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Forward scattering detection in shallow-water environments presents many challenges, particularly the issues of en-
vironmental uncertainties and direct blast, which is an intense sound wave that propagates directly from the source to the
receiver without interaction with the target. In this paper, we account for environmental uncertainties and extend the gener-
alized likelihood ratio detector (GLRD) for forward scattering detection in a known environment to uncertain environments.
In a suitable bistatic sonar configuration where the source is positioned on the broadside of a large aperture horizontal linear
array (HLA), the GLRD exhibits good resistance to direct blast. Moreover, the GLRD demonstrates a certain degree of
robustness against environmental uncertainties, particularly when the sampling uncertainty sets of the direct blast/signal
wavefront are large enough — including both the real direct blast wavefront and the real signal wavefront. Despite facing
the challenge of direct blast in forward scattering detection, the GLRD still performs well in this scenario and demonstrates
its effectiveness as a method for forward scattering detection in uncertain shallow-water environments.
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(GLRD), horizontal linear array (HLA)
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1. Introduction
When a sound wave encounters a target, part of the wave

is deflected backward, while the wave propagating forward
also changes. The difference between this actual forward-
propagating wave and the undisturbed wave, which would be
present if the target were not there, is defined as the forward
scattering wave.[1] If the target is very large compared with
the sound wavelength, as is often the case in a bistatic sonar
system, the intensity of the forward scattering wave is signif-
icantly higher than that of the backward scattering wave[2,3]

typically exceeding 10 dB. This advantage is quite attractive
for certain detection scenarios and may improve detection per-
formance. However, forward scattering detection faces ad-
ditional challenges, particularly caused by the direct blast,[4]

which is an intense sound wave transmitted by the source and
propagating directly to the receiver without interaction with
the target. The direct blast impinges on the receiver simulta-
neously with the forward scattering wave and from the same
direction. This makes it difficult to distinguish them in time-
domain or in angle-domain, posing significant challenges for
detection.

Resulting from an interference effect between the di-
rect blast and the forward scattering wave, a transient tem-
poral and spatial acoustic aberration may occur in the re-

ceived data.[5–8] Many researches have been developed to ex-
tract and enhance this acoustic aberration for detection. Song
et al. observed an increase in sidelobe levels around the fo-
cal zone caused by target crossing using the time-reversal
mirror.[9] Sabra et al. developed a coherent processing scheme
based on principal component analysis of the stable por-
tion of the recorded waveform.[10] When a target crosses the
source-receiver baseline, the variation in the second princi-
pal component can exceed 10 dB. Lei et al. proposed us-
ing an adaptive filter with weights trained on received data
in the absence of the target, to suppress the direct blast and
extract acoustic aberration, thereby successfully achieving
forward scattering detection.[11–13] However, due to oceano-
graphic phenomena[14,15] such as tides, sea swells, internal
waves, fronts, and vortices, the shallow water is temporally
and spatially variable, exhibiting significant environmental
uncertainties.[16–18] These environmental variations may mask
acoustic aberrations or lead to the converged weights no longer
applicable for detection.

From the perspective of statistical signal processing, for-
ward scattering detection in uncertain shallow-water environ-
ments is essentially a signal detection problem under intense
interference (i.e., the direct blast) and unknown environmen-
tal parameters conditions. The generalized likelihood ratio
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detector (GLRD) is commonly used to handle these detec-
tion problems with unknown parameters[19–22] and exhibits
good performance. Wang et al. proposed an interference
and environmental-uncertainties-constrained generalized like-
lihood ratio detector with a horizontal linear array (HLA) to
address detection problems in the presence of interference in
uncertain shallow-water environments.[23] With prior knowl-
edge of the interference direction, this method exhibits robust
performance in deviation from the interference bearing; how-
ever, it fails at the interference bearing itself, which is the focus
of forward scattering detection.

For a bistatic sonar system, not only the bearing of the
source but also its range and depth are known a priori.[24]

This prior knowledge reduces the uncertainties associated with
the source compared to the target, whose position is unknown.
Additionally, the source and the target are similar in bearing
but differ in range. This difference in range makes it feasible
to achieve forward scattering detection.

In this paper, we aim to detect a target that crosses the
baseline connecting the source and the horizontal linear ar-
ray. To address the performance degradation of the GLRD
in a known environment caused by environmental parameter
mismatches, we account for environmental uncertainties and
translate them into wavefront uncertainties. Subsequently, by
estimating the signal/direct blast wavefronts using maximum
likelihood, we extend the GLRD for forward scattering detec-
tion in a known environment to uncertain environments. We
analyze its performance in uncertain shallow-water environ-
ments and derive its deflection coefficient, which effectively
represents its performance. Since the scattering characteristic
of a non-cooperative target is usually unknown, an approxi-
mate signal model is used to replace the real forward scatter-
ing signal for constructing detectors. Additionally, we demon-
strate that the direct blast can be effectively suppressed under
suitable bistatic sonar configurations. As a result, the forward
scattering signal allows for detection even in the presence of
intense direct blast in uncertain shallow-water environments.

The paper is organized as follows. In Section 2, the uncer-
tainties in forward scattering detection problem are analyzed.
In Section 3, the test statistic of the GLRD under the inter-
ference background is derived. We analyze its performance
by simulations in Section 4 and demonstrate its effectiveness
using experiment data in Section 5. Finally, a conclusion is
presented in Section 6.

2. Forward scattering detection problem in un-
certain shallow-water environments

2.1. Forward scattering signal model based on the HLA

Forward scattering signal specifically refers to the sound
wave scattered in a similar direction relative to the incident

wave. With the highest target strength (TS), this forward scat-
tering signal, resulting from the reflection and diffraction of
the incident wave by the target, exhibits high intensity and al-
lows for improved detection performance.

Figure 1 shows the configuration of the bistatic sonar,
where zs, zt and zr represent the depth of the source, the target,
and the N-element HLA, respectively; rsrn , rtrn and rst repre-
sent the horizontal distances of the source and target relative
to the nth element, as well as the horizontal distance between
the source and the target, respectively; ϕ0 denotes the inci-
dent azimuth angle between the source and the target, and ϕn

denotes the scattered azimuth angle between the nth element
and the target. When φ0 ≈ 0 and φn ≈ π , the scattered signal
specifically refers to the forward scattering signal, which is the
primary focus of this paper.

x

y

O

z

rrn(xrn,yrn,zr)

rt(xt,yt,zt)

rs(xs,ys,zs)

rtrn

rsrn

rst
ϕn

ϕ

Fig. 1. Geometric relationship between the source, the target, and the
HLA (the plane of xOy represents the sea surface, z represents the depth).

