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The Stern–Gerlach (SG) experiment is a fundamental experiment for revealing the existence of “spin”. In this ex-
periment, beams of silver atoms are sent through inhomogeneous magnetic fields to observe their deflection. Thus, the
conventional SG experiment can be viewed as a magnetic-type spin effect. In this work, we successfully generalize the SG
effect from magnetic-type to electric-type by solving Dirac’s equation with a potential barrier, revealing an extraordinary
spin effect. Beams of Dirac particles can be regarded as matter waves. Based on Dirac’s equation, we obtain the explicit
forms of the incident, reflected, and transmitted waves. The electric-type SG effect shows that the reflected and transmitted
waves can exhibit notable spatial shifts, which depend on the spin direction and the incident angle of the wave. The electric-
type SG effect has potential applications for separating Dirac particles with different spin directions and for estimating the
spin direction of Dirac particles. Some discussions related to the interaction between spin and the electric field are also
presented.
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Gerlach effect

PACS: 03.65.Pm, 03.75.–b, 03.65.NK

DOI: 10.1088/1674-1056/ae111e CSTR: 32038.14.CPB.ae111e

1. Introduction

The Stern–Gerlach (SG) experiment is undoubtedly one
of the fundamental experiments in quantum physics.[1] This
experiment was performed in 1922 at the University of Frank-
furt, where beams of silver atoms were sent through inho-
mogeneous magnetic fields to observe their deflection. The
outcome of the SG experiment firmly confirmed Niels Bohr’s
previous conjecture, namely, that these atoms have quantized
magnetic moments which can take two values. Later, Pauli in-
troduced a “two-valued” degree of freedom for electrons with-
out suggesting a physical interpretation. In 1925, Uhlenbeck
and Goudsmit[2,3] boldly proposed the hypothesis of electronic
spin, due to which the famous SG experiment, together with
other experiments related to the quantized magnetic moment,
could eventually achieve satisfactory interpretations.

In 1928, Dirac developed the theory of relativistic quan-
tum mechanics by formulating a fundamental equation —
Dirac’s equation.[4] Based on this equation, electronic spin
is no longer a hypothesis but a natural corollary of relativis-
tic quantum theory for electrons. As a cornerstone equation,
Dirac’s equation not only provides the correct interpretation
for existing relativistic quantum effects, such as the SG effect
mentioned above, but also stimulates novel predictions, such
as the existence of anti-particles.

Dirac’s equation for an electron with vector potential 𝒜
and scalar potential Φ is given by H|Ψ⟩ = E|Ψ⟩, where E is
the energy, |Ψ⟩ is the wave-function (i.e., matter wave), and
Dirac’s Hamiltonian is given by[5]

H = c𝛼 ·𝛱+βmc2 +qΦ , (1)

where 𝛼 and β are 4× 4 Dirac matrices, 𝛱 = 𝑝− (q/c)𝒜
is the canonical momentum, c is the speed of light in vac-
uum, and 𝑝, m, and q are the linear momentum, mass, and
electric charge, respectively. Dirac’s equation naturally in-
terprets the above SG effect. Explicitly, by choosing Φ =

0 and an appropriate 𝒜, an inhomogeneous magnetic field
along the z-direction, ℬ = ∇×𝒜 ≃ B(𝑟)𝑒z, is obtained.
In the non-relativistic limit, Dirac’s Hamiltonian reduces to
Pauli’s Hamiltonian HPauli = 𝛱2/(2m) + 𝜇 · ℬ, with 𝜇 =

−[qh̄/(2mc)]𝜎 the magnetic moment vector, h̄ Planck’s con-
stant, and 𝜎 = (σx,σy,σz) the vector of Pauli matrices.[6] Be-
cause (i) the force acting on the moment 𝜇 reads 𝐹 =∇(𝜇 ·
ℬ) ≃ µz(∂B(𝑟)/∂ z)𝑒z, and (ii) the Pauli matrix σz takes two
possible values (i.e., ±1), silver atoms with positive/negative
µz are deflected upwards/downwards, thus successfully ex-
plaining the SG experiment.

