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This study investigates the bifurcation dynamics underlying rhythmic transitions in a biophysical hippocampal–
cortical neural network model. We specifically focus on the membrane potential dynamics of excitatory neurons in the
hippocampal CA3 region and examine how strong coupling parameters modulate memory consolidation processes. Em-
ploying bifurcation analysis, we systematically characterize the model’s complex dynamical behaviors. Subsequently, a
characteristic waveform recognition algorithm enables precise feature extraction and automated detection of hippocampal
sharp-wave ripples (SWRs). Our results demonstrate that neuronal rhythms exhibit a propensity for abrupt transitions near
bifurcation points, facilitating the emergence of SWRs. Critically, temporal rhythmic analysis reveals that the occurrence of
a bifurcation is not always sufficient for SWR formation. By integrating one-parameter bifurcation analysis with extremum
analysis, we demonstrate that large-amplitude membrane potential oscillations near bifurcation points are highly conducive
to SWR generation. This research elucidates the mechanistic link between changes in neuronal self-connection parameters
and the evolution of rhythmic characteristics, providing deeper insights into the role of dynamical behavior in memory
consolidation.

Keywords: hippocampal-cortical memory networks, bifurcation analysis, rhythmic transitions, sharp wave
ripples
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1. Introduction
Memory refers to the cognitive process through which the

human brain encodes, stores, consolidates and retrieves infor-
mation acquired from the external environment.[1,2] Memory
consolidation constitutes a critical and indispensable compo-
nent of the overall memory process. Experimental evidence
demonstrates that the hippocampus, cerebral cortex and thala-
mus are recognized as key brain regions involved in memory
consolidation.[3–5] When the brain acquires new information,
the hippocampus is responsible for encoding short-term mem-
ory into long-term memory, a process that involves changes in
synaptic plasticity among brain neurons.[6] During the mem-
ory encoding process in the hippocampus, the cerebral cortex
actively participates in this stage, which supports the transfor-
mation of short-term memory representations into stable long-
term memory traces.[7] The thalamus exhibits enhanced func-
tional connectivity with motor-related cortical regions.[8]

In recent years, as research on the effects of brain neu-
ral activity during sleep on memory processes has progressed,
three key types of neuronal activities — hippocampal sharp-
wave ripples (SWRs), cortical slow oscillations (SOs) and
thalamic spindles — have been identified through numerous
physiological experiments, shedding light on their underly-

ing functional mechanisms. Hippocampal SWRs are promi-
nent, irregular and spontaneous transient electrical events
that occur during the resting state. They consist of high-
frequency ripple oscillations (110–250 Hz) superimposed on
lower-frequency sharp waves (0.01–3 Hz), with each event
typically lasting 50–100 ms.[9] They often occur during slow-
wave sleep (SWS), acting as a core mechanism for memory
replay and the transfer of information from the hippocam-
pus to the neocortex.[11,12] The generation of hippocampal
SWRs is critically dependent on the synchronous burst firing
of pyramidal neurons in the CA3 subregion and the modu-
latory influence of local inhibitory interneurons in the CA1
subregion.[13] Research indicates that during sleep, hippocam-
pal SWRs facilitate the consolidation of newly acquired mem-
ories through the reactivation of neural activity patterns ex-
perienced during wakefulness.[14] SWRs also contribute to
path planning during spatial navigation[15] and the modula-
tion of synaptic plasticity.[16] Experimental evidence suggests
that excessively high SWR frequency can significantly im-
pair the consolidation of spatial and episodic memory.[17,18]

In severe cases, it may contribute to the development of neu-
rological disorders such as temporal lobe epilepsy[19] and
Alzheimer’s disease.[20] The slow oscillations (< 1 Hz) of
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the cerebral cortex represent the predominant rhythm during
sleep, primarily characterized by alternating phases of neu-
ronal activity between depolarization (up state) and hyperpo-
larization (down state).[21] During this process, cortical slow
oscillations contribute significantly to memory consolidation
through the coordination of neural activity.[22] Thalamic spin-
dles (10–16 Hz) originate from the thalamocortical circuit and
are predominantly observed during SWS, particularly during
the second stage of non-rapid eye movement (N2) sleep.[23]

Thalamic sleep spindles facilitate the consolidation of mo-
tor memory.[24] The generation of spindles is strongly asso-
ciated with improved performance following memory-related
learning tasks.[25] Recent studies have demonstrated that spin-
dle oscillations frequently occur during the up-state phase of
slow oscillations and participate in cross-regional coordinated
dynamics in conjunction with SWRs. The temporal coordi-
nation among these characteristic waveforms across brain re-
gions elucidates the neural dynamical mechanisms underlying
sleep-dependent systematic memory consolidation.[26,27]

In recent years, researchers have developed numerous
computational models for neural memory mechanisms and
conducted extensive dynamical analyses. Ghorbani et al.[26]

proposed a three-phase coupled unified network model incor-
porating both excitatory and inhibitory neurons in the cerebral
cortex. Based on the average neuronal activity, researchers
have qualitatively characterized features of up–down state os-
cillations in cortical neurons. Foroutannia et al.[28] investi-
gated the Lyapunov exponent and bifurcation diagram of a cor-
tical neuron model, revealing that synaptic connection strength
has a significant impact on bifurcation dynamics. To vali-
date the hypothesis that nonlinear interactions between cor-
tical high-frequency oscillations and thalamic activities may
give rise to slow spindles, Foroutannia et al. proposed a sim-
plified qualitative neural model in Ref. [29]. This model com-
prises a thalamic network consisting of identical thalamocor-
tical (TC) and reticular (RE) neurons, as well as a cortical net-
work corresponding to the unified network model introduced
in Ref. [26]. The thalamic and cortical networks are inter-
connected through weakly coupled neurons. Research has in-
dicated that external high-frequency stimulation can enhance
the activity of slow spindles, thereby contributing to improved
memory performance.[30] To elucidate the coordination be-
tween slow oscillations and sharp-wave ripples, Ghorbani
developed a class of hippocampal–cortical–thalamic (HTC)
models based on the previously established cortical–thalamic
model. The three groups of nuclei are weakly interconnected,
with the hippocampal network comprising a neuronal struc-
ture analogous to that of the cortical network.[31] The study
demonstrated that during the active phase of cortical slow os-
cillations (SOs), thalamic spindles induced by high volumes
of neural signals originating from the corticothalamic inter-

face exhibit prolonged duration and increased amplitude.[32]