In detection scenarios with a point source of unit strength,
the scattered signals received by the nth element can be de-
noted by[25]

φs (𝑟rn) ≈ 4π

k

M

∑
m=1

M

∑
m′=1

{
Am′ (𝑟s)

[
Am (𝑟rn)

×S (π −θm,φn;π −θm′ ,φ0)−Bm (𝑟rn)

×S (θm,φn;π −θm′ ,φ0)
]
−Bm′ (𝑟s)

×
[
Am (𝑟rn)S (π −θm,φn;θm′ ,φ0)

−Bm (𝑟rn)S (θm,φn;θm′ ,φ0)
]}

, (1)

where

Am′ (𝑟s) =
jψm′ (zs)Nm′ej(krm′ rst+kzm′ zt−π/4)

ρw
√

8πkrm′rst
,

Bm′ (𝑟s) =
jψm′ (zs)Nm′ej(krm′ rst−kzm′ zt−π/4)

ρw
√

8πkrm′rst
,

Am (𝑟rn) =
jψm (zr)Nmej(krmrtrn+kzmzt−π/4)

ρw
√

8πkrmrtrn

,

Bm (𝑟rn) =
jψm (zr)Nmej(krmrtrn−kzmzt−π/4)

ρw
√

8πkrmrtrn

; (2)

where ψm (zs) and ψm (zr) are the mth mode depth functions
at the depths of zs and zr, respectively, and krm is the associ-
ated horizontal wavenumber; k is the wavenumber at the target
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depth and kzm is the associated vertical wavenumber that sat-
isfies kzm =

√
k2 − k2

rm; θm = cos−1 (kzm/k) is the mth mode
angle relative to the positive z-axis; Nm is a normalization
constant that satisfies ψm (zt) = Nm

(
ejkzmzt − e−jkzmzt

)
; M is

the number of propagating modes excited in the environment
and ρw is the water density; S (θm,ϕn;θm′ ,ϕ0) is the scatter-
ing function, determining the target scattering characteristic
within the space.

High-order normal modes dissipate rapidly in the far field
in shallow-water environments, and low-order normal modes
dominate. The mode angles of these low-order normal modes
are close to π/2. Therefore, one further approximation can be
made that θm ≈ π/2 and then Eq. (1) reduces to[25,26]

φs (𝑟rn) ≈ j
2ρ2

wk
S
(

π

2
,ϕn;

π

2
,ϕ0

) M

∑
m′=1

ψm′ (zs)ψm′ (zt)

× ejkrm′ rst
√

krm′rst

M

∑
m=1

ψm (zt)ψm (zr)
ejkrmrtrn√

krmrtrn

=
1

4π

S
(

π

2 ,ϕn; π

2 ,ϕ0
)

k
g(𝛷,𝑟s,𝑟t)g(𝛷,𝑟t,𝑟rn) , (3)

where 𝛷 is an environmental vector, including all environmen-
tal parameters, such as water depth, surface sound speed, bot-
tom sound speed, etc; g(𝛷,𝑟s,𝑟t) and g(𝛷,𝑟t,𝑟rn) represent
the acoustic transfer functions between the transmitting source
and the target, and that between the target and the nth element,
respectively, which can be denoted by[27]

g(𝛷,𝑟s,𝑟t) =

√
2πejπ/4

ρw

M

∑
m=1

ψm (zs)ψm (zt)
ejkrmrst
√

krmrst
,

g(𝛷,𝑟t,𝑟rn) =

√
2πejπ/4

ρw

M

∑
m=1

ψm (zt)ψm (zr)
ejkrmrtrn√

krmrtrn

. (4)

For detection scenarios where the target is far from the
HLA, the scattered azimuth angles are approximately equal,
i.e., ϕ1 ≈ ·· · ≈ ϕN . Assuming the acoustic pressure excited by
the source at a distance of 1 m is a, corresponding to a source
strength of 4πa, the forward scattering signal received by the
HLA can be approximated as

𝑠target ≈ a
S
(

π

2 ,ϕ1; π

2 ,ϕ0
)

k
g(𝛷,𝑟s,𝑟t)𝑔 (𝛷,𝑟t,𝑟r)

= b𝑔 (𝛷,𝑟t,𝑟r) , (5)

where 𝑠target = [φs (𝑟r1) , . . . ,φs (𝑟rN )]
T is a frequency-domain

received data snapshot; the superscript T denotes the transpose
operation; 𝑔 (𝛷,𝑟t,𝑟r) = [g(𝛷,𝑟t,𝑟r1) , . . . ,g(𝛷,𝑟t,𝑟rN )]

T is
an N×1 column vector, representing the signal wavefront that
is an acoustic pressure vector received by the HLA. The for-
ward scattering signal received by the HLA in the far field is
approximated as a signal radiated by a non-directional source
that transmits an unknown complex-valued signal b, since
S
(

π

2 ,ϕ1; π

2 ,ϕ0
)

is unknown for a non-cooperative target.

In forward scattering detection, the HLA receives not
only the forward scattering signal but also the direct blast. This
direct blast, an intense acoustic wave directly from the source
without interaction with the target, can be denoted by

𝑠source = a𝑔 (𝛷,𝑟s,𝑟r) , (6)

where 𝑔 (𝛷,𝑟s,𝑟r) = [g(𝛷,𝑟s,𝑟r1) , . . . ,g(𝛷,𝑟s,𝑟rN )]
T is the

direct blast wavefront; g(𝛷,𝑟s,𝑟rn) represents the acoustic
transfer function between the source and the nth element that
can be denoted by[27]

g(𝛷,𝑟s,𝑟rn) =

√
2πejπ/4

ρw

M

∑
m=1

ψm (zs)ψm (zr)
ejkrmrsrn√

krmrsrn

. (7)

The forward scattering signal presents a similar expres-
sion to the direct blast but with a different wavefront resulting
from the difference in positions of the source and the target,
and its amplitude b is unknown because the scattering charac-
teristics of a non-cooperative target is unknown. This differ-
ence in wavefronts allows for the detection of a target even in
the presence of the direct blast.

2.2. Environmental uncertainties in forward scattering de-
tection

From signal models, Eqs. (5) and (6), the forward scatter-
ing detection in shallow-water environments is approximated
as a detection problem in the presence of an unknown ampli-
tude interference, which can be formulated as the following
binary hypothesis test problem:

ℋ0 : 𝑥= 𝑔 (𝛷,𝑟s)a+𝑤,

ℋ1 : 𝑥= 𝑔 (𝛷,𝑟s)a+𝑔 (𝛷,𝑟t)b+𝑤, (8)

where 𝑥 is a frequency-domain received data snapshot, in-
cluding the direct blast and the noise in the null hypothesis
ℋ0, and additionally the forward scattering signal in the alter-
native hypothesis ℋ1; 𝑔 (𝛷,𝑟s) and 𝑔 (𝛷,𝑟t) are the abbrevi-
ations of 𝑔 (𝛷,𝑟s,𝑟r) and 𝑔 (𝛷,𝑟t,𝑟r), respectively, with the
prior known 𝑟s and 𝑟r; a and b are unknown amplitudes of the
direct blast and the forward scattering signal, respectively; the
background noise vector is assumed to be a spatially complex
white Gaussian vector with a prior known noise power σ2, i.e.,
𝑤 ∼CN

(
0,σ2𝐼N

)
, where 𝐼N is an N ×N identity matrix.