If one re-examines the SG experiment from the perspec-
tive of Dirac’s equation, it is evident that the SG experiment
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is actually a pure magnetic-type spin effect since the poten-
tials {Φ = 0,𝒜 ≠ 0} have been chosen. For convenience, let
us call the conventional SG experiment the magnetic-type SG
(MTSG) effect. The MTSG effect not only reveals that the
magnetic moments are quantized but also indicates an interest-
ing physical phenomenon: as an internal degree of freedom,
the spin can indeed affect the external motion of atoms (i.e.,
through the vector potential 𝒜, or through the interaction 𝜇 ·ℬ
between the spin and the magnetic field). However, the MTSG
effect is only half of the story of the whole family of SG ef-
fects. This naturally raises a scientific question: What type of
spin effect arises if the potentials {Φ ̸= 0,𝒜= 0} are consid-
ered? In this work, we advance the study of the SG effect. By
considering the potentials {Φ ̸= 0,𝒜= 0} in Dirac’s equation,
we present an extraordinary spin effect — the electric-type
Stern–Gerlach (ETSG) effect. For simplicity, we choose the
scalar potential as a one-dimensional potential barrier. After
exactly solving Dirac’s equation, we obtain the explicit forms
of incident, reflected, and transmitted waves. The ETSG ef-
fect shows that the reflected and transmitted waves can exhibit
notable spatial shifts, which depend on the spin direction and
the incident angle of the wave. This electric-type spin effect
has potential applications for separating Dirac particles (i.e.,
the incident waves) with different spin directions and for esti-
mating the spin direction of Dirac particles.

2. Results
The potential barrier is given by[7]

V (x) = qΦ =

{
V0, x > 0,
0, x ≤ 0,

(2)

with V0 > 0. By solving Dirac’s equation, one can determine
the incident, reflected, and transmitted waves. Due to wave-
particle duality, these matter waves represent Dirac particles
themselves. In Fig. 1, the reflecting interface is the yz-plane,
point O is the incident point, and |Ψin⟩, |Ψr⟩, and |Ψt⟩ are, re-
spectively, the incident, reflected, and transmitted waves. ϕin,
ϕr, and ϕt are the corresponding incident, reflected, and trans-
mitted angles. Similar to wave optics, after the incident wave
arrives at point O, reflection and transmission phenomena gen-
erally occur. However, due to the existence of “spin” for Dirac
particles, there are spatial shifts deviating from point O for the
reflected and transmitted waves, denoted as ∆zr and ∆zt.

In this work, we consider the incident finite-width wave
|Ψin⟩. For simplicity, we assume the momentum py = 0 (i.e.,
the incident plane is just the xz-plane as shown in Fig. 1), and
the effective wavefront area of the incident wave has finite di-
mensions along the z-axis and infinite dimensions along the y-
axis. |Ψin⟩ can be represented as the superposition of infinite-

width incident waves, namely,

|Ψin⟩=
∫

dkz

(
(ℰ+mc2) |χ⟩
ch̄(𝜎 ·𝑘) |χ⟩

)
ei[(kxx+kzz)− 1

h̄ℰt]√
2ℰ(ℰ+mc2)

, (3)

where 𝑘 = 𝑝/h̄ = (kx,0,kz), and ℰ = +
√
𝑝2c2 +m2c4 cor-

responds to the positive energy of Dirac particles. This en-
sures that the energy of Dirac particles remains positive dur-

ing their motion. The state |χ⟩ =
(

cos θ

2
sin θ

2 eiφ

)
indicates the

spin direction 𝜏 = (τx,τy,τz) of the incident wave |Ψin⟩, with
|χ⟩⟨χ| = (1+𝜎 · 𝜏 )/2 and 1 being the 2× 2 unit matrix.[8]

Generally, |χ⟩ is independent of 𝑘.

z

x

o

|Ψin>

|Ψt>

|Ψr>

Dzt
Dzr

ϕin ϕr

ϕt

Fig. 1. Illustration of the ETSG effect. |Ψin⟩ is the incident wave (solid
black arrow), |Ψr⟩ is the reflected wave (solid red arrow), and |Ψt⟩ is the
transmitted wave (solid green arrow). ϕin is the incident angle, ϕr is the
reflected angle, and ϕt is the transmitted angle. The reflected wave has
a spatial shift ∆zr (solid blue line), and the transmitted wave has a spa-
tial shift ∆zt (solid purple line), which are on the order of the Compton
wavelength. The shifts can be positive or negative, depending on the spin
direction and the incident angle of the wave. The ETSG effect is a purely
relativistic effect caused by spin, which vanishes in the non-relativistic
limit.