Girardeau et al.[33] and Colgin[34] demonstrated that the neu-
ral memory system is highly sensitive to the self-connection
parameters of cortical excitatory neurons. Even a minor al-
teration in self-connection strength can substantially affect the
stability of the hippocampal–cortical network, membrane po-
tential oscillation patterns and the incidence of SWRs. This
finding is consistent with experimental studies and theoreti-
cal models highlighting the critical role of recurrent inhibitory
connections within the CA3 circuit in supporting memory re-
play and consolidation. Specifically, self-connection strength
modulates the frequency, amplitude and duration of SWRs by
regulating local discharge synchrony and network plasticity.
These dynamic characteristics are well established as key neu-
rophysiological substrates underlying memory encoding and
consolidation.[33] Various effective stimulation methods are
employed in neural networks, such as optogenetic stimula-
tion, acoustic stimulation, electrical stimulation and magnetic
stimulation.[35–39] Moreover, numerous physiological exper-
iments have demonstrated that appropriate brain stimulation
can enhance memory consolidation.[40–43] In Ref. [44], Fan et
al. applied external stimulation to the above HTC model and
proposed a non-invasive method involving transcranial mag-
netic and ultrasound stimulation. This study offered a new
approach for managing memory disorders. Dynamical anal-
ysis of memory models facilitates a deeper understanding of
the underlying mechanisms and thereby contributes to further
qualitative analysis and control of the model.

Previous research on memory consolidation has predom-
inantly employed experimental methodologies, whereas in-
depth analyses of rhythm evolution mechanisms in memory
models from the perspective of bifurcation dynamics remain
relatively limited. Several characteristic indicators have been
identified that contribute to memory consolidation, among
which the number of SWRs is a significant indicator. Building
upon existing research on neural memory models and with-
out loss of generality, we investigated the evolutionary mecha-
nism of SWRs and the role of cortical self-connection param-
eters in memory processes within a mature cortico–cortical
neural network model from the perspective of bifurcation dy-
namics. This research primarily proceeds along two dimen-
sions. At the dynamical level, we investigate the impact of
self-connection parameters on memory activity within a well-
established hippocampal–cortical neural network model from
the perspective of bifurcation dynamics. Based on the theoret-
ical framework of nonlinear dynamics, the stability transitions
of equilibrium points and the periodic evolution of limit cycles
are analyzed through bifurcation analysis. In particular, the
parameters of self-coupling connections of excitatory neurons
in the cortical region of the model are investigated for their
impact on various bifurcation types, including saddle-node bi-
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furcation, Hopf bifurcation, period-doubling bifurcation and
torus bifurcation. The above analysis is utilized to elucidate
the generation mechanisms of brain neural firing activities, in-
cluding the observed equilibrium state, periodic oscillations or
quasi-periodic discharges in the system. At the level of rhyth-
mic characteristics, we first employ an SWR detection algo-
rithm that integrates time–frequency analysis with morpholog-
ical feature extraction. Through the construction of a recog-
nition framework incorporating parameters such as amplitude
envelope, duration and frequency, specific SWR phenomena
and characteristic features occurring in the hippocampus are
automatically identified from numerical data. Secondly, by
integrating bifurcation diagrams observed during system pa-
rameter changes with extremum diagrams of neuronal mem-
brane potential oscillations, we summarize and analyze the
rhythm transition mechanisms of neural population activities
across different dynamical states. Thus, a correlation mecha-
nism linking changes in neuronal self-coupling parameters to
the evolution of rhythmic characteristics is established, pro-
viding a theoretical foundation for the dynamical behavior ob-
served during memory consolidation.

The structure of this paper is outlined as follows. Sec-
tion 2 presents an introduction to the memory model. In Sec-
tion 3, the dynamical mechanism of the model is analyzed
by investigating membrane potential changes of hippocampal
CA3 excitatory neurons through one-parameter bifurcation di-
agrams, and the temporal evolution of membrane potential is
assessed with heatmaps illustrating changes in SWR counts.
Section 4 summarizes the findings and discusses the theoreti-
cal and functional implications of these results.

2. Model description
This section provides a detailed description of the

hippocampal–cortical memory model. The model is formu-
lated as a high-dimensional system comprising twelve or-
dinary differential equations. A detailed description of the
model is provided below:

dV k
q

dt
=−

V k
q

τq
− xnNkn

i Pkn
iqn

Jkn
iqn

r(V kn
qn )

+
3

∑
m=1

xmNkm
e Pkm1

ee Jkm1
ee (ck)r(V km

e ), (1)

dck

dt
=−ck

τc
+

3

∑
n=1

ynNkn
e Pkn1

ee ∆ckr(V kn
e ). (2)

The parameters of the above model are defined as follows:
V k

q represents the membrane potential, and ck is the adapta-
tion variable of neuron k, where k ∈ {CA3, CA1, CX1, CX2}.
τc denotes the adaptation time constant, which is significantly
greater than the membrane time constant τq (q ∈ {e, i}) for
excitatory and inhibitory neurons. The connection indicators

satisfy xn,xm,yn ∈ {0,1} for n = 1,2,3 and m = 1,2,3, taking
the value −1 when a neuronal connection occurs and 0 other-
wise.

The population parameters include Nkm1
jm , Nkn

e and Nkn1
jn

for neuron counts, Pkn
jni, Pkm

jmq and Pkn1
ee for connection proba-

bilities, and Jkn
jni and Jkm

jmq for connection strengths. The firing
rate is given by r(V ), with ∆ck representing the incremental
adaptation variable of neuron k. The index sets are defined
by kn,km ∈ {CA1, CA3, CX1, CX2} and the extended con-
nection sets kn1,km1 ∈ {CA1, CA3, CX1, CX2, CA3–CA1,
CX1–CA1, CA1–CX, CX2–CA3, CX2–CA1}.

