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Generation of cross-cross resonance gates with two fluxonium qubits
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The cross-cross resonance (CCR) gate is an extension of the cross-resonance (CR) gate that has been theoretically
implemented with transmon qubits. However, the weak anharmonicity of transmon qubits leads to decoherence and leakage
errors, which reduce the fidelity of the gate operation. In this work, we propose employing fluxonium qubits to implement
the CCR gate. With similar drive amplitudes, our scheme can achieve the required stronger ZX and XZ interactions
compared to a transmon qubit system, resulting in shorter gate times. By combining the CCR gate with specific single-
qubit gates, a

√
iSWAP gate is realized, thereby enabling the construction of the iSWAP and SWAP gates. Moreover,

through parameter optimization, these gates built on fluxonium qubits exhibit a significant reduction in operation time
while simultaneously achieving higher fidelity. Our results provide valuable insights into achieving fast, low-error-rate
swapping operations in superconducting circuits.
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1. Introduction
In recent years, superconducting circuits have be-

come one of the main platforms for quantum information
processing.[1–4] Superconducting qubits in these circuits can
be classified into charge qubits,[5,6] flux qubits,[7,8] and phase
qubits[9,10] based on the ratio of Josephson energy EJ to charg-
ing energy EC.[11] To date, the most widely adopted supercon-
ducting qubit is the transmon, which was developed from the
charge qubit.[12,13] Although the condition EJ/EC� 1 endows
the transmon qubit with insensitivity to charge noise, it also re-
sults in weak anharmonicity, which leads to state leakage and
reduces the fidelity of gate operations. Recently, the fluxo-
nium qubit has emerged as a competitive candidate for quan-
tum computing in superconducting circuits.[14–18] A standard
fluxonium qubit consists of a large Josephson junction induc-
tively shunted by an array composed of N ≈ 100 junctions.
Its circuit topology is inspired by the flux qubit design but
features a substantially larger inductor, resulting in a strongly
nonlinear energy spectrum and a lower dephasing rate.[15] This
inherent property can be leveraged to mitigate the impact of
flux noise even when the operation is not performed at the
sweet spot.[3,14] State-of-the-art experiments with fluxonium
qubits have demonstrated single-qubit gate fidelities exceeding
99.997%[19] and single-shot readout fidelities of 97.8%.[20]

To implement a wide range of quantum logic operations,
it is essential to have a set of single- and two-qubit gates.[21]

Within superconducting quantum circuits, high-fidelity single-
qubit gates can be realized through pulse-driven manipula-
tion of individual qubits, while two-qubit gates are gener-
ally created by inducing interactions between qubits and per-

forming appropriate controls. Among various methods, the
cross-resonance (CR) gate is particularly promising due to
its flexibility and simplicity. It only requires microwave
pulses to drive qubits, avoiding the introduction of flux noise
into the system.[22,23] The CR gate finds wide applications
in many domains of quantum computing, such as quantum
error correction,[24,25] quantum simulation,[26] and quantum
algorithms.[27] The key idea of the CR gate is to induce the
ZX interaction by driving the control qubit at a frequency res-
onant with the target qubit. This ZX interaction can serve as a
fundamental component for generating other two-qubit gates,
such as the controlled-NOT (CNOT) gate.[28–30] Currently, the
CNOT gate with a fidelity exceeding 99% has been realized
using the CR gate.[31–33] The method of the cross-cross res-
onance (CCR) gate is similar to that of the CR gate, except
that the target qubit in the CCR gate is driven by an additional
pulse resonant with the control qubit. This design gives rise to
both ZX and XZ interactions, enabling the implementation of
iSWAP and SWAP gates when combined with specific quan-
tum gates, such as rotation gates. Theoretically, CCR gates
have been employed to realize an iSWAP gate with an oper-
ation time of 647.1 ns and a SWAP gate with an operation
time of 935.1 ns using transmon qubits.[34] Meanwhile, lower
error rates are achieved compared with the CR gate scheme
under similar conditions. However, this CCR gate scheme is
based on transmon qubits, and their inherent drawbacks are in-
evitably introduced into the gate operation.[17,35] How to mit-
igate these drawbacks and improve the performance of CCR
gates remains an open question.

