents for the vector soliton at µ2 = 1.5 (in the first finite gap)
in Figs. 2(c) and 2(d). The profiles for µ2 = 2 (also in the
first finite gap) are shown in Figs. 2(e) and 2(f). A compar-
ison of the profiles in panels (c)–(f) reveals that the width of
both components remains nearly constant as µ2 changes. In
addition, the amplitude of the first component (q1) decreases
with µ2, while the amplitude of the second component (q2) in-
creases. This behavior can also be inferred from the variation
of soliton powers P1 and P2 with µ2, in Fig. 2(a).

Next, we present linear-stability spectra and perturbed
propagations for typical vector solitons from Fig. 2. Specifi-
cally, the spectrum and propagations of the soliton at µ2 = 1.5
in Figs. 2(c) and 2(d) are shown in Figs. 3(a)–3(c). Note

that the left column in Fig. 3 displays the spectrum [given by
Eqs. (9)], the middle column reports the propagation of the
first component (U1), and the right column depicts the propa-
gation of the second component (U2). According to Fig. 3(a),
the mixed-gap soliton at µ2 = 1.5 is stable, as all real parts
of δ are zero. The corresponding propagations in Figs. 3(b)
and 3(c) are consistent with this result. In contrast, the spec-
trum and propagations of an unstable soliton at µ2 = 2 are
presented in Figs. 3(d)–3(f) [with the corresponding profiles
in Figs. 2(e)–2(f)]. As seen in Fig. 3(d), the real parts of
two eigenvalues δ are greater than zero, indicating instabil-
ity. Thus, such solitons are unstable, which is confirmed by
their propagations in Figs. 3(e)–3(f), where both components
suffer significant distortions.
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Fig. 3. (a) The linear-stability spectrum of the vector soliton for µ2 = 1.5. (b)–(c) The corresponding stable propagations of the two components. (d) The
linear-stability spectrum of the vector soliton for µ2 = 2. (e)–(f) The corresponding unstable propagations of the two components. Here α = 1.8, W10 = 0.2,
W20 = 0.5, and µ1 = 4.5 in all panels.

In Figs. 2 and 3, we have discussed the properties of mixed-gap vector solitons as functions of µ2 (the propagation constant
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of the second component), for a large Lévy index. One may wonder how these properties change for different values of µ1 (the
propagation constant of the first component), also at a large Lévy index. This discussion is summarized in Figs. 4 and 5.
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Fig. 4. Same as Fig. 2 but for µ1 = 5.5. Panels (c) and (d) are the profiles of the two components at µ2 = 2. Panels (e) and (f) are the profiles of the two
components at µ2 = 2.6.

Based on our further study, we find that the propagation constant of the soliton’s first component (µ1) significantly influences
the existence and stability of solitons. Recall that the value of µ1 in Figs. 2 and 3 is fixed at µ1 = 4.5. Now, we investigate mixed-
gap vector solitons for another value of µ1, by setting µ1 = 5.5 in Figs. 4 and 5. The existence region for the soliton at µ1 = 5.5 is
1.26 ≤ µ2 ≤ 2.82 (see also Figs. 4(a) and 4(b)). Remarkably, this soliton family can reach the lower edge of the first Bloch band.
It should also be mentioned that solitons are stable in the low-power region of 1.26 ≤ µ2 ≤ 2.56. According to Fig. 4(a), the
soliton power of the first component decreases with µ2, while the power of the second component increases with µ2. Comparing
the curves of Figs. 4(b) (µ1 = 5.5) and 2(b) (µ1 = 4.5) reveals that the stability domain for µ1 = 5.5 is wider than in Fig. 2(b).
The profiles of solitons at µ2 = 2 and µ2 = 2.6 are presented in Figs. 4(c)–4(d) and 4(e)–4(f), respectively.
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Fig. 5. Same as Fig. 3 but for µ1 = 5.5. Panels (a)–(c) are the linear-stability spectrum and propagations of two components at µ2 = 2. Panels (d)–(f) are the
linear-stability spectrum and propagations of the two components at µ2 = 2.6.
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Linear-stability spectra and perturbed propagations of

typical examples of vector solitons from Fig. 2 are reported in

Fig. 5. In particular, we present the spectrum and propagation

of the soliton at µ2 = 2 [Figs. 4(c)–4(d)] in Figs. 5(a)–5(c).

