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A novel three-dimensional chaotic system with double wings and
spiral chaos: Applications in ship radiation noise detection
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Aiming at the deficiency of a traditional two-dimensional chaotic system in detection performance, a three-
dimensional double-wing chaotic system (3DDWCS) with a sine term is proposed and applied to the detection of ship
radiated noise (SRN). Firstly, the nonlinear characteristics of 3DDWCS are analyzed in detail, such as bifurcation, Lya-
punov exponent and equilibrium point. Secondly, fractional-order calculus is introduced into 3DDWCS, and a fractional-
order 3D double-wing chaotic system (FO3DDWCS) is proposed. The critical threshold of FO3DDWCS is determined by
the bifurcation diagram and verified by phase trajectory. Thirdly, in the performance analysis experiment, the signal-to-
noise ratio (SNR) threshold of FO3DDWCS considering the fractional-order derivative is —124.94 dB, which is obviously
superior to the integer-order 3D chaotic system and the improved fractional-order chaotic system based on a Duffing oscilla-
tor in noise immunity. It has a good detection effect and realizes the detection of signals under the ultra-low SNR threshold.
Finally, a weak signal detection method based on FO3DDWCS is proposed and successfully applied to the detection of
multi-line spectral periodic signals, distorted signals, SRN and marine biological signal, which verifies the effectiveness

and practicability of the proposed detection method.

Keywords: chaotic system, fractional-order, detection, weak signal, ship radiated noise, critical threshold
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1. Introduction

The detection of ship radiated noise (SRN) is an impor-
tant topic in the field of marine acoustics. In-depth research on
this topic will not only help improve military monitoring and
security protection capabilities, but also help improve envi-
ronmental protection, technological innovation, international
cooperation, and many other aspects.!!! However, the sound
level of SRN is getting weaker with the continuous progress of
ship stealth technology,?! resulting in the signal-to-noise ratio
(SNR) threshold of the existing detection system being unable
to meet the detection requirements. Therefore, it is necessary
to study an effective method that can detect the frequency of
SRN under ultra-low SNR threshold.

Nowadays, signal detection based on chaos theory has
matured and is widely used in many fields such as biomedi-
cal signal analysis,’] communication technology research, !
bearing fault diagnosis,’! and underwater target detection.[*7]
Chaos theory uses the characteristics of a chaotic system,
which is sensitive to initial value and resistant to noise,
to detect signals. It can achieve high-sensitivity detection
while suppressing noise. Traditional chaotic systems com-
monly used to detect weak signals include the Duffing chaotic
system!®! and the Van der Pol chaotic system,[®! but it is dif-
ficult for these chaotic systems to meet the detection require-
ments. Therefore, scholars have lowered the SNR threshold

of the detection system by coupling or differentiating tradi-
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tional chaotic systems and introducing fractional-order deriva-
tives or high-order terms into traditional chaotic systems, such
as the strongly coupled Duffing—Van der Pol oscillator, ' the
fractional-order double-coupled oscillator (FODCDS),!'!! and
the new coupled Duffing—Van der Pol system.!'?! The detec-
tion SNR thresholds of these improved systems have been re-
duced, but it is still difficult to detect weak signals under the
ultra-low SNR threshold.

In recent years, many three-dimensional (3D) non-
autonomous chaotic systems have been proposed and applied
to weak signal detection research. For example, Yang et al.
proposed a double vortex chaotic system and used it to de-
tect SRN, which provided a new technical means for under-
water target detection.!!3] Shen er al. proposed two 3D nonau-
tonomous chaotic systems and applied them to underwater
weak target detection, completing the goal of detecting sig-
nal frequency under ultra-low SNR thresholds.!"*13] Liu et al.
proposed an improved Liu chaotic system and used it to de-
tect weak signals, solving the problem of output signal wave-
form not converging.!'®! Yan et al. proposed a new type of
two-wing chaotic system with infinite balance and coexisting
rotating attractors, which uses the periodicity of the change
in the number of wings to detect weak signals, providing a
new detection idea.!!”! These detection methods based on 3D
non-autonomous chaotic systems have shown good detection
results and provided new detection ideas for various tradi-
tional detection methods based on improved Duffing oscilla-
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tors. Furthermore, the dynamic behavior of multi-wings and
multi-vortexes in chaotic systems is also a key area of research
for scholars.[18-21]

Conventional calculus pays attention to integer-order
derivatives and integrals, while fractional-order calculus ex-
pands this concept by defining the order of derivatives and
integrals as fractions. Fractional-order calculus is more
accurate in describing physical phenomena, more practical
in modeling complex systems, and can provide new solu-
tions to problems that are difficult to solve with integer-
order calculus.??! At present, fractional-order calculus has be-
come a research hotspot. Its application fields are expanding

23241 Therefore, many scholars have applied

and deepening.|
fractional-order calculus theory to chaotic systems and con-
ducted studies on fractional-order chaotic systems. For ex-
ample, the fractional-order Lorenz system, > fractional-order
Rossler system!?0! and fractional-order Jerk system,!’] etc.
At the same time, some scholars have combined fractional-
order calculus with a traditional chaotic system to detect weak
signals, such as an incommensurate fractional-order Duffing
system,[?8! a fractional-order Duffing—Van der Pol oscillator
(FODVP),?! a fractional-order high-order Duffing coupled
Van der Pol oscillator FOHOD-VPO),3% etc. Compared with
the original integer-order chaotic systems, these fractional-
order chaotic systems have richer dynamic behaviors, lower
detection SNR thresholds and better anti-noise performance,
and have good detection effects. However, the introduction of
fractional-order calculus into a 3D chaotic system and its ap-
plication in the detection of weak signals has just begun and
needs further research.

