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TianQin is a proposed space-borne laser interferometer which aims to detect gravitational waves in the low frequency
band (10−4 Hz–100 Hz). However, for space-borne interferometry detectors the laser phase noise is expected to be 7–8
orders of magnitude higher than the gravitational wave signals, due to unequal and time-varying arm lengths. Time delay
interferometry (TDI) is an effective method to cancel laser phase noise by synthesizing virtual equal arm interferometric
measurements with time delayed Doppler data combinations. In previous work it has been shown that TDI variables can
also be understood within the context of principal component analysis (PCA), as combinations of eigenvectors of the total
noise covariance matrix. It is therefore possible to generate the same TDI variables using a PCA approach – by computing
the eigenvectors of the noise covariance matrix at a specific time. In this paper we extend significantly the previous work on
a PCA approach to generating TDI variables by presenting TDI sensitivity curves for TianQin approximated as both a static
and moving constellation of satellites. We compare the covariance matrix for the static and moving case, from the point
of view of performing statistical inference using PCA. We also demonstrate the equivalency between the ‘conventional’
second generation TDI variables and those obtained using PCA.
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PACS: 04.30.–w, 04.80.Nn, 04.20.Cv

DOI: 10.1088/1674-1056/ae12d4 CSTR: 32038.14.CPB.ae12d4

1. Introduction
The detection of gravitational waves (GWs) by Laser

Interferometer Gravitational-Wave Observatory (LIGO) and
Virgo have opened the era of GW astronomy. The ground-
based detectors, such as Advanced LIGO.[1,2] Advanced
Virgo[3] and KAGRA[4] are all operating in the high fre-
quency band (10–104) Hz. It can detect compact binary
mergers (stellar-mass binary black hole mergers, binary neu-
tron star mergers, neutron star black hole mergers), core
collapse supernova and so on. For low frequency band
(10−4–10−1) Hz, super massive black hole binaries (SMB-
HBs), extreme mass ratio inspirals (EMRIs) and galactic white
dwarf binaries (GWDBs) are expected detect by space-borne
detectors. LISA/eLISA[5,6] is the most well studied con-
cept so far, especially with the successful demonstration of
the gravity reference system and space laser interferome-
try by the LISA Pathfinder mission.[7] Several Earth-orbiting
gravitational-wave detectors have also been proposed, such as
TianQin,[8] LAGRANGE,[9] g-LISA/GEOGRAWI,[10,11] and
OMEGA.[12] Furthermore, various other solar-orbiting detec-
tors have also been suggested, such as ASTROD-GW,[13,14]

Taiji (ALIA descoped),[15] Big Bang Observer,[16,17] and
DECIGO.[18] All of these missions are currently at various
stages of research and development. A thorough overview of

space-borne GW detectors can be found in Ref. [19].
The successful detection of GWs made so far have been

achieved with equal arm-length of ground-based interferom-
eters. On the other hand, for unequal arm-length spaceborne
detectors, e.g., LISA[20] and TianQin,[8] the laser phase noise
is the dominate noise source and it needs to be removed first.
Time delay interferometry (TDI)[21] is a technique designed to
achieve this by synthesizing different Doppler data combina-
tions to increase the symmetry of the optical paths followed
by the laser light, which can greatly reduce the effect of laser
phase noise.

A lot of previous work were devoted to analyze the sensi-
tivity curves of space-based detectors with TDI. The first ap-
plication of TDI[22] was proposed under the assumption of a
static constellation (or a constellation with time-independent
but equal arm lengths) — a configuration that is also called
the first generation TDI. Armstrong et al.[23] gave the sensi-
tivity curves for different laser-noise-cancelling data combi-
nations based on a simplified space-borne detector. Estabrook
et al.[24] considered a more complex configuration of the LISA
constellation, where each spacecraft has two optical benches.
This work modified the original TDI scheme to eliminate the
noise due to the optical bench motions. A modified noise
power spectral density for different data combinations and the
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details of the algebra for a realistic sensitivity curve were gen-
eralized in Ref. [25]. For more discussion on the construc-
tion and application of LISA TDI variables, one can refer to
Refs. [24,26–36].