We assume that when x = 0, |Ψin⟩ approximately satisfies
the following relation:

|Ψin⟩(0,z) =


(
(ℰ+mc2) |χ⟩
ch̄(𝜎 ·𝑘0) |χ⟩

)
ei(kz0 z− 1

h̄ ℰt)√
2ℰ(ℰ+mc2)

, |z| ≤ a,

0, |z|> a,

where 𝑘0 = (kx0 ,0,kz0) can be regarded as the average mo-
mentum of the incident finite-width wave, and 2a is the beam
width. Accordingly, only the components whose kz are very
close to the average momentum kz0 of the incident wave need
to be considered.

We designate the momenta of the reflected and trans-
mitted waves as 𝑝r = h̄𝑘r = h̄(−kx,0,kz) and 𝑝t = h̄𝑘t =

h̄(k′x,0,kz), respectively. They satisfy the energy–momentum
relations ℰ2 = 𝑝2

r c2 + m2c4 and (ℰ −V0)
2 = 𝑝2

t c2 + m2c4.
Then, in the y-basis {|↑⟩y , |↓⟩y}, the finite-width reflected and
transmitted waves read
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|Ψr⟩=
∫

dkz

{
|A′|eiθa

(
(ℰ+mc2)| ↑⟩y
ch̄(𝜎 ·𝑘r)| ↑⟩y

)
+ |B′|eiθb

(
(ℰ+mc2)| ↓⟩y
ch̄(𝜎 ·𝑘r)| ↓⟩y

)}
ei[(−kxx+kzz)− 1

h̄ℰt]√
2ℰ(ℰ+mc2)

, (4a)

|Ψt⟩=
∫

dkz

{∣∣C′∣∣ eiθc

(
(ℰ+mc2)| ↑⟩y
ch̄(𝜎 ·𝑘t)| ↑⟩y

)
+ |D′|eiθd

(
(ℰ+mc2)| ↓⟩y
ch̄(𝜎 ·𝑘t)| ↓⟩y

)}
ei[(k′xx+kzz)− 1

h̄ℰt]√
2(ℰ −V0)(ℰ −V0 +mc2)

, (4b)

where A′, B′, C′, and D′ are superposition coefficients. The
states |↑⟩y and |↓⟩y correspond to the spin directions 𝜏 =

(0,1,0) and (0,−1,0), respectively. In the y-basis, one has
the simple relations θb =−θa, θd =−θc, and

tanθa =− 2kxkz(n−1)
k2

x − k2
z (n−1)2 − k′2x n2 ,

tanθc =−kz(1−n)
kx +nk′x

, (5)

with n= ℰ+mc2

ℰ−V0+mc2 representing the “refractive index”. Similar

to the case of the incident wave, only the components whose

kz are very close to the average momentum kz0 of the reflected

and transmitted waves need to be considered. This allows us to

apply the stationary phase method,[9] which has been used for

calculating various Goos-Hänchen (GH) shifts in wave optics

and quantum mechanics.[10–20]

According to the stationary phase method, the spatial shift

is defined by ∆z =−∂θ/∂kz. Then, the spatial shifts of the re-

flected and transmitted waves are given by

∆zr =− 1
|A′|2 + |B′|2

(
|A′|2 ∂θa

∂kz
+ |B′|2 ∂θb

∂kz

)
=

h̄
mc

× τy

√
1−µE√
1+µE

× µE cosϕ

sin2
ϕ +µ2

E cos2 ϕ

(
tan2

ϕ −µE
)
, (6a)

