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This work addresses underwater noise source localization. Leveraging the spatial sparsity of sound sources, we
employ an optimized iterative shrinkage-thresholding generalized inverse beamforming (OISTA-GIB) method to localize
noise sources. Firstly, the sparsity of sound sources is exploited by introducing the λ1 norm, resulting in an objective
function that combines the λ1 norm, with generalized inverse beamforming. This function is solved using an iterative
shrinkage-thresholding algorithm (ISTA) to obtain sound source positions. Secondly, we note that when ISTA solves this
objective function, the penalty strength applied by the identity matrix to all scanning points on the sound source surface
is uniform. This uniformity reduces positioning accuracy. To enhance localization accuracy and spatial resolution, we
propose an iterative regularization matrix-optimized ISTA to solve the objective function. Here, the result from the previous
iteration is used to construct a regularization matrix that increases the penalty strength in non-source regions during the
current iteration. This process iteratively narrows the mainlobe width in source regions until termination conditions are
met, yielding refined sound source positions. Finally, simulations and experimental data processing show that the proposed
OISTA-GIB method achieves higher accuracy and spatial resolution in noise source localization compared to existing
methods.

Keywords: generalized inverse beamforming, iterative regularization matrix, iterative shrinkage threshold,
fast iterative shrinkage threshold
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1. Introduction
Underwater acoustic stealth holds significant scientific re-

search value. Identifying the spatial locations of major noise
sources through underwater target sound source localization
studies is a prerequisite for noise control.[1,2] Beamforming
technology based on hydrophone array measurements pro-
vides an efficient method for noise source localization. Since
the number of actual sound sources is often sparse relative to
the scanned spatial area, scholars have investigated beamform-
ing methods leveraging sound source sparsity.[3–7]

Generalized inverse beamforming (GIB)[8–10] effectively
reduces sidelobe levels. It improves sound source localiza-
tion resolution through fewer iterative inversion processes
and is widely used to locate and identify different noise
sources.[11,12] However, measurement errors are unavoidable,
causing bias in noise source localization and identification
results, and still ill-posed problems persist in the inversion
process.[13–15] Regarding the ill-posed problem of general-
ized inverse beamforming, relevant scholars have conducted
various research. To improve source localization accuracy,

Preszniak[16] proposed a weighted generalized inverse beam-
forming method that uses a weighted pseudo-inverse approach
and an optimization process, achieving higher accuracy com-
pared to standard generalized inverse beamforming. Zavala[17]

proposed an automatic regularization factor to enhance the
method and employed a virtual target grid to obtain source
mapping and intensity estimation. By constructing a new it-
erative regularization matrix, Zhang[14] proposed an optimize
generalized inverse beamforming method with superior noise
source localization performance. Takao[8] proposed the λ1

norm constrained generalized inverse beamforming, but this
method fails to eliminate the noise interference and exhibits
poor robustness. The CVX toolkit solves this method, but its
lack of portability in engineering software motivates this pa-
per proposes to use the iterative shrinkage thresholding algo-
rithm (ISTA) for solving λ1 norm constraint generalized in-
verse beamforming.

Daubechies[18] proposed the ISTA and used it to solve lin-
ear inversion problems in signal and image processing. Since
the ISTA algorithm converges slowly, Beck[19] proposed the
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fast iterative shrinkage thresholding algorithm (FISTA), which
retains the computational simplicity of the ISTA while signif-
icantly improving global convergence speed. Wang[20] pro-
posed the improved fast iterative shrinkage thresholding al-
gorithm (IFISTA) to optimize vibration signal reconstruction,
achieving higher reconstruction accuracy and faster conver-
gence. Shen[21] proposed a Fourier-based improved fast iter-
ative shrinkage thresholding algorithm (FFT-IFISTA), which
selects appropriate weighting coefficients to reduce the side-
lobes for resolution enhancement.

In summary, relevant scholars have conducted extensive
research on the sparse nature of sound sources and the ill-
posed problem of generalized inverse beamforming, respec-
tively. However, fewer studies address generalized inverse
beamforming methods based on acoustic sparsity. In this pa-
per, we mainly formulate it as a Lasso (least absolute shrink-
age and selection operator) problem solved using the ISTA
method. This approach applies uniform penalty strength via
the identity matrix on all scanning points of the sound source
surface, resulting in low positioning accuracy. To improve lo-
calization accuracy and spatial resolution, we optimize an it-
erative shrinkage thresholding algorithm with an iterative reg-
ularization matrix to solve sparse-source generalized inverse
beamforming. Simulation and experimental data processing
verify that the proposed method achieves the highest noise
source localization accuracy and resolution.

The remainder of this paper is organized as follows. Sec-
tion 2 gives the objective function combining the λ1 norm with
the generalized inverse beamforming, the Iterative threshold
algorithm, and the optimized iterative threshold generalized
inverse beamforming method. To verify the performance of
the optimized iterative shrinking generalized inverse beam-
forming method the simulation and experimental data process-
ing is described in Section 3 and Section 4, respectively. The
work of this paper is the conclusions summarized in Section 5.