A different approach to TDI called principle component
analysis (PCA) was first presented in Romano and Woan,[37]

who examined the problem of reducing the laser noise for
LISA in the context of Bayesian inference. PCA[38] is a gen-
eral statistical technique used to identify set of uncorrelated
variables by analyzing eigenvalues and eigenvectors of the
noise covariance matrix of the space-borne detector. Romano
and Woan applied this PCA technique to a simplified illus-
trative model of the LISA data streams, aiming to simplified
the likelihood function. They found that PCA identified a lin-
ear combination of the datastreams that did not depend on the
laser noise that was common to different spacecraft, thereby
equivalent to TDI method. However, this analysis is on the
first generation TDI. Thereafter, Michele Dawn[39] extended
the PCA method to more realistic LISA data analysis includ-
ing all phase-locked, phase-locked on each spacecraft, and not
locked cases. Data analysis for space-borne detectors based
TDI variables, such as mock LISA data challenge, is a more
realistic data analysis demonstration. More recently, Baghi et
al.[40] employed an asymptotic formulation of the delay oper-
ators to formalize the PCA approach in the frequency domain.
They[41] also demonstrated that PCA can eliminate laser fre-
quency noise without any prior knowledge.

In this work, we calculate the sensitivity curve for differ-
ent combinations of TDI data from an Earth-orbiting space-
borne detector (TianQin). The most important contribution is
we firstly give the sensitivity curve of a moving detector and
compare it with static one. From the perspective of statistic
inference, we obtain the noise covariance matrix of both static
and moving detectors using the PCA method. In fact, TDI is a
consequence of PCA and we prove this relation based on the
second generation TDI using a toy model.

The rest of the paper is organized as follows. In Sec-
tion 2, we present the principle and notation for time delay
interferometry, which are then used in the calculation of sensi-
tivity curve for TDI combinations including static and moving
TianQin detector, respectively in Section 3. Statistic inference
demonstration based on PCA is given in Section 4. The rela-
tionship between PCA and the second generation TDI is dis-
cussed in Section 5. We conclude the main part of the paper in
Section 6.

2. Time delay interferometry
Time delay interferometry is a technique to cancel laser

phase noise by using different Doppler data combinations with
different time delays. The simplified configuration for a trian-
gular space-borne detector is showed in Fig. 1. We follow the

notation and conventions as Ref. [24]. The spacecrafts are la-
belled as 1, 2, and 3, and interferometric arms are labelled as
the index of opposite spacecraft, L1, L2, and L3. We denote
the detector guiding center as O. Relative to O, the spacecrafts
are joint by coplanar unit vector p̂1, p̂2, and p̂3. n̂1, n̂2, n̂3 are
unit vectors along the lines connecting spacecrafts paris. yi j

is the Doppler data received by the phase meter at the space-
craft j, which was transmitted along the arm i. The delayed
data stream is expressed as yi j,k = yi j(t − Lk). The detector
response to a transverse-traceless plane GW response for one-
way Doppler data series can be expressed as

ygw
31 =

[
1+

l
L3

(k̂ · p̂1− k̂ · p̂2)

]
× [Ψ3(t− k̂ · p̂2l−L3)−Ψ3(t− k̂ · p̂1l)],

ygw
21 =

[
1− l

L2
(k̂ · p̂3− k̂ · p̂1)

]
× [Ψ2(t− k̂ · p̂3l−L2)−Ψ2(t− k̂ · p̂1l)], (1)

where Ψi is

Ψi(t) =
1
2

n̂i ·ℎ(t) · n̂i

1− (k̂ ·ni)2
, (2)

where k̂ is the direction of propagation GW, l is the distance
between detector guiding center and each spacecraft. We can
also obtain the relation l(p̂2− p̂3) = Ln̂1 from this configu-
ration. Four other one-way Doppler data relations for grav-
itational wave at vertices 2 and 3 can be obtained by cyclic
permutation of indices as Eqs. (1).

1*

1

22*

3

3*

Fig. 1. Static configurations for space-borne detector. The guiding cen-
ter is labelled as O. Spacecrafts at each vertex are labelled as 1, 1∗ for
the case that there is no phase-locking at each spacecraft, etc. In this
work, we can take each vertex for one index when phase-locking at
each spacecraft for simplification.

