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SPECIAL TOPIC — Advances in thorium nuclear optical clocks
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The octupole correlations of the Kπ = 5/2+ ground state and the rotational spectrum built on it in 229Th are studied us-
ing the microscopic relativistic density functional theory on a three-dimensional lattice space and the reflection-asymmetric
triaxial particle rotor model. It is found that 229Th has a ground state with static axial octupole and quadrupole defor-
mations. The occurrence of octupole correlations, driven by the octupole deformation, is analyzed through the evolution
of single-particle levels around the Fermi surface. The experimental energy spectrum and the electromagnetic transition
probabilities, including B(E2) and B(M1), are reasonably well reproduced.
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1. Introduction
The atomic nucleus 229Th has garnered sustained atten-

tion not only in nuclear physics but also in atomic physics,
laser physics, and metrology, owing to the presence of an ex-
tremely low-energy (∼ 8 eV) Kπ = 3/2+ isomeric state.[1–8]

This extraordinary low-energy isomeric state is the most
promising candidate known so far for developing a nuclear
clock utilizing current laser technology.[9–12] Such a nu-
clear clock would enable a variety of applications, including
dark matter research,[11,13,14] relativistic geodesy,[15] and the
observation of potential temporal variations of fundamental
constants,[11,16,17] see e.g., reviews.[18,19]

From a nuclear structure perspective, the actinide iso-
tope 229Th serves as a paradigmatic example of heavy nuclei,
featuring pronounced collectivity and the possibility of oc-
tupole (reflection-asymmetric) deformation.[20,21] The excited
level structure of 229Th has been extensively studied experi-
mentally via α decay of 233U,[22–25] β decay of 229Ac,[26,27]

Coulomb excitations,[28] and 230Th(d, t)229Th reactions.[29]

Focusing on the level structure built on the Kπ = 5/2+ ground
state and the Kπ = 3/2+ isomeric state, the corresponding col-
lective rotational bands were reported by Kroger and Reich
half a century ago.[22] They classified these two bands, built
on the 5/2+[633] and 3/2+[631] Nilsson states (labeled by
the Nilsson asymptotic quantum numbers), respectively. The
octupole-correlated parity partner bands, i.e., the Kπ = 5/2−

partner of the ground-state band and the Kπ = 3/2− partner
of the isomeric-state band, were also identified, indicating the
presence of octupole correlations in 229Th.[26,27]

Theoretically, studies on the band structure of 229Th
have been conducted using the reflection-asymmetric par-
ticle rotor model (PRM),[30,31] the quasiparticle-plus-
phonon model (QPPM),[26,27] and the coherent quadrupole-
octupole model combined with the deformed shell model
(CQOM+DSM),[32–34] among others. The reflection-
asymmetric PRM[30,31] and QPPM[26,27] provide an overall
description of the 229Th spectrum without specifically ad-
dressing the isomer properties. CQOM+DSM[32–34] calcula-
tions have been performed to investigate the band structure
and the formation mechanism of the isomeric state. However,
none of these three theoretical approaches has explored the
origin of octupole correlations in this nucleus. A unified de-
scription of the energy spectra, electromagnetic transitions,
and octupole correlations of the two rotational bands based on
the Kπ = 5/2+ ground state and the Kπ = 3/2+ isomeric state
is needed. Such a description would aid in understanding the
formation mechanism of the isomeric state and the influence
of octupole correlations on it. Considering that predicting the
isomer energy at the eV level remains extremely challenging
from the perspective of nuclear structure theory, we initiate a
preliminary investigation focusing on the Kπ = 5/2+ ground-
state band. The band structure, including the energy spectrum,
electromagnetic transitions, and octupole correlations, will be
studied using microscopic density functional theory in combi-
nation with the quantum particle rotor model.

