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Understanding the relationship between many-body localization and spectra in non-Hermitian many-body systems
is crucial. In a one-dimensional clean, long-range interaction-induced non-Hermitian many-body localization system, we
have discovered the coexistence of static and dynamic spectral real-complex phase transitions, along with many-body
ergodic—localized phase transitions. The phase diagrams of these two types of transitions show similar non-monotonic
boundary trends but do not overlap, highlighting properties distinct from conventional disorder-induced non-Hermitian
many-body localization. We also propose a potential experimental realization of this model in cold-atom systems. Our
findings provide valuable insights for further understanding the relationship between non-Hermitian many-body localization

and non-Hermitian spectra in long-range interacting systems.

Keywords: quantum phase transitions, exact diagonalization, spectral real-complex transitions, ergodicity-

MBL phase transitions
PACS: 05.30.Rt, 02.70.Hm, 03.65.Yz, 05.70.Ln
DOI: 10.1088/1674-1056/ae144f

1. Introduction

Understanding the evolution of a quantum many-body
system out of equilibrium is notoriously difficult, even when
focusing solely on local physics. In isolated quantum many-
body systems, thermalization fatefully emerges during quench
dynamics, where any initially encoded information is effec-
tively erased under Hamiltonian evolution.!'=3! The validity
of the ergodic hypothesis here is encapsulated by the eigen-
state thermalization hypothesis (ETH),!>™* which asserts that
thermalization arises because the individual eigenstates of the
unitary propagator inherently exhibit local thermal properties.
On the other hand, exploring the counterparts that escape the
fate of thermalization has become a milestone in unveiling
the out-of-equilibrium quantum many-body dynamics. Cur-
rently, we are already aware of many scenarios that violate
the ETH, such as strong ergodicity-breaking systems, which
include many-body localization (MBL)~!°
tegrable systems;!!!"1%) as well as weak ergodicity-breaking

I and quantum in-

cases like quantum many-body scars!!’-?!! and Hilbert space
fragmentation.*>-2*! Among these, MBL is notable as a con-
tinuation of Anderson localization,!®! taking into account
many-body interactions. For one thing, MBL prevents initial
information scrambling;>?6! for another, the ergodic-MBL
phase transition involves a qualitative alteration in the scaling
behavior of certain information measures, ! such as entangle-
ment entropy and fidelity. This has been verified by various
emerging quantum simulation platforms in different localiza-

TThese two author contributed equally to this work.
fCorresponding author. E-mail: jxzhong@shu.edu.cn

CSTR: 32038.14.CPB.ae144f

tion scenarios, including disorder systems, >’ Aubry—André—
Harper chains,!?®! and Stark systems.!”) MBL has become a
powerful new framework for understanding quantum many-
body systems out of equilibrium.

Non-Hermitian physics has gained significant attention
due to its extraordinary potential applications in various
fields,3%#?! ¢.g., quantum computation,*}! quantum sensing,

and meteorology.??!

Typical non-Hermitian Hamiltonians
most characteristically host complex eigenenergies and excep-
tional points,[*48] exhibiting phenomena absent in Hermi-
tian counterparts, such as boundary-sensitive non-Hermitian
skin effects,3*49-331 and real-complex (RC) transitions of
eigenenergies.3%4434331 Moreover, in non-Hermitian setups,
unconventional RC transitions accompanied by new critical
behavior have been observed, for instance in quasiperiodic lat-
tices with Majorana zero modes.>®! Non—Hermitian setups are
relevant for continuously monitored quantum many-body sys-
tems under the no-click limit.[>7-8]

The study of non-Hermitian MBL has emerged as a fas-
cinating intersection of these two novel fields. Apart from
typically non-Hermitian systems where parity-time (PT) sym-
metry breaking induces spectral RC phase transitions, *+4]
highly non-trivial spectral RC phase transitions have emerged
in non-Hermitian quantum many-body systems with time-
reversal symmetry and disorder.’*%%1 Furthermore, it has
been shown that such RC transitions can persist even in

quasiperiodic systems without PT symmetry, demonstrating
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the universality of this phenomenon beyond PT-symmetric

5.4 The occurrence of spectral RC phase tran-

framework
sitions depends on the appearance of the ergodic-MBL
phase transition. This conclusion extends the findings of
Hatano and Nelson from the single-particle scenario to the
many-body context.[°1021 Subsequent studies have explored
the relationship between spectral RC phase transitions and
ergodic-MBL phase transitions in various non-Hermitian
MBL contexts.!®>~7!1 Notably, numerical observations in

1631 induced non-Hermitian

disorder®” and quasi-periodicity
MBL systems have shown that spectral RC phase transitions
and ergodic-MBL phase transitions may share identical crit-
ical points, indicating that localized states suppress the dissi-
pation. However, in non-Hermitian Stark MBL systems, 64631
scenarios have emerged where spectral RC phase transitions
and ergodic—-MBL phase transitions are separated. This is be-
cause the RC transition is driven by non-Hermiticity, lead-
ing to local spectral complexification even in ergodic regimes,
whereas the MBL transition requires strong interactions and
disorder to suppress thermalization, so the two transitions do
not necessarily coincide. The exact relationship between spec-
tral RC phase transitions and ergodic-MBL phase transitions
in non-Hermitian MBL systems remains an open question.
Additionally, MBL exists not only in systems with
short-range interactions but also in those with long-range

interactions. 7279

Long-range interactions that follow a
power-law decay 1/r* are crucial in quantum many-body
physics under both equilibrium and non-equilibrium condi-
tions. On the one hand, long-range interactions in low-
dimensional quantum many-body systems can significantly al-
ter the applicability of the Mermin—Wagner theorem!®%! and
lead to the development of novel Lieb—Robinson bounds. 8!!
On the other hand, MBL has been proven to be not forbidden
in long-range interaction systems and can even survive when
a > 2d.">) More interestingly, a very recent study in Ref. [82]
has uncovered signs of MBL in clean long-range interaction
chains, challenging the conventional understanding that MBL
typically involves disordered, quasi-periodic, and Stark poten-
tials with long-range interactions. With fixed finite Coulomb
interactions (@ = 1), tuning the interaction strength induces
both static and dynamic ergodic-MBL phase transitions in the
system. Naturally, it is interesting to ask: what would happen
when a non-Hermitian system with time-reversal symmetry in-
teracts with long-range interactions?

To address the aforementioned question, this work em-
ploys exact diagonalization to investigate spectral RC phase
transitions and ergodic-MBL phase transitions in a non-
Hermitian quantum many-body half-filled chain with time-
reversal symmetry and power-law decaying long-range inter-
actions. Under periodic boundary conditions (PBCs), we stat-
ically calculate the ratio of real to complex eigenspectrum

and the bipartite entanglement entropy to provide evidence of

spectral RC phase transitions and ergodic-MBL phase transi-
tions. Finite-size scaling reveals critical exponents and val-
ues for different decay exponents ¢. The results show that
the phase boundaries for RC and ergodic-MBL transitions,
while similar, do not completely overlap and disappear in
the nearest-neighbor and all-to-all interaction limits (¢ — 0).
Dynamically, we use the evolution of bipartite entanglement
entropy and imbalance as probes. The dynamic results are
consistent with the static ones, showing significant shifts in
MBL critical characteristics when the interaction range devi-
ates from the Coulomb interaction. Under open boundary con-
ditions (OBCs), the Hamiltonian exhibits a real energy spec-
trum, with only the ergodic-MBL phase transition occurring.
Finally, we propose a potential experimental realization in cold
atom systems.