2. Sound source localization algorithm
2.1. The λ1 norm constrained GIB

Assume that there exists a planar array of M-element
sound pressure hydrophones in the sound field space (Fig-
ure 1), whose received sound field information consists of the
sound pressure matrix 𝑃 . Where 𝑅(p) = 𝑃𝑃H , the eigen-
value decomposition of the cross-spectral matrix 𝑅(p) of the
received signal can be obtained:

𝑅(p) =𝑈𝛬𝑈H =
M

∑
m=1

σm𝑢m𝑢
H
m , (1)

where 𝑈 is a unitary matrix containing the orthogonal eigen-
vectors, and 𝛬 is a diagonal matrix containing the eigenvalues.
𝑢m represents the m-th column vector in the matrix 𝑈 and its

corresponding eigenvalue is σm. Therefore, the expression for
the m-th order eigenmode vector can be obtained

𝑝m =
√

σm𝑢m, (m = 1,2, . . . ,M). (2)

In the process of obtaining modal vectors, threshold truncation
filtering is applied to eliminate smaller eigenvalues. Typically,
the truncation threshold is set between 0.1% and 10% of the
maximum eigenvalue. Therefore, equation (2) is converted to

𝑝i =
√

σi𝑢i (i < M). (3)

The view of the GIB method is to use the eigenmodes to re-
construct the acoustic energy distribution information on the
scanning domain of the sound source (Fig. 1), and therefore
the following acoustic transfer equation can be established:

𝑝m =𝐺green𝑞m, (4)

where 𝑞m is the sound source amplitude vector with dimen-
sion N × 1, which describes the acoustic energy distribution
of N grid points on the scan domain in the m-th eigenmode.
𝐺green is the free-field Green’s function transfer matrix be-
tween the grid points to each array element with dimension
M×N. The m-th order source amplitude vector 𝑞m can be
obtained by solving Eq. (4).

In most cases, the number of array elements is much
smaller than the number of scanning points on the sound
source surface, so equation (4) is ill-conditioned, and the num-
ber of sound sources is often sparse compared to the sound
source surface. Therefore, combined with the λ1 norm con-
straint, the expression is as follows:

min
𝑞m
‖𝑞m‖1 s.t.

∥∥𝑝m−Ggreen𝑞m
∥∥2

2 ≤ δ . (5)

According to Eqs. (2)–(4):

min
𝑞i
‖𝑞i‖1 s.t.

∥∥√σi𝑢i−Ggreen𝑞i
∥∥2

2 ≤ δ , (6)

where δ is a constraint parameter whose magnitude is related
to the signal-to-noise ratio (SNR), frequency and test distance,
which interferes with Eq. (6), so equation (6) is transformed
into a regularized optimization model:

F(𝑞i) = argmin
{∥∥√σi𝑢i−Ggreen𝑞i

∥∥2
2+λ ‖𝐿qi‖1

}
, (7)

where λ is the λ1 norm regularization parameter and 𝐿 is the
regularization matrix, both of which are employed to adjust
the reconstruction accuracy and sparsity. When the regular-
ization matrix satisfies 𝐿 = I, equation (7) is the Lasso[22–24]

problem, which is usually solved by interior point.[25–27] The
algorithmic complexity of the interior point method is O

(
N3
)
,

which requires a large amount of computation when the data
dimension is large, which reduces the calculation efficiency.
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Fig. 1. Diagram of sound source localization.

2.2. Iterative thresholding algorithm

2.2.1. Iterative shrinking threshold algorithm

A large number of researchers have solved Eq. (7) by
gradient-based methods.[28–30] The iterative shrinking thresh-
old algorithm updates 𝑞i through a shrinking threshold opera-
tion in each iteration. Equation (7) is solved as follows:

𝑞
(k+1)
i = softλ t

(
𝑞
(k)
i −2t(k)𝐺T

green
(
𝐺green𝑞

(k)
i −

√
σi𝑢i

))
, (8)

where t(k) > 0 is the step size, satisfies

t(k) ∈
(

0,1/
∥∥𝐺green

∥∥2
2

)
,

where k is the number of iterations, softλ t (•) is the shrinking
operator

softλ t (qi) = (|qi|−α)+ sgn(qi) , (9)

where | | is the absolute value, ( )+ represents the maximum
value between |qi| −α and 0. sgn is a sign function, which
means that if qi > 0, then sgn(qi)= 1; qi = 0, then sgn(qi)= 0;
qi < 0 then sgn(qi) =−1. Equation (8) is the iterative shrink-
age threshold algorithm for solving λ1 norm constrained gen-
eralized inverse beamforming (ISTA-GIB).