Starting from a universal energy density functional, nu-
clear density functional theory (DFT) can self-consistently de-
scribe almost all nuclei across the nuclear chart.[35,36] In re-
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cent decades, relativistic DFT (RDFT) has undergone signifi-
cant development and has been extensively applied to a wide
range of nuclear phenomena.[35,37–39] The version of RDFT
on a three-dimensional (3D) lattice space was developed[40–42]

after overcoming the variational collapse[43] and Fermion dou-
bling problems.[40,41] Recently, a preconditioned conjugate
gradient method with a filtering function has been proposed
to more effectively solve the nuclear Dirac equation under a
given potential in 3D lattice space.[44,45] To date, RDFT on a
3D lattice has served as a powerful tool for exploring exotic
nuclear shapes and their excitation modes, including nuclear
linear chains,[42,46] chiral rotation,[47] toroidal structures,[48]

octupole shapes,[45,49,50] and rotational properties of transfer-
mium nuclei,[51] among others. Since no spatial symmetry
restrictions are imposed on the single-particle wave functions,
RDFT on a 3D lattice provides an appropriate framework to in-
vestigate the occurrence of octupole correlations in 229Th. In
this work, RDFT is solved on a 3D lattice and applied to ex-
plore the octupole correlation of the Kπ = 5/2+ ground state
in 229Th within a full deformation space.

To further investigate the rotational spectrum built on
the Kπ = 5/2+ ground state, the reflection-asymmetric tri-
axial particle rotor model (RAT-PRM)[52] including both oc-
tupole and triaxial degrees of freedom is also employed. This
model was first developed in Ref. [52] to investigate octupole
correlations between chiral doublet bands.[52–54] By analyz-
ing the RAT-PRM Hamiltonian, a new symmetry for an ideal
chirality-parity violation system was identified, and the corre-
sponding selection rules for electromagnetic transitions were
derived.[55] Furthermore, RAT-PRM has been widely used
to study the rotational spectra and electromagnetic proper-
ties of possible parity-doublet bands across different mass
regions.[56–62]

In this paper, RDFT on a 3D lattice and RAT-PRM are
employed to study the octupole correlations of the Kπ = 5/2+

ground state and the rotational spectrum built on it in 229Th.
The models are briefly introduced in Section 2. The calculated
results and numerical details are discussed in Section 3, and a
summary is presented in Section 4.

2. Theoretical framework
2.1. Formalism of the RDFT

The RDFT framework starts from a standard point-
coupling Lagrangian density, which is given by[63]

ℒ = ℒfree +ℒ4f +ℒhot +ℒder +ℒem

= ψ̄(iγµ ∂
µ −m)ψ − 1

2
αS(ψ̄ψ)(ψ̄ψ)

−1
2

αV(ψ̄γµ ψ)(ψ̄γ
µ

ψ)

−1
2

αTS(ψ̄𝜏ψ)(ψ̄𝜏ψ)− 1
2

αTV(ψ̄𝜏 γµ ψ)(ψ̄𝜏 γ
µ

ψ)

−1
3

βS(ψ̄ψ)3 − 1
4

γS(ψ̄ψ)4 − 1
4

γV [(ψ̄γµ ψ)(ψ̄γ
µ

ψ)]2

−1
2

δS∂ν(ψ̄ψ)∂ ν(ψ̄ψ)− 1
2

δV∂ν(ψ̄γµ ψ)∂ ν(ψ̄γ
µ

ψ)

−1
2

δTS∂ν(ψ̄𝜏ψ)∂ ν(ψ̄𝜏ψ)

−1
2

δTV∂ν(ψ̄𝜏 γµ ψ)∂ ν(ψ̄𝜏 γµ ψ)

−1
4

Fµν Fµν − e
1− τ3

2
ψ̄γ

µ
ψAµ , (1)

where m denotes the nucleon mass and e the proton charge
unit. Fµν is the electromagnetic field strength tensor, while
Aµ is the four-vector potential. αS, αV, αTS, αTV, βS, γS,
γV, δS, δV, δTS, and δTV are the eleven coupling constants,
where α denotes four-fermion terms, β and γ refer to third-
and fourth-order terms, respectively, and δ represents deriva-
tive couplings. S, V, and T correspond to scalar, vector, and
isovector couplings, respectively.

According to the variational principle, the Dirac equation
for nucleons can be derived

ĥ(𝑟)ψk(𝑟)

= [𝛼 · (−i∇−V (𝑟))+β (m+S(𝑟))+V 0(𝑟)]ψk(𝑟)

= εkψk(𝑟), (2)

where εk represents the single-particle energy. The relativis-
tic vector field Vµ(𝑟) and scalar S(𝑟) are self-consistently
connected to the nucleon densities and currents. The single-
particle energies, along with expectation values of angular mo-
mentum, quadrupole, and octupole moments, can be obtained
by solving the Dirac equation (2) on a 3D lattice space self-
consistently, as detailed in Refs. [41,42,44,45].