This work is structured as follows. Section 2 presents the
model and Hamiltonian. In Sections 3 and 4, we discuss the
static and dynamic aspects of spectral RC phase transitions
and ergodic-MBL phase transitions under PBC. Section 5 ex-
amines the properties of non-Hermitian MBL under OBC. In
Section 6, we briefly discuss the quench dynamics related to
the experimental realization of the model Hamiltonian. Fi-
nally, we summarize our findings in Section 7. Additional nu-
merical calculation data can be found in the Appendix.

2. Model

In this work, we investigate a one-dimensional (1D) sys-
tem of hard-core bosons with asymmetric NN hopping and
long-range power law interactions [see Fig. 1]. We show some
findings about the spectral RC phase transition and ergodic-
MBL phase transition. The non-Hermitian Hamiltonian is
given by

L
A= (Je*glsjﬂia,- +Je813j13,-+1) +V Y d %y, (D)

1 i<j

-

1

where l;:-f (b;) are the creation (annihilation) operators of a
hard-core boson at site i, and 7; = IA)lTlAai is the number oper-
ator. The parameters J and g determine the strength and asym-
metry of the hopping terms, respectively, while V' controls the
strength of the long-range interaction. The exponent ¢ dic-
tates the decay of the interaction with distance d;; between
sites i and j. The asymmetric hopping terms, characterized
by the factors e ¢ and e, introduce non-Hermiticity into the
Hamiltonian. This asymmetry results in directional hopping,
breaking the Hermiticity condition and leading to unique phys-
ical phenomena such as the non-Hermitian skin effect under
OBC. The long-range interaction term introduces correlations
between particles over extended distances, tunable by the ex-
ponent «.
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Fig. 1. Schematic diagram of findings. Panels (a) and (b) illustrate phase dia-
grams of the spectral RC phase transition and ergodic-MBL phase transition,
where the white dashed lines represent phase boundaries. Blue and red re-
gions represent the real-spectrum phase (MBL phase) and complex-spectrum
phase (ergodic phase), respectively. The gray area indicates regions where no
phase transitions occur. In panel (c), we consider NN asymmetric hopping
hard-core boson systems with long-range interactions, where exhibit asym-
metric hopping Je ¢ and Je$, the strength of long-range interaction V and
long-range interaction exponent ¢.

To better understand the model, let us consider three spe-
cific limits. When g = 0, the Hamiltonian reduces to a Hermi-
tian model with long-range interactions. This limit has been
studied extensively in the context of the interplay between
long-range interactions and disorder-induced MBL. However,
the authors in Ref. [82] reported numerical evidence of MBL
characteristics in a disorder-free clean system with Coulomb
interactions. Another limit to consider is when « is close
to zero, where the interactions become effectively all-to-all.
In this regime, each particle interacts with every other par-
ticle almost equally, leading to a highly connected system

that can exhibit collective behavior and synchronization ef-
fects. Conversely, when « is sufficiently large, the interac-
tions become short-ranged, essentially reducing to NN inter-
actions. In this case, the system resembles a standard hard-
core Bose—Hubbard model, where localization and other con-
ventional phenomena can be analyzed using well-established
techniques.

Notably, our model is clean, excluding any localization-
inducing potentials, such as disorder, quasiperiodic, or Stark
potentials. Nevertheless, numerical results reveal the emer-
gence of a non-trivial non-Hermitian MBL. In the following,
we consider a system of finite length L with a fixed filling fac-
tor v=N/L=1/2. We employ exact diagonalization tech-
niques to study this non-reciprocal non-Hermitian long-range
model, with the Hilbert space dimension given by D = ( L?Z)'
Without loss of generality, we fix the parameters at J/ = 1 and
g = 0.4, and investigate the non-Hermitian MBL in the (V, &)
parameter space.

3. Static properties
3.1. Spectral real-complex transitions

We begin by examining the distinctive properties of how
the eigenspectrum changes with varying strengths of differ-
ent long-range interaction exponents . First, by numerically
solving Eq. (1) under PBCs for finite sizes, we obtain the
eigenspectrum configurations for different o and interaction
strengths V. Specifically, we calculate the cases for oc = 0.2,
1, 5, and 20, with V ranging from O to 80, shown in Figs. 2(a)—
2(d).

80
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Fig. 2. (a)-(d) Eigenenergy spectra for varying the strength of long-range interaction V from 0 to 80 under the exponent of long-range interaction o =
0.2,1,5,20 at L = 12 under PBC. Insets show the cases for V =0 and V = 80, respectively. The colorbar represents the strength of long-range interaction V.
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Given that the model Hamiltonian in Eq. (1) preserves
time-reversal symmetry, we observe that the imaginary com-
ponents of the energies are symmetric about the real axis. On
the one hand, the configurations of the eigenspectrum show
that eigenvalues transition from the complex plane to the real
axis as V evolves. On the other hand, V, at which the eigen-
spectrum transitions from complex to real, varies for different
values of « (as indicated by the colors in the color bar). More-
over, as shown in the inset subplots of Figs. 2(a)-2(d), as «
increases, the distribution of eigenvalues at V = 80 becomes
more discrete.

To highlight the complex eigenvalues in the spectrum, we
introduce the ratio of real to complex eigenspectrum fi, =
Dim /D, where Dy, represents the number of complex eigenen-
ergies with a nonzero imaginary component, and D is the
number of total eigenenergies. Eigenenergies are classified as
complex if [Im{E}| < C, with a cut-off value C = 10713, de-
termined based on machine precision. It is noteworthy that
when fi, = 1, all the eigenvalues in the system are com-

by real values. In Figs. 3(a)-3(f), we illustrate fi;, as a func-
tion of V for different system sizes L = 12, 14,16 under vari-
ous o =0.2,0.5,1,3,5,20. It is evident that as the strength of
the long-range interaction V increases from 10° to 10°, the
value of fi, gradually decreases across all system sizes L.
There is a noticeable qualitative change indicating spectral RC
phase transitions: before the spectral RC phase transition crit-
ical point VRC, the value of fi, increases as the system size
L grows from 12 to 16. After the critical point, the value of
Jfim decreases with increasing system size L, indicating emer-
gent spectral RC phase transitions as V' evolves. Addition-
ally, as shown in Figs. 3(a)-3(f), the critical point shifts sig-
nificantly with increasing long-range interaction exponent C.
When o = 20, the critical point moves to a larger V value,
as illustrated by the trend of fi;, evolving with V for differ-
ent sizes L in Fig. 3(f) and its inset. Therefore, we observe
spectral RC phase transitions in the clean model Eq. (1), with
critical values shifting according to the long-range interaction

plex. Conversely, when fi, = 0, the eigenspectrum is filled  exponent o.
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Fig. 3. Spectral RC phase transition. Panels (a)—(f) present results from Eq. (1) for the exponents o = 0.2, 0.5, 1, 3, 5, 20 for lattice sizes
L =12, 14, 16. Crossovers are observed in all cases, with the crossover shifting to larger V values for ¢ = 20.