The structural diagram of the memory model (2) is pre-
sented in Fig. 1. The types of bifurcations associated with this
model and their corresponding labels are summarized in Ta-
ble 1.
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Fig. 1. Structure of synaptic connections in the hippocampal-cortical
(HC) network. The hippocampal and cortical subnetworks consist of ex-
citatory neurons (denoted as “e”) and inhibitory neurons (denoted as “i”),
with the connection strength between each pair of neurons represented by
“J”. Excitatory synaptic connections are illustrated by arrows, whereas
inhibitory connections are depicted by line segments with filled circles
at their termini. Short-range connections are represented by solid lines,
while long-range connections are indicated by dashed lines. The parame-
ter “p” (p ∈ {e, i}) denotes the receptor network.

Table 1. Bifurcation types and the corresponding labels.

Type of bifurcation Label Type of bifurcation Label

Hopf bifurcation HB period-doubling bifurcation PD
Limit point bifurcation of cycles LPC Torus bifurcation TR

3. Main results
In the hippocampal–cortical memory model (2), the dy-

namical state of excitatory neurons in the hippocampal CA3
region — including the oscillation frequency and amplitude of
their membrane potentials, as well as their connectivity indices
with other neuronal populations — may influence the tempo-
ral evolution of sharp-wave ripples (SWRs), thereby affecting
the process of memory consolidation. Building on this obser-
vation, we investigate how the self-connection parameters of
cortical excitatory neurons shape both the generation mecha-
nism and the evolutionary pattern of hippocampal CA3 SWRs.
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In this section, the self-connection strength of cortical ex-
citatory neurons, denoted by JCX1

ee , is fixed, and the bifurcation
structure of model (2) as well as the corresponding waveform
evolution under these parameter conditions are systematically
analyzed.

3.1. Firing mechanism of hippocampal neurons with
JCX1

ee = 0.55

Here, we fix the self-connection strength of the first cor-
tical excitatory population as JCX1

ee = 0.55 and investigate the
dynamical behavior and evolution of SWRs associated with

the membrane potential of hippocampal CA3 excitatory neu-
rons as the cortical self-connection probability PCX1

ee varies.

3.1.1. One-parameter bifurcation analysis with respect
to PCX1

ee

We first analyze the dynamical behavior of model (2) in
response to changes in the parameter PCX1

ee , with particular at-
tention to the resulting bifurcation phenomena. In addition, a
heatmap illustrating the variation in the number of SWRs near
the fixed self-connection strength JCX1

ee = 0.55 is computed,
and the corresponding results are presented in Fig. 2.
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Fig. 2. Bifurcation diagram and heatmap illustrating SWRs. Left: Bifurcation diagram of the model (2) with respect to the parameter PCX1
ee ∈ [0,1]

at a fixed value of JCX1
ee = 0.55, accompanied by a heatmap illustrating SWRs. In the bifurcation diagram, Hopf bifurcations are indicated by

purple dots, torus bifurcations by dark green dots, period-doubling bifurcations by yellow dots, and limit point bifurcations of cycles by black
dots. Unstable equilibrium points are represented by black dashed lines, stable equilibrium points by red solid lines, unstable limit cycles by
thick blue dashed lines, and stable limit cycles by thick green dashed lines. The heatmap illustrates variation in the number of SWRs, with the
color transitioning from dark blue to dark red as the number increases. Right: Magnified view of the bifurcation diagram and SWR heatmap
within the light green region (PCX1

ee ∈ [0.30,0.36]) from the left diagram. The representation is consistent with that in the left panel.

Figure 2 illustrates the bifurcation types and the corre-
sponding values of PCX1

ee at the bifurcation points, as summa-
rized in Table 2.

Table 2. Bifurcation types and Values of PCX1
ee as JCX1

ee = 0.55.

Label Value of PCX1
ee Label Value of PCX1

ee Label Value of PCX1
ee

HB11 0.007570659 HB12 0.3239123 PD11 0.3385799
PD12 0.3424808 PD13 0.3472751 LPC11 0.3481935

LPC12 0.3485474 PD14 0.3499633 PD15 0.5322468
LPC13 0.5396592 PD16 0.5420453 PD17 0.6418856
TR11 0.7797442 – – – –

First, we provide a detailed analysis of the bifurcation
phenomena identified in Fig. 2. At the bifurcation point HB11,
the system undergoes a subcritical Hopf bifurcation, in which
an unstable equilibrium point transitions to a stable state while
an unstable limit cycle simultaneously emerges. When the
parameter PCX1

ee lies in the interval (HB11, HB12), the sys-
tem exhibits the coexistence of stable and unstable equilibrium

points. At HB12, the system undergoes a supercritical Hopf bi-
furcation, where a stable equilibrium point becomes unstable
and a stable limit cycle emerges.

As the parameter PCX1
ee increases, the system undergoes

a period-doubling bifurcation at PD11, resulting in the emer-
gence of a stable limit cycle with larger amplitude and an
unstable limit cycle with smaller amplitude. With further in-
creases in PCX1

ee , a second period-doubling bifurcation occurs
at PD12, again producing a larger amplitude stable limit cy-
cle and a smaller amplitude unstable limit cycle. At PD13,
the third period-doubling bifurcation takes place, during which
the larger amplitude unstable limit cycle merges with the sta-
ble limit cycle, forming a single stable cycle. At this critical
point, the system exhibits coexistence between a stable limit
cycle and an unstable limit cycle.

As PCX1
ee continues to increase, the sole stable limit cy-

cle loses stability due to a limit point bifurcation of cycles at
LPC11, leading to the reappearance of an unstable cycle. At
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LPC12, another limit point bifurcation of cycles occurs, alter-
ing the stability of the limit cycle. The larger amplitude limit
cycle regains stability, its amplitude continues to grow, and it
still encloses the same small-amplitude unstable limit cycle.
At PD14, the system enters a regime in which multiple unsta-
ble limit cycles coexist with increasing amplitudes.

With further increases in PCX1
ee , the fifth period-doubling

bifurcation occurs at PD15, resulting in the formation of a sta-
ble limit cycle. Subsequently, at LPC13, the third limit point
bifurcation of cycles takes place, destabilizing the previously
stable limit cycle. At PD16, another period-doubling bifurca-
tion occurs, during which two unstable limit cycles merge into
a single stable limit cycle. The amplitude of the stable limit
cycle initially increases and then decreases, eventually con-
verging with the small-amplitude unstable limit cycle at the
period-doubling bifurcation point PD17, where the two cycles
merge into a single cycle that evolves into a stable state. At

TR11, the system undergoes a torus bifurcation, resulting in
the loss of stability of the stable limit cycle.