Doppler data includes gravitational wave ygw
i j (t), laser

phase noise p(t), the secondary noise n(t) (here, for illustra-
tive purpose we consider the secondary noise include proof
mass acceleration noise and the optical path noise) and other
noise that we ignored here, e.g., yi j(t) = ygw

i j (t)+ p(t)+n(t).
There are five commonly used types of first-generation TDI
data combinations[23,24]

α = y21 + y13,2 + y32,12− y31− y12,3− y23,13, (3)

X = y32,322 + y31,22 + y23,2 + y21

−y23,233− y32,3− y21,33− y31, (4)
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P = y23,311 + y12,13 + y13,3 + y32,2

−y32,211− y13,12− y12,2− y23,3, (5)

E = y12,21 + y13,2 + y31,11 + y21− y13,31

−y12,3− y21,11− y31, (6)

U = y21,113 + y32,11 + y13,1 + y12

−y12,123− y13,23− y21,3− y32. (7)

Assuming that laser noise has been effectively suppressed be-
low the secondary noises via TDI, we can substitute proof
mass acceleration noise and optical path noise into the above
expressions to obtain the remaining power spectrum density
for each data combination. The resulting noise power spec-
trum density for combination α , X , P, E, and U are[24]

Sα( f ) = [8sin2(3π f L)+16sin2(π f L)]Spm
y +6Sop

y , (8)

SX ( f ) = [8sin2(4π f L)+32sin2(2π f L)]Spm
y

+16sin2(2π f L)Sop
y , (9)

SP( f ) = [8sin2(2π f L)+32sin2(π f L)]Spm
y

+[8sin2(2π f L)+8sin2(π f L)]Sop
y , (10)

SE( f ) = [32sin2(π f L)+8sin2(2π f L)]Spm
y

+[8sin2(π f L)+8sin2(2π f L)]Sop
y , (11)

SU ( f ) = [16sin2(π f L)+8sin2(2π f L)

+16sin2(3π f L)]Spm
y

+[4sin2(π f L)+8sin2(2π f L)

+4sin2(3π f L)]Sop
y . (12)

Here we assume the arm lengths L = L1 = L2 = L3 for Tian-
Qin. Spm

y is power spectrum density of proof mass acceleration
noise and Sop

y is power spectrum density of optical path noise
of TianQin. The quantitative details of those items can refer to
Ref. [8].

In order to suppress the laser frequency noise, the orbit
design requires the orbit of the spacecraft to be a near circu-
lar orbit. The analytic orbit used in this work accounts for
perturbations solely from the Sun and the Earth for TianQin.
Laser frequency noise (δ f/ fl) coupled to the mismatch (∆L)
between the two arm lengths of the interferometer leads to
a noise δxFN = (δ f/ fl)∆L. Assuming ∆L = 0.01 L, a fre-
quency noise below δ f . 0.1 mHz/Hz1/2 is required for Tian-
Qin. This is to be achieved first by using an on-board fre-
quency stabilization system to reach better than 10 Hz/Hz1/2,
and then by using the time-delay interferometry to reach
0.1 mHz/Hz1/2. This requires the asymmetric arm length of
the TDI combination to be less than 4.7× 10−8 s. We simu-
lated all TDI combinations to make it meet the requirements of
laser frequency noise suppression. The eccentricity of space-
craft orbit should less than e< 0.003 for all data combinations.
All results show as follow in Fig. 2. Where TDI combination P
has the same noise power spectral density as the combination

E. Six-link data combination of the first-generation TDI α can
not reach this requirement because of Sagnac effect. We give
the arm-length residual for the second-generation α1 in Fig. 3.
The similar results for numerical orbit of ASTROD can refer
to Ref. [42].

↩ ↩ ↩ ↩ ↩

e

↩

↩

↩

↩

↩

↩

↩

X

P

E

U

S

D
L

 (
s)

Fig. 2. The arm length residuals as a function of spacecraft orbit ec-
centricity for different TDI data combinations. Here S stands for the
standard value that TDI should satisfy for suppressing laser frequency
noise.