3.2. Ergodicity-MBL phase transitions

In the study of quantum many-body systems, both in equi-
librium and non-equilibrium, entanglement entropy is a cru-
cial measure that reveals the distribution of coherent infor-
mation within the system. It allows one to distinguish be-
tween MBL and ergodic phases. For example, in the ergodic
phase, the system is thermalized, quantum many-body states
can explore the entire Hilbert space, and quantum informa-
tion spreads rapidly throughout the system, leading to entan-
glement entropy growth that follows a volume law. However,
in the MBL phase, quantum many-body states are localized,
preventing the effective spread of quantum information across
the system, resulting in entanglement entropy growth that ad-

heres to an area law.

To identify signs of non-Hermitian MBL, we calculated
the static bipartite entanglement entropy for various long-
range interaction exponents a = 0.2, 0.5, 1, 3, 5, 20, based
on the eigenstates. Given that this is a non-Hermitian sys-
tem, we use p; = Tr/[|E]")(E}'|] as the reduced density matrix,
where |E”) are normalized right eigenstate, i.e., (E"|E") = 1,
with the subsystem size ¢ being half of the system L/2. Con-
sequently, the entanglement entropy is given by

Sijp = —Te(p[Inpg5). ()

Figures 4(a)—4(f) depict the system size-independence of
the average half-chain entanglement entropy S; /2 /L as a func-
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tion of the strength of the long-range interaction V under dif-
ferent long-range interaction exponents ¢. In Fig. 4(a) with
a = 0.2, we observe that S; /2 /L does not exhibit a crossover
from the volume-law phase to the area-law phase, indicating
the absence of an ergodic-MBL phase transition and that the
system is located in the ergodic phase. However, in the cases

of ¢ =0.5,1,3,5, and 20 [see Figs. 4(b)—4(f)], SL/Q/L clearly
exhibits a crossover from the volume-law phase to the area-
law phase. These crossover points contain critical information
about the ergodic-MBL phase transition. Additionally, it is
noteworthy that the critical point VMBL for the ergodic-MBL
phase transition shifts significantly with changes in c.

& T
0.175 | g 1t L=12 0.150{ A 11 L—12 0.175} ® g:ﬁ‘fe ¥ L=12
f\.. ~a- L =14 B ~a-L =14 0.150 h, 11 e L=14
0.150 4 oL —16 0.125 i aL—16 : N 1} e L=16
1 Ny 1
0.125 H (PBC) 0.100} (PBQ) 0.125 L (PBC)
= 0.100 " 3 o 2 b
<0 Y Soao05F % 3 0.100 LY
N R So08) g 5 R
1wy 0.105 HooNg N esol BN ™ 0.105 Hog
0.050 0 LN : TN o Ry
' " EN 0 ooost B BB 0.050 t e
0.025 " g : S - | R
H(a) a=0.2 S EEEFg oLt a=10" 828R ggq|  o025] () @=50 Sag
101 102 103 10! 102 103 10! 102 103
1% 1% 1%
&1 L=12 a 0" L=12
0.150} ! oL —14 0.150F & 1 = L=14 017
! R\ —
01250 &L =16 0.125 ‘&i i -~ L =16
3 R (PBC) 3 0.100 \! (PBC) 3 0.16
0.100f '\ . \
\Q : i x \Q 0.105 i:‘ \Q 0.15
! = 0. LN .
CR I 2 A @
0.050f 1l g 0.050f 1} N 014
i) ~EL " 2k
AlD. AB.
0.025¢ ! AGe g O 0.025p | B }
ol_Li(b) a=0.5 ARERE Ry oL@ a=30*%E820q 0.13
10! 102 103 10! 102 103
1% 1%

Fig. 4. Ergodicity-MBL phase transitions. Panels (a)—(f) Illustrate the relationship between the system size-independence of average half-chain
entanglement entropy S /2 /L of selected right eigenstates within a central range of the real part of the spectrum (specifically those within +4% of the
middle), and the strength long-range interaction V under different exponent & = 0.2,0.5, 1,3, 5,20, across different system sizes L = 12, 14, 16.

3.3. Nearest neighbor and all-to-all interaction limits

We have also included calculations for the NN interaction
limit and the all-to-all limit in Figs. 5(a)-5(d).
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Fig. 5. The ratio of real to complex eigenspectrum fim and the system size-
independence of average half-chain entanglement entropy S /> /L in the NN
interaction limit and all-to-all limit. Panels 5(a) and 5(b) show the NN inter-
action limit case, while panels 5(c) and 5(d) represent the all-to-all limit case.
No phase transitions are observed in either scenario.

The results show that there are no spectral RC phase tran-
sitions or ergodic-MBL phase transitions in these two ex-
tremes. Figure 5(a) and 5(b) correspond to the NN short-range
limit, showing the ratio of real to complex eigenspectrum fim,
and the system size-independence of average half-chain entan-

glement entropy S, /2/L. The results indicate no crossovers.
Figures 5(c) and 5(d) correspond to the all-to-all long-range
limit, and similarly, no crossovers are observed. Therefore,
the system does not exhibit any transitions in the NN interac-
tion limit or the all-to-all limit.

3.4. Criticality of two transitions and phase diagrams

Now, we would like to delve deeper into exploring the re-
lationship between the critical points of these two transitions
within the system. Additionally, based on the critical points,
we have mapped out the phase diagrams of these two transi-
tions in the parameter space (V, o).

We employ a finite-size scaling method for the ratio of
real to complex eigenspectrum fi, and the size-independent
average half-chain entanglement entropy S; /2 /L, as described
below. Table 1 shows the finite-size scaling of fim - LP as
a function of (V —V,)-L!Y for different system sizes L =
12,14,16 and v = 0.2,0.5,1,3,5. Similarly, Table 2 presents
the scaling of S‘L/Z/L~Lﬁ for ¢ =0.5,1,3,5,20. The finite-size
scaling relations used are as follows:

fin-LP = £ (v =VEO)-L'VY),

Spp/L-LP =h ((V — Vb 'Ll/v) ;

(©)
“

where B is the critical exponent, V; is the critical point, and
v is the correlation length exponent. f(-) and h(-) are scaling
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functions. By adjusting the scaling parameters, we achieve
data collapse, indicating the consistency and accuracy of our
finite-size scaling analysis.

Table 1. The critical information of spectral RC phase transition under
different .

a yRC B v

0.2 72.44 £3.32 1.06 £ 0.13 0.72 £0.12
0.5 32.21 £3.48 1.10 £ 0.10 0.51 +0.19
1.0 19.70 + 3.66 1.19 £ 0.17 0.74 £ 0.10
3.0 25.16 £3.24 1.02 +£0.15 0.75 £ 0.10
5.0 3543 £3.82 1.03 £ 0.19 0.82 +0.10

Table 2. The critical information of ergodic-MBL phase transition un-
der different o.

a VMBL B v

0.5 30.48 £5.62 1.97 £0.33 0.51 £0.12
1.0 8.26 £4.25 1.99 £0.37 0.52 £0.10
3.0 25.83 £4.51 1.94 £0.42 0.51 +£0.13
5.0 44.61 £5.72 095 £0.14 0.83 £0.17
20.0 62.10 £4.21 0.15 £ 0.08 0.61 £0.12

We summarize the critical information of spectral RC
phase transitions and ergodic-MBL phase transitions in Ta-
bles 1 and 2, respectively. To verify the finite-size scaling be-
havior of spectral RC and ergodic-MBL transitions, we per-
formed data collapse analyses for various long-range expo-
nents . As shown in Fig. Al of Appendix A, the collapses
demonstrate consistent scaling across different ¢, with the cor-
responding critical parameters listed in Tables 1 and 2 of the
main text. These results confirm the robustness of the critical
behavior for both spectral RC and ergodic-MBL transitions.
As observed, the critical points of both transitions exhibit sim-
ilar boundary trends as ¢ evolves, showing non-monotonicity
and reaching a minimum at the Coulomb interaction, but the
critical points are not identical. Furthermore, the critical expo-
nent 3 and the correlation length exponent v are independent
between the two transitions.