When the ocean environment is precisely known, the tar-
get position is the only unknown parameter in acoustic trans-
fer functions. By searching for the target position, the optimal
detector for this binary hypothesis test problem can be con-
structed and the associated test statistic is given by[24]

T (𝑥) = max
𝑟∈𝑅1×3

∥∥𝑔H (𝛷,𝑟)𝑃⊥
s 𝑥
∥∥2

2∥∥𝑃⊥
s 𝑔 (𝛷,𝑟)

∥∥2
2 σ2/2

, (9)

where 𝑟 = [x,y,z] is the potential target position and 𝑅1×3

is the range of the potential target positions; 𝑃⊥
s = 𝐼N −

𝑔 (𝛷,𝑟s)𝑔
H (𝛷,𝑟s)/‖𝑔 (𝛷,𝑟s)‖2

2 is the orthogonal projection
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matrix onto the subspace ⟨𝑔 (𝛷,𝑟s)⟩⊥ that is perpendicular to
the direct blast subspace ⟨𝑔 (𝛷,𝑟s)⟩. This detector essentially
matches the received data with the projected components of
the signal wavefronts for different target positions in the or-
thogonal complement subspace of the direct blast subspace,
effectively achieving the detection task.

However, the shallow-water environment exhibits sig-
nificant environmental uncertainties. It is difficult to accu-
rately obtain all environmental parameters; we usually only
know their limits (e.g., the water depth is within 102.5 ±
2.5 m), which may lead to environmental mismatch and de-
grade detection performance. Figure 2 shows a typical un-
certain shallow-water environment, which is referred to as the
“GENLMIS” waveguide and was used in the May 1993 NRL
workshop.[28] The typical uncertain environmental parameters
considered in this paper, along with their limits, are given in
Table 1, which can form an uncertainty set of environmental
parameters as

𝑅Φ =
{
𝛷|D1 ∈ [100 m,105 m] , D2 = 100 m, . . . ,

α ∈ [0.1 dB/λ ,0.6 dB/λ ]
}
, (10)

where the environmental parameters vector 𝛷 =

[D1,D2, . . . ,α], including all the parameters considered in Ta-
ble 1, represents a realization of the “GENLMIS” waveguide
and is unknown to the detectors.

c

r

r

z

c D

c

D

c

 

z

z

Fig. 2. Environmental configuration of the GENLMIS model (the solid
line and the dashed line represent the mean parameters and the ranges of
parameters, respectively).

Table 1. Environmental parameters of the GENLMIS waveguide.

Environmental parameters Symbol Value range

Water depth D1 102.5±2.5 m
Sediment depth D2 100 m

Surface sound speed c0 1500±2.5 m/s
Bottom sound speed cb 1480±2.5 m/s

Sediment sound speed cd 1600±50 m/s
Halfspace sound speed ch 1750±100 m/s

Water density ρw 1.024 g/cm3

Sediment density ρ 1.75±0.25 g/cm3

Sediment attenuation α 0.35±0.25 dB/λ

The direct blast/signal wavefront reflects information
about the environment and the source/target positions. To ad-
dress the uncertainty problem, we account for environmen-
tal uncertainties and translate them to wavefront uncertain-
ties. Utilizing the prior knowledge of the limits of environ-
mental parameters, the uncertainty sets within which the direct
blast/signal lies can be given by

Csource = {𝑔 (𝛷,𝑟s) |𝛷 ∈ RΦ ,𝑟s = [xs,ys,zs]} ,

Ctarget =
{
𝑔 (𝛷,𝑟t) |𝛷 ∈ RΦ ,xt ∈ Rx,yt ∈ Ry,zt ∈ Rz

}
, (11)

where 𝑟s = [xs,ys,zs] is the prior known source position and
𝑟t = [xt,yt,zt] is the potential target position with the limits
of Rx,Ry,Rz, which is the only difference between these two
uncertainty sets.

The detection problem under uncertain environmental pa-
rameters has been transformed into a detection problem under
uncertain wavefronts. Utilizing the difference between the un-
certainty sets of the direct blast wavefront and the signal wave-
front, it is possible to detect a target in the presence of direct
blast in uncertain shallow-water environments.

3. Generalized likelihood ratio detector for for-
ward scattering detection

3.1. GLRD

The GLRD is commonly used to address uncertainty
problems by replacing all unknown parameters with their max-
imum likelihood estimates (MLEs). In the forward scattering
detection scenario, as described in Eq. (8), the probability den-
sity functions of the data 𝑥 under two hypotheses can be given
by[19,23]

p(𝑥|ℋ0; â) =
(

1
πσ2

)N

exp

(
−‖𝑥−𝑔 (𝛷,𝑟s) â‖2

2
σ2

)
,

p
(
𝑥|ℋ1; â, b̂

)
=

(
1

πσ2

)N

× exp

(
−
∥∥𝑥−𝑔 (𝛷,𝑟s) â−𝑔 (𝛷,𝑟t) b̂

∥∥2
2

σ2

)
, (12)

where â|ℋ0 =
(
𝑔H (𝛷,𝑟s)𝑔 (𝛷,𝑟s)

)−1
𝑔H (𝛷,𝑟s)𝑥, which

is the MLE of a in null hypothesis;
[
â, b̂
]T |ℋ1 =(

𝐺H𝐺
)−1

𝐺H𝑥, which are the MLEs of a,b in alternative
hypothesis, where 𝐺 = [𝑔 (𝛷,𝑟s) ,𝑔 (𝛷,𝑟t)]; ‖·‖2 is the two-
norm. Due to environmental uncertainties, the direct blast
wavefront and the signal wavefront are unknown, and their
MLEs are denoted by

𝑔̂ (𝛷,𝑟s) |ℋ0 = arg max
Csource

p(𝑥|ℋ0; â, 𝑔̃) ,

𝐺̂|ℋ1 = argmax
C

p
(
𝑥|ℋ1; â, b̂,𝐺̃

)
, (13)
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where C =
[
𝐺|𝑔 (𝛷,𝑟s) ∈Csource,𝑔 (𝛷,𝑟t) ∈Ctarget

]
is the un-

certainty set of 𝐺; 𝑔̃ and 𝐺̃ are an arbitrary vector in uncer-
tainty set Csource and an arbitrary matrix in uncertainty set C,
respectively.

The generalized likelihood ratio can be given by

L(𝑥) =
max

C
p
(
𝑥|ℋ1; â, b̂,𝐺̃

)
max

Csource
p(𝑥|ℋ0; â, 𝑔̃)

, (14)

whose logarithmic form is used as the test statistic that is

T (𝑥) = 2lnL(𝑥) = max
C

𝑥H𝑃G𝑥

σ2/2
− max

Csource

𝑥H𝑃g𝑥

σ2/2
, (15)

where 𝑃G = 𝐺̃
(
𝐺̃H𝐺̃

)−1
𝐺̃H and 𝑃g = 𝑔̃

(
𝑔̃H𝑔̃

)−1
𝑔̃H are the

orthogonal projection matrices onto the subspace ⟨𝐺̃⟩ and the
subspace ⟨𝑔̃⟩, respectively. In fact, the former in Eq. (15) is the
best match of the direct blast wavefront and the signal wave-
front to achieve the maximum processing gain, and the latter is
just the best match of the direct blast wavefront, which can be
effectively suppressed through subtraction. Subsequently, the
remaining signal energy after direct blast suppression is used
for detection.