In this paper, we study the CCR gate using two fluxo-
nium qubits with distinct frequencies. The qubits are capac-
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itively coupled and individually driven by microwave pulses.
By performing the Schrieffer–Wolff (SW) transformations and
representing the system in the rotating frame, we derive the ef-
fective Hamiltonian, in which the ZX and XZ interactions are
stronger than those in the transmon case under similar con-
ditions. This implies that the time required to implement the
gate operation is shorter. Meanwhile, the strong anharmonic-
ity of fluxonium qubits reduces both decoherence and noise
crosstalk arising from state leakage, enhancing the fidelity of
quantum gates. Furthermore, we utilize the CCR gate with op-
timized parameters to generate iSWAP and SWAP gates. The
results of interleaved randomized benchmarking experiments
show that, with state-of-the-art experimental parameters, an
iSWAP gate with an operation time of 439 ns and a fidelity
of 99.5%, along with a SWAP gate with an operation time of
656 ns and a fidelity of 98.3%, can be realized.

The structure of the paper is as follows. In Section 2, we
introduce the model of the fluxonium CCR gate and discuss its
properties. Then, based on this CCR gate, Section 3 presents
the implementation and optimization of the iSWAP and SWAP
gates. In Section 4, we analyze the error budget of the CCRπ/4.
Finally, we summarize the main results in Section 5.

2. Model
2.1. The effective Hamiltonian

As depicted in Fig. 1, we consider a circuit consisting
of two fluxonium qubits, which are capacitively coupled and
driven by two microwave pulses. This system can be described
by the Hamiltonian

Ĥ = ĤA + ĤB + Ĥdrive + Ĥint, (1)

where

Ĥξ (ξ∈{A,B}) = 4EC(ξ )n̂
2
ξ
−EJ(ξ ) cos(ϕ̂ξ +ϕe(ξ ))

+
1
2

EL(ξ )ϕ̂
2
ξ
, (2)

Ĥdrive = E1 cos(ωd1t +φ1)n̂A +E2 cos(ωd2t +φ2)n̂B, (3)

Ĥint = JCn̂An̂B. (4)

Here, Ĥξ (ξ∈{A,B}) denotes the free Hamiltonian of qubit ξ . We
select the two lowest eigenstates of each fluxonium qubit as
the computational basis, with their transition frequencies be-
ing ωA and ωB, respectively.[22,23] Without loss of generality,
we assume ωA < ωB, so that ĤA and ĤB are reduced to

Ĥξ (ξ∈{A,B}) =−
h̄ωξ

2
σ̂

ξ
z . (5)

Ĥdrive and Ĥint correspond to the drive Hamiltonian and the in-
teraction Hamiltonian, respectively. E1(2) cos(ωd1(2)t + φ1(2))

denotes the microwave pulse applied to qubit A (B). n̂A and n̂B

are the charge operators of the qubits, and JC denotes the ca-
pacitive coupling strength between the two fluxonium qubits.
In this work, we set the phase of the drives to φ1(2) = 0.

QA QB

Fig. 1. Schematic diagram of the CCR gate based on fluxonium qubits.
QA and QB are two fluxonium qubits capacitively coupled. The orange
and red wavy lines represent the microwave drives applied to QA and QB,
respectively. The frequencies of the two microwave pulses satisfy the
condition for cross-cross resonance.

Now, the system Hamiltonian can be written as

Ĥ = − h̄ωA

2
σ̂

A
z −

h̄ωB

2
σ̂

B
z + JCn̂An̂B

+E1 cos(ωd1t)n̂A +E2 cos(ωd2t)n̂B. (6)

Through the SW transformations and representations in the ro-
tating frame, which are detailed in Appendix A, we obtain the
effective Hamiltonian of the system as

Ĥeff =
E1

2

(
1− r2

2
4

)
(nA

00,01 +nA
10,11)

IX
2

+
E2

2

(
1− r2

1
4

)
(nB

00,10 +nB
01,11)

XI
2

+
E1

2

[(
1− r2

1
2
− r2

2
4

)
(nA

00,01−nA
10,11)