To be concise, as seen in Table 1, the critical points VCRC
for spectral RC phase transitions with o« = 0.2,0.5,1,3,5 are
72.4443.32,32.21+£3.48,19.70+3.66,25.16£3.24,25.43 +
3.82, respectively. The critical exponents B are 1.06 +
0.13,1.10 +0.10,1.19 £ 0.17,1.02 £ 0.15,1.03 £ 0.19, and
the correlation length exponents v are 0.72 +0.12,0.51 &+
0.19,0.74 £+ 0.10,0.75 4+ 0.10,0.82 + 0.10.
MBL phase transitions, the critical points VMBL  for
o = 0.5,1,3,5,20 are 30.48 £+ 5.62,8.26 + 4.25,25.83 £
4.51,44.61 £5.72,62.10+4.21, respectively. The critical ex-
ponents 3 are 1.97 +0.33,1.99 +0.37,1.94 +0.42,0.95 +
0.14,0.15£0.08, and the correlation length exponents v are
0.51£0.12,0.52+0.10,0.51£0.13,0.83+£0.17,0.61 £0.12.

Based on the phase boundaries, we have plotted two

For ergodic-

phase diagrams for spectral RC phase transitions and ergodic—
MBL phase transitions, as shown in Figs. 1(a) and 1(b). No-
tably, for both the NN interaction limit and the all-to-all limit,

we did not observe any transitions. The phase boundaries of
the two transitions exhibit a similar non-monotonic boundary
trend: for 1/o < 1, the critical strength of long-range inter-
action VRC decreases monotonically with increasing a, while
for 1/a > 1, V increases monotonically with increasing o and
eventually disappears at a certain critical value, with o = 1
representing the global minimum of {VR}. This same non-
monotonic trend is also observed in the phase boundary of the
ergodic-MBL phase transition. However, the phase bound-
aries of these two transitions do not coincide. Also, ¢ does
not lead to the emergence of the ergodic-MBL phase transi-
tion and the spectral RC phase transition in the short-range
interaction case but does appear in the long-range interaction
scenario, disappearing again in the larger long-range interac-
tion limit. This indicates that the critical points of spectral RC
phase transitions and MBL phase transitions in disorder-free
many-body systems exhibit more complex properties com-
pared to conventional disorder or quasiperiodic induced non-
Hermitian MBL systems.

4. Dynamical properties

In this section, we explore the non-unitary time evolution
of the asymmetric chain with a long-range interaction Hamil-
tonian in Eq. (1) using quantum trajectories without quantum
jumps during continuous measurement. During time evolu-
tion, we initially start with the state configured as a product
state |y(0)) = |101010---). The evolved state is given by

ey (0)
(w(0)|eif'reiMlt |y (0))
Using this, we dynamically investigate various properties

of the system. The dynamical half-chain entanglement entropy
reads as

w(1) = (5)

S(t) = =Tr[pr 2 (t) Inpg (1)), (6)

where p;>(t) is the reduced density matrix of the evolv-
ing many-body state |y(r)). The evolutionary entanglement
entropy S(¢) for different long-range interaction strengths V
in the Hermitian limit (g = 0) and the non-Hermitian sce-
nario (g = 0.4) under various long-range interaction exponents
a=0.2, 1,5, 20 with PBCs are shown in Figs. 6(al)-6(d1l).
When o = 0.2 in Fig. 6(al), it can be observed that in the Her-
mitian limit g = 0, V = 1 (dark blue dotted line), the system
exhibits the classic short-time linear growth followed by satu-
ration typical of the ergodic phase. In the non-Hermitian case
g=0.4,V =1 (light blue dotted line), there is still short-time
linear growth, but the saturated value is lower, similar to other
non-Hermitian MBL systems. Notably, since & = 0.2 does not
have an ergodic-MBL phase transition, both g =0, V = 100
(dark red dotted line) and g = 0.4,V = 100 exhibit thermaliza-
tion behavior. For @ = 1 and 5, in Figs. 6(b1) and 6(cl), g =0,
V =1and g =0.4, V =1 still exhibit thermalization behavior.
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However, g=0,V =100 and g = 0.4, V = 100 show MBL be-
havior with area-law growth over time, indicating the presence
of an ergodic—-MBL phase transition in the system dynamics.
In addition, for a = 20 and g = 0.4, V = 100, since V = 100
lies in the critical region of the system, the entanglement en-
tropy exhibits logarithmic-like growth over time. Furthermore,
we investigate the dynamics of imbalance for different V under
various o, which is defined as

Ne(t) = No(t)

No(t) = En(W (021 [w(1)), ©

and Nt (t) = Ne(t) + No (), with n being an integer. When
the system is in the region of the MBL phase, the initial state
|w(0)) = |101010---) information is preserved, thus Z(¢) = 1,
whereas in the ergodic phase, thermalization erases the ini-
tial encoding information, resulting in Z(¢) = 0. As shown
in Figs. 6(a2)-6(d2), for ¢ = 0.2, both V. =1 and V = 50 in
the Hermitian and non-Hermitian scenarios exhibit thermal-

I(t) = 7 o .
®) Nt(t) (" ization. For & =1 and 5, the system undergoes an ergodic—
where MBL phase transition, while for o = 20, the g =0.4, V =50
case exhibits critical behavior. Therefore, the system’s dy-
Ne(t) =Y, (w()|An|v()), (8)  namic and static properties exhibit consistency.
—m-g=0,V=1 g=0.4,V=1 —e-g=0, V=100 g=0.4, V=100
a=0.2 (PBC) a=1.0 (PBC) a=5.0 (PBC) «=20.0 (PBC)
3 3
51D 3| (b1) (c1) (d1)
2 2
=2 W 332 = g
ot n 28 0
@ ¢ 1 F 9 ' 1 '
o - A e
olLe*” 1] § So0— 0 LS cossmmmet i ama a0 1] 5 = :
101 100 10! 10? -t 100 o 102 10-1 100 100 102 10-1 100 100 102
t t t
[E3 S— 1.00 t?.:"‘w 1.00 [(E3
\\‘ 0.75 -8 0.75 N \JM
y 0.50 ".* =050 "‘«
. 50.25 % 50.25 %
(b2) 4 —0.25} (c2) ~0.25{(d2)
101 100 100 102 10-1 100 101 102 10-1 100 100 102 10-1 100 100 102
t t t

Fig. 6. Dynamics of Hamiltonian Eq. (1). Panels (al)—(d1) show the time-evolved entanglement entropy for the system parameters g = 0, V = 1 (dark blue),
g=0.4,V =1 (light blue), g =0, V = 100 (dark red), and g = 0.4, V = 100 (light red) under PBC with L = 12 for varying oc = 0.2, 1, 5, 20. Panels (a2)—(d2)
show the imbalance with the same parameters. The results indicate that for & = 0.2, the system thermalizes in both Hermitian and non-Hermitian cases for
V =1and V = 100. However, for @ = 1, 5, 20, ergodic-MBL phase transitions are observed.