10-5 10-4 10-3 10-2 10-1

e

D
L

 (
s)

10-16

10-14

10-12

10-10

10-8

10-6

10-4

α1

α

S

Fig. 3. The arm length residuals as a function of spacecraft orbit eccen-
tricity for the first-generation and second-generation α .

The laser noise spectral density[30] can be evaluated by

Sl
i( f ) =

(
δ f
fl

)2

(2π f )2(δ t)2. (13)

Here i represents different TDI data combinations, the laser
frequency fl = 2.82×1014 Hz. We give a comparison of noise
power spectral density between the secondary noise and laser
frequency noise. All the above, we proof that the laser fre-
quency noise can be suppressed by using TDI technique only
if the spacecraft orbit eccentricity less than 0.003. If the re-
quirement for eccentricity of spacecraft orbit e < 0.003 is too
stringent, we can strive to use the second-generation TDI to
suppress the laser frequency noise. The second-generation
TDI have more symmetric virtual equal arm interferometric
measurements than the first-generation TDI.

3. Sensitivity curve
TDI sensitivity curve as a function of Fourier frequency

is defined by the square root of the density of the noise power
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spectrum over the root-mean-square (RMS) of the GW re-
sponse.

sen =

√
Si( f )

GWrms
, (14)

where i for α , X , P, E, and U . The expressions for Si( f )
are listed in Eqs. (8)–(12). To produce the rms response for
different data combinations, we assume an elliptically polar-
ized monochromatic plane GW.[43] Two polarization states are
h+(t) = H sin(Γ )sin(ωt + φ) and h×(t) = H cos(Γ )sin(ωt).
Here, H characterizes the amplitude of GW, (Γ ,φ) determine
its polarization states. We average over source directions and
different polarization using Monte Carlo simulations. We as-
sume all sources are uniformly distributed on the celestial
sphere and all polarization states are uniformly distributed on
the Poincáre sphere in each frequency bin.

10-5 10-4 10-3 10-2 10-1 100 101
10-55

10-50

10-45

10-40

10-35

lo
g

1
0
 (

n
o
is

e
 s

p
e
c
tr

a
l 
d
e
n
si

ty
, 
H

z
-

1
)

log10(f) (Hz)

l

l

l

SX
SP
SU

SX

SP

SU

Fig. 4. The secondary noise power spectral density of TDI data combi-
nations are higher than laser frequency noise spectral when spacecraft
orbit eccentricity equals 0.001. The solid line represents the secondary
noise power spectral density, the dotted line represents the laser noise
spectral density.

3.1. Sensitivity curve for static detector

For a simplified model of space-borne detector, we take it
as static configuration with equal arm lengths of TianQin. We
can substitute the h+(t) and h×(t) mentioned above to Eq. (1),
which is a function of source directions and polarization states,
e.g.,

Ψi(t) =
H

2[1− (k̂ · n̂i)2]
[Pi cos(ωt)+Qi sin(ωt)], (15)

where Pi = sin(Γ )sin(φ)[sin2(D)cos2(ai−R)− sin2(ai−R)]
and Qi = sin(Γ )cos(φ)[sin2(D)cos2(ai−R)− sin2(ai−R)]−
2cos(Γ )sin(ai−R)cos(ai−R)sin(D). The (R,D) character-
ize the source position. R is the angle in the detector plane
between the projection of k̂ into that plane and n̂1. ai is the an-
gle in detector plane between the unit vector û and n̂i.[23] We
substitute Eq. (15) to different data combinations with Eq. (1).
Since sensitivity curve is a function of Fourier frequency, we
can directly take Fourier transform of Eq. (15) to obtain an an-
alytic form in frequency domain. In order to obtain the average

sensitivity curve, we simulate 2500 sources in each frequency
bin and set the number of frequency bins are 7000 in frequency
band 10−4 Hz–101 Hz. RMS response and sensitivity curves
for first generation TDI data combinations with static detector
are shown with red lines in Fig. 5.
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Fig. 5. Sensitivity curve for moving TianQin averaging over 1000 sources in
each frequency bin. Frequency band is 10−4–101 Hz with 1000 frequency
bins. The left panels show root-mean-square of gravitational wave response
and the right panels show corresponding sensitivity curves for different TDI
data combinations. The red lines represent for static cases and the moving
ones with the black lines.