2.2.2. Fast iterative shrinkage threshold

Since the ISTA algorithm converges slowly, Beck[19] pro-
posed the FISTA, which retains the computational simplicity
of the ISTA algorithm, resulting in a significant improvement
in the algorithm’s global convergence speed. The initializa-
tion of FISTA is 𝑞(k)i = 0, 𝑦(1)

i = 𝑞
(0)
i , t(1)i = 1. The steps from

the result 𝑞(k) of the k-th iteration to the result 𝑞(k+1) of the
(k+1)-th iteration is

𝑞
(k)
i = P+

(
𝑦
(k)
i −∇ f (𝑦(k)

i )/L
)
,

t(k+1) =
1
2

(
1+
√

1+4
(
t(k)
)2
)
,

𝑦
(k+1)
i = 𝑞

(k)
i +

t(k)−1
t(k+1)

(
𝑞
(k)
i −𝑞

(k−1)
i

)
,

(10)

where P+ is a Euclidean projection of a non-negative quadrant,
combining Eq. (7)

𝑞
(k)
i = P+

(
𝑞
(k−1)
i −2t(k−1)𝐺T

green

×
(
𝐺green𝑞

(k−1)
i −√σi𝑢i

))
,

t(k+1) =
1
2

(
1+
√

1+4
(
t(k)
)2
)
,

𝑞
(k+1)
i = 𝑞

(k)
i +

t(k)−1
t(k+1)

(
𝑞
(k)
i −𝑞

(k−1)
i

)
.

(11)

Equation (11) is the fast iterative shrinkage threshold al-
gorithm for solving λ1 norm constrained generalized inverse
beamforming (FISTA-GIB).

2.2.3. Optimized iterative threshold algorithm

The penalty strength of the unit matrix on all scanning
points of the sound source surface is the same, leading to the
noise source’s minimal positioning accuracy. To improve the
accuracy and spatial resolution of sound source localization,
an iterative shrinkage threshold algorithm optimized by an it-
erative regularization matrix is proposed, and the result of the
previous iteration is constructed as a regularization matrix, i.e.,
when calculating the (k+1)-th iteration result 𝑞(k+1)

i , the reg-
ularization matrix constructed by the k-th iteration result 𝑞(k)i
is employed to increase the penalty strength for the non-sound
source area.

𝐿
(k+1)
i = diag

(∣∣∣𝑞(k)i

∣∣∣/∥∥∥𝑞(k)i

∥∥∥
∞

)
. (12)

When equation (12) is substituted into Eq. (7) and solved
using Eq. (8):

𝑞
(k+1)
i = softλ t

(
𝑞
(k)
i −2t(k)

(
𝐻

(k)
i

)T

×
(
𝐻

(k)
i 𝑞

(k)
i −

√
σi𝑢i

))
,

𝐻
(k)
i =𝐺green𝐿

(k)
i .

(13)

Equation (13) is the optimized iterative shrinkage thresh-
old algorithm for solving λ1 norm constrained generalized in-
verse beamforming (OISTA-GIB).

When equation (12) is substituted into Eq. (7) and solved
using Eq. (11):

𝑞
(k)
i = P+

(
𝑞
(k−1)
i −2t(k−1)

(
𝐻

(k−1)
i

)T

×
(
𝐻

(k−1)
i 𝑞

(k−1)
i −√σi𝑢i

))
,

𝐻
(k−1)
i = Ggreen𝐿

(k−1)
i ,

t(k+1) =
1
2

(
1+
√

1+4
(
t(k)
)2
)
,

𝑞
(k+1)
i = 𝑞

(k)
i +

t(k)−1
t(k+1)

(
𝑞
(k)
i −𝑞

(k−1)
i

)
.

(14)

Equation (14) is the optimized fast iterative shrinkage
threshold algorithm for solving λ1 norm constrained general-
ized inverse beamforming (OFISTA-GIB).

The optimized iterative shrinkage threshold algorithm for
solving λ1 norm constrained generalized inverse beamforming
process is as follows:
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(i) Obtain the covariance matrix 𝑅(p) of the sound field
signal 𝑃 .

(ii) The m-order eigenmode vector equation (2) is ob-
tained by calculating Eq. (1). The eigenmode vectors with
eigenvalues less than 0.05 times the corresponding maximum
eigenvalue are eliminated to obtain i eigenmode vectors, where
i < M, i.e., Eq. (3).

(iii) According to the view of the GIB method, equa-
tions (2)–(4) are combined with the λ1 norm constraint to ob-
tain Eq. (6), and equation (6) is transformed into the Lasso
problem, i.e., Eq. (7).

(iv) Equation (7) is solved by the ISTA algorithm to ob-
tain the sound source localization results on the scanning sur-
face corresponding to the i-th order modes.

(v) Repeat step (iv) to obtain the sound source localization
results corresponding to all i eigenmode vectors and superim-
pose the results to obtain the noise source localization.