5. Non-Hermitian many-body localization with
open boundary conditions

Under OBCs, the model Hamiltonian reads as
Ll
A=Y
i=1

Interestingly, due to the boundary opening, we can always map

L
(7 B, bt aetbbuss ) +V Y dy . (10

i<j

the system to a Hermitian Hamiltonian through a similarity
transformation,

A =s'As, (11)

where S = diag(e ¢, e "%, ..., el®). Therefore, under OBCs,
the system always maintains a real spectrum without spectral
RC phase transitions. Consequently, we focus primarily on
the static and dynamic properties of the ergodic—-MBL phase
transition in the system.

As shown in Figs. 7(a)-7(d), we calculated the size-
independent average half-chain entanglement entropy S; /2 /L
as a function of the strength of the long-range interaction V for
the OBC Hamiltonian Eq. (10) with o« = 0.2, 1, 5, 20. Among

these, @ = 0.2, 1, and 5 exhibit an ergodic-MBL phase tran-
sition crossover, while o = 20 does not. This suggests that
the many-body skin effect may push the MBL phase to even
longer-range interactions as ¢« increases. The system’s dynam-
ics under OBCs are consistent with its static properties. As
shown in Figs. 8(al)-8(d2), we examined the evolution of en-
tanglement entropy and imbalance for Hermitian cases with
g =0,V =1 (dark blue dotted line) and g =0, V = 100 (dark
red dotted line); and for non-Hermitian cases with g = 0.4,
V =1 (light blue dotted line) and g = 0.4, V = 100 (light red
dotted line). For o« = 0.2, 1, and 5, the evolution of entan-
glement entropy and imbalance in both Hermitian and non-
Hermitian cases exhibits the dynamical characteristics of an
ergodic-MBL phase transition. However, for o = 20, there are
no signs of a transition, and the system remains in a thermal-
ized state. To further connect the entanglement-based analysis
with real-space dynamics, we note that the evolution of the lo-
cal particle density under OBCs (see Figs. 9) exhibits particle
accumulation near the system boundaries, providing a com-
plementary perspective on the non-Hermitian skin effect.
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Fig. 7. The system size-independence of average half-chain entanglement entropy §L/2 /L of Hamiltonian Eq. (1) under OBCs. Panels (a)—(d) show §; /2 /L
for different values of o = 0.2, 1, 5, 20 and system sizes L = 12, 14, 16. The ergodic-MBL phase transition disappears at o = 20.
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Fig. 8. Dynamics of Hamiltonian Eq. (10). Panels (al)—(d1) illustrate the time evolution of entanglement entropy for system parameters g =0,V =1 (dark
blue), g = 0.4,V =1 (light blue), g =0,V = 100 (dark red), and g = 0.4,V = 100 (light red) under OBC with L = 12 for various values of o = 0.2, 1,5,20.
Panels (a2)—(d2) display the imbalance for the same parameters. The results show that at & = 20, the system thermalizes in both Hermitian and non-Hermitian
cases for V=1 and V = 100. In contrast, for @ = 0.2, 1,5, ergodic-MBL phase transitions are observed.
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Fig. 9. Local density of right initial state [000---111---) (al)—(a4) and left initial state [111---000---) (b1)-(b4) for o = 1,L = 12. Left pumping causes the
right state to change its evolution state when V is small, while the strength of the long-range interaction causes the system to enter a quantum Zeno phase.

The time evolution of the local density for the OBC
Hamiltonian Eq. (10) is additionally provided with the
right initial state |000---111---) and the left initial state
[111---000---). The long-range interaction exponent is fixed
to & = 1 (Coulomb interaction). The Hermitian cases with
g=0,V=1and g =0,V =100, as well as the non-Hermitian
cases with g =0.4,V =1 and g = 0.4, V = 100, are examined
for both right and left initial states. For the right initial state
shown in Figs. 9(al)-9(a4), it is observed that in the case of

g =04,V =1, particles flow in the opposite direction due to
reverse pumping, resulting in the loss of initial state informa-
tion over time. The increase in the strength of the long-range
interaction V stabilizes the initial state evolution into a local-
ized phase. When V exceeds the pumping strength, the system
exhibits a frozen evolution landscape.

For the left initial state shown in Figs. 9(b1)-9(b4), the
alignment of the pumping direction with the particle distribu-

tion direction causes both the pumping and long-range inter-
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action to freeze the system.

This indicates that the interplay between non-Hermitian
pumping and long-range interactions not only governs the
entanglement-based ergodic-MBL crossover but also mani-
fests in real-space boundary dynamics, linking macroscopic
entanglement features to microscopic localization phenomena.

6. Potential experimental proposal

This section outlines a potential experimental setup for
achieving non-reciprocal NN hopping and long-range in-
teractions. To realize asymmetric NN hopping, we pro-
pose using reservoir engineering. It is worth noting that
the authors in Ref. [83] also mentioned cold-atom exper-
iments for a non-reciprocal hopping chain. Specifically,
we rewrite the model Hamiltonian as the Hermitian part,
Ay = 1J(es + e 8)Li(b], b + Hee) + V¥, ;d;;%fitj, and
the anti-Hermitian part Ay = 1J(e8 — e_g)Zi(Z;L_li;i —H.c.).
The Hermitian part H; includes the long-range interactions,
which can be adjusted by controlling the s-wave scattering
length between two atoms using a magnetic-optical poten-
tial, such as Feshbach resonance.!®* The interaction strength
and decay exponent can be tuned by adjusting the parameters
of the applied magnetic and laser fields. The anti-Hermitian
part Hy; can be realized by considering a jump operator L; =
/J|eg¢ — e=¢|(b; + isgn(g)b;; 1) that includes collective one-
body loss, where sgn(g) denotes the sign of g and controls the
direction of asymmetric hopping. Under post-selection with
no quantum jumps,'®>! the dynamics of the density matrix are

governed by the effective Hamiltonian
N PO NN
Her = M — 5 Y LiL,
i
= Hi+Hy— i) J|sinh(g) A, (12)
i

where the —i Y'X J|sinh(g) |A; term represents the loss of onsite
atoms. Additionally, controlling the system ati =0and i =L
can set the system to either PBC or OBC.

To make the proposal more directly connected to experi-
ment, several measurable signatures can be considered. First,
the existence of complex eigenvalues can be probed via single-
particle spectral functions using spectroscopic techniques in
cold-atom systems. Alternatively, asymmetric wave-packet
spreading caused by non-Hermitian loss channels can serve
as a direct signature of non-reciprocal hopping. Second, en-
tanglement evolution between subsystems can be accessed
through randomized measurement protocols or two-copy in-
terferometric methods, which have been successfully imple-
mented in optical lattice experiments. Observing the predicted
entanglement growth or saturation would provide evidence
for the combined effects of long-range interactions and non-
Hermitian terms. Finally, by tuning the interaction strength

and decay exponent via Feshbach resonances and laser fields,
one can study changes in correlation functions or density-
density correlations, offering further verification of the theo-
retical model. These experimental signatures are within the
reach of current cold-atom techniques, making it feasible to
test the predicted non-Hermitian dynamics and spectral prop-
erties.