In summary, some problems still exist within the current
methods of detecting weak signals based on chaotic systems:
(i) Traditional chaotic systems still cannot meet the detection
requirements in practical applications. (ii) The introduction of
fractional-order calculus into 3D chaotic systems and its ap-
plication in weak signal detection has just started, which needs
further in-depth study. In order to detect weak signals under
an ultra-low SNR threshold, the fractional-order 3D double-
wing chaotic system (FO3DDWCS) is proposed and applied
to the detection of SRN. Major contributions of this paper are
summarized as follows.

(1) Aiming at the problem that traditional chaotic systems
are difficult to meet detection requirements, the 3D double-
wing chaotic system (3DDWCS) with a sine term is proposed.
The nonlinear characteristics of 3DDWCS are analyzed in de-
tail, and a Simulink simulation model of 3DDWCS is estab-
lished and run.

(2) Aiming at the problem that the anti-noise performance
of 3DDWCS is not ideal, fractional-order calculus is intro-
duced, and FO3DDWCS is proposed. The performance of the
system is studied, and the influence of the fractional order on
the system is analyzed.

(3) Aiming at the problem that weak signals are difficult

to detect under an ultra-low SNR threshold, a weak signal de-
tection method based on FO3DDWCS is proposed and applied
to the detection of multi-line spectrum periodic signals, dis-
torted signals, and SRN.

This paper is organized as follows: Section 2 analyzes
the proposed 3ADDWCS. Section 3 introduces fractional-order
calculus, proposes FO3DDWCS, analyzes the choice of frac-
tional order, and determines the critical threshold of the sys-
tem. In Section 4, a detection method based on FO3DDWCS
is proposed, and the detection experiments of analog signals
and SRN are carried out. Section 5 discusses the limitations of
the proposed detection method. Section 6 provides a summary
and future research prospects.

2. Three-dimensional double-wing chaotic sys-
tem

2.1. The proposed system model 1

In recent years, more and more 3D non-autonomous
chaotic systems have been proposed and applied to weak sig-
nal detection research, showing good detection results and pro-
viding new detection ideas for various traditional detection
methods based on improved Duffing oscillators. On this basis,
anew 3D chaotic system is proposed, named proposed system
model 1, and the system model is

X=—ax—y-+byz,
y=c(y—xz)+ fsin(wr), (N
z=d(—z+xy),

where a, b, c, d are positive parameters, x, y, z are state vari-
ables, f and w are the amplitude and frequency of the built-in
driving force, respectively.

When variables, parameters, and initial conditions (xo, yo,
20) take the following values:

(X(),y(),Z()) = (01?01701)7 (2)
(a,b,c,d,f,w) = (3572715 152’ 1)

Figure 1 shows the attractor trajectory and timing diagram of
the system. At this time, the phase trajectory looks like a pair
of wings, so this system is named 3DDWCS.

By introducing a new dimension, the 3D chaotic sys-
tem successfully expands the system’s attractor from a two-
dimensional (2D) phase space to a 3D phase space, which will
enable the system to exhibit more complex dynamic behav-
iors and patterns. For example, a 3D system can generate a
more diverse set of trajectories that might not be possible in a
2D space. At the same time, 3D chaotic systems usually show
richer nonlinear characteristics, such as period-doubling bifur-
cations and the appearance of infinitely shrinking attractors,
which provide a good foundation for the modeling of complex
systems. Next, we will conduct an in-depth study and analysis
of the dynamic behavior of 3DDWCS to verify its effective-
ness and practicality.
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Fig. 1. Attractor trajectories and timing diagrams of 3DDWCS.

2.2. Dissipation

Dissipation reflects the energy loss and stability of a
system in its time evolution. Studying dissipation helps to
gain a deeper understanding of the long-term behavior of the
system. 3!l Although 3D chaotic systems show extreme sensi-
tivity to initial conditions, dissipation also plays a smoothing
role. Strong dissipation can suppress the impact of small dis-
turbances, causing the system behavior to tend toward a certain
stable state. At this time, the dissipation of 3DDWCS is

V=24 240 8 gqe—d=-34<0. (3
Z

Equation (3) shows that the system is dissipative and the sys-
tem trajectory will converge to a certain stable state at a speed
of exponential dV /dt = e 3%,

2.3. Equilibrium and stability

In a chaotic system, the existence of an equilibrium point
means that the system can reach a stable state under certain
conditions.??! In mathematical models, an equilibrium point
usually refers to the point where the differential equation of
the system is zero.