Similar to Fig. 3, the left column of Fig. 5 displays the spec-

trum [from Eqs. (9)], while the middle and right columns show

the propagation of the first (U1) and second (U2) components,

respectively. According to Fig. 5(a), the mixed-gap soliton at

µ2 = 2 is stable. The corresponding propagation in Figs. 5(b)

and 5(c) is consistent with the spectrum in Fig. 5(a). In addi-

tion, we display the spectrum and propagation of an unstable

soliton at µ2 = 2.6, in Figs. 5(d)–5(f) [the corresponding pro-

files are reported in Figs. 4(e) and 4(f)]. It is seen in Fig. 5(d)

that the real parts of two eigenvalues δ are greater than zero;

thus this soliton is unstable. This can also be verified from

propagations in Figs. 5(e) and 5(f), where both components

undergo unacceptable distortions.

3.2. Vector solitons with a small Lévy index

In this subsection, we focus on the results for vector soli-
tons with a small Lévy index; in particular, we set α = 1.3.
For this case, our model also supports mixed-gap vector soli-
tons composed of a fundamental (the first component) and
a dipole (the second component) mode, where the propaga-
tion constants belong to the semi-infinite and first band gaps,
respectively. We present partial powers (P1,2) and the total
power (P) versus µ2, for W10 = 0.2, W20 = 0.5, µ1 = 5.5, in
Figs. 6(a) and 6(b). The solid and dashed lines in Fig. 6(b)
represent the stable and unstable solutions, respectively. Ac-
cording to the results from Fig. 6(b), the existence and stability
domains for this family of solitons are 1.58 ≤ µ2 ≤ 2.94 and
1.58 ≤ µ2 ≤ 1.94. In this case, the family can reach the lower
edge of the first Bloch band, similar to the case with α = 1.8,
shown in Fig. 4(b). It should also be mentioned that such soli-
tons are stable in a low-power region and unstable at higher
powers, and the width of the stability domain is much smaller
than that of α = 1.8.
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Fig. 6. (a) Partial powers of the two components of vector solitons (shades red regions are Bloch bands) versus the propagation constant µ2. (b) The total
power of vector solitons (solid and dashed lines represent stable and unstable solitons) versus µ2. (c)–(d) The profiles of the first and second components of
the vector soliton at µ2 = 1.8. (e)–(f) The profiles of the first and second components of the vector soliton at µ2 = 2. Here, α = 1.3, W10 = 0.2, W20 = 0.5,
and µ1 = 5.5 in all panels.

The profiles of the first and second components of the

vector soliton at µ2 = 1.8 (in the first band gap) are portrayed

in Figs. 6(c) and 6(d). We also report the profiles of the soliton

at µ2 = 2 (also in the first finite gap), in Figs. 6(e) and 6(f).

From panels (c)–(f), it is clear that the width of both compo-

nents remains almost constant as µ2 changes. Additionally, the

amplitude of the first component (q1) decreases with µ2, while

the amplitude of the second component (q2) increases with µ2,

similar to previous results. This behavior is also evident from

the curves of soliton powers P1 and P2 versus µ2 in Fig. 6(a).

Linear-stability spectra and perturbed propagations of the

mixed-gap vector soliton examples from Fig. 6 are reported

in Fig. 7. In particular, the spectrum and propagation of the

soliton at µ2 = 1.8 [from Figs. 6(c) and 6(d)] are shown in

Figs. 7(a)–7(c). As before, the left column displays the spec-

trum, and the middle and right columns display the perturbed

propagation of the first (U1) and second (U2) components, re-

spectively. As seen in Fig. 7(a), the soliton at µ2 = 1.8 is stable
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(all real parts of δ are equal to zero), which is also confirmed
from its perturbed propagations, shown in Figs. 7(b) and 7(c).
In contrast, the spectrum and propagation of an unstable soli-
ton at µ2 = 2 are displayed in Figs. 7(d)–7(f) [the correspond-
ing profiles are shown in Figs. 6(e) and 6(f)]. From Fig. 7(d),

it is clear that the real parts of two eigenvalues δ are greater
than zero; thus, this soliton is unstable. The instability is evi-
dent in perturbed propagations as shown in Figs. 7(e) and 7(f),
where both the first and the second components suffer signifi-
cant distortions.
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Fig. 7. (a) The linear-stability spectrum of the vector soliton at µ2 = 1.8. (b)–(c) The corresponding stable propagations of the two components. (d)
The linear-stability spectrum of the vector soliton when µ2 = 2. (e)–(f) The corresponding unstable propagations of the two components. Here, α = 1.3,
W10 = 0.2, W20 = 0.5, and µ1 = 5.5 in all panels.