(vi) The positioning accuracy of the noise source obtained
by Eq. (8) is poor. Therefore, this paper proposes to intro-
duce the regularization matrix optimization ISTA algorithm
with strong penalty intensity for the non-sound source area
and uses it to solve the λ1 norm constrained generalized in-
verse beamforming.

(vii) The result of the first iteration calculation of the i-th
order mode in step (iv) is taken as the initial input to construct
the regularization matrix 𝐿

(1)
i and obtain Eq. (12). Substitute

Eq. (12) into Eq. (7) to obtain a new objective function, and
then use Eq. (8) to solve the model to obtain Eq. (13).
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Fig. 2. Flowchart of noise source location.
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(viii) The result of the 2nd iteration on the scan area
corresponding to the i-th order mode is obtained by solving
step (vii) and is used to construct the regularization matrix
𝐿

(2)
i and obtain Eq. (12). Substitute Eq. (12) into Eq. (7) to

obtain a new objective function, and then use Eq. (8) to solve
the model to obtain Eq. (13) to get the result of the third it-
eration, then the result is used to construct the regularization
matrix 𝐿

(3)
i . The iteration is terminated until the error between

the k-th iteration and the (k−1)-th iteration is less than 10−6,
and the noise source positioning result 𝑞i on the scan plane
corresponding to the i-th mode is obtained.

(ix) Repeat step (viii) to obtain the sound source local-
ization results corresponding to all eigenmode vectors and su-
perimpose the results to obtain the noise source localization.
The process is shown in Fig. 2, and the optimized fast itera-
tive shrinkage threshold generalized inverse beamforming is
similar to the process, which is not repeated.

3. Simulated validation

To validate the performance of the optimized itera-
tive shrinkage thresholding generalized inverse beamforming
method, this section compares the noise source localization
capabilities of various methods through positioning errors and
spatial resolution assessments using incoherent dual sound
sources, varying SNRs, and different frequencies. Both sim-
ulation and experimental data were processed on a computer
equipped with an Intel Xeon E3-1226 v3 processor running at
3.30 GHz with 32 GB of RAM.

3.1. Dual sound sources

The position of the source surface and the array is shown
in Fig. 1, there are two equal-intensity non-coherent sound
sources on the source surface. The sound source positions are
(x1,z1) = (5,0) m and (x2,z2) = (15,0) m respectively, and
the SNR is 3 dB. The source surface is a semi-cylindrical sur-
face with a radius of 2.5 m and an axis length of 20 m. The
scanning surface is discretized into 31× 81 scanning points.
The array is a 10× 10 planar array with a spacing of 0.75 m
between the array elements, and the sound source surface is
10 m away from the array. In order to compare and ana-
lyze the results of the methods, the acoustic imaging results
were normalized to 0 dB, and their dynamic display range was
15 dB. Noise source localization was performed using GIB,
ISTA-GIB, FISTA-GIB, OISTA-GIB, and OFISTA-GIB re-
spectively. In Eq. (3), the truncation threshold is set to 0.05
times the maximum eigenvalue. For the algorithms ISTA-
GIB, FISTA-GIB, OISTA-GIB, and OFISTA-GIB, the itera-
tion count was fixed at 1000, with a termination tolerance of
10−6 to ensure convergence.
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Fig. 3. The sound source localization results of 630 Hz: (a) GIB, (b) ISTA-
GIB, (c) FISTA-GIB, (d) OISTA-GIB, (e) OFISTA-GIB, and (f) profile of
imaging results.

Figures 3 and 4 respectively display the acoustic imaging
results of 630-Hz and 1000-Hz sound sources obtained using
different noise source localization methods. In the figures, the
blue “×” and “•” denote the true source positions, while the
localization errors and 3-dB mainlobe widths for each method
are listed in Table 1. Where figures 3(a)–3(e) show the local-
ization results of GIB, ISTA-GIB, OISTA-GIB, FISTA-GIB,
and OFISTA-GIB, respectively, and figure 3(f) shows the pro-
file of the imaging results. From the comparisons of Figs. 3(a),
3(b), 3(c), and 3(f) in conjunction with Table 1, it can be ob-
served that the GIB method exhibits significant localization
errors and broader mainlobes. Specifically, the localized posi-
tions deviate from the actual positions of sound source 1 and
sound source 2 by 0.5 m and 0.75 m, respectively, with cor-
responding 3-dB mainlobe widths of 4.35 m and 4.44 m. The
localization results of ISTA-GIB deviate from the actual po-
sitions of sound source 1 and sound source 2 by 0.25 m and
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0.5 m, respectively, with corresponding 3-B mainlobe widths
of 1.96 m and 2.63 m. The localization results of FISTA-GIB
deviate from the actual positions of sound source 1 and sound
source 2 by 0.25 m and 0.5 m, respectively, with correspond-
ing 3-dB mainlobe widths of 1.5 m and 3.1 m. ISTA-GIB ex-
hibits the same localization errors as FISTA-GIB, but demon-
strates narrower mainlobe widths. This performance differ-
ence stems from FISTA-GIB’s faster convergence rate and
fewer iteration counts, along with its weaker penalty strength
on off-source regions compared to ISTA-GIB. The localiza-
tion results of OISTA-GIB deviate from the actual positions of
sound source 1 and sound source 2 by 0.25 m and 0.25 m,
respectively, with corresponding 3-dB mainlobe widths of

