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Quantum dot systems emerge as promising platforms for studying nanoscale thermoelectric effects and quantum
fluctuation phenomena. In this work, we investigate the thermodynamic performance of a Coulomb-blockaded quantum
dot operating as a quantum heat engine using the quantum master equation approach. By incorporating full counting
statistics, we analyze both average transport properties and current fluctuations in this nanoscale system. We demonstrate
that electron–electron interactions significantly enhance thermoelectric performance by increasing both the output power
and energy conversion efficiency. Furthermore, we show that Coulomb interactions suppress current fluctuations while
preserving the validity of the thermodynamic uncertainty relation. Our results provide important insights into the interplay
between quantum effects and thermodynamic principles in nanoscale heat engines.
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1. Introduction
The pursuit of high-efficiency quantum thermal machines

has emerged as a vibrant frontier at the intersection of quan-
tum thermodynamics and mesoscopic physics.[1–4] Quantum
dot (QD) systems, with their discrete energy levels and tun-
able electronic properties, have proven to be exceptional plat-
forms for exploring fundamental thermodynamic principles at
the nanoscale.[5–8] These systems offer unprecedented control
over electron transport and energy conversion processes, mak-
ing them ideal candidates for investigating quantum-enhanced
thermoelectric effects.[9–13]

Recent advances in nanofabrication techniques have en-
abled the experimental realization of single-electron devices
operating in the Coulomb blockade regime, where electron–
electron interactions play a crucial role in governing trans-
port properties.[14–19] The strong Coulomb repulsion in these
systems leads to correlated electron behavior that can signif-
icantly modify the thermoelectric response, offering opportu-
nities for enhancing energy conversion performance beyond
what is achievable in non-interacting systems. Understanding
how these quantum correlations affect both average transport
characteristics and fluctuation properties is essential for de-
signing efficient quantum thermal devices.[20–22]

Furthermore, the emerging field of quantum fluctuations

has revealed fundamental bounds on energy conversion pro-
cesses, particularly through thermodynamic uncertainty rela-
tions (TURs) that establish intrinsic trade-offs between current
fluctuations and entropy production.[23–28] While these rela-
tions have been extensively studied in classical systems, their
validity and implications in strongly correlated quantum sys-
tems remain an active area of investigation. The quantum dot
heat engine provides an ideal testbed for exploring these fun-
damental limits in the quantum regime.

In this work, we present a comprehensive theoretical in-
vestigation of a Coulomb-blockaded QD system operating as
a thermoelectric heat engine. Using the quantum master equa-
tion approach combined with full counting statistics, we sys-
tematically analyze how electron–electron interactions influ-
ence both the average thermodynamic performance and cur-
rent fluctuations. We demonstrate that Coulomb correlations
not only enhance the output power and efficiency but also sup-
press current fluctuations while preserving the validity of ther-
modynamic uncertainty relations. Our findings provide valu-
able insights into the optimization of quantum thermoelectric
devices and contribute to the fundamental understanding of
nonequilibrium thermodynamics in nanoscale systems.

The paper is organized as follows. Section 2 details our
interacting QD model and methods, Section 3 presents our re-
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sults and discussion, and we conclude in Section 4.

2. Model and methods
2.1. The interacting QD systems

We investigate a single electrically defined QD operat-
ing in the Coulomb-blockade regime, which is coupled to two
electronic leads, as schematically illustrated in Fig. 1. The
total Hamiltonian describing the system, which includes the
QD, the reservoirs (leads), and the interaction terms, can be
expressed as

Ĥ = ĤS + ĤB + ĤI, (1)

where the individual components are as follows:

ĤS = ∑
σ=↑,↓

εσ ĉ†
σ ĉσ +Uĉ†

↑ĉ↑ĉ†
↓ĉ↓. (2)

This term, ĤS, represents the QD internal electronic structure,
with ĉ†

σ and ĉσ denoting the electron creation and annihila-
tion operators for spin σ (σ =↑,↓), respectively. The energy
levels of the dot are denoted by ε↑ and ε↓, corresponding to
the spin-up and spin-down states. U is the electron–electron
interaction.