Set the left half of Eq. (1) to 0 and let # = 0. The formula
for calculating the equilibrium point of 3DDWCS is

0=—ax—y+byz,

0=c(y—xz), ©)
0=d(—z+xy).
Let J(x,y,z) represent the Jacobian matrix of Eq. (1),
which is
—a —1+4+bz by —35 —1+2z 2y
Jxy2)=| -z ¢ —ax|=| —z 1 —x|.
dy dx —d y X -1

Calculate Eq. (4) to get the equilibrium point of the
chaotic system, and then bring the equilibrium point into
Eq. (5) to calculate the Jacobian matrix of each equilibrium
point. Table 1 lists, in detail, various equilibrium points
of 3DDWCS and the corresponding characteristic roots and
types.

From Table 1, it can be seen that P; is an unstable saddle
point, P> and Py are unstable focus points, P; and Ps are stable
focus points. Obviously, the chaotic attractor always moves

around focus points P; and Ps.

Table 1. The equilibrium points of 3DDWCS and the corresponding characteristic root and type.

Equilibrium points

Characteristic root Type

P1(0’070)
P2(17 H—\A{m’ 1+\£ﬁ)

1—v281 1-v/281
P3(]7 & ’ 7 >
1+v281 1+v281
P4(7177 4 ) 4 )
1-v281 1-v/281
P5(7177 p) ) 7 )

Ma=%l1,23=-35
Arp = 0.1229+£2.0516i, A3 = —35.2458
A12 = —0.0024 + 1.9430i, A3 = —34.9953
A2 = 0.1229£2.0516i, A3 = —35.2458

A2 = —0.0024 +1.9430i, A3 = —34.9953

Unstable saddle point

Unstable focus point
Stable focus point
Unstable focus point

Stable focus point
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2.4. Bifurcation diagram

The bifurcation diagram of a chaotic system is an impor-
tant tool for studying nonlinear dynamics and chaotic behav-
ior. It shows the changes in the system phase trajectory with
a certain parameter and can better understand long-term dy-
namic behavior. Near certain parameter values, the system
may show a transition from chaos to periodicity, and these pa-
rameter values may be the critical thresholds of the chaotic
system. Critical threshold refers to a specific value that leads

gram of the chaotic system.

In the process of studying the bifurcation diagram of the
five system parameters of 3DDWCS, only one parameter is
changed at a time, and the other parameters remain unchanged.
See Table 2 for an overview of the simulation parameters and
Fig. 2 for the simulation results.

Table 2. Simulation parameters of the bifurcation diagram.

Variable parameters Constant parameters

fe0,5 (a,b,c,d) = (35,2,1,1)
to a fundamental change in system behavior when system pa- a € [30,40] (be,d. f) =(2,1,1,2.6)
rameters change. Its determination is extremely important for b€ 0,5] (a,c,d,f) = (35,1,1,2.6)
the detection of weak signals.[*3 Therefore, the critical thresh- c€l0,5] (a,b,d,f)=(35,2,1,2.6)
. . . . . del0,5 ,b,c, f)=(35,2,1,2.6
old can be determined through studying the bifurcation dia- 0.3 @b f)=( )
(a) f—yn (b) A partial enlarged view of f—y, (c) a—yn
15 ‘ T ' ' 15| ’ ‘ a— 15 ‘
10 s ‘
SIS TR s
0 P01 :'»"-.'..:y
5 e I i
01 2 3 4 5 20 22 2.6 2.8 3.0 30 32 34 36 38 40
f f a
(d) b—yn €) C—Yn (f) d—yn
40+
i 60
1 200 1
SEE L
. ) 92 . . . " |
4 5 OO 1 2 3 4 5

Fig. 2. Bifurcation diagrams for various parameters.

Figures 2(a)-2(f) show the bifurcation diagram corre-
sponding to each parameter. According to Fig. 2(a), the critical
threshold f; of the chaotic system ranges from 2 to 3. There-
fore, the bifurcation diagram of f—y, when f € (2,3) is plotted
with a step size of 0.001, see Fig. 2(b), and f; = 2.609 can be
obtained. According to Figs. 2(d)-2(f), 2, 1, 1 are also critical
states of functions b—y,,, c—y,, and d—y,, respectively.

2.5. Lyapunov exponent

The Lyapunov exponent quantifies the sensitivity of a sys-
tem to perturbations in its initial conditions, indicating how
a small initial perturbation grows over time.**] Through the
Lyapunov exponent, researchers can classify the system into
different states such as stable, borderline stable, or chaotic,
which provides a basis for further analysis and also provides
a specific measurement for the dynamic stability and sensitiv-
ity of the system. In practical applications, the combination
of bifurcation diagrams and Lyapunov exponents can provide
a more overall understanding of the behavioral characteristics
of complex nonlinear systems.

The Lyapunov exponent expression of a 3D chaotic sys-
tem is

dz(t
dz(0)

~—

,In

o1 ox
el = i o] 555

} ©)

In the process of studying the Lyapunov exponent of the
five system parameters of 3DDWCS, only one parameter is
changed at a time, and the other parameters remain unchanged.
See Table 2 for an overview of the simulation parameters and
Fig. 3 for the simulation results.