+
r2

2
2
(nB

00,10−nB
01,11)

]
ZX
2

+
E2

2

[(
1− r2

2
2
− r2

1
4

)
(nB

00,10−nB
01,11)

+
r2

1
2
(nA

00,01−nA
10,11)

]
XZ
2

, (7)

where ri = Ei/[h̄(ω̃i −ωdi)] for i ∈ {1,2}, with ω̃i and ωdi

being the frequencies of qubit i and the corresponding drive
pulse, respectively. X , Y , and Z denote the Pauli operators σ̂x,
σ̂y, and σ̂z. The term MN represents the tensor product of op-
erators M and N (M,N ∈ {I,X ,Y,Z}) acting on qubits A and B,
respectively. nA(B)

ab,cd denotes the matrix element of the charge
operator of qubit A (B) between two dressed states |ab〉 and
|cd〉.

According to Eq. (7), if E2 = 0, the Hamiltonian reduces
to

Ĥeff =
E1

2

(
1− r2

1
2

)
(nA

00,01−nA
10,11)

ZX
2
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+
E1

2
(nA

00,01 +nA
10,11)

IX
2
. (8)

It is evident that the system reduces to a CR gate.

2.2. Properties of the fluxonium CCR gate

In the study of the CCR gate, we focus on the ZX and XZ
interactions, while demonstrating that the IX and XI terms in
the Hamiltonian (7) can be suppressed via active cancellation
pulses.[28] Therefore, the Hamiltonian (7) can be rewritten as

Ĥeff =
E1

2

[(
1− r2

1
2
− r2

2
4

)
(nA

00,01−nA
10,11)

+
r2

2
2
(nB

00,10−nB
01,11)

]
ZX
2

+
E2

2

[(
1− r2

2
2
− r2

1
4

)
(nB

00,10−nB
01,11)

+
r2

1
2
(nA

00,01−nA
10,11)

]
XZ
2

. (9)

Then, we facilitate the comparison of gate performance
by using KAK decomposition. Generally, a two-qubit gate
can be decomposed into the following form:

U = q1exp

(
−i

3

∑
i=1

ci
Qi

2

)
q2, (10)

where q1, q2, and Qi are 4× 4 matrices, and ci (i ∈ {1,2,3})
is the Cartan coefficient.[34] Qi denotes the tensor product of
two Pauli operators. Note that Q1, Q2, and Q3 are mutually
commutative.

The evolution of the CCR gate is given by exp(−iĤefft),
from which we can obtain the Cartan coefficients of the flux-
onium CCR gate on the basis {Q1,Q2,Q3} = {ZX ,XZ,YY}
as

𝑐(t) = (c1(t),c2(t),c3(t)), (11)

where

c1(t) =
E1

2

[(
1− r2

1
2
− r2

2
4

)
(nA

00,01−nA
10,11)

+
r2

2
2
(nB

00,10−nB
01,11)

]
t, (12)

c2(t) =
E2

2

[(
1− r2

2
2
− r2

1
4

)
(nB

00,10−nB
01,11)

+
r2

1
2
(nA

00,01−nA
10,11)

]
t, (13)

c3(t) = 0. (14)

For comparison, the Hamiltonian of the transmon CCR
gate is[34]

Ĥtr =
g′E ′1√

∆ ′2 +E ′21 + 3
2 E ′22

ZX
2
− g′E ′22√

∆ ′2 + 3
2 E ′21 +E ′22

XZ
2

, (15)

and the corresponding Cartan coefficients are

𝑐tr(t) =

 g′E ′1√
∆ ′2 +E ′21 + 3

2 E ′22
t, − g′E ′2√

∆ ′2 + 3
2 E ′21 +E ′22

t, 0

 .