µl

Tl

µr

Tr

|  

|  
γl γr

Fig. 1. Sketch of the model: a QD with spin-up and spin-down states,
coupled to hot and cold reservoirs via selective transitions, operates as
a thermoelectric heat engine. An electron initially tunnels from the left
reservoir into the QD, occupying either the spin-up or spin-down state,
characterized by the energy level εσ (σ =↑,↓). Subsequently, the elec-
tron undergoes a transition to the right reservoir. An external magnetic
field tunes the system into the sequential-tunneling regime, where the
QD effectively functions as a spin filter. The resulting spin blockade,
which restricts electron transport, can be lifted by the hyperfine interac-
tion between the QD electron and the nuclear spins in the surrounding
host material. In this setup, the two reservoirs are characterized by dif-
ferent temperatures and chemical potentials: the left and right reservoirs
have temperatures Tl(r) and chemical potentials µl(r), respectively.

The QD is coupled to two electronic reservoirs, com-
monly referred to as the left (l) and right (r) leads, which en-
able energy exchange between the QD and its surroundings.
The Hamiltonian describing these reservoirs is given by

ĤB = ∑
k,σ ,v=l,r

ε
v
kσ d̂†

kσvd̂kσv, (3)

where εv
kσ

represents the energy of the electronic states in lead
v (with v = l, r for the left and right reservoirs). Here, d̂†

kσv and
d̂kσv are the creation and annihilation operators for electrons
with wavevector k and spin σ in lead v. The leads serve as
reservoirs of electrons that can tunnel into and out of the QD,
facilitating transport.

The interaction between the QD and the leads is governed
by the tunneling Hamiltonian, denoted as ĤI, which facilitates

the tunneling of electrons between the QD and the reservoirs.
This term is crucial for describing the current flow through the
system, as electrons can move between the QD and the left and
right leads.

ĤI = ∑
k,σ ,v=l,r

γvkĉ†
σ d̂vkσ +H.c., (4)

where γvk represents the coupling strength between the QD and
the reservoirs. It is pertinent to note that the key parameter
governing the electron–electron interaction within the quan-
tum dot, i.e., the on-site Coulomb energy U , is experimentally
highly tunable. In gate-defined semiconductor quantum dots,
U can be effectively controlled by adjusting the confinement
gate voltages, typically ranging from a few hundred µeV to
several meV.[18,29] Similarly, in molecular transistor setups,
U is a well-defined molecular property that can be selected
via molecular synthesis and is often on the order of hundreds
of meV. The parameter regimes explored in this work (e.g.,
U ∼ 𝒪(1− 10) meV) are directly accessible in these estab-
lished experimental platforms, ensuring the practical relevance
and testability of our theoretical predictions regarding the en-
hancement of thermoelectric performance and the suppression
of current fluctuations.[30]

2.2. The quantum master equation with full counting
statistics

Full counting statistics is widely accepted as a power-
ful tool for characterizing complete information about cur-
rent fluctuations.[21] Based on the two-time measurement
protocol,[31,32] we apply full counting statistics to obtain the
particle and energy flows out of the electronic reservoirs by
introducing χ = {λp,λE}, respectively. Consequently, the
counting-field-dependent total Hamiltonian is described as

H−χ/2 = HQD +Hlead +H−χ/2
I , (5)

with H−χ/2
I specified as

H−χ/2
I = ∑

k
(γlkĉ†

σ d̂lkσ e−i
λp
2 −i λE

2 εlk + γrkĉ†
σ d̂rkσ +h.c.), (6)

where γvk represents the coupling strength between the QD and
the leads, and εvk denotes the energy of electrons in lead v with
wavevector k.