∆zt =− h̄
mc

×
τy

2µV
×

√
1−µE√
1+µE

1
cosϕ

+

1
µE

− 1
µV

−1√
1

µV

(
1

µV
− 2

µE

)
+

(
1

µ2
E
−1
)

cos2 ϕ√
1

µ2
E
−1× cosϕ ×

[√
1

µ2
E
−1× cosϕ +

√
1

µV

(
1

µV
− 2

µE

)
+

(
1

µ2
E
−1
)

cos2 ϕ

]
− 1

µEµV

, (6b)

where µE = mc2/ℰ , µV = mc2/V0, τy = 𝜏 · 𝑒y is the y-
component of spin direction of the incident wave, and ϕ is
the incident angle satisfying tanϕ = kz/kx and ϕ ∈ [0,π/2).

Remark 1 For the incident angle, there are two critical
angles, denoted by ϕcr1 and ϕcr2, respectively. ϕcr1 is the criti-
cal angle for total reflection, which is a common phenomenon
for waves. Namely, if the incident angle ϕ ≥ ϕcr1, total reflec-
tion occurs (i.e., the transmission vanishes). The first angle
ϕcr1 can be determined from the condition that the transmis-
sion coefficient 𝒯 = 0, yielding

ϕcr1 = arcsin

√ (ℰ −V0)2 −m2c4

ℰ2 −m2c4

 .

Here, the energy region ℰ −V0 +mc2 > 0 (or n > 0) is consid-
ered to avoid Klein’s paradox[21] in relativistic quantum me-
chanics. The second angle ϕcr2 is determined by ∆zr = 0, i.e.,

ϕcr2 = arctan

√
mc2

ℰ
.

In the literature, GH shifts for optical and matter waves occur
in the region ϕ ≥ ϕcr1. However, the ETSG effect is an ex-
traordinary spin effect (see the explanation in Table 1 below).

To distinguish the ETSG effect from the GH effect, we restrict
our study to the region ϕ ∈ [ϕcr2,ϕcr1].

Remark 2 From Eqs. (6a) and (6b), one finds that the
spatial shifts ∆zr and ∆zt are both on the order of the Compton
wavelength λ = h/(mc), with h = 2π h̄.

Table 1. The behaviors of ∆zr and ∆zt with respect to ϕ and τy. If the
spin direction is reversed, i.e., 𝜏 ↦→ −𝜏 , the signs of the spatial shifts are
also reversed, indicating that the ETSG effect is indeed a spin-dependent
effect.

Shift ϕ 0 < τy ≤ 1 τy = 0 −1 ≤ τy < 0

∆zr ϕ ∈ [0,ϕcr2) − 0 +

ϕ = ϕcr2 0 0 0
ϕ ∈ (ϕcr2,ϕcr1) + 0 −

∆zt ϕ ∈ [0,ϕcr1) − 0 +

Remark 3 Under the non-relativistic approximation, one
has |𝑝| ≈ 0. This yields ℰ −mc2 ≈ 0, V0 ≈ 𝑝2

2m ≈ ℰ −mc2 ≈ 0,
thus ∆zr (and ∆zt) ∝

√
ℰ −mc2 ≈ 0. This implies that, un-

like the MTSG effect, the ETSG effect vanishes in the non-
relativistic limit. Therefore, the spatial shifts for the reflected
and transmitted waves are purely relativistic effects caused by
spin, which explains why the ETSG effect has not been ob-
served in non-relativistic quantum mechanics.

Remark 4 If the momentum py is nonzero, the incident
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wave must satisfy the following relation:

|Ψin⟩(0,y,z)

=


(
(ℰ+mc2) |χ⟩
ch̄(𝜎 ·𝑘0) |χ⟩

)
ei[ky0 y+kz0 z− 1

h̄ ℰt]√
2ℰ(ℰ+mc2)

, |y| ≤ a, |z| ≤ b,

0, otherwise,

(7)

where 2a and 2b are the beam widths along the y-axis and
z-axis, respectively. The reflected and transmitted waves are
similar to Eq. (4), with an additional term kyy in the exponen-
tial. According to ∆y = −h̄ ∂θ

∂ py
and ∆z = −h̄ ∂θ

∂ pz
, the same

method as above can be used to obtain ∆y and ∆z for the re-
flected and transmitted waves.