3.1.2. Analysis of rhythmic variation

By incorporating the neuronal rhythm variation graph, we
conduct a detailed analysis of the dynamical mechanisms near
each bifurcation point and the generation patterns of SWRs
during the discharge activity of hippocampal CA3 excitatory
neurons.

When the parameter PCX1
ee approaches the Hopf bifurca-

tion point HB12, the evolution of the membrane potential of
hippocampal CA3 excitatory neurons is illustrated in Fig. 3.
The neuronal firing activity begins to exhibit periodic oscil-
lations arising from the equilibrium state, characterized by a
relatively smooth transition. Notably, no sharp wave ripples
are detected during this phase.
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e near the bifurcation point HB12, with other parameter values listed in Table A1.

12

16

20

M
e
m

b
ra

n
e
 p

o
te

n
ti
a
l 
(m

V
)

M
e
m

b
ra

n
e
 p

o
te

n
ti
a
l 
(m

V
)

(a) P 
CX1=0.3385799

12

16

20
(b) P 

CX1=0.3424808

12

16

20
(c) P 

CX1=0.3472751

12

16

20
(d) P 

CX1=0.3481935

Time (min)

12

16

20
(e) P 

CX1=0.3485474

Time (min)

12

16

20
(f) P 

CX1=0.3499633

100 101 102 103 104 105 100 101 102 103 104 105

100 101 102 103 104 105 100 101 102 103 104 105

100 101 102 103 104 105 100 101 102 103 104 105

ee ee

ee ee

ee ee

Ex
tr

em
um

P CX1ee

18

17

16

15

140.30 0.32 0.34 0.36

(b)

Fig. 4. Rhythmic diagram of V CA3
e corresponding to the parameter PCX1

ee near the bifurcation points PD11–PD14 and LPC11, LPC12.

As the parameter PCX1
ee crosses the bifurcation points

PD11–PD14, LPC11 and LPC12, Fig. 4 illustrates the corre-
sponding changes in the neuronal membrane potential and the

characteristics of SWR rhythms. As shown in Fig. 4, although
the oscillations of the neuronal membrane potential gradually
change with increasing PCX1

ee due to the occurrence of period-
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doubling bifurcations, that is, a general increase in ampli-
tude accompanied by a corresponding change in frequency, no
sharp wave ripples emerge during this process. These findings
indicate that the synchronous amplitude variation of V CA3

e and
the spike-peak–to–trough duration of the membrane potential,
induced by changes in the self-connection probability PCX1

ee ,
may not satisfy the conditions required for generating SWRs.

As the parameter falls within the range between bifurca-
tion points PD14 and PD15, the evolution of the neuronal mem-
brane potential and the characteristics of the SWR rhythm are
illustrated in Fig. 5. To more effectively highlight the occur-

rence of SWRs, red boxes are employed in the full-text rhythm
graph to mark ripple waves, which serve as indicators of SWR
generation. In this parameter interval, the system enters a state
characterized by the coexistence of multiple unstable limit cy-
cles, in which the amplitudes of the limit cycles show a sub-
stantial increase as PCX1

ee increases. At this stage, the firing
activity of the neurons is marked by pronounced spike states,
accompanied by a significant increase in the peak–valley dis-
tance. Sharp wave ripples emerge, exhibiting a trend in which
the number of SWRs first increases and then gradually de-
creases.
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e in the right neighborhood of the bifurcation point PD15, annotated with SWR markers.

Figure 6 illustrates the evolution of membrane potential

and the characteristics of SWR rhythms in the parameter range

bounded by the bifurcation points LPC13 and PD17. As PCX1
ee

continues to increase, the system remains in a state character-

ized by multiple nested limit cycles. At this stage, the am-

plitude of the membrane potential exceeds that observed in
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Fig. 3, accompanied by the emergence of a spiking state. The
distance and duration between peaks and troughs satisfy the
conditions required for the generation of SWRs, and the num-
ber of SWRs exhibits an initial increase followed by a subse-
quent decline.

In Fig. 2, the one-parameter bifurcation diagram shows
a torus bifurcation occurring at TR11. The associated time
series and phase portraits are displayed in Fig. 7. The mag-
nified view on the right highlights the phase dynamics during
the small-amplitude oscillations of the neuronal membrane po-

tential. Compared with the smaller-amplitude periodic orbits
shown in Figs. 4 and 6, the trajectory in Fig. 7 exhibits no-
table structural changes. The system transitions from stable
periodic oscillation to complex high-frequency quasi-periodic
oscillation, giving rise to more intricate dynamical behavior.

Figure 8 illustrates the characteristic diagram of the SWR
rhythm near the bifurcation point TR11. As shown in Fig. 7,
the topological structure of the system remains unchanged
near this bifurcation point, resulting in a relatively stable to-
tal number of SWRs.
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3.1.3. Extremum analysis of neuronal membrane po-
tential

We extracted the maximum and minimum values of the
membrane potential from excitatory neurons in the hippocam-
pal CA3 region within the range of the self-connection proba-
bility PCX1

ee ∈ (0.3,0.8) and constructed the corresponding ex-
tremum map for this region, as illustrated in Fig. 9. The neu-
ronal firing activity exhibits diverse evolution as the param-

eter PCX1
ee changes. The system begins in a stable discharge

state. As bifurcation phenomena emerge, the firing activity of

the neuronal membrane potential gradually intensifies, leading

to periodic oscillations with progressively increasing ampli-

tude. With further increases in PCX1
ee , the system evolves into a

high-amplitude oscillatory state characterized by pronounced

periodic discharge behavior. By integrating rhythm analysis

and waveform recognition, we conclude that within the PD14–
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PD15 interval, the strength of neuronal self-connection induces
complex bifurcation phenomena. Multiple period-doubling bi-
furcations give rise to multiple nested limit cycles, resulting in
oscillatory behavior of the membrane potential. However, as
evidenced by the extremum map, small-amplitude oscillations
fail to meet the criteria required for the generation of SWRs.
As PCX1

ee increases further, the amplitude of the membrane po-

tential rises, and the periodic oscillatory behavior induced by

complex bifurcation phenomena may lead to the formation of

SWRs. With continued increases in PCX1
ee , the discharge pat-

tern of the neuronal membrane potential exhibits greater vari-

ability, indicating the sensitivity of the system to parametric

variations.