3.2. Performance measure

The performance measure of the GLRD for forward scat-
tering detection is difficult to obtain directly from the distri-
bution of T (𝑥) in Eq. (15), since the distributions under two
hypotheses cannot be derived theoretically when both the en-
vironmental parameters and the target position are unknown.
Alternatively, we derive the deflection coefficient[29] to ap-
proximately characterize its performance, which is the ratio
of the difference in mean of the test statistic T under ℋ0 and
ℋ1 to the standard deviation of T under ℋ0 and is denoted by

κ =
E (T |ℋ1)−E (T |ℋ0)√

D(T |ℋ0)
, (16)

where E (·) and D(·) denote the mean and the variance re-
spectively. To derive an analytical expression for Eq. (16), we
make the following two assumptions.

Assumption 1 The MLEs of 𝐺 and 𝑔 (𝛷,𝑟s) are indepen-
dent of the noise and only determined by the direct blast and
the signal. This is reasonable when the energy of these signals
is much higher than that of the noise.

Assumption 2 The uncertainty sets of the direct blast
wavefront and signal wavefront are large enough. In other
words, the real wavefronts of them are sampled within these
uncertainty sets.

Under the assumption 1, the MLEs of 𝐺 and 𝑔 (𝛷,𝑟s) in
the null hypothesis ℋ0 and in the alternative hypothesis ℋ1

can be denoted by

𝐺̂0 = 𝐺̂|ℋ0 = argmax
C

‖𝑃G𝑠source‖2
2 ,

𝐺̂1 = 𝐺̂|ℋ1 = argmax
C

∥∥𝑃G
(
𝑠source +𝑠target

)∥∥2
2 ,

𝑔̂0 = 𝑔̂ (𝛷,𝑟s) |ℋ0 = arg max
Csource

∥∥𝑃g𝑠source
∥∥2

2 ,

𝑔̂1 = 𝑔̂ (𝛷,𝑟s) |ℋ1 = arg max
Csource

∥∥𝑃g
(
𝑠source +𝑠target

)∥∥2
2 . (17)

Meanwhile, we rewrite the test statistic T as a quadratic form
as

T (𝑥) =
𝑥H𝐴𝑥

σ2/2
, (18)

where 𝐴 = 𝑃Ĝ −𝑃ĝ is an N × N Hermitian matrix; 𝑃Ĝ =

𝐺̂
(
𝐺̂H𝐺̂

)−1
𝐺̂H and 𝑃ĝ = 𝑔̂

(
𝑔̂H𝑔̂

)−1
𝑔̂H are the orthogonal

projection matrices onto the subspaces spanned by the MLEs
of 𝐺 and 𝑔 (𝛷,𝑟s), respectively.

The deflection coefficient of this quadratic test statistic
can be denoted by (the derivation processes are shown in Ap-
pendix A)

κ =
tr(𝐴1𝑅)− tr(𝐴0𝑅source)√

σ4tr
(
𝐴2

0

)
+2σ2 ‖𝐴0𝑠source‖2

2

, (19)

where

𝑅source = E
(
𝑠source𝑠

H
source

)
,

𝑅= E
[(
𝑠source +𝑠target

)(
𝑠source +𝑠target

)H
]

are the spatial covariance matrices of the signal under ℋ0 and
ℋ1, respectively; 𝐴i = 𝑃Ĝi

−𝑃ĝi , i = 0,1.
The performance of the GLRD is approximately mea-

sured by Eq. (19), but it is still difficult to analyze the detection
performance since the MLEs of 𝐺 and 𝑔 (𝛷,𝑟s) cannot be ex-
pressed analytically. Therefore, based on Assumption 1, we
also take Assumption 2 into account to derive an expression
for quantifying the performance of the GLRD. Under these
two assumptions, the deflection coefficient can be rewritten as
(the derivation processes are shown in Appendix B)

κ =

∥∥𝑠source +𝑠target
∥∥2

2 − max
Csource

∥∥𝑃g
(
𝑠source +𝑠target

)∥∥2
2

σ2

≤

(
1−|γ|2

)∥∥𝑠target
∥∥2

2

σ2 = κopt, (20)

where γ =
𝑠H

source𝑠target

‖𝑠source‖2‖𝑠target‖2
represents the correlation between

the direct blast and the signal. When 𝑔̂1 = 𝑔 (𝛷,𝑟s), the de-
flection coefficient reaches its maximum value. In Eq. (20),
the first term,

∥∥𝑠source +𝑠target
∥∥2

2, represents the total energy of
the received data, including forward scattering signal and the
direct blast. The second term, max

Csource

∥∥𝑃g
(
𝑠source +𝑠target

)∥∥2
2,

represents the energy of the received data projected onto the
subspace ⟨𝑔̂1⟩, which is regarded as direct blast energy and is
thus suppressed.
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g̂

Fig. 3. Schematic of projection under ℋ1.

Although the forward scattering signal is highly corre-
lated with the direct blast, its projection in the subspace de-
fined by the direct blast wavefront is not always maximized;
that is, its projection may deviate from the direct blast wave-
front, as shown in Fig. 3. This results in the MLE of the direct
blast wavefront under hypothesis ℋ1 deviating from the true
value, and leads to an increase in the energy of the received
data projected into the subspace ⟨𝑔̂1⟩. Consequently, the sup-
pressed energy exceeds that of the direct blast itself, leading to
performance degradation.

When the signal is uncorrelated with the wavefronts in
the direct blast wavefront uncertainty set, or the intensity of
the direct blast is much higher than that of the signal (i.e.,
low signal-to-direct blast ratio, SDR), the signal energy pro-
jected into subspace ⟨𝑔̂1⟩ can be rejected, as it contributes
little to the estimation of the direct blast wavefront. In such
case, 𝑔̂1 = 𝑔̂ (𝛷,𝑟s) |ℋ1 ≈ 𝑔 (𝛷,𝑟s), and the GLRD can reach
its optimal performance κopt, which is only determined by the
signal-to-noise ratio (SNR) and the correlation between the di-
rect blast and the signal.

4. Simulations and results
In this section, we analyze the performance of the GLRD

with forward scattering, focusing on both its theoretical
and real performance through simulations conducted in the
GENLMIS waveguide. The theoretical performance is charac-
terized by the detection capabilities of the GLRD, with uncer-
tainty sets that are sufficiently large to encompass both the real
direct blast wavefront and the real signal wavefront. Similarly,
the real performance is characterized by the detection capabil-
ities of the GLRD, with sampling uncertainty sets constituted
by wavefronts obtained through Monte Carlo sampling across
the entire uncertainty set, i.e., the sampling uncertainty sets are
part of the entire uncertainty set and may not encompass the
real wavefronts. To distinguish between these two scenarios,
we refer to the former as the optimal generalized likelihood
ratio detector (Opt-GLRD) and the latter as the generalized
likelihood ratio detector based on Monte Carlo optimization
(MC-GLRD).

First, we analyze the impact of the source direction rel-
ative to the HLA and the array aperture on the performance
of the GLRD. Based on these simulation results, the subse-
quent simulations are conducted with a 1000-element HLA,

maintaining the source positioned on the broadside of the ar-
ray. Secondly, the influences of signal-to-noise ratio (SNR)
and signal-to-direct blast ratio (SDR) on detection perfor-
mance are simulated, where SNR =

∥∥𝑠target
∥∥2

2/σ2 and SDR =∥∥𝑠target
∥∥2

2/‖𝑠source‖2
2, and the robustness of the GLRD to en-

vironmental uncertainties is explored by investigating its per-
formance across different environment scenarios. Finally, we
compare the performance of the GLRD in the forward scatter-
ing detection with that in the backward scattering detection,
and the results demonstrate that the former performs better
than the latter.