Figures 3(a)-3(f) show the Lyapunov exponent corre-
sponding to each parameter. According to Fig. 3(a), the critical
threshold f; of the chaotic system ranges from 2 to 3. There-
fore, the Lyapunov exponent of f —y, when f € (2,3) is plot-
ted with a step size of 0.001, see Fig. 3(b), fi = 2.609 can be
obtained. According to Figs. 3(d)-3(f), 2, 1, 1 are also critical
states of functions b — Ly, ¢ — Ly, d — Ly, respectively. When
the simulation parameters are the same, the place where chaos
occurs represented by the bifurcation diagram of 3DDWCS is
consistent with the Lyapunov exponent.
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Fig. 3.

2.6. Initial condition sensitivity

Lyapunov exponent for various parameters.

Based on the parameters in Eq. (2), we apply perturbations of 0.001 and 0.00001 to the chaotic system’s variable y and
observe the changes in the system’s timing diagram. Figure 4 shows the evolution of the time series. It demonstrates that the

3DDWCS is extremely sensitive to initial conditions.

IR R |
AL e B

Fig. 4. Initial condition sensitivity of sequences x, y, z.

2.7. Power spectrum

Chaotic signals generated by the iteration of chaotic sys-
tems are highly random and complex. The wide frequency dis-
tribution, uniform energy distribution, and complex dynamic
behavior of the chaotic signal in the generation process to-
gether lead to the smoothness of the power spectrum of the

chaotic system. This characteristic is one of the typical signs
of the chaotic system. When the system takes the value shown
in Eq. (2), Figs. 5(a)-5(c) show the power spectra of three state
variables x, y, z, respectively. The simulation results show that
the variables of 3DDWCS have an almost smooth power spec-
trum. Therefore, 3DDWCS has typical chaotic characteristics.

Frequency (106 Hz)

Frequency (10¢ Hz)

) ) o

3;: —60 (a) = 3;, —60 (b)y :i/ —60 (c) z

.% 80 | »% —80 ‘% —80

7 —100 b —100 T 1007

£-120 Z-120 £-120

o o

5 —140 g —140 £ -140

= 1 = —160 5 —160

s — 1605 5 10 15 % 0 5 10 15 % 0 5 10 15
A [an} ok

Frequency (10° Hz)

Fig. 5. Power spectra of variables.

2.8. Simulink dynamic simulation

Simulink is a graphical tool for modeling, simulation, and analysis of dynamic systems, and is widely used in control
systems, signal processing, and other fields. According to Eqgs. (1) and (2), a simulation model of 3DDWCS is built and run.
Figure 6 is the simulation model, and Fig. 7 is the simulation results. Figures 7(a)-7(c) are the three plane phase diagrams of
3DDWCS at this time, and Figs. 7(d)-7(e) are the timing diagrams at this time. The results are basically consistent with Fig. 1.
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Fig. 7. The simulation results.

2.9. System dynamics and performance analysis emphatically analyzed, and the state of 3DDWCS will be de-
It can be seen from the above analysis that 3DDWCS has  termined through the state of the y—z phase diagram. The phase

chaotic characteristics and can detect weak signals in theory.  trajectory of 3DDWCS is plotted based on Figs. 2(a), 2(b) and
Next, the change of 3DDWCS with the parameter f will be 3(a), 3(b) as shown in Fig. 8.

(a) f=0.01

5 (P) f=0.5

Fig. 8. Evolution process of the 3DDWCS phase trajectory when f € [0,5].

As can be seen from Fig. 8, the evolution process of the among which (a) is the first stage, (b)—(e) are the second stage,

3DDWCS phase trajectory has roughly three stages: chaotic  and (f) is the third stage. The phenomenon of spiral chaos

attractor, chaotic double wings, and periodic double wings, appears in Figs. 8(a)-8(c). At the same time, Fig. 8(e) is the
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phase diagram when the system is in a critical chaotic state,
and Fig. 8(f) is the phase diagram when the system is in a
large-scale periodic state. It is verified that f = 2.609 is the
critical threshold of 3DDWCS.

Let P = fisin(wt) +n(t) be the signal to be measured,
n(t) be the noise, adjust 3DDWCS to the critical state, that is,
f=2.609, and then input P into the detection system to obtain

X=—-35x—y+2yz,

When n(¢) is Gaussian white noise with a mean of 0 and an in-
tensity of J, let the minimum f; that 3DDWCS can detect be
/1 min and substitute it into Eq. (8) to calculate the SNR thresh-
old of the system.[*3 The results of the performance analysis
of 3DDWCS under different noise intensities are shown in Ta-
ble 3.

. 2
) =y — xz+2.609sin(wr) + P 7 S mi
T (W) +F, @ SNR = 101g ( i ). @®)
Z=—z+xy. 26
Table 3. Results of the 3DDWCS performance analysis under different noise intensities.
[ Amplitude detection result SNR (dB)
0
-2
—4
N —6
—8
0.1 —_10 —67.44
—12
—-10 -5 0 5 10 —-10 -5 0 5 10 15
Yy Yy
1 =0.00006 /1 =0.00005
0.05 —64.94

1 =0.00004

-10 -5 0 5 10
Y

f1 =10.00003

As shown in Table 3, when 6 = 0.1, fi min = 0.00006
and SNR = —67.44 dB; when 8 = 0.05, fimin = 0.00004
and SNR = —64.94 dB. In general, the detection effect of
3DDWCS is good, and the SNR threshold is low. However,
it can be seen from the y—z phase diagram of Table 3 6 = 0.1,
/1 =0.0001 and 6 = 0.05, f; = 0.00004 that although the sys-
tem is in a periodic state, the phase trajectory is loose and
rough, indicating that the system’s anti-noise performance is
general. Therefore, we introduce fractional-order calculus into
3DDWCS to improve the anti-noise performance of the detec-
tion system.