180

150

120

90

60

30

0

E
x
tr
e
m
u
m

E
x
tr
e
m
u
m

0.3 0.4 0.5 0.6 0.7 0.8

P 
CX1
ee P 

CX1
ee

Emax

Emin

18

17

16

15

14
0.30 0.32 0.34 0.36

(a) (b)

Fig. 9. Extrema diagram of the membrane potential V CA3
e with respect to PCX1

ee . (a) Extrema diagram of V CA3
e for PCX1

ee ∈ (0.3,0.8). Maximum
values of the neuronal membrane potential are marked by red dots, and minimum values are marked by blue dots. (b) Enlarged view of the
green-shaded region corresponding to PCX1
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3.2. Firing mechanism of hippocampal neurons with
JCX1

ee = 1.0

In this section, we fix the self-connection strength of the
first excitatory neuron in the cortex at JCX1

ee = 1.0, and in-
vestigate the dynamical behavior and evolutionary patterns of
SWRs associated with the membrane potential of excitatory
neurons in the hippocampal CA3 region as the cortical excita-
tory neuron self-connection probability PCX1

ee varies.

3.2.1. One-parameter bifurcation analysis with respect
to PCX1

ee

First, we analyze the dynamical behavior of model (2) in
response to the parameter PCX1

ee , with a particular focus on the
associated bifurcation phenomena. Then, a heatmap depict-
ing changes in the number of SWRs near the self-connection
strength JCX1

ee = 1.0 is generated, and the two corresponding
graphs are presented in Fig. 10.

Figure 2 illustrates the types of bifurcation and the corre-
sponding values of PCX1

ee at the bifurcation points, as shown in
Table 3.

Table 3. Bifurcation types and values of PCX1
ee as JCX1

ee = 1.0.

Label Value of PCX1
ee Label Value of PCX1

ee Label Value of PCX1
ee

HB21 0.004107808 HB22 0.06214856 PD21 0.07040077
PD22 0.07250708 PD23 0.07395214 TR21 0.0767026
TR22 0.08000623 PD24 0.08527067 PD25 0.1011775
PD26 0.1014247 TR23 0.1032142 HB23 0.2752843
HB24 0.3642840 PD27 0.3882965 PD28 0.3950402
PD29 0.4707080 PD210 0.4784027 LP21 0.5013242

First, we analyze the shaded region in the left panel of

the one-parameter bifurcation diagram in Fig. 10, correspond-
ing to the magnified view in the right panel. At the bifurcation
point HB22, the system undergoes a supercritical Hopf bifurca-
tion, in which the stable equilibrium loses stability and a stable
limit cycle emerges. As parameters increase, the system un-
dergoes a period-doubling bifurcation at PD21, where a stable
large-amplitude limit cycle and an unstable small-amplitude
limit cycle emerge. As PCX1

ee increases further, the system ex-
periences a second period-doubling at PD22, where the larger
stable limit cycle bifurcates into a large-amplitude stable and
small-amplitude unstable limit cycle, enclosing other small-
amplitude unstable cycles. At the third period-doubling PD23,
the stable limit cycle and large-amplitude unstable cycle coa-
lesce into a single stable limit cycle, while the small-amplitude
unstable cycle remains unstable. As PCX1

ee continues to in-
crease, a torus bifurcation occurs at TR21, destabilizing the sta-
ble limit cycle. At TR22, the second torus bifurcation occurs,
with the large-amplitude unstable cycle evolving into a stable
state. At PD24, the large-amplitude limit cycle loses stability,
forming two unstable limit cycles. As PCX1

ee further increases,
the amplitude of the unstable limit cycle first rises, then de-
creases. At PD25, a stable limit cycle emerges and merges
with the small-amplitude unstable limit cycle at PD26, entering
a transient stable phase. Finally, at TR23, a torus bifurcation
occurs, causing the limit cycle to lose stability.

Then, we explore the bifurcation phenomena occurring
outside the shaded region. As PCX1

ee crosses the Hopf bifurca-
tion point HB21, the system undergoes a subcritical Hopf bi-
furcation, during which the equilibrium point transitions from
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an unstable state to a stable state. When the parameter lies in
the interval (HB21, HB22), the system exhibits coexistence of
both stable and unstable equilibrium points. At HB23, the sys-
tem undergoes another subcritical Hopf bifurcation, whereby
the unstable equilibrium point transitions to a stable state and
an unstable limit cycle emerges. As the parameter increases
within the interval (HB23, HB24), the amplitude of the stable
limit cycle gradually grows. At HB24, the system undergoes a
supercritical Hopf bifurcation, resulting in the transition from
a stable equilibrium point to an unstable state and the simul-
taneous emergence of a stable limit cycle. Throughout this

process, the large-amplitude unstable limit cycle persists. As
PCX1

ee continues to increase, the seventh period-doubling bifur-
cation occurs at PD27, where a stable limit cycle bifurcates into
a larger-amplitude stable limit cycle and a smaller-amplitude
unstable limit cycle. At PD28, another period-doubling bifur-
cation occurs, leading to the splitting of the stable limit cycle
into two unstable limit cycles and resulting in the coexistence
of multiple limit cycles. As PCX1

ee continues to increase, a sta-
ble limit cycle emerges at PD29, which merges with a small-
amplitude unstable limit cycle at PD210 to form a single stable
limit cycle. At LP21, the limit cycles disappear.
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ee ∈ [0,1]
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3.2.2. Analysis of rhythmic variation

Furthermore, by integrating the neuronal rhythm variation
graph, we conduct a detailed analysis of the dynamical mech-
anism near each bifurcation point, as well as the generation
patterns of SWRs during the discharge activity of excitatory
neurons in the CA3 region of the hippocampus.

When the parameters cross the supercritical Hopf bifurca-
tion point HB22, the neuronal state begins to evolve from the
original equilibrium point to an oscillatory regime, accompa-
nied by the emergence of steady periodic behavior of the neu-
ronal membrane potential. No sharp wave ripples are detected
near the bifurcation point HB22. The corresponding rhythmic
characteristic diagram is presented in Fig. 11.