∆𝑙r = ∆yr𝑒y +∆zr𝑒z =
h̄2c2

kx(ℰ+mc2)2[ℰ2 − c2h̄2k2
x ]

×
{
ℰ(ℰ+mc2)[(𝜏 ×𝑘) ·𝑒x]𝜂+ k2

xmc2(ℰ+mc2)(𝜏 ×𝑒x)+ c2h̄2k2
x(𝑘 ·𝜏 )(𝑘×𝑒x)

}
, (8a)

∆𝑙t = ∆yt𝑒y +∆zt𝑒z =−κ3(n−1){κ1 [(𝜏 ×𝑘) ·𝑒x]𝜂−κ2(𝜏 ×𝑒x)+(n−1)(𝜏 ·𝑒x)(𝑒x ×𝑘)} , (8b)

with 𝜂 = ky𝑒y + kz𝑒z, κ1 =
1
kx

+
n
k′x

, κ2 = kx + nk′x, κ3 =

1
(kx +nk′x)2 +(n−1)2(k2

y + k2
z )

. One may observe that when

the spin direction is reversed, i.e., 𝜏 ↦→ −𝜏 , the spatial shifts
∆𝑙r and ∆𝑙t are also reversed. The scalar potential Eq. (2) cor-
responds to an electric field E along the x-axis; if one denotes
𝑒x = E/|E|, it is clear that the spatial shifts are related to the
interaction between spin and the electric field. When ky = 0,
Eqs. (8a) and (8b) reduce to Eqs. (6a) and (6b).

3. Application
In Table 1, we have demonstrated the behaviors of the

spatial shifts for the reflected and transmitted waves. One finds
that the shift ∆zr can be positive, zero, or negative, depend-
ing on the choices of τy and the incident angle ϕ , while the
shift ∆zt can be positive, zero, or negative, depending solely
on the choice of τy. In Fig. 1, we have illustrated the case
of ∆zr > 0 and ∆zt < 0, which corresponds to 0 < τy ≤ 1 and
ϕ ∈ (ϕcr2,ϕcr1). Based on these findings, we can propose the
following potential applications:

(i) Separating Dirac particles with different spin direc-
tions. The spin direction of a Dirac particle is encoded in the
incident wave |Ψin⟩ (or in the state |χ⟩). In Fig. 2, we illustrate
the spin direction 𝜏 on the Bloch sphere.[8] For simplicity, we
refer to the xz-plane as the “equatorial plane,” the hemispher-
ical surface above the xz-plane as the “northern hemisphere,”
the hemispherical surface below the xz-plane as the “southern
hemisphere,” the intersection of the positive y-axis with the
sphere as the north pole, and the intersection of the negative
y-axis with the sphere as the south pole. Then, the results in
Table 1 can be used to separate Dirac particles with different
spin directions. The procedure is as follows: for a beam of in-
cident Dirac particles, take the incident angle as ϕ ∈ [0,ϕcr2).
After reflection, particles with spin directions in the “northern
hemisphere” will have negative shifts ∆zr, those in the “south-
ern hemisphere” will have positive shifts ∆zr, and those in the

“equatorial plane” will have no shift, thereby realizing the sep-
aration of Dirac particles with different spin directions via the
ETSG effect.

y

z

o x

Fig. 2. Illustration of the spin direction of |Ψin⟩ on the Bloch sphere.
𝜏 = (τx,τy,τz) represents the spin direction (red solid arrow).

(ii) Estimating the spin direction of Dirac particles. Con-
versely, one can use the results in Table 1 to estimate the spin
direction of an incident Dirac particle. The procedure is as
follows: take the incident angle as ϕ ∈ [0,ϕcr2). If a negative
shift ∆zr occurs, the spin direction of the Dirac particle lies in
the “northern hemisphere”; if a positive shift occurs, it lies in
the “southern hemisphere”; if no shift occurs, it is located in
the “equatorial plane.” In this way, the ETSG effect enables
the estimation of spin directions of Dirac particles.