2.2. Formalism of the RAT-PRM

The detailed RAT-PRM formalism is outlined in
Ref. [52]. The total Hamiltonian is the sum of the intrinsic
Hamiltonian Ĥp(n)

intr. for valence protons (neutrons) and the col-
lective Hamiltonian Ĥcore of a reflection-asymmetric triaxial
rotor.

The intrinsic Hamiltonian Ĥn
intr. for valence neutrons

reads[64–66]

Ĥn
intr. = ∑

ν>0
(εn

ν −λn)(a†
ν aν +a†

ν̄
aν̄)

−∆

2 ∑
ν>0

(a†
ν a†

ν̄
+aν̄ aν), (3)

where ∆ is the pairing gap parameter and λn is the Fermi en-
ergy. To obtain the single-neutron energy εn

ν , one diagonalizes
the reflection-asymmetric triaxial single-particle Hamiltonian
with a Nilsson form Ĥn

s.p.
[52,67]

Ĥn
s.p. =−1

2
h̄ω0∇

2 +V (r;θ ,ϕ)+C𝑙 ·𝑠+D[𝑙2 −⟨𝑙2⟩N ], (4)

where the terms correspond to the kinetic energy, reflection-
asymmetric triaxially deformed potential,[52] spin–orbit, and
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the shifting term. C = −2κ and D = −κµ are parameters re-
lated to the standard Nilsson parameters κ and µ .

The core Hamiltonian Ĥcore reads

Ĥcore =
3

∑
k=1

R̂2
k

2𝒥k
+

1
2

E(0−)(1− P̂c), (5)

where R̂k and P̂c denote the angular momentum and par-
ity of the core, respectively. 𝒥k = 𝒥0 sin2(γ − 2kπ/3) are
the moments of inertia of irrotational-flow type, and E(0−)
parametrizes the core parity splitting.

Diagonalization of the total Hamiltonian Ĥ yields eigen-
values and eigenfunctions, from which reduced electromag-
netic transition probabilities can be calculated.[52]

3. Results and discussion

In the RDFT calculation, we employ the density func-
tional PC-PK1,[63] which has been successful in previous stud-
ies. The single-particle Dirac equation (2) is represented on a
3D lattice space. We adopt a box size of 30 fm along the x, y,
and z axes with a step size of 1 fm. The iteration is considered
converged if the following criteria are met: the absolute differ-
ence between the mean potentials of two consecutive iterations
is no more than 10−3 MeV, and the uncertainty of energy for
each occupied single-particle state, ⟨ĥ2⟩i − ⟨ĥ⟩2

i , is less than
10−9 MeV2. We performed a deformation-constrained RDFT
calculation on a 3D lattice for β20 ∈ [0,0.35] and β30 ∈ [0,0.3]
with a step size of 0.05 to obtain the potential energy surface
(PES) in the (β20,β30) plane.

Figure 1 shows the calculated PES in the (β20,β30) plane
for 229Th using RDFT on a 3D lattice with PC-PK1.[63] The
global minimum of the PES is located at β20 = 0.23 and
β30 = 0.15. No symmetry restrictions are imposed on the
single-particle wave functions in RDFT, and all deformation
degrees of freedom are included self-consistently. In addition
to the constrained axial quadrupole deformation β20 and oc-
tupole deformation β30, the axial hexadecapole deformation
β40 = 0.18 is obtained self-consistently for the ground state of
229Th. All axial asymmetric deformations, i.e., β2µ ,β3µ ,β4µ

with µ ̸= 0, are found to be zero, indicating that the ground
state assumes an axially symmetric and reflection-asymmetric
shape. Furthermore, the PES is relatively soft along the oc-
tupole deformation β30 near the minimum. The energy dif-
ference between the lowest reflection-symmetric configura-
tion (β20 = 0.25, β30 = 0.0) and the ground state (β20 = 0.23,
β30 = 0.15) is less than 1.25 MeV. Pairing correlations are ne-
glected in the present RDFT calculation; their inclusion mod-
ifies the ground-state deformation slightly from (β20 = 0.23,
β30 = 0.15) to (β20 = 0.22, β30 = 0.16).
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Fig. 1. Potential energy surface of 229Th calculated using RDFT on a
3D lattice[41,42,44,45] with the density functional PC-PK1.[63] The ener-
gies are normalized to the ground-state energy, and the contour interval is
0.20 MeV. The pentagram indicates the location of the global minimum.