We assume that the dot–reservoir tunneling processes are
weak. Based on the Born–Markov approximation, we perturb
V−χ/2 to obtain the quantum master equation as[33]

∂

∂ t
ρS(χ, t)

= −i[ρS(χ, t),HQD]

−
∫

∞

0
dτTrB

{[
V−χ/2,

[
V−χ/2(−τ),ρS(χ, t)⊗ρB

]]}
, (7)

where ρS(χ, t) denotes the reduced density operator of the QD
system with counting parameters, i.e., ρS(χ, t) = TrB{ρT

χ (t)},
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with ρT
χ (t) being the full density operator of the entire in-

elastic heat engine. The commutation relation is defined
as [Âχ , B̂χ ]χ = Âχ B̂χ − B̂χ Â−χ . The equilibrium distribu-
tion of the reservoirs is specified as ρB = ρl⊗ρr, with ρi =

exp
(
−βi(Ĥi −µiN̂i)

)
/Zi (i = l, r), the partition functions Zi =

Tr
{

exp
(
−βi(Ĥi −µiN̂i)

)}
, and the inverse temperatures βi =

1/kBTi.
We project the quantum master equation onto the pop-

ulations of the electronic levels in spin space according to
ρmn = ⟨m|ρS|n⟩, where m,n = 0,σ , σ̄ ,σσ̄ . If we reorganize
ρS(χ, t) in vector form as

|𝑃 (χ, t)⟩ = [⟨0|ρS(χ, t)|0⟩;⟨σ |ρS(χ, t)|σ⟩;
⟨σ̄ |ρS(χ, t)|σ̄⟩;⟨σσ̄ |ρS(χ, t)|σσ̄⟩],

the quantum master equation can be reexpressed as

d|𝑃 (χ, t)⟩
dt

=𝐻(χ)|𝑃 (χ, t)⟩, (8)

where 𝐻(χ) is the evolution matrix, with its elements shown
in Appendix A.

To arrive at the compact form of Eq. (8), we further em-
ploy the secular approximation (also known as the rotating-
wave approximation), which decouples the dynamics of pop-
ulations (diagonal elements of ρS) from those of quantum co-
herence (off-diagonal elements). This approximation is jus-
tified when the energy scales involved in the system Hamil-
tonian — specifically, the level splitting |ε↑ − ε↓| and the
Coulomb energy U — are large compared to the tunneling-
induced decay rates Γ . In this regime, which is typical for
Coulomb-blockaded quantum dots, the coherence elements
oscillate rapidly and decay on a timescale much faster than
that of the population dynamics. Therefore, for the study of
steady-state transport properties, retaining only the population
terms provides an excellent description of the system behavior
and is a standard approach in quantum transport theory.[31,33]

This master equation governs the time evolution of the
system populations, represented by the vector 𝑃 (χ, t), under
the influence of the evolution matrix 𝐻(χ). The specific ele-
ments of 𝐻(χ) are provided in Appendix A. To enhance the
physical clarity of our formulation, we include in the appendix
a detailed explanation that interprets each key matrix element
in terms of the underlying spin-selective tunneling processes
and their modification by the Coulomb interaction U . This
bridges the gap between the mathematical description and the
physical tunneling events, such as electron hopping onto or off
the dot, which are crucial for understanding the thermoelectric
transport and fluctuation statistics discussed in the following
sections.

Consequently, the particle current flowing from the left
reservoir into the system is given by[28,34]

Il
e =

∂𝒢tot(χ)

∂ (iλp)

∣∣∣
χ=0

, (9)

and the particle current from the right reservoir can be straight-
forwardly obtained as Ir

e = −Il
e via the law of charge conser-

vation. Meanwhile, the energy flow is expressed as

Il
E =

∂𝒢tot(χ)

∂ (iλE)

∣∣∣
χ=0

, (10)

and the electronic heat flow extracted from the left reservoir is
defined as Il

Q = Il
E −µlIl

e.[35] In analogy, the particle current Ir
e

and energy current Ir
E flow from the right electronic reservoir

into the central system.
The nonequilibrium current noise, characterizing fluc-

tuations in particle transport, is derived as the second
cumulant[8,21,36]

Sp =
∂ 2𝒢tot(χ)

∂ (iλp)2

∣∣∣
χ=0

. (11)

We analyze the operation of a heat engine that harvests
energy from a hot reservoir and converts it into useful out-
put work. The electrochemical potential bias is defined as
∆µ = µl − µr, with the average chemical potential given by
µ ≡ (µl + µr)/2. The useful output power of the heat engine
is expressed as

Pout = Il
e ·∆µ. (12)

The total entropy production of the system is given by Ṡtot =

−∑v=l,r Iv
Q/Tv,[20] which can be further expressed in the spe-

cific form

TlṠtot =

(
1− Tl

Tr

)
Ir
Q −Pout. (13)