4. Some theoretical data
Here we provide some theoretical data that may assist ex-

perimental scientists in performing possible experiments. Let
us choose the parameters µE = 1/3, µV = 4, and τy ≈ 0.92,
which correspond to ℰ and V0 on the order of MeV. These pa-
rameters yield two critical angles: ϕcr1 ≈ 64.92∘ and ϕcr2 =

30∘. In Table 2, we list the variations of the reflected angle ϕr,
the transmitted angle ϕt, and the spatial shifts ∆zr and ∆zt as
the incident angle ϕin varies from 0∘ to the critical angle ϕcr1.
With current quantum technologies in precision measurement
or interferometry, it may be possible to observe the ETSG ef-
fect in the laboratory.
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Table 2. Variations of the reflected angle ϕr, the transmitted angle ϕt, and the spatial shifts ∆zr and ∆zt as the incident angle ϕ varies
from 0∘ to the critical angle ϕcr1 ≈ 64.92∘. Here, µE = 1/3, µV = 4, and τy ≈ 0.92; ϕr = ϕin, and ϕt satisfies tanϕt = kz/k′x with
k′2x =

[
(ℰ−V0)

2 −
(
h̄2k2

z c2 +m2c4)]/(h̄c)2. The units of ∆zr and ∆zt are taken as h/(mc).

ϕin 0∘ 2∘ 4∘ 6∘ 8∘ 10∘ 12∘ 14∘ 16∘ 18∘ 20∘ 22∘

ϕr 0∘ 2∘ 4∘ 6∘ 8∘ 10∘ 12∘ 14∘ 16∘ 18∘ 20∘ 22∘

ϕt 0∘ 2.21∘ 4.42∘ 6.62∘ 8.84∘ 11.05∘ 13.27∘ 15.49∘ 17.72∘ 19.95∘ 22.19∘ 24.43∘

∆zr −0.1035 −0.1021 −0.0980 −0.0916 −0.0835 −0.0745 −0.0650 −0.0556 −0.0466 −0.0381 −0.0302 −0.0231
∆zt −0.0302 −0.0302 −0.0304 −0.0308 −0.0312 −0.0318 −0.0326 −0.0335 −0.0347 −0.0360 −0.0376 −0.0394

ϕin 24∘ 26∘ 28∘ 30∘ 32∘ 34∘ 36∘ 38∘ 40∘ 42∘ 44∘ 46∘

ϕr 24∘ 26∘ 28∘ 30∘ 32∘ 34∘ 36∘ 38∘ 40∘ 42∘ 44∘ 46∘

ϕt 26.68∘ 28.95∘ 31.22∘ 33.51∘ 35.81∘ 38.13∘ 40.46∘ 42.82∘ 45.21∘ 47.63∘ 50.08∘ 52.58∘

∆zr −0.0165 −0.0105 −0.0050 0 0.0046 0.0089 0.0130 0.0168 0.0205 0.0241 0.0275 0.0310
∆zt −0.0416 −0.0441 −0.0470 −0.0505 −0.0546 −0.0595 −0.0653 −0.0723 0.0809 −0.0914 −0.1046 −0.1214

ϕin 48∘ 50∘ 52∘ 54∘ 56∘ 58∘ 59∘ 60∘ 61∘ 62∘ 63∘ 64∘

ϕr 48∘ 50∘ 52∘ 54∘ 56∘ 58∘ 59∘ 60∘ 61∘ 62∘ 63∘ 64∘

ϕt 55.14∘ 57.76∘ 60.46∘ 63.28∘ 66.25∘ 69.44∘ 71.16∘ 72.98∘ 74.94∘ 77.13∘ 79.66∘ 82.91∘

∆zr 0.0345 0.0381 0.0418 0.0457 0.0498 0.0543 0.0567 0.0592 0.0617 0.0646 0.0675 0.0706
∆zt −0.1433 −0.1725 −0.2132 −0.2722 −0.3639 −0.5207 −0.6475 −0.8373 −1.1481 −1.7366 −3.2110 −11.6888