3.2. Sensitivity curve for moving detector

For realistic case, spacecraft configuration is not static
one but rotating with time varying arm lengths. Time depen-
dent variables are p̂i(t), lk(t), and Lk(t) in Eq. (1) for a moving
detector. To produce the RMS response for moving detector,
we can not obtain an analytical form of different data com-
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binations in frequency domain directly. We need to simulate
time-dependent Doppler series for each source firstly. Taking
fast Fourier transform of time domain data to produce RMS re-
sponse for corresponding Fourier frequency with 1000 sources
in each frequency bin and the number of frequency bins are
1000 in frequency band 10−4 Hz–101 Hz. Here, we take the
observation time is 3.65 d for averaging. We use the orbit only
including perturbations from the Earth and the Sun for simpli-
fication. The analytic form of TianQin orbit is referred from
Ref. [44]. Explicitly, the coordinates of the n-th spacecraft in
the geocentric–ecliptic coordinate system can be written as

pxn(t) = R1
(

cosφs sinθs sin(αn−β
′)+ cos(αn−β

′)sinφs
)

+R1e1

[1
2
(

cos2(αn−β
′)−3

)
sinφs

+ cos(αn−β
′)cosφs sinθs sin(αn−β

′)
]
,

pyn(t) = R1
(

sinφs sinθs sin(αn−β
′)− cos(αn−β

′)cosφs
)

+R1e1

[−1
2
(

cos2(αn−β
′)−3

)
cosφs

+ cos(αn−β
′)sinφs sinθs sin(αn−β

′)
]
,

pzn(t) = −R1 sin(αn−β
′)cosθs

−R1e1 cos(αn−β
′)sin(αn−β

′)cosθs. (16)

Here e1 is the eccentricity and R1 = 1.0×105 km is the semi-
major axis of the spacecraft orbit. The spacecraft orbit phase
αn is

αn(t) = 2π fsct +κn, (17)

where κn = 2π

3 (n− 1)+ λ , λ is the initial orbit phase of the
first (n = 1) spacecraft measured from x̃ axis, β ′ is the an-
gle measured from the x̃ axis to the perigee of the spacecraft.
fsc ≈ 1/(3.65 day) is the modulation frequency due to the ro-
tation of the detector around the guiding center. The noise
power spectrum density is corresponding to time dependent
one for moving detector with changing arm-length. We also
using a time averaged noise power spectrum density for each
frequency bin. Take X combination for example, the remain-
ing noise terms due to proof mass are[24]

Xproof mass = n̂2 · (−𝑣∗1,2233 +𝑣∗1,22−𝑣∗1,33

+𝑣∗1 +2𝑣3,233−2𝑣3,2)

+ n̂3 · (−𝑣1,2233 +𝑣1,33−𝑣1,22

+𝑣1 +2𝑣∗2,223−2𝑣∗2,3). (18)

The power spectrum density for acceleration noise with un-
equal time varying arm length is

Sproof mass
X =

[
8sin2[2π f (L2−L3)]+8sin2[2π f (L2 +L3)]

+32sin2(2π f L3)
]
·Spm

y . (19)

On the other hand, the power spectrum density for optical path
noise is

Soptical path
X =

[
8sin2(2π f L3)+8sin2(2π f L2)

]
·Sop

y . (20)

The resulting noise power spectrum density for combination
X with moving detector is

SX ( f , t) =
[
8sin2[2π f (L2−L3)]+8sin2[2π f (L2 +L3)]

+32sin2(2π f L3)
]
·Spm

y

+
[
8sin2(2π f L3)+8sin2(2π f L2)

]
·Sop

y . (21)

This equation equals Eq. (10) when L2 = L3 = L for static con-
stellation. Power spectrum density for data combination α , P,
E, and U can also give using the same method. The RMS re-
sponse and sensitivity curve results are shown with black lines
in Fig. 5.