1.05 m and 1.2 m. The localization results of OFISTA-GIB

deviate from the actual positions of sound source 1 and sound

source 2 by 0.25 m and 0.25 m, respectively, with correspond-

ing 3-dB mainlobe widths of 1.55 m and 1.5 m. The OISTA-

GIB and OFISTA-GIB methods exhibit identical localization

errors. However, OFISTA-GIB achieves faster convergence

and fewer iteration counts, resulting in weaker penalty strength

on off-source regions compared to OISTA-GIB along with

broader mainlobes. Comprehensive analysis of localization

errors and 3-dB mainlobe widths reveals that the OISTA-GIB

method delivers the minimal localization error and highest res-

olution. Identical conclusions were reached at 1000 Hz.
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Fig. 4. The sound source localization results of 1000 Hz: (a) GIB, (b) ISTA-GIB, (c) FISTA-GIB, (d) OISTA-GIB, (e) OFISTA-GIB, and
(f) profile of imaging results.

Table 1. Localization errors and axial 3-dB beamwidths.

Methods

Frequencies

630 Hz 1000 Hz

Localization error (m) Beamwidth of 3 dB (m) Localization error (m) Beamwidth of 3 dB (m)

S1 S2 S1 S2 S1 S2 S1 S2

GIB 0.50 0.75 4.35 4.44 0 0 3.25 3.19

ISTA-GIB 0.25 0.5 1.96 2.63 0 0 1.95 1.75

FISTA-GIB 0.25 0.5 2.5 3.10 0 0 1.95 1.75

OISTA-GIB 0.25 0.25 1.05 1.2 0 0 0.68 0.61

OFISTA-GIB 0.25 0.25 1.55 1.5 0 0 1.0 0.95

3.2. SNR

To verify the performance of OISTA-GIB, this section
compares the sound source localization errors of multiple
methods at varying SNRs in a single source source.

The signal-to-noise ratio (SNR) used in this section is de-
fined as the ratio of the signal power at the corresponding fre-
quency point to the noise power, expressed in decibels (dB) as

follows:

SNRdB = 10log10
(

P( fi)signal

P( fi)noise

)
, (15)

where P( fi)signal represents the power of the signal at the fre-
quency point fi, and P( fi)noise represents the power of the
noise at fi .

Let (xi,zi) be the position coordinates identified in the i-
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th trial, and (ẋ, ż) be the true coordinates of the sound source.
Based on n Monte Carlo trials, the relative average error
(RAE) of the sound source localization is calculated as

RAE(x) =
∣∣∣∣E (xi)− ẋ

ẋ

∣∣∣∣ ,
RAE(z) =

∣∣∣∣E (zi)− ż
ż

∣∣∣∣ ,
Error(r) =

RAE(x)+RAE(z)
2

×100%.

(16)

In the simulation, the single sound source is positioned
at coordinates (x1,z1) = (1.5,π/2) m with a frequency of
500 Hz. The SNR range is configured from [−4,20] dB with
a step size of 2 dB, and 20 Monte Carlo trials are performed.
The source surface is a semi-cylindrical surface with a radius
of 1 m and an axis length of 3 m. The scanning surface is dis-
cretized into 61× 61 scanning points, and the sound source
surface is 5 m away from the array. All other simulation
parameters remain consistent with those defined in Subsec-
tion 3.1. In Eq. (3), the truncation threshold is set to 0.05
times the maximum eigenvalue. For the algorithms ISTA-
GIB, FISTA-GIB, OISTA-GIB, and OFISTA-GIB, the itera-
tion count was fixed at 1000, with a termination tolerance of
10−6 to ensure convergence. The simulation results are pre-
sented in Fig. 5.
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Fig. 5. Localization error: (a) localization errors under different SNRs
and (b) magnified view.

Subfigure 5(a) depicts the localization errors across vary-
ing SNRs, while subfigure 5(b) provides a magnified view of
the [−4,6] dB range. Comparative analysis demonstrates that
the localization errors progressively decrease with increasing
SNR. Comparative analysis with the GIB method reveals that
at an SNR of −4 dB, the four proposed methods achieve
smaller localization errors. Among these, OISTA-GIB demon-
strates the minimal error of 6.67%, indicating its superior lo-
calization performance under low-SNR conditions.

3.3. Spatial resolution

To verify the performance of OISTA-GIB, this section
uses a single sound source to compare the spatial resolution
of different methods at different frequencies. Spatial resolu-
tion is a critical metric for evaluating algorithm performance,
as it characterizes the method’s capability for multi-target lo-
calization and identification. Based on the characteristics of
beamforming, the spatial resolution of noise sources depends
on the beamwidth. Specifically, sound sources can only be re-
solved if their separation exceeds the beamwidth. In this study,
the 3-dB beamwidth is adopted to characterize the spatial res-
olution.