3. Fractional-order three-dimensional double-
wing chaotic systems

The application of fractional-order calculus in chaotic
systems shows unique advantages, especially in the accuracy
of complex system modeling, the richness of dynamic behav-
ior, and the superiority of system performance. Taking advan-
tage of this unique advantage, the ability of the chaotic system
to detect weak signals can be significantly improved, which
not only improves the accuracy of signal capture and feature
analysis but also enables the chaotic system to work effectively
in complex and dynamic environments, providing reliable sup-
port for practical applications.

3.1. The proposed system model 2

The fractional-order derivative is introduced into Eq. (1),
and the fractional-order 3D double-wing chaotic system
(FO3DDWCS) is obtained, which is named proposed system
model 2. The system model is

Dix=w(~ax—y+byz),
Dy =wlc(y —xz) + fsin(wt)], )
Diz=wld(—z+x)],
where ¢ is the order.
The parameter values of Eq. (9) are
(a,b,c,d) = (35,2,1,1),
{ (XQ,yO,Z()) = (0.1,0.1,0.1).

The numerical approximate solution of FO3DDWCS is

calculated using the Adams—Bashforth—-Moulton prediction-

(10)

correction method based on the Caputo definition and is used
to plot the phase diagram of FO3DDWCS. The fractional-
order Adams method introduced in Ref. [36] is one of the most
effective prediction-correction methods and is widely used to
solve fractional-order differential equations involving Caputo-
type fractional-order derivatives.

3.2. Selection of fractional order and determination of
critical thresholds

The integer-order chaotic system can be understood as a
special case of fractional-order chaotic systems when the or-
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der is an integer. Except for the order of the system, the in-
fluence of other parameters in a fractional chaotic system is
similar to that in the integer chaotic system. Based on this, the
research focus will be on the influence of fractional order on
3DDWCS. Therefore, the SE complexity diagram and fluctua-
tion dispersion entropy (FDE) diagram varying with parameter
q are used for analysis. The parameters of FO3DDWCS take
Eq. (9), f =2.971 and w = 1, and the results are shown in
Fig. 9.

0.40

(a) ¢SE

SE

S ©
[
a S

b) ¢-FDE
(b) ¢ X0.7 1 X0.95
0.20 ¥0.18600ft ‘w Y 0.18408

FDE

0 0.2 0.4 0.6 0.8 1.0
q

Fig. 9. SE complexity diagram and FDE diagram of FO3DDWCS vary-
ing with parameter g.

As can be seen from Fig. 9, when g > 0.7, FO3DDWCS
has higher entropy complexity, which means it has richer dy-
namic behavior. Next, based on Eq. (9), the step size is 0.01.
Taking g = 0.95 and ¢ = 0.99 as an example, the bifurcation
diagrams f—y, under different orders are compared. The simu-
lation results are shown in Fig. 10, where (a) is the bifurcation
diagram when g = 0.95, (b) is a local intercept diagram of (a)
when f € (2,4), (c) is the bifurcation diagram when ¢ = 0.99,
and (d) is a local intercept diagram of (c) when f € (2,4).

It can be observed from Figs. 10(a) and 10(c) that the
bifurcation diagrams when g = 0.95 and g = 0.99 are simi-
lar. Therefore, take local intercept diagrams respectively when
f € (2,4), as shown in Figs. 10(b) and 10(d). It can be ob-
served that the convergence speed of ¢ = 0.95 is greater than
that of ¢ = 0.99 near the critical threshold, which will make
the phase trajectory contrast when the chaotic system changes
from a chaotic state to a large-scale periodic state at the criti-
cal threshold more obvious, and the critical threshold that can
be selected is more accurate, which lays a good foundation for
the detection of weak signals. Therefore, this paper selects the
detection system when g = 0.95 for detection experiments.

The critical threshold f] of the system should be deter-
mined before using FO3DDWCS for weak signal detection. It
can be seen from Figs. 10(a) and 10(b) that f; € (2.7,3.3),

so the step size is 0.001 and the bifurcation diagram when
f €[2.7,3.3] is drawn, as shown in Fig. 11, and the critical
threshold can be obtained f; =2.971.

15 . . . . —
(a) ¢g=0.95 10°

" (b) q=0.95]

S b
ol
&
o 1 2 3 4 5 2.0 25 3.0 35 4.0

o 1 2 3 4 5 2.0 25 3.0 35 4.0
f f

Fig. 10. Bifurcation diagrams for parameter f.

10

—
=
S

Yn

PR
2.7 2.8 29 30 31 32 33
f

Fig. 11. Bifurcation diagrams for parameter f when the step size is
0.001.