Sensitivity curves comparison between static and moving
detector are shown in Fig. 5. The red lines represent static
case and the black lines represent moving case. Sensitivity
curves for moving detector are less sensitive than static ones
for all TDI data combinations. The reason is that dynamic
constellations have a pool GW response under the same sec-
ondary noise budget. In other words, the first generation TDI
data combinations can only cancel the unequal arm length up
to zero order of magnitude.[45] However, the moving detector
with less sensitive does not satisfy this condition and the first
generation TDI cannot cancel the arm-length up to higher or-
ders of magnitude. A more robust illustration to this issue can
refer to Ref. [30].

4. Principle component analysis
A different approach to TDI is called principle compo-

nent analysis which can generate the same data combinations
without laser phase noise at specific times. PCA is usually
used to reduce the dimensionality of a problem by decompos-
ing the data into an orthogonal basis whose vectors are called
principal components in statistics. Then, one keeps only the
vectors that contain the most information about the data by
restricting the analysis to the components having the largest
variance. In this way, we can cancel laser phase noise only
according to the total noise covariance matrix. In fact, PCA is
a linear transform by diagonalizing covariance matrix, which
makes the biggest variance on the first axis, the second biggest
variance on the second axis, etc. Conducting data analysis-
based PCA method can dramatically reduce the dimension of
the data to simplify our high dimension space problem in this
fully new orthogonalized coordinate. We can choose coordi-
nate with principle component to do data analysis and keep the
most information about the original data. Romano and Woan
showed that PCA identified a linear combination of the data
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streams that did not depend on the laser noise that was com-
mon to TDI technique. We use the principle and notation as
Ref. [37]. Here pi is the frequency noise associated with the
two lasers (assumming that laser phase to be locked on each
spacecraft) on spacecraft i. We take σ2

p and σ2
n for the variance

of laser phase noise and the variance of the secondary noise.
Of course, we have inequality σ2

p � σ2
n in this case. Six time

series data only including laser phase noise and the secondary
noise at any time stamps t

s1[t] = p2[t−L3]− p1[t]+n1[t], (22)

s1′ [t] = p3[t−L2]− p1[t]+n1′ [t], (23)

s2[t] = p3[t−L1]− p2[t]+n2[t], (24)

s2′ [t] = p1[t−L3]− p2[t]+n2′ [t], (25)

s3[t] = p1[t−L2]− p3[t]+n3[t], (26)

s3′ [t] = p2[t−L1]− p3[t]+n3′ [t]. (27)

The dimension of the noise covariance C total depends on ob-
servation time T , e.g., α = 1, 2, 3, 4, 5. Covariance matrix is
thus a 30× 30 matrix, whose αβ -th element is itself a 6× 6
matrix:

Cαβ =


〈s1[α]s1[β ]〉 〈s1[α]s1′ [β ]〉 · · · · ·
〈s1′ [α]s1[β ]〉 〈s1′ [α]s1′ [β ]〉 · · · · ·
〈s2[α]s1[β ]〉 〈s2[α]s1′ [β ]〉 · · · · ·
〈s2′ [α]s1[β ]〉 · · · · · ·
〈s3[α]s1[β ]〉 · · · · · ·
〈s3′ [α]s1[β ]〉 · · · · · ·

 . (28)

Here, σ2
p is the variance of laser phase noise, and σ2

n is the
variance of the secondary noise. The relationship between
laser phase noise and the secondary noise at different time
stamps are〈

ni[α]n j[β ]
〉
=
〈
n′i[α]n′j[β ]

〉
= δαβ δi jσ

2
n , (29)〈

pi[α]p j[β ]
〉
= δαβ σ

2
p , (30)〈

ni[α]n′j[β ]
〉
=
〈
ni[α]p j[β ]

〉
=
〈
n′i[α]p j[β ]

〉
= 0. (31)