7. Conclusion

In summary, we have conducted large-scale numerical
calculations to demonstrate the static and dynamic properties
of a non-Hermitian asymmetric hopping with long-range in-
teracting clean chain under PBCs and OBCs, unveiling var-
ious exotic spectral RC phase transitions and ergodic-MBL
phase transitions as a function of the long-range interaction
strength V and long-range power exponent . In this clean
chain, we have discovered a novel non-Hermitian MBL. By
calculating the static ratio of real to complex eigenspectrum
Jfim and the L independence of the average half-chain entangle-
ment entropy S;, /2/L, as well as using dynamic probes such as
the time-evolved entanglement entropy S(¢) and the imbalance
Z(t), we have found evidence of spectral RC phase transitions
and ergodic-MBL phase transitions within the system induced
by long-range interaction. Furthermore, we determined the re-
lationship between V and « through phase diagrams and phase
boundaries of spectral RC phase transitions and ergodic-MBL
phase transitions. It is evident that neither spectral RC phase
transitions nor ergodic-MBL phase transitions occur in the NN
interaction limit and the all-to-all limit. Both phase bound-
aries exhibit similar non-monotonic behavior, where the crit-

ical points {VCRC/ MBL

} decrease monotonically for 1/a < 1
and increase monotonically for 1/a > 1, with a global mini-
mum at & = 1. However, the phase boundaries of these two
transitions do not coincide, indicating that they fall outside
the understanding of disorder or quasiperiodic-induced non-
Hermitian MBL. Dynamically, using the evolved entangle-
ment entropy and imbalance as probes, we demonstrated that
ergodic-MBL phase transitions also exist in this long-range
non-Hermitian system. Under OBCs, since the entire spec-
trum of the system is real, there is no spectral RC phase transi-
tion. Additionally, due to the many-body non-Hermitian skin
effect, we observed signals of static and dynamic MBL shift-
ing towards longer-range interactions.

Finally, we propose a potential experimental setup. It
is worth noting that the presence of complex spectra in non-
Hermitian systems poses challenges for spectral measure-
ment techniques. However, we believe that it is still feasible
to observe our findings experimentally. Our work provides

a valuable reference for further exploration of the relation-
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ship between nonequilibrium quantum phase transitions and
non-Hermitian spectra in non-Hermitian many-body systems.
These results have potential applications in non-Hermitian
quantum sensing and metrology.

Appendix A: Data collapses of phase transitions

In this appendix, additional details support the critical
information presented in the main text. Specifically, Fig-
ures Al(a) and Al(b) display the limiting case as & — 0. In the
case of o =0.001, the spectral RC phase transitions are absent
and no critical value emerges in the fi,. Meanwhile, S; /L
does not exhibit a crossover from the volume-law phase to the
area—law phase, indicating the absence of ergodic-MBL phase
transition. Ultimately, Figs. A2(al)-A2(a5) show the data col-
lapse for spectral RC phase transitions at o = 0.2,0.5,1,3,5,
with specific values provided in Table 1 in the main text.
Figs. A2(b1)-A2(b5) illustrate the data collapse for ergodic—
MBL phase transitions at & = 0.5, 1, 3, 5, 20, with specific
values detailed in Table 2 in the main text.
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Fig. Al. Results for extremely small o. Panels (a) ang (b) illustrate that
the spectral RC phase transition and ergodic-MBL phase transition do
not occur.

15.0(4 L=12 15.0/4 L=12 951 8 L=12 15.0/4 L=12 15.0(8 L=12
] sL=14 g oL=14 g oL=14 & sL=14 § cL=14
& sL—16 8 s L=16 20l 0 s L=16 8 s L=16 B 2L =16
. loof® . 10.0}4 T . 100} 4 ., 10.0} &
SR - = 15 S e SR
£ 8 z 2 E E E a
=50 2 = 50| g =101 <5008 = 5.0 u
%hm (al) a=0.2 &m (a2) a=0.5 5 % (a3) a=1.0 L%kh (a4) a=3.0 %“%n (ab) a=5.0
0 CA0A oA o A o a 0 MND AT ADO A D a 0 0d0AO0%A O %A o A 0 OA04 04 o a o 4 0 404 00 o ,
0o 1 2 3 4 5 0 5 10 15 20 25 0 1 3 4 5 0 1 2 3 4 5 0 2 3
(V=V.)-LW" (10%) (V=V)-LY" (10%) (V=V)-L1¥ (10%) (V=V.)-LW¥ (10%) (V=V,)-L¥ (10%)
40[% z 2.5[4 =
401 ® - L=12 40 L=12 . = L=12
eL=12 oL=14 oL =14 8 JE=1d & oL =11
306 2 L—=16 - 30f, s L =16 30l8 sL=16 ~ 208 sL=16 | 0228 2L =16
@ = a e = L3 = B
= R = ‘ :
3 90 ® Sa0fs D08 SRR Zo.20) &
220, a e =200 S % 518
S 18 w |8 o8 5 1.0f b % -4
10 %% (bl) a=05 1014 (b2) @=1.0 |{'"10 %ﬂ (b3) a=3.0 *a,  (b4) a=5.0 0.18] P, (b5) a=20.0
5
o MNP A’ A0° A D a 0 %‘“ﬂcﬂ AP A0 a D a 0 BV AP ADO A D a 05 €80 o a “Pa00 o a B A
0 5 10 15 20 25 0 5 10 15 20 25 0 5 10

(V=Vo)-L'¥ (10%) (V=Vo)- L1 (10)

(V=Vo)-L1/» (10%)

15 20 25 0 2 4 6 8 10

1 2
(V=Ve)-L'" (10%) (V=V,)-L1" (10%)

Fig. A2. Data collapse of spectral RC phase transitions and ergodic-MBL phase transitions for Hamiltonian Eq. (1) under PBC with different ¢ values.
Panels (al)—(a5) show the data collapse of spectral RC phase transitions for o = 0.2, 0.5, 1, 3, 5; panels (b1)—(b5) show the data collapse of ergodic-MBL

phase transitions for o« = 0.5, 1, 3, 5, 20.

Acknowledgements

We thank Xue-Jia Yu and Shuo Liu for valuable dis-

cussion. Numerical simulations were carried out with the

QUSPIN package. %! Project supported by the National Nat-
ural Science Foundation of China (Grant No. 12374046) and
the Shanghai Science and Technology Innovation Action Plan
(Grant No. 241.Z1400800).

References

[1] Bohigas O, Giannoni M J and Schmit C 1984 Phys. Rev. Lett. 52 1
[2] DeutschJ M 1991 Phys. Rev. A 43 2046

[3] Srednicki M 1994 Phys. Rev. E 50 888

[4] Rigol M, Dunjko V and Olshanii M 2008 Nature 452 854

[5] Oganesyan V and Huse D A 2007 Phys. Rev. B75 155111

[6] Pal A and Huse D A 2010 Phys. Rev. B 82 174411

[7] Nandkishore R, Gopalakrishnan S and Huse D A 2014 Phys. Rev. B 90
064203

—

[8] Nandkishore R and Huse D A 2015 Annual Review of Condensed Mat-
ter Physics 6 15

[9] Luitz D J, Laflorencie N and Alet F 2015 Phys. Rev. B 91 081103
[10] Serbyn M, Papi¢ Z and Abanin D A 2013 Phys. Rev. Lett. 110 260601
[11] Bethe H 1931 Zeitschrift fiir Physik 71 205
[12] Lieb E H and Liniger W 1963 Phys. Rev. 130 1605
[13] Sutherland B 1971 Phys. Rev. A 4 2019
[14] Yang C N and Yang C P 1969 J. Math. Phys. 10 1115
[15] Sklyanin E K 1982 Journal of Soviet Mathematics 19 1546