The simulation conditions are shown in Figs. 1 and 2. A
source is located at 𝑟s = [10 km,0] and transmits the signal
with the frequency of 1 kHz at the depth of zs = 50 m. An
N-element HLA is mounted on the bottom (i.e., zr = D1) with
the element spacing of d = 0.75 m. The center of the HLA is
located at [0,0] and the nth element is located at

𝑟rn =

[
−N −1+2n

2
d cosϕarray,

−N −1+2n
2

d sinϕarray

]
,

n = 1,2, . . . ,N, (21)

where ϕarray is the angle between the HLA and the x-axis. Two
special cases should be noted. When ϕarray = π/2, the HLA is
perpendicular to the x-axis, meaning the source is positioned
on the broadside of the HLA. When ϕarray = 0, the HLA is
parallel to the x-axis, meaning the source is positioned in the
end-fire direction of the HLA.

Moreover, we use a rigid prolate spheroid[30] with a semi-
major axis of 7.5 m and a semi-minor axis of 1 m as the
underwater target, and its scattering function is denoted as
Sr (θ ,ϕ;θ0,ϕ0). Considering that the SDR is fixed in a given
detection scenario, we use a constant D to control the mag-
nitude of the TS, which does not alter its spatial distribution
but allows us to analyze the detector performance in a specific
SDR detection scenario. In other words, the scattering func-
tion used in the simulations is denoted

S (θ ,ϕ;θ0,ϕ0) = DSr (θ ,ϕ;θ0,ϕ0) . (22)

Two hundred positions are uniformly sampled from the po-
tential target positions in xOz plane. For each sampled posi-
tion, 50 environments are randomly sampled in the GENLMIS
waveguide, and the associated direct blast/signal wavefronts
are calculated. Therefore, 10000 direct blast/signal wavefronts
are sampled in uncertainty sets Csource and Ctarget for the MC-
GLRD. All simulations were conducted with 10000 indepen-
dent trials to calculate the detection probability Pd with a false
alarm probability Pfa = 0.01.

4.1. Forward scattering detection configuration

The configuration of the forward scattering detection,
specifically the source azimuth angle and array aperture, sig-
nificantly affects detection performance. Figure 4(a) shows the
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maximum correlation between the real direct blast wavefront
and the sampled direct blast wavefronts, as well as between the
real signal wavefront and the sampled signal wavefronts, for
different source azimuth angles when the target is positioned
at 𝑟t = [5 km,0,50 m] in the GENLMIS waveguide with mean
parameters as shown in Table 2. This mean environmental pa-
rameters condition is a realization of the GENLMIS waveg-
uide and is unknown to the detectors. Both correlations reach
their maximum values when the source is positioned on the
broadside of the HLA. Consequently, the HLA demonstrates
robustness to environmental mismatches in this direction, re-
sulting in optimal detection performance for the MC-GLRD,
as shown in Fig. 4(b).

Although the Opt-GLRD always works well for all source
azimuth angles in the forward scattering detection, the MC-
GLRD can only work when the source is positioned around
the broadside. Considering that we cannot always accurately
obtain the real wavefronts in reality, the performance of the
Opt-GLRD may not always be achievable, and the MC-GLRD

exhibits more common detection performance. Therefore, we
set ϕarray = 90∘ in subsequent simulations.

0.5
0 30 60 90 0 30 60 90

0.6

0.7

0.8

0.9

1.0

M
a
x
im

u
m

 c
o
rr

e
la

ti
o
n

Direct blast
Signal

0

0.2

0.4

0.6

0.8

1.0
Opt-GLRD
MC-GLRD

(a) Maximum correlation between real
wavefronts and sampled wavefronts

(b) Pd with SNR=10 dB,
SDR=-30 dB

P
d

ϕarray (Ο) ϕarray (Ο)

Fig. 4. Performance of the GLRD under different ϕarray conditions in the
GENLMIS waveguide with mean parameters, when the element number
N = 1000 and frequency f = 1000 Hz.

Table 2. The mean environmental parameters.

Parameters
D1 D2 c0 cb cd ch ρw ρ α

(m) (m) (m/s) (m/s) (m/s) (m/s) (g/cm3) (g/cm3) (dB/λ )

Values 102.5 100 1500 1480 1600 1750 1.024 1.75 0.35

Range (km)

0

200

400

600

800

1000

A
rr

a
y
 a

p
e
rt

u
re

 (
m

)

0

0.2

0.4

0.6

0.8

D
e
te

c
ti
o
n
 p

ro
b
a
b
il
it
y

Range (km)

0

200

400

600

800

1000

A
rr

a
y
 a

p
e
rt

u
re

 (
m

)

0

0.2

0.4

0.6

0.8

1.0

C
o
rr

e
la

ti
o
n
 c

o
e
ff
ic

ie
n
t

Range (km)

0

200

400

600

800

1000

A
rr

a
y
 a

p
e
rt

u
re

 (
m

)

0

0.2

0.4

0.6

0.8

1.0

C
o
rr

e
la

ti
o
n
 c

o
e
ff
ic

ie
n
t

1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9

(b) Correlation coefficient between
starget and ssource

(c) Correlation coefficient between
starget and g(Φ,rt)

(a) Pd with SNR=10 dB,
SDR=-30 dB

Fig. 5. Performance of the GLRD under different array aperture conditions in the GENLMIS waveguide with the mean parameters, when the
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Fig. 6. Performance of the GLRD under different frequency conditions in the GENLMIS waveguide with the mean parameters, when the source
azimuth angle ϕarray = 90∘ and the element number N = 1000.

Forward scattering detection depends on the difference

between the direct blast and the signal. It is very difficult to

detect a target using a short array under low-frequency condi-

tions, because the direct blast and the signal are so similar that

both are suppressed. Figures 5 and 6 respectively show the

performance of the Opt-GLRD under different array aperture

and frequency conditions in the GENLMIS waveguide with

mean parameters when the target is at a depth of zt = 50 m.

With the increase of the array aperture and frequency, the

correlation between the direct blast and the signal decreases,

resulting in an increase of the remaining signal energy after

direct blast suppression, so the detection performance is im-

proved.

However, we notice that the performance degrades in the

near field with a large aperture and high frequency. This degra-

dation results from the mismatch between the real signal and
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the approximate signal. Specifically, under high-frequency
conditions, the forward scattering main lobe is very narrow,
and not all elements of the large aperture array can be located
within the scattering main lobe. The assumption in Eq. (5),
which approximates the TS as equal in the direction from ϕ1

to ϕN , no longer holds, and the directivity of target scatter-
ing in space cannot be ignored anymore. In contrast, under
low-frequency conditions, the forward scattering main lobe is
wide, and all elements of the small aperture array are located
within the scattering main lobe. The assumption holds, and
the GLRD exhibits good performance in the near field. Con-
sidering the detection performance in both the near-field and
far-field, we use the number of elements N = 1000 and the
frequency f = 1000 Hz in subsequent simulations.

4.2. Performance analysis

Many factors affect the detector performance. In this sec-
tion, we mainly analyze the effects of the environment, SNR,
and SDR on the detector performance.