4.1. Covariance matrix for static detector

The TianQin toy model features a triangular configuration
with static and constant arm lengths. Samples of covariance
matrix with sample times t = 0,1,2, . . . ,9 and with equal arm
lengths (L = 3, 3, 3) and unequal arm lengths (L = 2, 3, 4) are
shown in Fig. 6. In comparison with the unequal arm lengths
case, the number of diagonals is the same but with more values
in each block, that is, the density of the blocks has increased.
On the other hand, the number of correlations in the other diag-
onals has also increased for unequal arm lengths. We can also
get the same TDI variables using combinations of the eigen-
vectors from covariance matrix based on the first generation
TDI. This part is not included in this paper, but can be found
in Ref. [30]. We also show that the same results for the second
generation TDI and PCA method in Section 5.
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Fig. 6. The covariance matrix for times t = 0, 1, 2, . . ., 9, and with equal
arm lengths (top, L = 3, 3, 3) and unequal arm lengths (bottom, L = 2,
3, 4). We also assume the variances for phase noise and the secondary
noise are σ2

p = 1000 and σ2
n = 1.

4.2. Covariance matrix for moving detector

TianQin will have time varying arm lengths in a realis-
tic case with earth modulation frequency of one over a year
around the Sun. On the other hand, spacecraft modulation
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Fig. 7. Sample covariance matrix for time varying arm lengths for TianQin.
We assumed three phases are locked on each spacecraft. Three different arm
lengths were used as the model as left figure. We also assume the variances
for phase noise and the secondary noise are σ2

p = 1000 and σ2
n = 1.

050401-6



Chin. Phys. B 35, 050401 (2026)

frequency is 1/(3.65 days) around the Earth. In order to il-
lustrate this modulation in a small matrix, the initial separa-
tions between the arm lengths and their periods are exagger-
ated. Many time stamps are dropped out for this time varying
arm length model. The mean arm length of TianQin is approx-
imately 0.57 s. The sampling time is 1 s and the covariance
matrix for moving TianQin are shown in Fig. 7. The block
density of the covariance matrix is not widely distributed as
LISA case[39] with 4-s initial offsets.

We also compare the covariance matrix between static but
with unequal arm length (L = 2, 3, 4) and moving case with
the same observation times (t = 0, 1, 2, . . . , 9) in Fig. 8. They
have the same maximum variance but with different minimum
variances. Matrix aggregation is higher near the diagonal for
moving TianQin because the sampling time is only 1 s. How-
ever, the left panel represents unequal arm lengths (L = 2, 3,
4) and the arm lengths are much lager than realistic TianQin.
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Fig. 8. Covariance matrix comparison between static but with unequal
arm length (top, L = 2, 3, 4) and moving detector (bottom) with the
same observation times. We also assume the variances for phase noise
and the secondary noise are σ2

p = 1000 and σ2
n = 1.

5. Relationship between TDI and PCA
TDI variables are suitable for continues time series but

PCA can generate the same combination at specific times. The
properties of PCA at specific times which may be important
for gap observations. The relationship between first generation
and PCA has been demonstrated by Romano and Woam.[37]

One can show that the Sagnac combination for spacecraft 1
(denoted α(t) in Ref. [21]) is a linear combination of eigen-

vectors: −ê4− ê7− ê8. Explicitly,

α(5)≡ s1′(5)+ s3′(3)+ s2′(2)− s1(5)− s2(2)− s3(1), (32)

which is just the discretised-version of

α(t) = s1′(t)+ s3′(t−L2)+ s2′(t−L1−L2)

−s1(t)− s2(t−L3)− s3(t−L1−L3), (33)

appropriate for the arm lengths assumption. Here we concen-
trate on the second generation TDI and PCA method. First of
all, we can write the second generation α1(t) combination:

α1(t) = s1(t)+ s2(t−L3)+ s3(t−L1−L3)

+s1′(t−L2−L1−L3)+ s3′(t−L2−L2−L1−L3)

+s2′(t−L1−L2−L2−L1−L3)

−s3(t−L1−L3−L3−L1−L2)

−s2(t−L3−L3−L1−L2)− s1(t−L3−L1−L2)

−s2′(t−L1−L2)− s3′(t−L2)− s1′(t). (34)

Using the same assumptions for arm lengths with L1 = 1,
L2 = 2, L3 = 3. If the covariance matrix is restricted to posi-
tive values, the only time that will have offsets occurring with
all these values is t = 11. The values for α1 combination is