From Eq. (13), it is evident that the thermodynamic device can
function as a quantum heat engine and generate useful work
even in the absence of a temperature gradient. Notably, when
the electric power satisfies Pout > 0, the device operates as a
heat engine. The efficiency of the heat engine is given by

η =
Pout(

1− Tl
Tr

)
Ir
Q

, (14)

and is bounded by the Carnot efficiency ηC = 1−Tl/Tr due to
the second law of thermodynamics.[37–39]

3. Results and discussions
3.1. Thermodynamic performance of the thermoelectric

heat engines

Figure 2 presents the key thermodynamic characteristics
of our QD heat engine system. Figures 2(a) and 2(b) respec-
tively demonstrate the evolution of the output power Pout and
the normalized efficiency η/ηC as functions of the chemical
potential difference ∆µ for different electron–electron inter-
action strengths U . The results reveal two significant trends.
Figure 2(a) clearly shows that stronger electron–electron inter-
actions lead to substantially improved power generation. Un-
der identical parameter conditions, the output power exhibits a
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progressive enhancement with increasing values of U . Corre-
spondingly, the energy conversion efficiency shows a similar
enhancement for stronger Coulomb interactions, as evidenced
in Fig. 2(b). This simultaneous improvement in both output
power and efficiency indicates that electron–electron interac-
tion effects play a crucial role in optimizing the thermoelectric
performance of QD systems. The observed behavior can be
physically understood through the interplay between Coulomb
blockade effects and thermoelectric transport. Stronger values
of U modify the available transport channels and the energy-
dependent transmission properties, leading to more favorable
conditions for harvesting energy from the temperature gradi-
ent.
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Fig. 2. (a) The output power Pout, (b) the efficiency η/ηC, (c) the elec-
tronic current Il

e, and (d) the heat current Il
Q as functions of ∆µ for

different electron–electron interaction strengths U . The parameters are
kBTl = 10 meV, kBTr = 15 meV, µ = 0, Γl = Γr = 4 meV, ε↑ = 16 meV,
and ε↓ = 4 meV.

To further elucidate the mechanism behind the enhanced
heat engine performance, we examine the behavior of both
electrical and heat currents as functions of the chemical po-
tential difference ∆µ , as shown in Figs. 2(c) and 2(d). The
improvement in output power directly correlates with the
Coulomb-interaction-induced enhancement of the electrical
current (Fig. 2(c)). Stronger electron–electron interactions
yield significantly increased current flow through the QD sys-
tem. While both the electronic current (Fig. 2(c)) and the heat
current (Fig. 2(d)) increase with U , their relative growth rates
differ. Notably, in the regime ∆µ ≤ 2 meV, the system ex-
hibits higher efficiency in the absence of Coulomb interactions
(U = 0) compared to interacting cases. This suggests that the
interaction-enhanced heat current partially offsets the power
gain, and a crossover occurs where interaction effects become
beneficial only beyond certain potential differences. These ob-
servations highlight the delicate balance between current en-

hancement and thermal management in optimizing quantum
thermoelectric systems. The non-monotonic dependence of
the efficiency on the interaction strength indicates the exis-
tence of optimal operating conditions that depend on both the
potential bias and interaction parameters.

3.2. Fluctuation characteristics in QD heat engines

In nanoscale quantum systems, the study of current fluc-
tuations provides a crucial window into quantum thermody-
namic processes. While the average current Il

e characterizes
the steady-state charge transport, the current noise Sp, defined
as the zero-frequency component of the current–current cor-
relation function, reveals fundamental information about the
granularity of transport and electron correlations. Investigat-
ing fluctuations is therefore essential for understanding the full
statistics of quantum transport and for assessing the stability
and potential signal-to-noise ratio of nanoelectronic devices,
such as quantum thermoelectric converters.

In Fig. 3(a), we first present the current noise Sp as a
function of the chemical potential difference ∆µ , revealing
several important features. It shows a systematic reduction
in the current noise with increasing electron–electron interac-
tion strength U . This clear anti-correlation between Sp and U
indicates that Coulomb interactions effectively suppress fluc-
tuations in quantum thermoelectric transport.