(16)

We then control the evolution time of the CCR gate to
obtain

CCRπ/4 = exp
[
−i

π(ZX−XZ)
8

]
. (17)

The Cartan coefficients of this gate take the following form:(
π

4
, −π

4
, 0
)
. (18)

If we perform the KAK decomposition of CCRπ/4 on the basis
{XX , YY, ZZ}, the two-qubit operator can be obtained as

exp
[

i
π(XX +YY )

8

]
, (19)

which is equivalent to a
√

iSWAP gate. The details of the de-
composition are shown in Fig. 2, from which we can transform
the CCRπ/4 into the

√
iSWAP via unitary operations. With

such a gate, we can further implement the iSWAP and SWAP
gates.

ei

ei

ei

e i

e i

Qubit 0:

Qubit 1:

Fig. 2. The circuit for the KAK decomposition of CCRπ/4. The middle
segment represents a

√
iSWAP gate.

To compare the two schemes under similar conditions, we
make the following assumptions:

E1 =
s2

s2− s1
E, E2 =−

s1

s2− s1
E, E ′1 = E ′2 =

E
2
, (20)

where

s1 =

(
1− r2

1
2
− r2

2
4

)
(nA

00,01−nA
10,11)+

r2
2
2
(nB

00,10−nB
01,11),

s2 =

(
1− r2

2
2
− r2

1
4

)
(nB

00,10−nB
01,11)+

r2
1
2
(nA

00,01−nA
10,11).

(21)

Hence, the drive amplitudes satisfy the equation

E1 +E2 = E ′1 +E ′2 = E. (22)

The evolution times for the two types of CCR gates can be
deduced based on the preceding analysis as

tfl =
(s2− s1)π

2s1s2E
, (23)
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t tr =
π

√
∆ ′2 + 5

8 E2

2g′E
, (24)

where the superscript ‘fl’ represents the fluxonium qubit and
‘tr’ represents the transmon qubit. We find that tfl < t tr under
the condition g′/E � 1, confirming that the fluxonium qubit
offers a shorter gate duration compared to the transmon qubit
for implementing the CCR gate.

3. Implementations of the iSWAP and SWAP
gates

3.1. Optimization of the CCR gate

In our scheme, the implementation of high-performance
iSWAP and SWAP gates relies on realizing a high-fidelity and
fast CCR gate, whose fidelity is influenced by the gate dura-
tion and the frequency detunings between drives and qubits.
Due to this complex relationship, comprehensive numerical
simulations are performed to determine the optimal configura-
tion that allows the CCR gate to achieve its best performance.
We set multiple gate durations and scan across the parame-
ters M1 = ωd1− ω̃2 and M2 = ωd2− ω̃1 for each gate duration
to identify the maximum fidelity achievable by the CCR gate.
The results are shown in Fig. 3, where we observe that the
maximum fidelity increases with gate time initially and then
remains nearly unchanged, indicating that extending the gate
time further does not significantly improve the gate fidelity.
Moreover, increasing the gate time may lead to decoherence;
therefore, we select t = 112 ns as the optimal parameter for
the fluxonium CCR gate. The parameters of the two fluxo-
nium qubits are presented in Table 1, and the coupling strength
between the two qubits is J/h = 0.32 GHz.

Table 1. Parameters of qubits.

ω01/(2π) (GHz) ω12/ω01 α/(2π) (GHz) T1 (µs) T2 (µs)

A 0.78 3.4 1.872 110 160
B 0.83 2.5 1.245 108 140

Next, it is necessary to identify the parameter ranges for
M1 and M2. In the simulation, the detuning between the two
qubits is ∆/(2π) = (ω̃1−ω̃2)/(2π)≈−59.32 MHz, while the
amplitudes of the two microwave pulses are

E1

h̄
=

√
2M2(M1−∆)

1+nA
00,10 +nA

01,11
,

E2

h̄
=

√
2M1(M2 +∆)

1+nB
00,01 +nB

10,11
, (25)

and satisfy the condition E1,E2 < h̄|∆ |. Given that both E1

and E2 are real numbers, we set M1/(2π) ∈ [−45, 0] MHz
and M2/(2π) ∈ [0, 45] MHz, respectively. The coherent fi-
delity of a unitary evolution U on an n-dimensional complex
Hilbert space is defined as

F =
1

n(n+1)

[
Tr(U†U)+ |Tr(U†

0 U)|2
]
, (26)

where U0 denotes the desired quantum gate. For the CCR gate,
which acts on a two-qubit system with Hilbert space dimen-
sion n = 4, the coherent fidelity is given by