In the simulation, the monopole point source is positioned
at coordinates (x1,z1) = (10,7π/2) m with SNR = 5 dB. The
frequency range spans [100,2000] Hz at 100-Hz intervals, with
20 Monte Carlo simulations conducted per frequency point.
The source plane is configured as a semi-cylindrical surface
with a radius of 7 m and axial length of 20 m, discretized into a
1001×1100 grid of scanning points, and the sound source sur-
face is 5 m away from the array. All other simulation param-
eters remain consistent with those defined in Subsection 3.1.
For the algorithms ISTA-GIB, FISTA-GIB, OISTA-GIB, and
OFISTA-GIB, the iteration count was fixed at 1000, with a ter-
mination tolerance of 10−6 to ensure convergence. The spatial
resolutions of the five methods at different frequency points
are comparatively analyzed, with simulation results presented
in Fig. 6. Figure 6(a) displays the axial resolution, while fig-
ure 6(b) presents the circumferential resolution. Comparative
analysis demonstrates that the OISTA-GIB method achieves
the narrowest mainlobe widths in both dimensions, indicating
its superior spatial resolution. At the 100-Hz frequency point,
the mainlobe widths of GIB, ISTA-GIB, FISTA-GIB, OISTA-
GIB, and OFISTA-GIB are measured at 9.7 m, 4.31 m, 4.88 m,
2.97 m, and 3.12 m, respectively. Consequently, when two
sound sources are spaced 3 m apart in the sound field, only
the OISTA-GIB method can successfully resolve and localize
them, whereas the other methods fail to achieve discernible
localization.
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Fig. 6. Spatial resolution of different frequencies: (a) axial resolution and
(b) circumferential resolution.

3.4. Array aperture

To verify the performance of OISTA-GIB, this section
compares the spatial resolution of different methods under var-
ious array apertures using a single sound source. In the simu-
lation, the monopole point source is positioned at coordinates
(x1,z1) = (6,2π) m with SNR = 5 dB. The array’s vertical
aperture is set to 6 m, 9 m, 12 m, and 15 m (with the hori-
zontal aperture being identical to the vertical one). For each
aperture, 20 Monte-Carlo trials were conducted. The source
plane is configured as a semi-cylindrical surface with a radius
of 4 m and axial length of 12 m, discretized into a 1201×1257
grid of scanning points, and the sound source surface is 5 m
away from the array. All other simulation parameters remain
consistent with those defined in Subsection 3.1. For the al-
gorithms ISTA-GIB, FISTA-GIB, OISTA-GIB, and OFISTA-
GIB, the iteration count was fixed at 1000, with a termination
tolerance of 10−6 to ensure convergence. The spatial resolu-
tions of the five methods are compared for different array aper-
tures, as shown in the simulation results of Fig. 7. Figure 7(a)
displays the axial resolution, while figure 7(b) presents the cir-
cumferential resolution. The comparison reveals that a larger
aperture yields higher resolution for all methods. The OISTA-
GIB method achieves the smallest main lobe width in both
the axial and circumferential directions, signifying the highest
spatial resolution.
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Fig. 7. Spatial resolution under different array apertures: (a) axial resolution
and (b) circumferential resolution.

4. Experimental validation
Numerical simulation results show that the OISTA-GIB

algorithm can effectively eliminate the sidelobe and improve
the accuracy of source localization. To further verify the feasi-
bility and practicality of the method, the corresponding sound
source localization test is constructed. To simulate the testing
situation of underwater targets, a hollow cylindrical cabin sec-
tion model was designed with a length of about 18.6 m and
an outer diameter of about 5.35 m. During the test, the water
pump pipeline system operating in the cabin section was used
as the sound source. To facilitate identifying the location of
the noise source, each rib position inside the cabin section was
numbered. The side profile of the cabin section model and the
rib numbers where each sound source was located are shown
in Fig. 8.

The test was carried out in a large pool, with a water depth
of 15 m, and the measurement array was a 10-element hy-
drophone linear array. The linear array was arranged parallel
to the water surface. The spacing between each array element
was 0.75 m, and the array aperture was 6.75 m. The array is
arranged about 13-m underwater, and the upper surface of the
cabin section intrudes into the water. The positional relation-
ship of test deployment is shown in Fig. 9. During the test, a
winch was used to ensure that the cabin section moved hori-
zontally and uniformly in the water, with a movement speed
of 0.35 m/s. During the test, the cabin section passed over
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the linear array in a direction perpendicular to the linear array.
According to the relativity of motion and the inverse synthetic
aperture technique,[31] it can be assumed that the cabin sec-
tion is stationary, while the line array is moving at a steady
speed from far to near and then from near to far in a horizon-

tal uniform motion, and as a result, a virtual surface array can
be formed spatially, so that the aperture perpendicular to the
direction of the array is virtually extended, thus improving the
resolution of the array in the direction of motion for the local-
ization of the sound source.