3.3. System dynamics and performance analysis

The phase trajectory of FO3DDWCS is drawn according
to Fig. 10(a), as shown in Fig. 12. As can be seen from Fig. 12,
the evolution process of the FO3DDWCS phase trajectory has
roughly three stages: chaotic attractor, chaotic double wings,
and periodic double wings, among which (a) is the first stage,
(b), (c), and (e) are the second stage, (g) is the third stage,
(d) is the 3D phase diagram of (e), and (f) is the 3D phase
diagram of (g). The phenomenon of spiral chaos appears in
Fig. 12(a). At the same time, Figs. 12(d) and 12(e) are phase
diagrams when the system is in a critical state, and Figs. 12(f)
and 12(g) are phase diagrams when the system is in a large-
scale periodic state. It is verified that f = 2.971 is the critical
threshold of FO3DDWCS. Its dynamic behavior is similar to
that of 3DDWCS, both of which have three stages. The com-
parison of the state changes of the two systems when f € [0, 5]
is shown in Table 4.

Table 4. Comparison of state changes between 3DDWCS and
FO3DDWCS in f € [0,5].
S f
ystem status
3DDWCS FO3DDWCS
Phase 1 0-0.33 0-0.88
Phase 2 0.34-2.609 0.89-2.971
Phase 3 2.610-5 2.972-5
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2 2
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(f) f=2.972
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Fig. 12. Evolution process of the FO3DDWCS phase trajectory when f € [0,5].

Table 5. The performance analysis results of FO3DDWCS under different noise intensities.

[ Amplitude detection result SNR (dB)
2 2
0 0
_9 ﬁ -2
N —4 } N —4
0.1 —6 / —6 —124.94
-8 / -8
—10 —10
—-10 =5 0 5 10
Yy
f1=08x1077
2 2
0 0
—92 \ —92
n —4 ] n —4
0.05 —6 | —6 —116.98
-8 / -8
—10 —10

-10 -5 0 5 10
Y

f1=0.1x10"°

f1=0.9x10"7

Next, the performance of FO3DDWCS is analyzed. The
system is adjusted to the critical state, which is f =2.971, and
the signal to be measured P = f sin(wt) + n(z) is input into
the detection system to obtain

DY x = w(—35x — y+2yz),
DYy = w[y—xz+2.971sin(wt) + P],
DYz = w(—z+xy).

Y

When 7n(t) is a Gaussian white noise with a mean of 0 and an
intensity of 8, the minimum f; that FO3DDWCS can detect is
f1,min. Substitute it into Eq. (8) to calculate the SNR threshold
of the system. Table 5 shows the performance analysis results
of FO3DDWCS under different noise intensities.

As shown in Table 5, when 6 = 0.1, fj min = 0.8 x 1077
and SNR = —124.94 dB; when & = 0.05, fi min = 0.1 x 1076
and SNR = —116.98 dB. It can be seen that FO3DDWCS
has an excellent detection effect and can detect weak sig-
nals under ultra-low SNR thresholds.
can be seen from the y—z phase diagrams of Table 5 § = 0.1,
fi=0.8x10""and 8§ = 0.05, f; =0.1 x 107 that at this time
the system exhibits a periodic state, and the phase trajectory

At the same time, it

is relatively smooth and compact, indicating that the system’s
anti-noise performance has been greatly improved compared
with 3DDWCS.

The detection performances of FODCDS, FODVP,
FOHOD-VPO, 3D chaotic system 1, 3D chaotic system 2,
3DDWCS and FO3DDWCS are compared, and the detection
performance results of the seven chaotic systems are shown
in Table 6. The first three detection systems are fractional-
order chaotic systems based on the improvement of the Duft-
ing oscillator, and the fourth and fifth detection systems are
3D chaotic systems proposed in recent years that introduce a
new variable z.

It can be seen from Table 6 that, under the background
of Gaussian white noise with an intensity of 0.05, the min-
imum detectable SNR thresholds of the proposed 3DDWCS
and FO3DDWCS are —64.94 dB and —116.98 dB, respec-
tively. Under the background of Gaussian white noise with an
intensity of 0.1, the minimum detectable SNR thresholds of
the proposed 3DDWCS and FO3DDWCS are —67.44 dB
and —124.94 dB, respectively. It can be concluded that
FO3DDWCS has a lower SNR threshold than both the
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Table 6. The detection performance results of the seven chaotic systems.

Noise intensity

Detection model 0.05 0.1
SNR (dB) S1,min SNR (dB) S min
FODCDS! na na —43.01 0.001
FODVP?! na na -69.03 0.00005
FOHOD-VPOP! na na -70.97 0.00004
3D chaotic system 114! -57 0.0001 -63 0.0001
3D chaotic system 2[1°! -51 0.0002 -53 0.0003
3DDWCS —64.94 0.00004 —67.44 0.00006
FO3DDWCS -116.98 0.1x107° —124.94 0.8 x 1077

Note: “n.a” represents that performance data is unavailable for systems.

integer-order 3D chaotic system and the fractional-order
chaotic system improved based on the Duffing oscillator, and
can detect weak signals under ultra-low SNR threshold with
excellent detection effect.