To further characterize the noise properties, we examine
the Fano factor F , defined as the ratio of the current noise to
the average current[3]

F ≡
Sp

|Il
e|
. (15)

As shown in Fig. 3(b), F decreases monotonically with in-
creasing Coulomb interaction strength U , which is consis-
tent with the suppression of the absolute noise Sp observed
in Fig. 3(a). This consistent trend across both absolute and
normalized measures of noise robustly confirms that electron
correlations play a crucial role in stabilizing charge transport
through the quantum dot. The physical mechanism under-
lying this fluctuation suppression can be understood as fol-
lows. Enhanced Coulomb repulsion inhibits simultaneous
multi-electron tunneling events due to the large energy cost
of double occupancy. Consequently, stronger interactions ef-
fectively narrow the available transport channels, enforcing a
more regular, sequential flow of electrons. This transition to-
ward a more ordered transport regime is directly reflected in
the reduction of the shot noise. The simultaneous decrease in
both Sp and F signifies that Coulomb interactions not only sup-
press the absolute magnitude of current fluctuations but also
enhance the signal-to-noise ratio of the thermoelectric current.
This property is particularly valuable for applications that de-
mand stable performance from nanoscale energy conversion
devices.
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Recent advances in stochastic thermodynamics have re-
vealed a fundamental TUR for classical Markovian systems at
steady state,[23,24] establishing an intrinsic trade-off between
current fluctuations and entropy production. This relation con-
strains the relative current fluctuations through the inequality

εTUR ≡
Sp

(Il
e)

2 Ṡtot ≥ 2. (16)

The TUR provides critical insights into nonequilibrium ther-
modynamics by quantifying the fundamental limit on preci-
sion in terms of thermodynamic dissipation. Originally de-
rived at steady state,[23,25,26] this relation has subsequently
been extended to the finite-time regime.[27,28]

Our QD system offers an ideal platform to examine how
strong electron correlations affect this fundamental thermody-
namic bound. Specifically, Fig. 3(c) presents the entropy pro-
duction rate Ṡtot under varying Coulomb interaction strengths,
while Fig. 3(d) explicitly tests the validity of the TUR through
the parameter εTUR. Our results reveal that the thermody-
namic uncertainty relation remains rigorously valid (εTUR ≥ 2)
across all interaction strengths, demonstrating remarkable ro-
bustness even under strong Coulomb interactions up to U =

10 meV. Notably, the interaction strength systematically mod-
ulates εTUR, driving it closer to the bound while simultane-
ously increasing its minimum value — a distinct departure
from classical non-interacting systems, where εTUR typically
saturates at 2. This behavior suggests that electron correla-
tions impose additional constraints on current fluctuations be-
yond standard TUR predictions.

The observed validity of the TUR can be traced to the
Lindblad form of our quantum master equation, which results

from the secular approximation. It has been established that
such a Lindblad form inherently guarantees the validity of
the TUR at steady state.[24] Therefore, our results not only
affirm the thermodynamic consistency of strongly correlated
quantum systems but also demonstrate the robustness of this
fundamental bound within a well-defined Lindblad dynamical
framework. This provides a deeper theoretical context for our
findings and confirms the broader applicability of thermody-
namic uncertainty relations in the quantum regime, with im-
portant implications for the design of quantum thermal ma-
chines.

4. Conclusion
In this work, we have systematically and carefully in-

vestigated the thermoelectric and fluctuation properties of a
Coulomb-blockaded QD system operating as a highly efficient
nanoscale heat engine. Through comprehensive theoretical
analysis and detailed numerical calculations, several key find-
ings have been firmly established. First, we demonstrated that
electron–electron interactions significantly enhance the ther-
moelectric performance, with both the output power and en-
ergy conversion efficiency showing marked improvement with
increasing Coulomb interaction strength U . This enhancement
originates from interaction-induced modifications of transport
channels and more favorable energy-dependent transmission
properties. Second, our analysis of current fluctuations re-
vealed that Coulomb interactions play a crucial role in ef-
fectively suppressing quantum noise. Both the absolute cur-
rent noise and the Fano factor exhibit systematic reduction
with stronger interactions, indicating that electron correlations
can effectively stabilize charge transport in realistic nanoscale
thermoelectric devices. Most importantly, we examined the
validity of the TUR in this strongly correlated quantum sys-
tem. Despite the presence of significant Coulomb interac-
tions, the TUR remains rigorously satisfied, demonstrating
the remarkable robustness of this fundamental thermodynamic
bound even in the quantum regime. However, the interaction-
dependent behavior of εTUR suggests that electron correlations
may introduce additional important constraints beyond those
captured by classical formulations of the TUR.