For a microscopic understanding of the emergence of oc-
tupole correlations in 229Th, the calculated single-particle lev-
els near the Fermi surface are shown in Fig. 2 as a function of
the octupole deformation β30. As depicted in Fig. 2(a) for the
single-proton levels, an energy gap at Z = 88, formed by sev-
eral levels near the Fermi surface, persists with increasing β30.
Similarly, for the single-neutron levels shown in Fig. 2(b), an
energy gap at N = 134 exists when β30 is small, but this gap
narrows as the octupole deformation increases, while a new
gap emerges at N = 138 near the Fermi surface. In the Z ≈ 88,
N ≈ 134 region, the octupole deformation of 229Th empiri-
cally originates from the π(f7/2 ↔ i13/2) and ν(g9/2 ↔ j15/2)

couplings.[20,21] As shown in Figs. 2(a) and 2(b), the last two
paired protons occupy the f7/2 orbitals, while the valence neu-
tron occupies the g9/2 orbital. The coupling between the pro-
ton f7/2 and i13/2 orbitals, as well as between the neutron g9/2

and j15/2 orbitals, leads to the emergence of octupole correla-
tions in 229Th.
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Fig. 2. Single-particle levels of 229Th for (a) protons and (b) neutrons as
functions of the octupole deformation β30. Each level is labeled by the
spherical quantum number of its dominant component.

With the above information on the deformation and con-
figuration of the ground state of 229Th, the rotational spec-
trum based on the ground state is investigated using the RAT-
PRM. In the RAT-PRM calculation, the deformation param-
eters β20 = 0.23 and β30 = 0.15 are adopted from the global
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minimum of the PES calculated by RDFT (Fig. 1). For the
intrinsic part, the valence neutron space is spanned by three
j-orbitals, including a high-j intruder negative-parity orbital
j15/2 and two positive-parity orbitals g9/2 and i11/2. The neu-
tron Fermi energy λn = 49.29 MeV is chosen corresponding
to the parity-mixed orbital ν(g9/2, j15/2), and the pairing gap
takes the empirical form ∆ = 12/

√
A MeV.[68] For the collec-

tive core, the core parity splitting parameter E(0−) = 0 MeV
and the moment of inertia 𝒥0 = 74h̄2 MeV−1 are adopted
to reproduce the experimental energy spectra. In PRM de-
scriptions, an ad hoc Coriolis attenuation factor ξ is gener-
ally introduced,[69,70] and its value is set to 0.4 in the present
calculation to reproduce the signature splitting of the experi-
mental spectra. For the calculation of electromagnetic transi-
tion properties, the intrinsic electric-quadrupole moment Q0 =

(3/
√

5π)R2
0Zβ20 with R0 = 1.2A1/3 fm, and the effective gy-

romagnetic factor for the collective core gR = Z/A ≈ 0.393
are adopted.[68] The gyromagnetic factor of the valence neu-
tron, gn = −0.062, is adjusted to reproduce the experimental
magnetic moment of the ground state.

The calculated energy spectra of the Kπ = 5/2+ ground-
state band in 229Th are shown in Fig. 3, together with the
corresponding experimental spectra.[71] The RAT-PRM cal-
culation reproduces the experimental energy spectra reason-
ably well. The configuration of the Kπ = 5/2+ ground-state
band is dominated by νg9/2[Ω = 5/2], corresponding to the
5/2[633] Nilsson orbital mixed with the j15/2[Ω = 5/2] orbital
due to octupole correlations. To investigate the effect of oc-
tupole deformation, a RAT-PRM calculation with β30 = 0.00
was also performed, which shows that the excitation energies
are largely insensitive to the change of β30 from 0.15 to 0.00,
except for variations of several to over a dozen keV.