4. Weak signal detection

The phase trajectory is the path of the state of a dynamic
system in the phase space, representing the evolution of the
state variables over time. For chaotic systems, the phase tra-
jectory may show complex and irregular behavior. External
signals such as periodic signals affect the state of the system.
When the external signal contains specific frequency compo-
nents, these frequencies will affect the phase trajectory in a

Start

specific way. Therefore, the chaotic system can effectively de-
tect the signal frequency by analyzing the phase trajectory.

4.1. The proposed detection method

With the continuous progress of ship stealth technology,
the sound level of SRN is becoming increasingly weak, which
makes it difficult for the SNR threshold of the existing de-
tection system to meet the detection requirements.*”! In or-
der to realize the detection of weak signals under ultra-low
SNR threshold, a weak signal detection method based on
FO3DDWCS is proposed and applied to the detection of SRN.
The basic steps of this method to detect signal frequency are
given as follows.

Establish chaotic
system model

—»Dly= w[c(y xz)+/sm(wt)]

!

k ! x = w(—ax—y+byz)

Dz =w[d(-z+xy)]

Make the system in a
critical chaotic state

Set parameters

7 (%05 V9> %) =(0.1,0.1,0.1)

(a, b, ¢, d, f)=(35, 2, 1, 1, 2.971)
q=0.95

. .

Add the signal to be

—

Dlo‘gsx =w(-35x—-y+2yz)
DMy = w[y —xz+2.971sin(wt) + P]

D,O Pz = w(—z+xy)

_5 L/m OD measured P

Draw timing

diagram ln‘\M.ln'll.lxl\‘\’1\1‘1“‘4]1'\’1'1\\Ml(w‘xwll}’\\l‘t‘n‘i«ln‘(’ W
l °0 5000 10000 10500
TN
> UH'H”}H mtmlvml\\ "W‘(”"\\W (\niflw(l
Draw phase 5o 5000 10000 10500
N 5 T
trajectory w0 WWMMMNM"MMW\]
JO 5000 10000 10500

|

Determine frequency
component

End

Fig. 13. A flow chart of the proposed detection method.
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Step 1: Establish a chaotic system model, as shown in
Eq. (9), and obtain its dynamic behavior through simulation
experiments.

Step 2: Set parameters, as shown in Eq. (10). Define sys-
tem parameters such as initial conditions, driving frequency,
etc. to ensure that the system is in a critical chaotic state.

Step 3: Add the signal to be measured, which is a peri-
odic signal containing unknown frequency components, into
the chaotic system, as shown in Eq. (11).

Step 4: Draw timing diagram. The system state variables
x, y and z are recorded through simulation experiments, and
the recorded data are organized to form a time series diagram.

Step 5: Draw phase trajectory. By plotting the trajectory
of state variables in the phase space, the phase trajectory of the
system can be observed.

When the
phase trajectory in Figs. 12(d) and 12(e) changes from a

Step 6: Determine frequency component.

chaotic state to a periodic state and the signal in the timing di-
agram changes from a disordered signal to an ordered signal,
the periodic signal frequency in the signal to be measured can
be detected, that is, it is equal to the frequency of the chaotic
system.

Based on the above steps, the flow chart of the proposed
detection method is shown in Fig. 13. The general flow chart
of the article is shown in Appendix A.

4.2. Detection experiment

Next, based on the proposed detection method, detec-
tion experiments are carried out on the basis of the detec-
tion system, see Eq. (11). The analog signal, SRN, and ma-

(b)

rine biological signal (MBS) are input into the detection sys-
tem FO3DDWCS, respectively, and the changes in the system
phase diagram and timing diagram are observed.

4.2.1. Analog signal detection experiment

A multi-spectrum periodic signal consists of multiple fre-
quency components, which can be expressed as the superposi-
tion of multiple sine waves. This diversity can effectively sim-
ulate various signal characteristics that may be encountered in
practical applications. Multiple signals of different waveforms
can be superimposed on the same frequency. If the target being
detected (sinusoidal signal) is polluted by an irrelevant signal,
the signal will be distorted. Therefore, the sine signal and the
square wave can be combined to form a distortion signal, and
the ability to detect the distortion signal can be evaluated by
injecting the distortion signal into the detection system.

However, actual signals are often accompanied by noise.
Therefore, adding noise to multi-spectrum periodic signals
and distorted signals respectively can more realistically simu-
late the signal environment in actual applications, making the
experimental results more realistic and helpful in verifying the
practicality of chaotic systems in complex environments. Us-
ing the noisy multi-spectrum periodic signal and the noisy dis-
torted signal, the analog signal detection experiment is carried
out respectively. The specific expressions are shown in Ta-
ble 7, where there is Gaussian white noise with a mean of 0
and an intensity of 0.05. The built-in driving force frequency
of the detection system is set to 2 and 3 respectively. The de-
tection results of the analog signal are shown in Fig. 14.

()

5
s 0 l](yl‘A,lYAvlyx,x,x’llﬁv111’lll’(IJ’JKW’lvl’l’l’l&l&lﬁl‘ATW,AIl,lrl‘lYJll(lll(l
_120 5000 10000 15000
o SRR
AR AR AL
0O 5000 10000 15000
n =5
7100 5000 10000 15000
()
5
8 0
_120 5000 10000 15000
5
= e
OO 5000 10000 15000
w5
_100 5000 10000 15000

n

Fig. 14. Analog signal detection results: (a), (b), (c) noisy multi-spectrum periodic signal; (d), (e), (f) noisy distorted signal.