α1(11) = s1(11)+ s2(8)+ s3(7)+ s1′(5)+ s3′(3)

+s2′(2)− s3(1)− s2(2)− s1(5)

−s2′(8)− s3′(9)− s1′(11). (35)

In order to generate the same result as TDI combination, we
calculate the eigenvalues and eigenvectors of 66× 66 covari-
ance matrix. There are 40 distinct eigenvalues, the smallest
of which is independent of laser phase noise. This minimal
eigenvalue

λmin = σ
2
n (36)

is 27-fold degenerate. Here we only show five eigenvectors
that used to generate the same combinations as the second
generation α1(11). The solution for the second generation is
α1(11) =−ê3− ê7− ê11+ ê21+ ê27. The results for five eigen-
vectors are

ê3 = s3′(3)+ s2(4)− s1(5)+ s1(7)− s3(7)

−s2(8)+ s3(9)− s1(11)+ s1′(11), (37)

ê7 = −s3′(3)− s2(4)+ s1(5)− s1(7)

+s3(7)+ s2(8)− s3(9)+ s3′(9), (38)

ê11 = −s3(7)− s2(8)+ s2′(8), (39)

ê21 = s3′(3)− s1(5)+ s1′(5), (40)

ê27 = −s3(1)− s2(2)+ s2′(2), (41)

which give

− (ê3 + ê7) = −[s3′(3)+ s2(4)− s1(5)+ s1(7)− s3(7)

050401-7



Chin. Phys. B 35, 050401 (2026)

−s2(8)+ s3(9)− s1(11)+ s1′(11)

+(−s3′(3)− s2(4)+ s1(5)− s1(7)

+s3(7)+ s2(8)− s3(9)+ s3′(9))]

= −s3′(9)+ s1(11)− s1′(11), (42)

and we have

−(ê3 + ê7)− ê11 + ê21 + ê27

= −s3′(9)+ s1(11)− s1′(11)+ s3(7)+ s2(8)− s2′(8)

+s3′(3)− s1(5)+ s1′(5)− s3(1)− s2(2)+ s2′(2)

≡ α1(11). (43)

In fact, eigenvectors can be written in different form due to its
non-uniqueness. Finally, the same TDI variables can be ob-
tained from eigenvectors combination although eigenvectors
express in different forms. Therefore, TDI variables is a con-
sequence of principle component analysis with eigenvectors
combination of covariance matrix at specific time stamps.

6. Discussion and conclusion
Although we initially considered a simplified toy model

of a space-borne detector, it provides valuable guidance for
the real cases. The sensitivity curve for a static configura-
tion has roughly the same sensitivity structure as for a mov-
ing one. From sensitivity curve showed above, we can find
that combination X is more sensitive to gravitational wave.
TianQin will be more sensitive in high frequency band than
LISA because of shorter arm length. It is possible to combine
with ground-based detectors to do multi-messenger observa-
tions. In this paper, we obtained sensitivity curve based on
analytic orbit only including perturbations form the Sun and
the Earth for TianQin. We can consider a more realistic and
optimized orbit of TianQin[46] which considering the pertur-
bations from seven planets and the Moon. Here, we average
over 1000 sources. More sources needed to averaging in next
step using optimized algorithm or using parallel computing. A
package that is very similar with LISACode or LISASynthetic
for TianQin is expected to be established in the near future.
With this package, we can get sensitivity curves for different
TDI data combinations, simulate TDI data for different kinds
of gravitational wave sources which used for mock TianQin
data analysis. This is an important segment for a large project
to be implemented step by step.

In Section 4, we showed covariance matrix for static and
moving TianQin. Besides, time varying arm length model for
TianQin with a large spacecraft modulation frequency and ini-
tially separated for large offsets that is not real case due to
large dimension of the matrix. More realistic case should be
considered with principle component analysis. In Section 5,
we give the relationship between PCA and the second gen-
eration of TDI. As indicated in Ref. [37], the reduced set of

eigen-streams is sufficient basis (and possibly more than suffi-
cient) to carry out all possible astronomy with TianQin.
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