Fig. 3. Calculated energies of the Kπ = 5/2+ ground-state band in 229Th
using RAT-PRM, compared with available experimental data.[71]

Table 1. Calculated E2 and M1 transition probabilities for the low-lying
Kπ = 5/2+ ground-state band of 229Th, compared with available experi-
mental data.[72]

Type Transition Exp.(Err) (W.u.) Cal. (W.u.)

E2
7
2

+

yr
→ 5

2

+

yr
300(±16) 192

E2
9
2

+

yr
→ 5

2

+

yr
65(±7) 83

E2
9
2

+

yr
→ 7

2

+

yr
170(±30) 133

M1
7
2

+

yr
→ 5

2

+

yr
0.0110 (±0.0040) 0.0064

M1
9
2

+

yr
→ 7

2

+

yr
0.0076 (±0.0012) 0.0553

Table 1 presents the calculated intraband ∆ I = 1h̄ and
∆ I = 2h̄ B(E2) values, as well as the B(M1) values, compared
with available experimental data.[72] For the E2 transitions,
the present RAT-PRM results reproduce both the ∆ I = 1h̄ and
∆ I = 2h̄ B(E2) data well. Specifically, the ∆ I = 1h̄ transitions
are slightly underestimated, whereas the ∆ I = 2h̄ transitions
are slightly overestimated. As shown in Table 1, while the cal-
culated B(E2) values generally agree with the experimental
data, the calculated B(M1) values differ from the experimen-
tal ones by nearly an order of magnitude. Given that B(E2)
reflects the collective behavior of the nucleus, whereas B(M1)
is more sensitive to single-particle properties, the present level
of agreement for B(M1) is considered reasonably satisfactory.

4. Conclusion

In summary, the Kπ = 5/2+ ground-state band of 229Th
has been investigated using microscopic RDFT on a 3D lattice
combined with the RAT-PRM. The constrained RDFT calcu-
lation on a 3D lattice yields the potential energy surface in
the (β20,β30) plane, indicating a static axial quadrupole and
octupole deformed ground state. Driven by the octupole de-
formation β30, the evolution of single-particle levels near the
Fermi surface is analyzed, revealing the origin of octupole
correlations, which can be attributed to the coupling of neu-
tron g9/2 and j15/2 orbitals and proton f7/2 and i13/2 orbitals.
Based on the deformation parameters and configuration ob-
tained from RDFT, the energy spectra, B(E2), and B(M1) val-
ues are calculated with RAT-PRM, reproducing the available
experimental data for the Kπ = 5/2+ ground-state band.

The present description of the Kπ = 5/2+ band provides
a solid basis for further studies. Future work will extend the
RDFT + RAT-PRM framework to the Kπ = 3/2+ isomeric
band, including its energy spectrum (especially the isomer en-
ergy), and both intraband and interband electromagnetic tran-
sitions.
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[15] Mehlstäubler T E, Grosche G, Lisdat C, Schmidt P O and Denker H

2018 Rep. Prog. Phys. 81 064401
[16] Flambaum V V 2006 Phys. Rev. Lett. 97 092502
[17] Fadeev P, Berengut J C and Flambaum V V 2020 Phys. Rev. A 102

052833
[18] Wense L von der and Seiferle B 2020 Eur. Phys. J. A 56 277
[19] Thirolf P G, Kraemer S, Moritz D and Scharl K 2024 Eur. Phys. J.

Spec. Top. 233 1113
[20] Butler P A and Nazarewicz W 1996 Rev. Mod. Phys. 68 349
[21] Butler P A 2016 J. Phys. G: Nucl. Part. Phys. 43 073002
[22] Kroger L A and Reich C W 1976 Nucl. Phys. A 259 29
[23] Canty M J, Connor R D, Dohan D A and Pople B 1977 J. Phys. G:

Nucl. Phys. 3 421
[24] Reich C W and Helmer R G 1990 Phys. Rev. Lett. 64 271
[25] Barci V, Ardisson G, Barci-Funel G, Weiss B, El Samad O and Sheline

R K 2003 Phys. Rev. C 68 034329
[26] Gulda K, Kurcewicz W, Aas A J, et al. 2002 Nucl. Phys. A 703 45
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