The insights gained from our work provide clear guidance
for future experimental efforts aimed at optimizing advanced
quantum thermoelectric devices.[16] Specifically, our results
suggest that operating in the strong Coulomb-blockade regime
and utilizing quantum dots with sizable electron–electron in-
teractions are highly promising pathways to achieve simul-
taneously high power output, superior efficiency, and stabi-
lized current flow. The predicted interplay between interaction
strength and fluctuation suppression offers a clearly testable
signature for future experiments focusing on the noise proper-
ties of nanoscale heat engines.
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Appendix A: The elements of the evolution ma-
trix

If we reorganize ρS(χ, t) in vector form as
|𝑃 (χ, t)⟩ = [⟨0|ρS(χ, t)|0⟩; ⟨σ |ρS(χ, t)|σ⟩; ⟨σ̄ |ρS(χ, t)|σ̄⟩;
⟨σσ̄ |ρS(χ, t)|σσ̄⟩]T, the quantum master equation can be re-
expressed as

d|𝑃 (χ, t)⟩
dt

=𝐻(χ)|𝑃 (χ, t)⟩, (A1)

where 𝐻(χ) is the evolution matrix, with its elements given
as

𝐻(χ, t) =


H11 H12 H13 H14
H21 H22 H23 H24
H31 H32 H33 H34
H41 H42 H43 H44

 , (A2)

where the matrix elements are defined as follows:

H11 =− ∑
σ ,v=l,r

Γ
v

σ fv(εσ ),

H12 = Γ
l
↑ e+iλp+iλE(ε↑+U)(1− fl(ε↑))+Γ

r
↑ (1− fr(ε↑)),

H13 = Γ
l
↓ e+iλp+iλE(ε↓+U)(1− fl(ε↓))+Γ

r
↓ (1− fr(ε↓)),

H14 = 0,

H21 = Γ
l
↑ e−iλp−iλE(ε↑+U) fl(ε↑)+Γ

r
↑ fr(ε↑),

H22 =− ∑
v=l,r

Γ
v
↑ (1− fv(ε↑))− ∑

v=l,r
Γ

v
↓ fv(ε↓+U),

H23 = 0,

H24 = Γ
l
↓ e+iλp+iλEε↓(1− fl(ε↓+U))+Γ

r
↓ (1− fr(ε↓+U)),

H31 = Γ
l
↓ e−iλp−iλE(ε↓+U) fl(ε↓)+Γ

r
↓ fr(ε↓),

H32 = 0,

H33 =− ∑
v=l,r

Γ
v
↓ (1− fv(ε↓))− ∑

v=l,r
Γ

v
↑ fv(ε↑+U),

H34 = Γ
l
↑ e+iλp+iλEε↑(1− fl(ε↑+U))+Γ

r
↑ (1− fr(ε↑+U)),

H41 = 0,

H42 = Γ
l
↓ e−iλp−iλEε↓ fl(ε↓+U)+Γ

r
↓ fr(ε↓+U),

H43 = Γ
l
↑ e−iλp−iλEε↑ fl(ε↑+U)+Γ

r
↑ fr(ε↑+U),

H44 =− ∑
σ ,v=l,r

Γ
v

σ (1− fv(εσ +U)). (A3)

The evolution matrix 𝐻(χ, t) satisfies the detailed bal-
ance condition

Hi j

H ji
=

Peq
j

Peq
i

= e−β (E j−Ei) (A4)

for all pairs of states (i, j), where Peq
i denotes the equilibrium

population of state i and Ei represents its energy. This condi-
tion can be verified by examining all nonzero transition rates in
the matrix and confirming that they obey the Boltzmann ratio
at equilibrium.
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