When PCX1
ee crosses the period-doubling bifurcation

points PD21–PD24 and the torus bifurcation points TR21 and
TR22, the neuronal membrane potential exhibits periodic oscil-

lations. As PCX1
ee increases, the amplitude of these oscillations

progressively rises. The overall variation of the membrane po-
tential tends toward stabilization. Since the amplitude changes
induced by variation of the self-connection probability PCX1

ee

fail to meet synchronization criteria, and the spike-peak-to-
trough distance and duration of the neuronal membrane po-
tential do not satisfy the requirements for sharp wave ripple
generation, no sharp wave ripples are produced. The corre-
sponding rhythmic diagram in this parameter region is illus-
trated in Fig. 12.

The time series and phase diagrams corresponding to the
bifurcation point TR23 are presented in Fig. 13. As shown in
the one-parameter bifurcation diagram in Fig. 10, the system
undergoes a torus bifurcation at TR23. Compared to the sta-
ble trajectory depicted in Fig. 11 and the oscillatory trajectory
illustrated in Fig. 12, the trajectory in Fig. 13 demonstrates
a significant structural transformation. This indicates that the
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periodic orbit of the neuronal membrane potential rhythm no
longer maintains a single frequency, but instead evolves from
a simple periodic orbit to a complex quasi-periodic orbit con-

taining multiple amplitude and frequency components. This
transition signifies the emergence of more intricate dynamical
behavior in the system.
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Fig. 11. The rhythmic diagram of V CA3
e near the bifurcation point HB22, where other parameter values are listed in Table A1.
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When PCX1
ee passes through the bifurcation region PD25–

TR23, the system exhibits coexistence of multiple limit cycles.
At this stage, the significant increase in the peak-to-trough dis-
tance and the prolonged duration lead to the re-emergence of
SWRs. Furthermore, the number of SWRs varies consider-
ably with the parameter values. The corresponding rhythmic
diagram near this bifurcation region is illustrated in Fig. 14.

When PCX1
ee crosses the bifurcation points HB24 and

PD27–PD210, the membrane potential continues to exhibit
sharp spike discharges and a very high oscillation frequency,
leading to the generation of SWRs. Notably, the number of
SWRs remains relatively stable within this parameter range.
The corresponding rhythmic diagrams near these bifurcation
points are illustrated in Fig. 15.
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3.2.3. Extremum analysis of neuronal membrane po-

tential

We extracted the maximum and minimum values of
the membrane potential from excitatory neurons of the CA3
region in the hippocampus within the range of the self-
connection probability PCX1

ee ∈ (0,0.6) and constructed the

corresponding extremum map for this region, as illustrated in

Fig. 16. From this figure, we can summarize that the neu-

ronal firing activity undergoes diverse transformations as the

parameter PCX1
ee gradually increases. Initially, the membrane

potential exhibits a brief high-amplitude firing state. As PCX1
ee

increases, the system evolves into a steady state. A further in-
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crease of PCX1
ee drives the membrane potential into a periodic

oscillatory state, where the excitatory neurons in the CA3 re-
gion of the hippocampus exhibit low-amplitude oscillations,
characterized by a relatively stable oscillatory firing pattern.
As the parameter increases, the system undergoes a period-
doubling bifurcation at PD21. As the self-connection proba-
bility PCX1

ee continues to increase, the amplitude of the mem-

brane potential gradually rises. According to waveform recog-
nition and rhythmic analysis, SWRs begin to emerge in the
PCX1

ee range between PD24 and PD25. As PCX1
ee continues to in-

crease, both the oscillation amplitude and the frequency of the
membrane potential gradually evolve, leading to diverse dis-
charge behaviors. This process highlights the continuity and
sensitivity of neuronal activity to parameter variations.
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Fig. 16. The extrema diagram of the membrane potential V CA3
e with respect to PCX1

ee . (a) The extrema diagram of V CA3
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maximum values of the neuronal membrane potential are marked by red dots and the minimum values by blue dots. (b) An enlarged view of the
green-shaded region corresponding to PCX1

ee ∈ (0.04,0.12) in the left diagram.

4. Discussion and conclusion

This study investigates the hippocampal-cortical memory
neural model (Eq. (2)) and focuses on how specific param-
eters influence the generation mechanisms and evolutionary
dynamics of hippocampal SWRs during membrane potential
fluctuations of excitatory neurons in the hippocampal CA3 re-
gion (V CA3

e ). The self-connection strength of cortical excita-
tory neurons (JCX1

ee ) is fixed, and the bifurcation behavior of
V CA3

e , along with the corresponding waveform evolution trend,
is analyzed. The research revealed that the memory model
(Eq. (2)) exhibited a variety of bifurcation phenomena, includ-
ing Hopf bifurcation, period-doubling bifurcation, torus bifur-
cation, and limit point bifurcation of cycles, as the parameter
PCX1

ee varies. These bifurcation phenomena reflect the complex
nonlinear dynamical characteristics of the high-dimensional
model. Based on the rhythm transition mechanisms of neu-
ronal firing activity, we identified the generation and variation
patterns of SWRs.

By analyzing the single-parameter bifurcation diagram,
we identified the bifurcation points and their surrounding pa-
rameter regions. We further investigated the waveforms and
dynamic behaviors of excitatory neurons in the hippocam-
pal CA3 region, successfully identifying and extracting hip-
pocampal sharp wave ripples (SWRs) generated during neu-
ronal dynamical evolution. By examining the variation in
SWR frequency near each bifurcation point, we found that
neuronal rhythms are prone to abrupt transitions at these crit-

ical points — conditions favorable for SWR generation. New
periodic oscillations are likely to emerge near certain Hopf
and period-doubling bifurcation points. When amplitude syn-
chrony and peak-to-peak intervals meet the physiological cri-
teria for SWR generation, sharp wave ripples are triggered.
Additionally, changes in system stability near torus bifurca-
tions and saddle-node bifurcations of limit cycles also pro-
mote the emergence of SWRs. These findings are consistent
with previous research on neural dynamics models, offering
a robust theoretical and empirical basis for understanding and
modulating memory-related neural oscillations. Furthermore,
this study establishes a viable dynamical framework for ex-
amining the generation and evolution of SWRs. The results
also indicate that the nonlinear bifurcation mechanisms regu-
lated by self-connection parameters may underlie the genera-
tion and modulation patterns of hippocampal SWRs.