According to Eq. (20), the deflection coefficient, which
characterizes the detection performance, is weakly depen-
dent on the environments. Therefore, the GLRD may exhibit
similar performance across different environmental scenarios
when the uncertainty sets of wavefronts are large enough. Fig-
ure 7 shows the detection probability of the GLRD across 100
random environmental realizations, with the target positioned
at 𝑟t = [5 km,0,50 m]. Although the Opt-GLRD exhibits per-
formance fluctuations across different environments due to the
varying correlations between the direct blast and the signal, it
still maintains a certain degree of robustness against environ-
mental uncertainties, as analyzed above. Similarly, the perfor-
mance of the MC-GLRD is affected not only by these corre-
lations but also by the limited number of sampled wavefronts.
These limited sampled wavefronts exhibit varying correlations
with the real wavefronts across different environments, further
affecting the performance and resulting in insufficient robust-
ness against environmental uncertainties
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Fig. 7. Performance of the GLRD under 100 random environmental real-
izations with SNR = 10 dB and SDR =−30 dB.

Direct blast is the main issue in the forward scattering
detection problem. By suppressing the intense direct blast, the

remaining signal energy is used for detection and the target can
be detected. Figure 8(a) shows the performance of the GLRD
under different SDR conditions, with the target positioned at
𝑟t = [5 km,0,50 m]. As analyzed in Subsection 3.2, with low
SDRs, the MLE of the direct blast wavefront under hypothesis
ℋ1 can be closer to its true value, allowing for complete sup-
pression of the direct blast while the signal energy is almost
entirely preserved. Therefore, the Opt-GLRD can reach its
optimal performance κopt and presents good resistance against
the direct blast. On the contrary, since the real wavefronts do
not lie in the sampling uncertainty sets, the direct blast cannot
be completely suppressed for the MC-GLRD. Consequently,
the residual direct blast energy after suppression remains sig-
nificant under low SDR conditions, leading to the failure of
the MC-GLRD.
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Fig. 8. Performance of the GLRD under different (a) SDR and (b) SNR
conditions in the GENLMIS waveguide with the mean parameters.

Moreover, although the MLE of the direct blast wavefront
under hypothesis ℋ1 deviates from the true value under high
SDR conditions, the residual direct blast energy after suppres-
sion is small due to the reduced intensity of the direct blast. As
a result, both the Opt-GLRD and the MC-GLRD exhibit good
performance with high SDRs.

4.3. Compared to the backward scattering detection

Although the intensity of the scattered signal in the for-
ward direction is much higher than in the backward direction,
forward scattering detection faces the additional challenge of
intense direct blast, which does not exist in backward scat-
tering detection. Therefore, the relative performance of the
GLRD in these two detection scenarios requires further inves-
tigation, which we will conduct in this section.

We consider such a realistic detection scenario where the
underwater target, a rigid prolate spheroid with a semi-major
axis of 7.5 m and a semi-minor axis of 1 m (i.e., D = 1),
crosses the baseline connecting the source and the receiver
when 𝑟t = [5 km,0,50 m]. In this case, the SDR=−35.87 dB,
and the performance of the GLRD in forward and backward
scattering detection is shown in Fig. 9, with an ambient noise
level (NL) of 90 dB. Compared to backward scattering, the
SNR in forward scattering improves by approximately 10 dB.
Therefore, even the MC-GLRD in forward scattering detection
outperforms the Opt-GLRD in backward scattering detection.
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However, this conclusion is not always valid. Many fac-
tors can affect target strength, such as frequency, which may
lead to variations in performance between forward scattering
detection and backward scattering detection. Figure 10 shows
the performance of the GLRD under different frequency con-
ditions. Since the target strength in backward scattering is
higher than that in forward scattering under low-frequency
conditions, the backward scattering signal exhibits a higher
SNR than the forward scattering signal. As a result, the detec-
tion performance of the former exceeds that of the latter.
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Fig. 9. Performance of the GLRD in forward and backward scattering
detections in the GENLMIS waveguide with the mean parameters, and
NL = 90 dB, SDR =−35.87 dB.
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Fig. 10. Performance of the GLRD in forward and backward scatter-
ing detections under different frequency conditions, and NL = 90 dB,
SL = 180 dB.

Additionally, under high-frequency conditions, the main
lobe of forward scattering is very narrow. When the target de-
viates from the source-receiver baseline, the receiver may fall
outside the main lobe. This may cause the SNR to decrease
rapidly and lead to performance degradation of the detectors.
Considering that the potential target position extends from the
source-receiver baseline to the vicinity of this line, the uncer-
tainty of the target position increases. Therefore, we increase
the number of sampled wavefronts from 10000 to 50000 to en-
hance the effectiveness of MC-GLRD in detecting a target that
deviates from the baseline.

Figure 11 shows the performance of the GLRD when the
target is at 𝑟t = [5 km,y,50 m], where y is the distance that the
target deviates from the baseline. With a narrow main lobe of
forward scattering, the performance of forward scattering de-
tection begins to decrease when this distance exceeds 200 m,
which is less than the distance in backward scattering detec-
tion. The distance of 200 m here applies only to this specific
simulation condition; it varies from case to case and depends
on target sizes, frequencies, and other factors. Generally, as
target size and frequency increase, the forward scattering main

lobe becomes narrower.[31] Therefore, the allowable deviation
distance from the source-receiver baseline also decreases.
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Fig. 11. The performance of the GLRD in forward and backward scatter-
ing detections when the target deviates from the source-receiver baseline
at different distances, and NL = 90 dB, SL = 180 dB.

5. Experimental data results
In this section, we use the data from the SWellEx-96 ex-

periment, which was conducted in May 1996, approximately
12 km from the tip of Point Loma near San Diego, California,
to evaluate the performance of the GLRD. Figure 12 shows
the source ship track during independent events S5 and S59
in the experiment. The ship proceeded northward at 5 knots
(2.5 m/s), with square markers indicating its position every
5 min. Fifty-one CTD surveys were conducted during the en-
tire experiment to provide water column sound speed data, and
detailed environmental parameters are given in Fig. 13 accord-
ing to data from CTD #20.
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Fig. 12. Map of the source track in event S5 (blue color) and event S59
(red color).

An HLA, consisting of 27 available elements, is de-
ployed on the seafloor, and sampled data with sampling rate
3276.8 Hz. The HLA received the last 50 min of the data
(9830400 points) during the event S5 which totally lasted for
75 min, and the full 65 min of the data (12779521 points) dur-
ing the event S59. We divided the date with 1.25 s snapshot
length (4096 points) as a segment, with 50% (2048 points)
overlap between successive snapshots, and transformed them
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to the frequency domain. Therefore, 4799 and 6239 frequency
domain snapshots are obtained during events S5 and S59, re-
spectively.
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Fig. 13. Environmental configuration of SWellEx-96 experiment.
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Fig. 14. Bearing estimation of MVDR.

Due to a slight bow (∼ 13 m) in the entire array, we only
used half of it (from the 15th to the 27th element), which is
relatively straight. We processed the data at 388 Hz frequency,
and the bearing estimation results of the source by minimum
variance distortionless response (MVDR) during events S5
and S59 are given in Fig. 14.