5. Discussion and conclusion
In summary, we have presented an extraordinary spin ef-

fect, i.e., the ETSG effect, by exactly solving Dirac’s equation
with a vector potential 𝒜 = 0 and a simple scalar potential
Φ given in Eq. (2). Our work constitutes a nontrivial gener-
alization of the conventional SG effect from magnetic-type to
electric-type, thereby improving and complementing the study
of the SG effect. This work also completes the other half of the
SG effect, thus enriching the family of SG effects. Unlike the
MTSG effect, the ETSG effect vanishes in the non-relativistic
limit, meaning that the spatial shifts for the reflected and trans-
mitted waves are pure relativistic effects caused by spin, which
deepens the understanding of the concept of spin. We antici-
pate that the ETSG effect can be observed in the near future.
If realized experimentally, it could provide a significant tech-
nique for separating Dirac particles with different spin direc-
tions as well as for estimating their spin orientations.

We conclude with several discussions:
(i) Although the ETSG effect resembles a GH-like shift,

they are fundamentally different. The GH shift occurs only in
the region of total reflection and does not require the notion
of “spin,” whereas the ETSG effect occurs in the region of
non-total reflection and crucially depends on spin. Investigat-
ing Dirac’s equation for ϕ ∈ [ϕcr1,π/2) is expected to reveal
a mixture of ETSG and GH effects, which we plan to study in
future work.[22]

(ii) In the present study, we have considered a specific
case and neglected possible shifts along the y-axis and the in-
fluence of py. A more comprehensive analysis can be car-
ried out for the general case with py ̸= 0 and an incident
wavefront of finite extent along both the z- and y-axes. In
such cases, Imbert–Fedorov-like shifts are expected,[23–25]

i.e., ∆𝑙r = ∆yr𝑒y +∆zr𝑒z and ∆𝑙t = ∆yt𝑒y +∆zt𝑒z.
(iii) The potential barrier in Eq. (2) is a step-like model.

Although in reality matter waves often propagate in continu-
ous fields, this model provides insight into spatial shifts. To
analyze continuous fields, one can approximate the field as a
sequence of infinitesimal potential steps and compute spatial
shifts interval by interval, thereby describing the propagation
of matter waves.

For example, consider the linear potential

V (x) = qΦ(x) =

{
−qE0 x > 0, x > 0,
0, x ≤ 0,

(9)

where q = −e (with e = |e| > 0) is the electron charge, and
Φ(x) = −E0x is the scalar potential with E0 > 0. The cor-
responding electric field is E = −∇Φ(x) = E0𝑒x, a uniform
field along the positive x-axis.

Solving Dirac’s equation exactly for Eq. (9) is challeng-
ing. Alternatively, one can divide the space into infinitesimal
intervals along the x-axis, each of width dx → 0. This method
is valid when px is not too small. Assuming a plane mat-
ter wave passes through many infinitesimal-width barriers, the
above approach can be applied to determine the spatial shifts
in each interval.

For a single interval, the incident wave energy is ℰ and
the potential is V0 = −qE0 dx ≈ 0, yielding (n− 1) → 0 and
k′x ≈ kx. This gives a transmission coefficient 𝒯 = 1 and re-
flection coefficient ℛ = 0, i.e., no reflected wave. The spatial
shift of the transmitted wave is then

∆𝑙t ≈
qdx

2k3
x(ℰ+mc2)

{
[(𝜏 ×𝑘) ·E]𝜂− k2

x(𝜏 ×E)
}
, (10)

with 𝜂 = (0,ky,kz) = 𝑘− kx(E/E0) and kx = 𝑘 · (E/E0). For
subsequent intervals, ℰ → ℰ+qE0 dx, and corresponding spa-
tial shifts can be computed iteratively to describe wave prop-
agation. This approach generalizes to any one-dimensional
continuous field. Equation (10) confirms that the ETSG ef-
fect arises from spin–electric field interaction; for instance,
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(𝜏 × 𝑘) · E represents Rashba-like spin–orbit coupling,[26]

which can induce the spin Hall effect in an electric field.[27–29]

Investigating the connection between the ETSG effect and the
spin Hall effect is an interesting direction for future work.
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