[16] Baxter R J 1982 Exactly Solved Models in Statistical Mechanics (Lon-
don: Academic Press) pp. 172-195

[17] Shiraishi N and Mori T 2017 Phys. Rev. Lett. 119 030601

[18] Turner CJ, Michailidis A A, Abanin D A, Serbyn M and Papi¢ Z 2018
Nat. Phys. 14 745

[19] Serbyn M, Abanin D A and Papi¢ Z 2021 Nat. Phys. 17 675
[20] Choi S, Turner C J, Pichler H, Ho W W, Michailidis A A, Papi¢ Z, Ser-
byn M, Lukin M D and Abanin D A 2019 Phys. Rev. Lett. 122 220603

[21] Ljubotina M, Roos B, Abanin D A and Serbyn M 2022 PRX Quantum
3030343

[22] Sala P, Rakovszky T, Verresen R, Knap M and Pollmann F 2020 Phys.
Rev. X 10 011047

060509-10


http://dx.doi.org/10.1103/PhysRevLett.52.1
http://dx.doi.org/10.1103/PhysRevA.43.2046
http://dx.doi.org/10.1103/PhysRevE.50.888
http://dx.doi.org/10.1038/nature06838
http://dx.doi.org/10.1103/PhysRevB.75.155111
http://dx.doi.org/10.1103/PhysRevB.82.174411
http://dx.doi.org/10.1103/PhysRevB.90.064203
http://dx.doi.org/10.1103/PhysRevB.90.064203
http://dx.doi.org/10.1146/conmatphys.2015.6.issue-1
http://dx.doi.org/10.1146/conmatphys.2015.6.issue-1
http://dx.doi.org/10.1103/PhysRevB.91.081103
http://dx.doi.org/10.1103/PhysRevLett.110.260601
https://doi.org/10.1007/BF01341708
http://dx.doi.org/10.1103/PhysRev.130.1605
http://dx.doi.org/10.1103/PhysRevA.4.2019
http://dx.doi.org/10.1063/1.1664947
http://dx.doi.org/10.1007/BF01091462
http://dx.doi.org/10.1103/PhysRevLett.119.030601
http://dx.doi.org/10.1038/s41567-018-0137-5
http://dx.doi.org/10.1038/s41567-018-0137-5
http://dx.doi.org/10.1038/s41567-021-01230-2
http://dx.doi.org/10.1103/PhysRevLett.122.220603
http://dx.doi.org/10.1103/PRXQuantum.3.030343
http://dx.doi.org/10.1103/PRXQuantum.3.030343
https://doi.org/10.1103/PhysRevX.10.011047
https://doi.org/10.1103/PhysRevX.10.011047

Chin. Phys. B 35, 060509 (2026)

[23]

[24]
[25]
[26]
[27]
[28]

[29]
[30]
[31]

[32]
[33]
[34]
[35]
[36]

[37]
[38]
[39]
[40]
[41]
[42]
[43]

[44]
[45]

[46]

[47]
[48]

[49]
[50]
[51]

[52]
[53]
[54]
[55]

Khemani V, Hermele M and Nandkishore R 2020 Phys. Rev. B 101
174204

Moudgalya S and Motrunich O 12022 Phys. Rev. X 12 011050
Anderson P W 1958 Phys. Rev. 109 1492

Basko D, Aleiner I and Altshuler B 2006 Annals of Physics 321 1126
Oganesyan V and Huse D A 2007 Phys. Rev. B75 155111

Iyer S, Oganesyan V, Refael G and Huse D A 2013 Phys. Rev. B 87
134202

Schulz M, Hooley C A, Moessner R and Pollmann F 2019 Phys. Rev.
Lett. 122 040606

El-Ganainy R, Makris K G, Khajavikhan M, Musslimani Z H, Rotter S
and Christodoulides D N 2018 Nat. Phys. 14 11

Bergholtz E J, Budich J C and Kunst F K 2021 Rev. Mod. Phys. 93
015005

Ashida Y, Gong Z and Ueda M 2020 Adv. Phys. 69 249

Heiss W D 2012 J. Phys. A: Math. Theor. 45 444016

Lee C H and Thomale R 2019 Phys. Rev. B 99 201103

Yu X J, Pan Z, Xu L and Li Z X 2024 Phys. Rev. Lett. 132 116503
Chen W, Ozdemir $ K, Zhao G, Wiersig J and Yang L 2017 Nature 548
192

Lau H W and Clerk A A 2018 Nat. Commun. 9 4320

Li S Z and Li Z 2024 Phys. Rev. B 110 L041102

Liu GJ, Zhang J M, Li S Z and Li Z 2024 Phys. Rev. A 110 012222

Li K, Liu Z C and Xu Y 2023 arXiv: 2305.12342 [quant-ph]

LiuZ C,Li K and Xu Y 2024 arXiv: 2311.16541 [quant-ph]

Li HZ and Zhong J X 2024 arXiv: 2405.19155 [quant-ph]

Naghiloo M, Abbasi M, Joglekar Y N and Murch K W 2019 Nat. Phys.
151232

Bender C M and Boettcher S 1998 Phys. Rev. Lett. 80 5243
El-Ganainy R, Makris K G, Khajavikhan M, Musslimani Z H, Rotter S
and Christodoulides D N 2018 Nat. Phys. 14 11

Bergholtz E J, Budich J C and Kunst F K 2021 Rev. Mod. Phys. 93
015005

Heiss W D 2012 J. Phys. A: Math. Theor. 45 444016

Moiseyev N 2011 Non-Hermitian Quantum Mechanics (Cambridge
University Press) pp. 21-43

Yao S and Wang Z 2018 Phys. Rev. Lett. 121 086803

Chen T, Shen R, Lee C H and Yang B 2023 SciPost Phys. 15 170
Shen R, Chen T, Yang B and Lee C H 2023 arXiv: 2311.10143 [quant-
ph]

Chen T, Shen R, Lee C H and Yang B 2023 SciPost Phys. 15 170

Lee CH, Li L, Thomale R and Gong J 2020 Phys. Rev. B 102 085151
Liu T and Xia X 2022 Phys. Rev. B 105 054201

Liu T and Wang Y 2024 Chin. Phys. B 33 030303

[56]
(571
[58]

[59]
[60]

[61]
[62]
[63]
[64]
[65]
[66]

[67]
[68]
[69]
[70]
[71]

[72]
[73]

[74]
[75]
[76]
(771

[78]
[79]

[80]
[81]

[82]
[83]

[84]
[85]
[86]

060509-11

Liu T, Cheng S, Guo H and Xianlong G 2021 Phys. Rev. B 103 104203
Daley A J 2014 Adv. Phys. 6377

Diehl S, Micheli A, Kantian A, Kraus B, Biichler H P and Zoller P
2008 Nat. Phys. 4 878