According to simulation results, the GLRD performs well
when both the source and the target are on the broadside of the
HLA. Therefore, we selected the 388 Hz data from event S5
around the 1065th second (the 1705th frequency domain snap-
shot) as the signal and the 388 Hz data from the beginning of
event S59 (the 24th frequency domain snapshot) as the direct
blast, based on the bearing estimation results. However, the
events S5 and S59 were not conducted simultaneously, and no
noise-only data existed at any time in the 388 Hz frequency.
We constructed synthetic data, where the 401 Hz data from
event S59 is used as the noise (the real frequency is 400.8 Hz,
with a frequency resolution of 0.8 Hz), and the detection prob-
lem is formulated as

ℋ0 : 𝑥syn =𝑈H
w𝑥

(388)
S59 a+𝑈H

w𝑥
(401)
S59 ,

ℋ1 : 𝑥syn =𝑈H
w𝑥

(388)
S59 a+𝑈H

w𝑥
(388)
S5 b+𝑈H

w𝑥
(401)
S59 , (23)

where 𝑥syn is the frequency-domain synthetic data after pre-
whitening; 𝑥(388)

S59 and 𝑥
(388)
S5 are the 388 Hz received data from

events S59 and S5, respectively; 𝑥(401)
S59 is the 401 Hz received

data from event S59; 𝑈w is whitening matrix that satisfies

𝑈w =𝑈𝛬−1/2, (24)

where 𝑈 and 𝛬 are the eigenvector matrix and eigenvalue ma-
trix of the noise covariance matrix, respectively. Although the
received data from both events contain noise, we still consider
these data to be pure signals and define the SNR and SDR of
the synthetic data as

SNR =

∥∥∥𝑈H
w𝑥

(388)
S5 b

∥∥∥2

2
σ2

w
, SDR =

∥∥∥𝑈H
w𝑥

(388)
S5 b

∥∥∥2

2∥∥∥𝑈H
w𝑥

(388)
S59 a

∥∥∥2

2

, (25)

where σ2
w is the noise power after pre-whitening.

In simulations, we consider a detection scenario where
the source is fixed while the target is moving. However, in
the experiment for event S59, the source was also moving and
not fixed, which caused additional position uncertainty. Tak-
ing this into account and considering that the source position
should be known a priori, we sampled the source position for
event S59 within a narrow region of 20 m×20 m, with the ge-
ometric center of the sampling region located 1520 m from the
center of the HLA. This resulted in 121 sampling points, with
a sampling interval of 2 m× 2 m. The target position should
be unknown, so we sampled the source position for event S5
within a large region of 700 m×200 m, with the geometric
center of the sampling region located 750 m from the center of
the HLA, and 396 sampling points could be obtained with the
same sampling interval of 20 m×20 m. The detailed sampling
region is given in Fig. 15.
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Fig. 15. Schematic of position sampling region.

Except for the position uncertainty, the environment is
also uncertain. We treated each sampled source position for
events S59 and S5 as a combination, and the corresponding en-
vironment was uniformly sampled based on the 51 CTD data
from the experiment. Moreover, for each environment sample,
we added fluctuations of ±1 m/s to the water column sound
speed profile and fluctuations of ±1 m to the water depth.
It is worth noting that the survey was conducted in different
stations, most of whose water depths were less than 213 m.
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Since the sound speed can be considered approximately con-
stant at greater depth, we artificially extended the CTD data to
213 m, with the sound speed in this extended section equal to
the maximum depth data from the CTD. Finally, totally 47916
sampled wavefronts were obtained.

As mentioned above, we treat the received data from
events S59 and S5 at 388 Hz as pure signals, even though they
still contain noise components. Moreover, due to the lack of
detailed topographic data, the sampled wavefronts are com-
puted assuming a flat seabed. These approximation process-
ings decrease the correlation between the sampled wavefronts
and the real received wavefronts, and the maximum correlation
coefficients between them for events S59 and S5 are 0.8992
and 0.9542, respectively, as shown in Fig. 16. With a narrow
sampling region, the correlation coefficients of the former ex-
hibit less variation than those of the latter. However, since the
source in event S59 is farther away than that in event S5, the
SNR is relatively lower, resulting in this lower maximum cor-
relation coefficient.
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Fig. 16. Correlation between the received wavefronts and the sampled
wavefronts.

These factors lead to a decrease in the direct blast sup-
pression capability and processing gain of the GLRD. Addi-
tionally, due to the noise contained in the received data, the
real SNR, whose true value is unknown, should be lower than
that we preset. Figure 17 shows the performance of the GLRD
under different SDR and SNR conditions with Pfa = 0.01. The
detection performance falls below expectations. The GLRD
can work effectively with an SNR of at least 13 dB and an
SDR of at most −30 dB.
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Fig. 17. Performance of the GLRD under different (a) SDR and (b) SNR
conditions.

We also analyze the performance of the GLRD under dif-
ferent aperture conditions, where the aperture is controlled by

processing only some elements of the HLA. First, we process
the data from the 25th to the 27th element. Then, we incre-
mentally include two additional elements each time, for ex-
ample, processing the data from the 23rd to the 27th element,
followed by the 21st to the 27th, and so on. Figure 18 shows
the processing results in this case. When the aperture is insuf-
ficient, the correlation between the direct blast and the signal
is so high that both are suppressed, resulting in the remaining
signal energy being inadequate to support the detection task.
Conversely, when the aperture is larger than 86 m, in which
case the correlation between the direct blast and the signal de-
creases to 0.2, the GLRD can work effectively. This confirms
that a large aperture HLA is necessary.
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Fig. 18. Performance of the GLRD and the correlation between the direct
blast and the signal under different aperture conditions with SNR= 15 dB
and SDR =−30 dB.

6. Conclusion
This paper aims to achieve target detection using the

forward scattering signal in uncertain shallow-water environ-
ments. To address the performance degradation or even fail-
ure of the GLRD in a known environment caused by envi-
ronmental mismatches, we account for environmental uncer-
tainties and extend the method to uncertain environments. In
the bistatic sonar configuration where the source is positioned
on the broadside of a large aperture HLA, the GLRD demon-
strates robustness against environmental uncertainties and ex-
hibits good resistance against the direct blast. Moreover, we
demonstrate that under high-frequency conditions, GLRD per-
forms better in detecting a target near the source-receiver base-
line using forward scattering than backward scattering, as the
energy of the signal scattered in the forward direction relative
to the target is greater than that scattered in the backward di-
rection.

However, although the large aperture HLA can distin-
guish the forward scattering signal from the direct blast, there
is performance degradation in the region close to the HLA.
This is because, due to the lack of prior knowledge about the
scattering characteristics of a non-cooperative target, which is
directional in space, we approximate the forward scattering
signal as a signal radiated by a non-directional source. This
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approximation leads to signal mismatch in the near field and
results in performance degradation, which is the problem we
aim to address in the future.