F =
Tr
(

U†
CCRUCCR

)
+
∣∣Tr
(

U†
targetUCCR

)∣∣2
20

. (27)

1.00
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Max fidelity

Fig. 3. The maximum fidelity at different CCR gate durations. For each
gate duration, the fidelities for various configurations of M1 and M2 are
calculated, and the maximum value is selected as the data point shown in
this figure.
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Fig. 4. The coherent fidelity of the CCR gate as a function of M1 and
M2. The gate time is 112 ns, and the maximum fidelity is achieved at
(−13.78 MHz,9.18 MHz), which is marked with a red dot in the figure.

The result indicates that the maximum fidelity of the CCR
gate exceeds 99% at t = 112 ns. At this duration, the fideli-
ties of the CCR gate for various configurations (M1,M2) are
depicted in Fig. 4. From the figure, the CCR gate exhibits
higher fidelity when the absolute values of M1 and M2 are
both small but nonzero. When M1/(2π) = −13.78 MHz and
M2/(2π) = 9.18 MHz, the fidelity reaches its maximum. The
drive frequencies can be determined using the following ex-
pressions:

ωd1 = M1 + ω̃2 = 2π×0.82 GHz,

ωd2 = M2 + ω̃1 = 2π×4.99 GHz. (28)

In addition, the drive amplitudes are E1/h = 24.2 MHz and
E2/h = 30.7 MHz, where h denotes the Planck constant.
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3.2. The iSWAP and SWAP gates

The iSWAP and SWAP gates can be decomposed into
multiple

√
iSWAP gates along with several single-qubit rota-

tion gates, as shown below:[34]

UiSWAP =
(

U√iSWAP ·UX+Y ⊗UX+Y

)2
,

USWAP =
(

U√iSWAP ·UX+Y+Z⊗UX+Y+Z

)3
, (29)

where UX+Y = e i π
2 (σx+σy)/

√
2 and UX+Y+Z = e i π

3 (σx+σy+σz)/
√

3.
The
√

iSWAP gate can be obtained from CCRπ/4 according to
Fig. 2

U√iSWAP = (A1⊗B1) ·CCRπ/4 · (A2⊗B2), (30)

where

A1 = exp
(

i
π

3
√

3
(−X +Y +Z)

)
,

A2 = exp
(
−i

π

3
√

3
(−X +Y +Z)

)
,

B1 = exp
(
−i

π

4
X
)
, B2 = exp

(
i
π

4
X
)
. (31)

To investigate the properties of the CCR gate, we use Gaussian
flat-top pulses to simulate the evolution process

f (t) =
f1(t)− f1(−1)

1− f1(−1)
, (32)

where

f1(t) =



exp

[
−1

2

(
t− tr

σ

)2
]
, t ∈ [0, tr),

1, t ∈ [tr, td− tf),

exp

{
−1

2

[
t− (td− tf)

σ

]2
}
, t ∈ [td− tf, td].

(33)

Here, tr and tf denote the rise time and fall time of the gate, re-
spectively, σ is the standard deviation, and td denotes the total
gate duration. We use Qiskit to simulate the pulse for generat-
ing CCRπ/4,[36] and Fig. 5 illustrates the gate process. In our
simulation, tr = tf = 2σ = 18 ns and td = 112 ns.

D

0 106 212 318 423 529

System cycle time (dt)

Fig. 5. Pulse diagram for the CCRπ/4 gate. The total duration is
112 ns (504 dt), the standard deviation is 9 ns (40.5 dt), and the dura-
tions of the rise and fall edges are both 18 ns (81 dt), with dt = 0.222 ns
denoting the fundamental cycle time for pulse generation.