Hamazaki R, Kawabata K and Ueda M 2019 Phys. Rev. Lett. 123
090603

Hamazaki R, Kawabata K, Kura N and Ueda M 2020 Phys. Rev. Res. 2
023286

Hatano N and Nelson D R 1996 Phys. Rev. Lett. 77 570

Hatano N and Nelson D R 1997 Phys. Rev. B 56 8651

Zhai L J, Yin S and Huang G Y 2020 Phys. Rev. B 102 064206

Li HZ, Yu X J and Zhong J X 2023 Phys. Rev. A 108 043301

Liu J and Xu Z 2023 Phys. Rev. B 108 184205

Roccati F, Balducci F, Shir R and Chenu A 2024 Phys. Rev. B 109
L140201

Maik J, Bhaseen M J and Pal A 2024 Commun. Phys. 7 92

De Tomasi G and Khaymovich I M 2024 Phys. Rev. B 109 174205
Cheng S, Feng X, Chen W, Khan N A and Xianlong G 2024 Phys. Rev.
B 109 174209

Suthar K, Wang Y C, Huang Y P, Jen H H and You J S 2022 Phys. Rev.
B 106 064208

Wang Y C, Suthar K, Jen HH, Hsu Y T and You J S 2023 Phys. Rev. B
107 1220205

Nandkishore R M and Sondhi S L 2017 Phys. Rev. X 7 041021

Sierant P, Biedron K, Morigi G and Zakrzewski J 2019 SciPost Phys. 7
008

Levitov L S 1990 Phys. Rev. Lett. 64 547

Burin A L 2006 arXiv: cond-mat/0611387 [cond-mat]

Gutman D B, Mirlin A D and Gefen Y 2016 Phys. Rev. B 93 245427
Yao N 'Y, Laumann C R, Gopalakrishnan S, Knap M, Miiller M, Demler
E A and Lukin M D 2014 Phys. Rev. Lett. 113 243002

Nag S and Garg A 2019 Phys. Rev. B 99 224203

Lukin I'V, Slyusarenko Y V and Sotnikov A G 2022 Phys. Rev. B 105
184307

Maghrebi M F, Gong Z X and Gorshkov A V 2017 Phys. Rev. Lett. 119
023001

Liu R, YiJ, Zhou S and Zou L 2024 arXiv: 2405.14929 [cond-mat.str-
el]

Cheng C 2023 Phys. Rev. B 108 155113

Gong Z, Ashida Y, Kawabata K, Takasan K, Higashikawa S and Ueda
M 2018 Phys. Rev. X 8 031079

Guan X W, Batchelor M T and Lee C 2013 Rev. Mod. Phys. 85 1633
Daley A J 2014 Adv. Phys. 6377

Weinberg P and Bukov M 2019 SciPost Phys. 7 020


http://dx.doi.org/10.1103/PhysRevB.101.174204
http://dx.doi.org/10.1103/PhysRevB.101.174204
https://doi.org/10.1103/PhysRevX.12.011050
http://dx.doi.org/10.1103/PhysRev.109.1492
http://dx.doi.org/10.1016/j.aop.2005.11.014
http://dx.doi.org/10.1103/PhysRevB.75.155111
http://dx.doi.org/10.1103/PhysRevB.87.134202
http://dx.doi.org/10.1103/PhysRevB.87.134202
http://dx.doi.org/10.1103/PhysRevLett.122.040606
http://dx.doi.org/10.1103/PhysRevLett.122.040606
http://dx.doi.org/10.1038/nphys4323
http://dx.doi.org/10.1103/RevModPhys.93.015005
http://dx.doi.org/10.1103/RevModPhys.93.015005
https://doi.org/10.1080/00018732.2021.1876991
http://dx.doi.org/10.1088/1751-8113/45/44/444016
http://dx.doi.org/10.1103/PhysRevB.99.201103
http://dx.doi.org/10.1103/PhysRevLett.132.116503
http://dx.doi.org/10.1038/nature23281
http://dx.doi.org/10.1038/nature23281
http://dx.doi.org/10.1038/s41467-018-06477-7
https://doi.org/10.1103/PhysRevD.110.116029
http://dx.doi.org/10.1103/PhysRevA.110.012222
http://dx.doi.org/10.1038/s41567-019-0652-z
http://dx.doi.org/10.1038/s41567-019-0652-z
http://dx.doi.org/10.1103/PhysRevLett.80.5243
http://dx.doi.org/10.1038/nphys4323
http://dx.doi.org/10.1103/RevModPhys.93.015005
http://dx.doi.org/10.1103/RevModPhys.93.015005
http://dx.doi.org/10.1088/1751-8113/45/44/444016
http://dx.doi.org/10.1103/PhysRevLett.121.086803
http://dx.doi.org/10.21468/SciPostPhys
http://dx.doi.org/10.21468/SciPostPhys
http://dx.doi.org/10.1103/PhysRevB.102.085151
http://dx.doi.org/10.1103/PhysRevB.105.054201
http://dx.doi.org/10.1088/1674-1056/ad1746
http://dx.doi.org/10.1103/PhysRevB.103.104203
http://dx.doi.org/10.1080/00018732.2014.933502
http://dx.doi.org/10.1038/nphys1073
http://dx.doi.org/10.1103/PhysRevLett.123.090603
http://dx.doi.org/10.1103/PhysRevLett.123.090603
http://dx.doi.org/10.1103/PhysRevResearch.2.023286
http://dx.doi.org/10.1103/PhysRevResearch.2.023286
http://dx.doi.org/10.1103/PhysRevLett.77.570
http://dx.doi.org/10.1103/PhysRevB.56.8651
http://dx.doi.org/10.1103/PhysRevB.102.064206
http://dx.doi.org/10.1103/PhysRevA.108.043301
http://dx.doi.org/10.1103/PhysRevB.108.184205
https://doi.org/10.1103/PhysRevB.109.L140201
https://doi.org/10.1103/PhysRevB.109.L140201
https://doi.org/10.1038/s42005-024-01576-y
http://dx.doi.org/10.1103/PhysRevB.109.174205
http://dx.doi.org/10.1103/PhysRevB.109.174209
http://dx.doi.org/10.1103/PhysRevB.109.174209
http://dx.doi.org/10.1103/PhysRevB.106.064208
http://dx.doi.org/10.1103/PhysRevB.106.064208
https://doi.org/10.1103/PhysRevB.107.L220205
https://doi.org/10.1103/PhysRevB.107.L220205
https://doi.org/10.1103/PhysRevX.7.041021
http://dx.doi.org/10.21468/SciPostPhys
http://dx.doi.org/10.21468/SciPostPhys
http://dx.doi.org/10.1103/PhysRevLett.64.547
http://dx.doi.org/10.1103/PhysRevB.93.245427
http://dx.doi.org/10.1103/PhysRevLett.113.243002
http://dx.doi.org/10.1103/PhysRevB.99.224203
http://dx.doi.org/10.1103/PhysRevB.105.184307
http://dx.doi.org/10.1103/PhysRevB.105.184307
http://dx.doi.org/10.1103/PhysRevLett.119.023001
http://dx.doi.org/10.1103/PhysRevLett.119.023001
http://dx.doi.org/10.1103/PhysRevB.108.155113
https://doi.org/10.1103/PhysRevX.8.031079
http://dx.doi.org/10.1103/RevModPhys.85.1633
http://dx.doi.org/10.1080/00018732.2014.933502
http://dx.doi.org/10.21468/SciPostPhys

	1. Introduction
	2. Model
	3. Static properties
	3.1. Spectral real–complex transitions
	3.2. Ergodicity–MBL phase transitions
	3.3. Nearest neighbor and all-to-all interaction limits
	3.4. Criticality of two transitions and phase diagrams

	4. Dynamical properties
	5. Non–Hermitian many-body localization with open boundary conditions
	6. Potential experimental proposal
	7. Conclusion
	References