Appendix A
Assuming that the signal 𝑠 is uncorrelated with the noise

𝑤, there is[29]

E
[
(𝑠+𝑤)H𝐴(𝑠+𝑤)

]
= E

(
𝑠H𝐴𝑠

)
+E

(
𝑤H𝐴𝑤

)
= tr(𝐴𝑅s)+ tr(𝐴𝑅w) , (A1)

where 𝑅s = E
(
𝑠𝑠H

)
and 𝑅w = E

(
𝑤𝑤H

)
are the spatial co-

variance matrix of the signal and noise, respectively. Accord-
ing to Eqs. (18) and (A1), the mean of the detection statistic
under ℋ0 and ℋ1 are denoted by (the constant term σ2/2 is
omitted)

E (T |ℋ0) = tr(𝐴0𝑅source)+ tr(𝐴0𝑅w) ,

E (T |ℋ1) = tr(𝐴1𝑅)+ tr(𝐴1𝑅w) . (A2)

To calculate the variance of the statistic, the mean of the
second-order statistic is calculated first, which is denoted by

E
{[

(𝑠+𝑤)H𝐴(𝑠+𝑤)
]2
}

= E
[(

𝑠H𝐴𝑠
)2

+
(
𝑠H𝐴𝑤+𝑤H𝐴𝑠

)2
+
(
𝑤H𝐴𝑤

)2

+2𝑠H𝐴𝑠𝑠H𝐴𝑤+2𝑠H𝐴𝑠𝑤H𝐴𝑠

+2𝑤H𝐴𝑤𝑠H𝐴𝑤+2𝑤H𝐴𝑤𝑤H𝐴𝑠

+2𝑠H𝐴𝑠𝑤H𝐴𝑤

]
. (A3)

According to the Reed’s formulas for complex Gaussian ran-
dom variables,[29,32] there are

E
(
𝑠H𝐴𝑠𝑠H𝐴𝑤

)
= E

(
𝑠H𝐴𝑠𝑤H𝐴𝑠

)
= E

(
𝑤H𝐴𝑤𝑠H𝐴𝑤

)
= E

(
𝑤H𝐴𝑤𝑤H𝐴𝑠

)
= 0, (A4)

E
[(
𝑤H𝐴𝑤

)2
]
= tr2 (𝐴𝑅w)+ tr(𝐴𝑅w)

2 . (A5)

The second term in Eq. (A3) is given by[(
𝑠H𝐴𝑤+𝑤H𝐴𝑠

)2
]

= E
{[

2Re
(
𝑠H𝐴𝑤

)]2}
= 4E

{[
Re
(
𝑠H𝐴

)
Re(𝑤)− Im

(
𝑠H𝐴

)
Im(𝑤)

]2}
= 4E

{[
Re
(
𝑠H𝐴

)
Re(𝑤)

]2
+
[
Im
(
𝑠H𝐴

)
Im(𝑤)

]2}
= 2σ

2
(∥∥Re

(
𝑠H𝐴

)∥∥2
2 +
∥∥Im

(
𝑠H𝐴

)∥∥2
2

)
= 2σ

2∥∥𝐴H𝑠
∥∥2

2 . (A6)

From Eqs. (A3)–(A6), the mean of the second-order statistic
can be rewritten by

E
{[

(𝑠+𝑤)H𝐴(𝑠+𝑤)
]2
}

= [tr(𝐴𝑅s)+ tr(𝐴𝑅w)]
2

+tr(𝐴𝑅w)
2 +2σ

2∥∥𝐴H𝑠
∥∥2

2 . (A7)

Therefore, the variance of the statistic is denoted by

D
[
(𝑠+𝑤)H𝐴(𝑠+𝑤)

]
= tr(𝐴𝑅w)

2 +2σ
2∥∥𝐴H𝑠

∥∥2
2 . (A8)

According to Eqs. (18) and (A8), the variance of the de-
tection statistic under ℋ0 is denoted by (the constant term
σ2/2 is omitted)

D(T |ℋ0) = tr(𝐴0𝑅w)
2 +2σ

2 ‖𝐴0𝑠source‖2
2 . (A9)

Inserting Eqs. (A2) and (A9) into Eq. (19), the deflection co-
efficient is given by

κ =
E (T |ℋ1)−E (T |ℋ0)

D(T |ℋ0)
1/2

=
tr(𝐴1𝑅)+ tr(𝐴1𝑅w)− tr(𝐴0𝑅source)− tr(𝐴0𝑅w)√

tr(𝐴0𝑅w)
2 +2σ2 ‖𝐴0𝑠source‖2

2

=
tr(𝐴1𝑅)− tr(𝐴0𝑅source)√

σ4tr
(
𝐴2

0

)
+2σ2 ‖𝐴0𝑠source‖2

2

. (A10)

Appendix B
For Eq. (19), it worth noting that both 𝑃Ĝi

and 𝑃ĝi are
the idempotent Hermitian matrices, so the numerator can be
rewritten as[29]

tr(𝐴1𝑅)− tr(𝐴0𝑅source)

= E
[(
𝑠source +𝑠target

)H
(
𝑃Ĝ1

−𝑃ĝ1

)(
𝑠source +𝑠target

)]
−E
[
𝑠H

source

(
𝑃Ĝ0

−𝑃ĝ0

)
𝑠source

]
= max

C

∥∥𝑃G
(
𝑠source +𝑠target

)∥∥2
2

− max
Csource

∥∥𝑃g
(
𝑠source +𝑠target

)∥∥2
2

−max
C

‖𝑃G𝑠source‖2
2 + max

Csource

∥∥𝑃g𝑠source
∥∥2

2 . (B1)

Additionally, for the denominator, there is

tr
(
𝐴2

0
)
= tr

(
𝑃Ĝ0

)
+ tr

(
𝑃ĝ0

)
−2tr

(
𝑃Ĝ0

𝑃ĝ0

)
= 3−2E

(
𝑔̂H

0 𝑃Ĝ0
𝑔̂0

)
/‖𝑔̂0‖2

2

= 3−2
∥∥∥𝑃Ĝ0

𝑔̂0

∥∥∥2

2
/‖𝑔̂0‖2

2 . (B2)

Taking both Assumptions 1 and 2 into account, 𝑔̂0 and
𝐺̂1 can be denoted by

𝑔̂0 = 𝑔̂ (𝛷,𝑟s) |ℋ0 = 𝑔 (𝛷,𝑟s) ,
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𝐺̂1 = 𝐺̂|ℋ1 = [𝑔 (𝛷,𝑟s) ,𝑔 (𝛷,𝑟t)] , (B3)

and for the numerator of Eq. (19), there are

max
C

∥∥𝑃G
(
𝑠source +𝑠target

)∥∥2
2 =

∥∥𝑠source +𝑠target
∥∥2

2 ,

max
C

‖𝑃G𝑠source‖2
2 = max

Csource

∥∥𝑃g𝑠source
∥∥2

2 = ‖𝑠source‖2
2 . (B4)

Meanwhile, for the denominator of Eq. (19), there are

tr
(
𝐴2

0
)
= 3−2

∥∥∥𝑃Ĝ0
𝑠source

∥∥∥2

2
/‖𝑠source‖2

2 = 1, (B5)

‖𝐴0𝑠source‖2
2 =

∥∥∥𝑃Ĝ0
𝑠source −𝑃ĝ0𝑠source

∥∥∥2

2
= 0. (B6)

Therefore, Eq. (19) can be further simplified to

κ =

∥∥𝑠source +𝑠target
∥∥2

2 − max
Csource

∥∥𝑃g
(
𝑠source +𝑠target

)∥∥2
2

σ2 . (B7)
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