To measure the fidelities of the iSWAP and SWAP gates
generated with the fluxonium CCR gate, we conduct inter-
leaved randomized benchmarking experiments, and the results

are shown in Fig. 6. We find that the fidelity of the iSWAP
gate reaches 99.5% with a gate time of 439 ns, while the fi-
delity of the SWAP gate reaches 98.3% with a gate time of
656 ns. These results are listed in Table 2.
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Fig. 6. Interleaved randomized benchmarking of the iSWAP and SWAP
gates. (a) iSWAP gate. The fitted parameters are α = 0.988 and αc =
0.995, where α is the depolarizing parameter and αc is the ratio of the de-
polarizing parameter of interleaved RB to that of standard RB. (b) SWAP
gate. The fitted parameters are α = 0.979 and αc = 0.983. The horizontal
axis represents the length of the Clifford gate sequence, while the vertical
axis denotes the fidelity of the gate under test. The legend labels ‘stan-
dard’ and ‘interleaved’ correspond to standard randomized benchmarking
and interleaved randomized benchmarking, respectively.

Table 2. Results of implementing the iSWAP gate and SWAP gates.

Gate Time (ns) Fidelity

iSWAP SWAP iSWAP SWAP

Transmon 647 935 99.2% 97.9%
Fluxonium 439 656 99.5% 98.3%

4. Error budget of the CCRπ/4 gate
In this section, we analyze the error budget of the CCRπ/4

gate. Errors can be categorized into coherent and incoherent
types.[32] The coherent error is defined by rcoh = 1−F , where
F is derived according to Eq. (27). It can be further decom-
posed into the leakage error rleak and the imperfect unitary er-
ror runitary.

The leakage error denotes the undesired population trans-
fer of a qubit state from the computational subspace to non-
computational levels during evolution, and it can be expressed
as

rleak = 1− 1
4

Tr(U†
CCRUCCR). (34)
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Fig. 7. Decomposition of the coherent error. (a) The leakage er-
ror, (b) the imperfect unitary error for various (M1,M2) configura-
tions. For the leakage error, the minimal value 10−9 is achieved at
(−0.001 MHz,0.001 MHz). For the imperfect unitary error, the mini-
mal value 1.033× 10−4 is achieved at (−13.78 MHz,9.18 MHz). Red
dots in the figure denote the locations of the minimal values.

The imperfect unitary error, which arises when the imple-
mented gate deviates from the target gate, can be calculated as

runitary = 1− 1
16

∣∣∣Tr(U†
targetUCCR)

∣∣∣2 . (35)

Figure 7 illustrates how the leakage error and the imper-
fect unitary error vary with M1 and M2. We find that the leak-
age error remains at or below the order of 10−5, indicating that
it constitutes a negligible fraction of the total coherent error,
while the imperfect unitary error dominates. The coherent er-
ror can be suppressed by adjusting the gate duration and drive
frequencies. In this work, we investigate the dependency of the
fidelity on the gate duration and identify the optimal frequency
configuration at the corresponding optimal gate duration.

Besides the coherent error, the incoherent error induced
by relaxation and dephasing can further degrade the gate per-
formance. For the

√
iSWAP gate, the incoherent error can be

expressed as

r
√

iSWAP
incoh ≈ 1

5

2

∑
l=1

(
1

T1,l
+

2
T2,l

)
tg, (36)

where T1,l and T2,l denote the relaxation and dephasing times
of the lth qubit, respectively. The derivation of this formula
follows the procedure for the iSWAP gate in Ref. [37], with
the key difference being that the gate time here is half that of
the iSWAP gate. Since the CCRπ/4 gate is locally equivalent
to the

√
iSWAP up to single-qubit rotations, and the average

gate fidelity is invariant under local unitaries, its incoherent
error can be evaluated using a similar expression

rCCR
incoh ≈

1
5

2

∑
l=1

(
1

T1,l
+

2
T2,l

)
tg, (37)

where the values of T1,l and T2,l are listed in Table 2. As a re-
sult, the incoherent error of the CCRπ/4 gate is rCCR

incoh ≈ 0.1%.
In this work, we mitigate the effect of decoherence by employ-
ing a gate duration of 112 ns rather than a longer operation
time.