Additionally, time series analysis reveals that bifurcation
occurrence may not always lead to SWR generation. For ex-
ample, certain low-amplitude oscillations of the membrane po-
tential of excitatory neurons fail to induce SWRs, whereas
high-amplitude oscillations are more likely to give rise to such
events. Based on this phenomenon, we extracted the maxi-
mum and minimum neuronal membrane potential values and
constructed corresponding extremum diagrams for these re-
gions. A comparative analysis between the one-parameter bi-
furcation diagram and the extremum diagram revealed that
large-amplitude oscillations of the neuronal membrane poten-
tial near bifurcation points are more conducive to the genera-
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tion of SWRs.
Finally, a two-parameter bifurcation diagram based on

PCX1
ee and JCX1

ee of excitatory neuron self-connections is pre-
sented. This diagram is compared with a heatmap illustrating
the variation in SWR counts as a function of PCX1

ee and JCX1
ee ,

as shown in Fig. 17, to investigate the relationship between
hippocampal SWR generation and underlying bifurcation phe-
nomena. By comparing the two scenarios, it can be concluded
that the regions surrounding the key bifurcation points demon-
strate high sensitivity to parameter variations, corresponding
precisely to those areas where the SWR count exhibits sig-
nificant fluctuations. Furthermore, the spatial distribution of

the SWR count in the heatmap reveals that abrupt changes in

SWR frequency within specific parameter ranges indicate the

system’s transition into a critical or transitional state. By com-

paring the observed SWR frequencies with physiological data

from healthy individuals, a stable operational region within

the bifurcation parameter space can be identified. This region

supports normal neuronal oscillatory activity while preventing

pathological over-synchronization. The boundary of this re-

gion is dynamically determined by the oscillation count and

provides a robust basis for identifying potential intervention

targets and assessing their feasibility.
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Fig. 17. The two-parameter bifurcation diagram and its corresponding heatmap illustrating the number of SWRs. (a) The two-parameter
bifurcation diagram for V CA3

e based on PCX1
ee ∈ (0,1) and JCX1

ee ∈ (0,2). (b) The heatmap depicts the variation in the number of SWRs during the
time interval t ∈ [100,120] (unit: min), with colors transitioning from dark blue to dark red as the count increases. The values of PCX1

ee and JCX1
ee

are maintained as in the left panel, while the remaining parameter values are provided in Table A1.

Building upon this mapping, self-connection parame-
ters that exhibit high sensitivity in hippocampal neuronal cir-
cuits can be prioritized as control variables in future appli-
cations. Through targeted regulation via synaptic plastic-
ity modulation, pharmacological interventions, or exogenous
neuromodulation techniques — including optogenetics, deep
brain stimulation, and transcranial electrical stimulation —
the strength of self-connections can be precisely modulated
to maintain system dynamics within parameter regimes con-
ducive to memory consolidation. From a control-theoretic per-
spective, bifurcation analysis enables the design of minimal-
energy intervention strategies. By integrating sensitivity anal-

ysis with stability assessment, subtle and precise perturba-

tions can guide the system toward desired dynamical trajec-

tories. Notably, the dynamical map also facilitates the identifi-

cation of potential “danger zones,” thereby helping to prevent

stimulation-induced pathological synchronization. Thus, the

integrated two-parameter bifurcation–heatmap analysis pre-

sented in this study not only provides a novel framework for

elucidating the mechanistic origins of SWRs but also estab-

lishes a robust theoretical and methodological foundation for

model-driven memory enhancement and neurotherapeutic in-

terventions.

Appendix A: Supplementary table
Table A1. The biological parameters of the hippocampal-cortical neural memory model Ref. [44].

Parameter Value Unit Definition

JCX1
ee [0,2] mV Strength of connection from excitatory to excitatory neurons in CX1

PCX1
ee [0,1] – Probability of connection from excitatory to excitatory neurons in CX1
τe 0.02 s Membrane relaxation time constant for excitatory neurons
τi 0.01 s Membrane relaxation time constant for inhibitory neurons
τc 0.5 s Adaptation recovery time
r0 0.1 Hz Minimum firing rate in completely depolarized state
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Table A1. Continued.

Parameter Value Unit Definition

r1 70 Hz Maximum firing rate in completely depolarized state
cmax 10 mV Adaptation threshold level
gc 3 mV Sharpness of excitatory-excitatory connection dependence on adaptation variable

gCA3
e 6 mV Sharpness of firing rate dependence on membrane potential from CA3 excitatory neurons

gCA3
i 3 mV Sharpness of firing rate dependence on membrane potential from CA3 inhibitory neurons

gCA1
e 0.5 mV Sharpness of firing rate dependence on membrane potential from CA1 excitatory neurons

gCA1
i 0.25 mV Sharpness of firing rate dependence on membrane potential from CA1 inhibitory neurons

gCX1
e 5 mV Sharpness of firing rate dependence on membrane potential from CX1 excitatory neurons

gCX1
i 2 mV Sharpness of firing rate dependence on membrane potential from CX1 inhibitory neurons

gCX2
e 5 mV Sharpness of firing rate dependence on membrane potential from CX2 excitatory neurons

gCX2
i 2 mV Sharpness of firing rate dependence on membrane potential from CX2 inhibitory neurons