In Figs. 6 and 7, we discussed the properties of mixed-gap
vector solitons for different values of µ2, with a small Lévy
index. We are curious how these solitons will change for dif-
ferent values of W20 (still at a small value of α). We focus on
these topics in the next subsection and present the results in
Figs. 8 and 9.

3.3. Vector solitons with a changing nonlinear potential

Based on our further study, we find that parameter W20

significantly influences the existence and stability of mixed-
gap vector solitons in our model. Recall that the value of W20

was thus far fixed at W20 = 0.5. In Figs. 8 and 9, we investigate
solitons for a different value, W20 = 0.75. For this value, the
existence region of solitons is 1.65 ≤ µ2 ≤ 2.94 (see Figs. 8(a)
and 8(b)). Note that these solitons are stable only in the low-
power part of this region, specifically for (1.65 ≤ µ2 ≤ 1.73).
As shown in Fig. 8(a), the soliton power of the first component
decreases with increasing µ2, while the power of the second
component increases. A comparison of the curves in Figs. 8(b)
(W20 = 0.75) and 6(b) (W20 = 0.5) reveals that the stability
domain for W20 = 0.75 is much narrower, signifying that the
critical value is being approached. In fact, for W20 ≥ 0.89, all
solitons become unstable, indicating that the threshold value
apparently is W th

20 = 0.89. We portray the profiles of solitons
at µ2 = 1.7 and µ2 = 1.8 in Figs. 8(c), 8(d), 8(e), and 8(f),

respectively.
For completeness, we also report on the stability of

mixed-gap vector solitons as W10 increases. We increase
W10 to 0.25 while keeping W20 fixed at 0.5. Both large and
small values of α are considered. For a large α (α=1.8)
with µ1 = 4.5, the stability domain of these vector solitons
is 1.00 ≤ µ2 ≤ 1.60. When µ1 = 5.5, the corresponding sta-
bility range is 1.29 ≤ µ2 ≤ 2.34. For a small α (α = 1.3) with
µ1 = 5.5, the stability domain is 1.52 ≤ µ2 ≤ 1.67. Generally,
the stability ranges of the solitons narrow as W10 increases,
mirroring the behavior observed when W20 increases. How-
ever, for α = 1.3, µ1 = 5.5, and W20 = 0.75, all such mixed-
gap vector solitons are unstable. Furthermore, compared to the
case of W10 = 0.2, all the stability domains mentioned above
become smaller.

Finally, we display the linear-stability spectra and per-
turbed propagations for the soliton examples from Fig. 8 in
Fig. 9. The spectrum and propagation of the soliton at µ2 = 1.7
in Figs. 8(c) and 8(d) are presented in Figs. 9(a)–9(c). As be-
fore, the left column of Fig. 9 portrays the spectrum, while the
middle and right columns depict propagations of the first (U1)
and second (U2) components. It is clear that the soliton shown
in Figs. 9(a)–9(c) (at µ2 = 1.7) is stable. On the other hand,
we present the spectrum and propagation of an unstable vector
soliton at µ2 = 1.8 in Figs. 9(d)–9(f).
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Fig. 8. Same as Fig. 6 but for W20 = 0.75. Panels (c) and (d) are the profiles of the two components at µ2 = 1.7. Panels (e) and (f) are the profiles of the two
components at µ2 = 1.8.
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Fig. 9. Same as Fig. 7 but for W20 = 0.75. Panels (a)–(c) are the linear-stability spectrum and propagations of two components at µ2 = 1.7. Panels (d)–(f)
are the linear-stability spectrum and propagations of the two components at µ2 = 1.8.

4. Conclusion

In conclusion, we have demonstrated that mixed-gap
vector solitons can be supported by the coupled nonlin-
ear Schrödinger equations in cubic nonlinear media with
𝒫𝒯 -symmetric mixed linear–nonlinear lattices and fractional
diffraction. We focused on vector solitons whose first com-
ponent is a fundamental soliton and whose second component
is a dipole soliton. When the propagation constant of the first
component µ1 is fixed, the soliton power of the first compo-
nent P1 decreases as the propagation constant µ2 of the sec-
ond component increases, whereas the power P2 of the second

component increases with µ2. We investigated this behavior
for both large and small values of the Lévy index. Notably,
the stability domains of vector solitons with a large Lévy in-
dex are always much wider than those with a small Lévy in-
dex. These stability domains were determined by the method
of linear stability analysis and confirmed by direct numerical
simulations.
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