Monopole sound source

600 mmT8

5
.3

5
 m

6768 66 65 64 63 62 61 5960 58 57 56 55 54 53 52 51 50 49 48 47 46 45 44 43 42 41 40 39 38 37 36

500 mmT6 600 mmT5 600 mmT13

63 58 4652 41

Drain pump and seawater pump

Fig. 8. Lateral profile of cabin.

Bottom of pond

Horizontal array

Surface of pondFloating balls

Cabin

Y

X

Weight

13 m

15 m

αΟ

9 m

Fig. 9. Test deployment positions of cabin sections and linear arrays.

Direction of target 
movement

  Direction of inverse  
synthetic aperture

Fig. 10. The inverse synthetic aperture.

According to the inverse synthetic aperture technology, a

“virtual plane array” with an array element spacing of 0.75 m,
an aperture of 6.75 m, and a total number of array elements
of 10× 10 = 100 is generated in the opposite direction of
the target motion. The results are shown in Fig. 9. This
study employs an acoustic exciter to transmit a source signal
covering the frequency range of 500 Hz–2000 Hz. Single-
frequency components at 630 Hz and 1000 Hz were extracted
using a filter for subsequent data processing. The GIB, ISTA-
GIB, OISTA-GIB, FISTA-GIB, and OFISTA-GIB methods (in
Eq. (3), the truncation threshold is set to 0.05 times the maxi-
mum eigenvalue. For the algorithms ISTA-GIB, OISTA-GIB,
FISTA-GIB, and OFISTA-GIB, the iteration count was fixed
at 1000, with a termination tolerance of 10−6 to ensure con-
vergence.) were used to process the 630-Hz and 1000-Hz test
data to obtain the results shown in Figs. 11 and 12. The cor-
responding localization errors and 3-dB mainlobe widths for
each method are summarized in Table 2. Figures 11(a)–11(e)
show the localization results of each method, respectively, and
figure 11(f) shows the profile of imaging results. By com-
bining the data in Table 2 and comparing Figs. 11(a), 11(b),
11(d), and 11(f), it can be concluded that under the condi-
tion of sparse sound sources on the source plane, the ISTA-
GIB method produces a cleaner background compared to the
conventional GIB method. It achieves a localization error of
0.46 m and a main lobe width of 2.70 m, indicating higher res-
olution. The OISTA-GIB method, based on the iteratively reg-
ularized matrix, yields a cleaner background compared to both
ISTA-GIB and GIB. It achieves a localization error of 0.4 m
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and a main lobe width of 1.31 m, demonstrating a narrower
main lobe and higher spatial resolution.
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Fig. 11. The sound source localization results of 630 Hz: (a) GIB,
(b) ISTA-GIB, (c) FISTA-GIB, (d) OISTA-GIB, (e) OFISTA-GIB, and
(f) profile of imaging results.

By combining Table 2 and comparing Figs. 11(b) and
11(c), as well as Figs. 11(d) and 11(e), it can be concluded

that ISTA-GIB achieves higher spatial resolution than FISTA-
GIB, and OISTA-GIB surpasses OFISTA-GIB. These results
are consistent with the conclusions drawn from the simulated
data processing, and the same findings hold at a frequency of
1000 Hz.
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(f) profile of imaging results.

Table 2. Localization errors and axial 3-dB beamwidths.

Methods
Frequencies

630 Hz 1000 Hz

Localization error (m) Beamwidth of 3 dB (m) Localization error (m) Beamwidth of 3 dB (m)

GIB 0.50 5.03 0.2 2.74

ISTA-GIB 0.46 2.70 0 1.72

FISTA-GIB 0.46 2.82 0 1.78

OISTA-GIB 0.4 1.31 0 0.80

OFISTA-GIB 0.4 1.40 0 0.84
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5. Conclusion
In this paper, an optimized iterative shrinkage threshold

generalized inverse beamforming method is proposed for the
underwater target sound source localization problem. Firstly,
the objective function combining the λ1 norm with the general-
ized inverse beamforming is obtained. The iterative shrinkage
threshold algorithm is employed to solve the function and get
the position information of the sound source. Secondly, when
the iterative shrinkage threshold algorithm is used to solve the
above objective function, the penalty strength of the unit ma-
trix on all scanning points of the sound source surface is the
same, leading to the noise source’s minimal positioning accu-
racy. To improve the accuracy and spatial resolution of sound
source localization, an iterative shrinkage threshold algorithm
optimized by an iterative regularization matrix is proposed and
used to solve the objective function. A comparison of the
performance of FISTA and ISTA is considered when solving
the objective function, in which OFISTA-GIB source local-
ization accuracy is slightly worse than OISTA-GIB because
the convergence speed of FISTA is faster than that of ISTA,
and the number of iterations is less resulting in a lower num-
ber of penalties for the non-source area than that of ISTA. If
more attention is paid to computational efficiency, the FISTA
algorithm can be used to solve the objective function. The
highest sound source localization accuracy and resolution of
the OISTA-GIB method is verified by simulation and exper-
imental data processing, and the conclusion OISTA-GIB >