V ∗CA3
e 40 mV Firing threshold potential for excitatory neurons in CA3 region

V ∗CA3
i 25 mV Firing threshold potential for inhibitory neurons in CA3 region

V ∗CA1
e 19 mV Firing threshold potential for excitatory neurons in CA1 region

V ∗CA1
i 20 mV Firing threshold potential for inhibitory neurons in CA1 region

V ∗CX1
e 30 mV Firing threshold potential for excitatory neurons in CX1 network

V ∗CX1
i 30 mV Firing threshold potential for inhibitory neurons in CX1 network

V ∗CX2
e 30 mV Firing threshold potential for excitatory neurons in CX2 network

V ∗CX2
i 30 mV Firing threshold potential for inhibitory neurons in CX2 network
JCA3

ee 0.7 mV Base connection strength between excitatory neurons in CA3
JCA3

ei 0.3 mV Connection strength from excitatory to inhibitory neurons in CA3
JCA3

ie 0.51 mV Connection strength from inhibitory to excitatory neurons in CA3
JCA1

ei 0.22 mV Connection strength from excitatory to inhibitory neurons in CA1
JCA1

ie 0.87 mV Connection strength from inhibitory to excitatory neurons in CA1
JCA1

ii 0.25 mV Connection strength between inhibitory neurons in CA1
JCX1

ei 0.42 mV Connection strength from excitatory to inhibitory neurons in CX1
JCX1

ie 1.4 mV Connection strength from inhibitory to excitatory neurons in CX1
JCX1

ii 0.3 mV Connection strength between inhibitory neurons in CX1
JCX2

ee 0.38 mV Base connection strength between excitatory neurons in CX2
JCX2

ei 0.48 mV Connection strength from excitatory to inhibitory neurons in CX2
JCX2

ie 1.25 mV Connection strength from inhibitory to excitatory neurons in CX2
JCX2

ii 0.57 mV Connection strength between inhibitory neurons in CX2
JCA3CA1

ee 0.15 mV Connection strength from CA3 excitatory to CA1 excitatory neurons
JCA3CA1

ei 0.04 mV Connection strength from CA3 excitatory to CA1 inhibitory neurons
JCX2CA3

ee 1.88 mV Connection strength from CX2 excitatory to CA3 excitatory neurons
JCX2CA3

ei 0.31 mV Connection strength from CX2 excitatory to CA3 inhibitory neurons
JCA1CX1

ee 2 mV Connection strength from CA1 excitatory to CX1 excitatory neurons
JCA1CX1

ei 1 mV Connection strength from CA1 excitatory to CX1 inhibitory neurons
JCX1CA1

ee 1.04 mV Connection strength from CX1 excitatory to CA1 excitatory neurons
JCX1CA1

ei 0.21 mV Connection strength from CX1 excitatory to CA1 inhibitory neurons
JCA1CX2

ee 2 mV Connection strength from CA1 excitatory to CX2 excitatory neurons
JCA1CX2

ei 1 mV Connection strength from CA1 excitatory to CX2 inhibitory neurons
JCX2CX1

ee 0.67 mV Connection strength from CX2 excitatory to CX1 excitatory neurons
JCX2CX1

ei 1.8 mV Connection strength from CX2 excitatory to CX1 inhibitory neurons
JCX1CX2

ee 0.039 mV Connection strength from CX1 excitatory to CX2 excitatory neurons
JCX1CX2

ei 1.62 mV Connection strength from CX1 excitatory to CX2 inhibitory neurons
∆CA3

c 0.0064 – Average adaptive parameter per incoming action potential in CA3
∆CA1

c 0.002 – Average adaptive parameter per incoming action potential in CA1
∆CX1

c 0.005 – Average adaptive parameter per incoming action potential in CX1
∆CX2

c 0.0054 – Average adaptive parameter per incoming action potential in CX2
PCA3

ee 0.25 – Connection probability between excitatory neurons in CA3
PCA3

ei 0.3 – Connection probability from excitatory to inhibitory neurons in CA3
PCA3

ie 0.5 – Connection probability from inhibitory to excitatory neurons in CA3
PCA1

ei 0.3 – Connection probability from excitatory to inhibitory neurons in CA1
PCA1

ie 0.8 – Connection probability from inhibitory to excitatory neurons in CA1
PCA1

ii 0.25 – Connection probability between inhibitory neurons in CA1
PCX1

ei 0.2 – Connection probability from excitatory to inhibitory neurons in CX1
PCX1

ie 0.2 – Connection probability from inhibitory to excitatory neurons in CX1
PCX1

ii 0.2 – Connection probability between inhibitory neurons in CX1

128702-14



Chin. Phys. B 34, 128702 (2025)

Table A1. Continued.

Parameter Value Unit Definition

PCX2
ee 0.2 – Connection probability between excitatory neurons in CX2

PCX2
ei 0.2 – Connection probability from excitatory to inhibitory neurons in CX2

PCX2
ie 0.2 – Connection probability from inhibitory to excitatory neurons in CX2

PCX2
ii 0.2 – Connection probability between inhibitory neurons in CX2

PCA3CA1
ee 0.6 – Connection probability from CA3 excitatory to CA1 excitatory neurons

PCA3CA1
ei 0.2 – Connection probability from CA3 excitatory to CA1 inhibitory neurons

PCX2CA3
ee 0.02 – Connection probability from CX2 excitatory to CA3 excitatory neurons

PCX2CA3
ei 0.02 – Connection probability from CX2 excitatory to CA3 inhibitory neurons

PCA1CX1
ee 0.002 – Connection probability from CA1 excitatory to CX1 excitatory neurons

PCA1CX1
ei 0.002 – Connection probability from CA1 excitatory to CX1 inhibitory neurons

PCX1CA1
ee 0.03 – Connection probability from CX1 excitatory to CA1 excitatory neurons

PCX1CA1
ei 0.03 – Connection probability from CX1 excitatory to CA1 inhibitory neurons

PCA1CX2
ee 0.002 – Connection probability from CA1 excitatory to CX2 excitatory neurons

PCA1CX2
ei 0.002 – Connection probability from CA1 excitatory to CX2 inhibitory neurons

PCX1CX2
ee 0.01 – Connection probability from CX1 excitatory to CX2 excitatory neurons

PCX1CX2
ei 0.01 – Connection probability from CX1 excitatory to CX2 inhibitory neurons

PCX2CX1
ee 0.01 – Connection probability from CX2 excitatory to CX1 excitatory neurons

PCX2CX1
ei 0.01 – Connection probability from CX2 excitatory to CX1 inhibitory neurons
NCA3

e 1000 – Number of excitatory neurons in CA3 hippocampal network
NCA3

i 100 – Number of inhibitory neurons in CA3 hippocampal network
NCA1

e 1000 – Number of excitatory neurons in CA1 hippocampal network
NCA1

i 100 – Number of inhibitory neurons in CA1 hippocampal network
NCX1

e 8000 – Number of excitatory neurons in CX1
NCX1

i 2000 – Number of inhibitory neurons in CX1
NCX2

e 8000 – Number of excitatory neurons in CX2
NCX2

i 2000 – Number of inhibitory neurons in CX2
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