5. Conclusion
In summary, we demonstrate a high-performance CCR

gate based on fluxonium qubits, exhibiting significant im-
provements over conventional transmon-based approaches. In
our scheme, the ZX and XZ interactions are stronger than
those in transmon implementations, facilitating faster gate op-
erations under comparable conditions. We further investigate
the effects of drive amplitudes and qubit frequency detuning
on the CCR gate’s fidelity across various gate durations, find-
ing that the maximum fidelity is achieved at a duration of
112 ns. With optimal parameters, we realize an iSWAP gate
with a duration of 439 ns and a fidelity of 99.5%, as well as a
SWAP gate with a duration of 656 ns and a fidelity of 98.3%.
Additionally, we analyze the error budget of the CCRπ/4 gate
and find that the imperfect unitary error is the dominant con-
tribution. Our results highlight the potential of the fluxonium
qubit as a scalable platform for high-fidelity two-qubit gates.

Appendix A: Derivation of the effective Hamilto-
nian of the fluxonium CCR gate

The system Hamiltonian is

Ĥ = − h̄ωA

2
σ̂

A
z −

h̄ωB

2
σ̂

B
z + JCn̂An̂B

+E1 cos(ωd1t)n̂A +E2 cos(ωd2t)n̂B, (A1)

where

n̂A =

(
0 p
−p 0

)
, n̂B =

(
0 q
−q 0

)
. (A2)

We divide Ĥ into two parts: the free plus coupling Hamil-
tonian

Ĥ0 =−
h̄ωA

2
σ̂

A
z −

h̄ωB

2
σ̂

B
z + JCn̂An̂B, (A3)

and the drive Hamiltonian

Ĥ1 = E1 cos(ωd1t)n̂A +E2 cos(ωd2t)n̂B. (A4)

040308-6



Chin. Phys. B 35, 040308 (2026)

Assuming the qubit eigenstates are |0〉A, |1〉A, |0〉B, |1〉B,
the eigenstates of Ĥ0 are |00〉, |01〉, |10〉, and |11〉, which are
generally entangled due to the coupling JC. In this entangled
basis, Ĥ0 has eigenenergies ±ξ and ±ε, where

ξ =
1
2

√
h̄2(ωA +ωB)2 +4(JC pq)2,

ε =
1
2

√
h̄2(ωA−ωB)2 +4(JC pq)2. (A5)

The eigenstate of the system can be written as

|Ψ(t)〉 = cuu(t)exp
(

iξ t
h̄

)
|uu〉+ cud(t)exp

(
−iεt

h̄

)
|ud〉

+cdu(t)exp
(

iεt
h̄

)
|du〉+ cdd(t)exp

(
−iξ t

h̄

)
|dd〉. (A6)

Applying the Schrödinger equation gives differential
equations for the coefficients ci j(t) (see Eq. (A6) in the main
text). The matrix elements 〈ab|n̂A(B)|cd〉 are calculated fol-
lowing Ref. [32]. After solving these equations and perform-
ing perturbative expansions, we obtain the Hamiltonian

Ĥ = (h̄ωp−ξ −ε)
IZ
2

+(h̄ωp−ξ +ε)
ZI
2

+
E1

2
(nA

00,01 +nA
10,11)

[
cos(ωmt)

IX
2
− sin(ωmt)

IY
2

]
+

E2

2
(nB

00,01 +nB
10,11)

[
cos(ωmt)

IX
2

+ sin(ωmt)
IY
2

]
+

E1

2
(nA

00,10 +nA
01,11)

[
cos(ωmt)

XI
2
− sin(ωmt)

Y I
2

]
+

E2

2
(nB

00,10 +nB
01,11)

[
cos(ωmt)

XI
2

+ sin(ωmt)
Y I
2

]
+

E1

2
(nA

00,10−nA
01,11)

XZ
2

+
E2

2
(nB

00,01−nB
10,11)

ZX
2

+
E1

2
(nA

00,01−nA
10,11)

ZX
2

+
E2

2
(nB

00,10−nB
01,11)

XZ
2

+

[
E1r1

2
(nA

00,10−nA
01,11)+

E2r2

2
(nB

00,01−nB
10,11)

]
ZZ
2

+

[
E1r2

2
(nA

00,01−nA
10,11)+

E2r1

2
(nB

00,10−nB
01,11)

]
×cos(2ωmt)

ZZ
2
. (A7)

High-frequency terms are discarded to finally obtain the
effective Hamiltonian (7).
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