OFISTA-GIB > ISTA-GIB > FISTA-GIB > GIB is obtained.
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[29] Dokuz Y and Tüfekci Z 2022 Multimedia Tools and Applications 81

9969
[30] Zheng P C, Lyu X T and Gong Y 2023 IEEE Wireless Communications

Letters 12 1781
[31] Liu Q, Chu N, Yu L, Ning Y and Wu P 2022 IEEE Transactions on

Instrumentation and Measurement 71 6501612

054301-11

http://dx.doi.org/10.1088/1674-1056/ac8e55
http://dx.doi.org/10.1121/10.0036640
http://dx.doi.org/10.1121/10.0036640
http://dx.doi.org/10.1109/TAES.2024.3397240
http://dx.doi.org/10.1109/TAES.2024.3397240
http://dx.doi.org/10.1109/JOE.2023.3339800
http://dx.doi.org/10.1109/JOE.2023.3339800
http://dx.doi.org/10.1109/JOE.2021.3056705
http://dx.doi.org/10.1109/JOE.2021.3056705
http://dx.doi.org/10.1016/j.sigpro.2023.109221
http://dx.doi.org/10.1016/j.measurement.2024.115361
http://dx.doi.org/10.1016/j.measurement.2024.115361
http://dx.doi.org/10.1016/j.jsv.2011.05.021
https://doi.org/10.1007/s12206-022-1206-3
https://doi.org/10.1007/s12206-022-1206-3
http://dx.doi.org/10.1109/JSEN.2021.3076187
http://dx.doi.org/10.1109/JSEN.2021.3076187
http://dx.doi.org/10.1016/j.apacoust.2020.107229
http://dx.doi.org/10.1016/j.apacoust.2020.107229
http://dx.doi.org/10.1016/j.jsv.2020.115176
http://dx.doi.org/10.1016/j.jsv.2020.115176
http://dx.doi.org/10.1016/j.ultras.2020.106098
http://dx.doi.org/10.1016/j.ultras.2020.106098
http://dx.doi.org/10.1016/j.jsv.2017.02.044
http://dx.doi.org/10.1016/j.jsv.2017.02.044
http://dx.doi.org/10.1016/j.measurement.2024.116238
http://dx.doi.org/10.1016/j.measurement.2024.116238
http://dx.doi.org/10.1016/j.ymssp.2012.06.019
http://dx.doi.org/10.1016/j.ymssp.2012.06.019
https://doi.org/10.1016/j.ymssp.2010.09.012
https://doi.org/10.1002/cpa.20042
https://doi.org/10.1002/cpa.20042
https://doi.org/10.1515/JIIP.2009.003
http://dx.doi.org/10.1016/j.measurement.2019.04.012
http://dx.doi.org/10.1016/j.measurement.2019.04.012
http://dx.doi.org/10.1177/1461348419873471
http://dx.doi.org/10.1177/1461348419873471
http://dx.doi.org/10.1016/j.energy.2024.131951
http://dx.doi.org/10.1016/j.energy.2024.131951
http://dx.doi.org/10.1016/j.ijhydene.2023.04.091
http://dx.doi.org/10.1016/j.ijhydene.2023.04.091
http://dx.doi.org/10.1016/j.knosys.2023.110683
http://dx.doi.org/10.1016/j.knosys.2023.110683
http://dx.doi.org/10.1007/BF02579150
https://doi.org/10.1109/MCS.2022.3187542
http://dx.doi.org/10.1016/j.compgeo.2022.104701
http://dx.doi.org/10.1016/j.compgeo.2022.104701
http://dx.doi.org/10.1142/S021969131750059X
http://dx.doi.org/10.1142/S021969131750059X
http://dx.doi.org/10.1007/s11042-022-12304-5
http://dx.doi.org/10.1007/s11042-022-12304-5
http://dx.doi.org/10.1109/LWC.2023.3294184
http://dx.doi.org/10.1109/LWC.2023.3294184
https://doi.org/10.1109/TIM.2022.3156992
https://doi.org/10.1109/TIM.2022.3156992

	1. Introduction
	2. Sound source localization algorithm
	2.1. The 1 norm constrained GIB
	2.2. Iterative thresholding algorithm
	2.2.1. Iterative shrinking threshold algorithm
	2.2.2. Fast iterative shrinkage threshold
	2.2.3. Optimized iterative threshold algorithm


	3. Simulated validation
	3.1. Dual sound sources
	3.2. SNR
	3.3. Spatial resolution
	3.4. Array aperture

	4. Experimental validation
	5. Conclusion
	References