Table 7. Analog signal.

Analog signal

Signal composition

Built-in driving frequency w

Noisy multi-spectrum periodic signal
Noisy distorted signal

P =0.01[sin (1¢) + sin (2r) + sin (3¢)] + n(r) 2
P =0.01[sin (3t) + square(3t)] + n(r) 3
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Figures 14(a)-14(c) show the detection results of the
noisy multi-spectrum periodic signal. At this time, the phase
diagram shows a periodic state, and the signal in the timing
diagram is an ordered signal, indicating that the detection sys-
tem Eq. (11) detects a periodic signal with a frequency of 2 in
the noisy multi-spectrum periodic signal. Figures 14(d)-14(f)
show the detection results of the noisy distorted signal. At this
time, the burrs on the y—z plane phase diagram are more se-
rious, but it can still be seen from the 3D phase diagram that
the system is in a periodic state, and the signal in the timing
diagram is an ordered signal, indicating that the detection sys-
tem Eq. (11) detects a periodic signal with a frequency of 3 in
the noisy distorted signal. The effectiveness of the proposed
detection method is verified.

4.2.2. Ship radiated noise detection experiment

The proposed detection method is tested by us-
(38391 The
come from

ing SRN, which is nonlinear and unsteady.
data of four merchant ship categories
https://github.com/irfankamboh/DeepShip. The sampling fre-
quency of the data is 32 KHz. A set of data from passenger
ships, tugboats, and tankers are selected respectively, and re-
sampled at 1 kHz and 15000 sampling point fragments are
intercepted, named E1, E2, and E3 respectively. The signals
are normalized and tested as the signals are measured. The
time domain waveform and power spectrum of the sampled
data are shown in Fig. 15, where the first column and the
second column are the time domain waveform and the power
spectrum of El, E2, and E3 respectively. The frequencies
of E1, E2, and E3 are 2.57143 Hz, 2.42857 Hz, and 2 Hz,
respectively.

The SRN El1, E2, and E3 are respectively input into
the detection system Eq. (11), and the detection results are
reflected by the phase trajectory and timing diagram of the

system. If the system state becomes a stable periodic state,

0.6 @ B i
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o L L bl

AL RARMLY
o W g
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it means that the signal to be measured contains a periodic
signal. The detection results are shown in Fig. 16, where
Figs. 16(a)-16(c) are the detection results of E1, Figs. 16(d)—
16(f) are the detection results of E2, and Figs. 16(g)-16(i) are
the detection results of E3.

As can be seen from Fig. 16, all timing diagrams are se-
quential signals, and all phase trajectories change from the
critical threshold state in Figs. 12(d) and 12(e) to the large-
scale periodic state, which proves that the detection system
successfully detects the frequency of El as 2.57143 Hz, the
frequency of E2 as 2.42857 Hz, and the frequency of E3 as
2 Hz.
is verified. Compared with the large-scale periodic states in

The effectiveness of the proposed detection method

Figs. 12(f) and 12(g), the periphery of the phase trajectory in
This
is due to the influence of various noises in the SRN and is a

Fig. 16 is obviously thickened and has obvious burrs.

normal phenomenon.

4.2.3. Marine biological signal detection experiment

In order to verify the universality of the proposed
detection method, this study used this method to ver-
ify the MBS. The audio data come from the website
http://www.whoi.edu/watkinssounds. Select a set of data of
Bottlenose Dolphin and Harp Seal respectively, resample at
1 kHz and intercept 15000 sampling points, named F1 and F2,
respectively. Figure 17 shows the time domain waveform and
power spectrum of the sampled data, where the frequencies
of F1 and F2 are 0.714286 Hz and 3 Hz, respectively. The
detection results are shown in Fig. 18.

As shown in Fig. 18, the phase diagram of the system is
periodic, which proves that the proposed detection system suc-
cessfully detects the F1 frequency of 0.714286 Hz and the F2
frequency of 3 Hz, and verifies the universality of the proposed

detection method.
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Fig. 15. Time domain waveform and power spectrum of SNR.
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Fig. 17. The time domain waveform and power spectrum of MBS.
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Fig. 18. The detection results of MBS.

4.2.4. Comparison of detection methods

At the same time, in order to better reflect the detection
situation of FO3DDWCS in the application, the SRN E3 is in-
put into the detection system 3ADDWCS, 3DCS1, FODVP, and
FOHOD-VPO, respectively. The detection results are shown

in Table 8.

As can be seen from Table 8, all systems can success-
fully detect the periodic signal in E3. However, by compar-
ing the detection results of FO3DDWCS in Fig. 16(h) with
the phase diagrams of integer-order chaotic systems 3DDWCS
and 3DCSI, it can be found that the phase diagram of the
integer-order system is relatively smooth, while the phase
diagram of the fractional-order chaotic system FO3DDWCS
shows more details and glitches. This phenomenon shows
that the fractional-order chaotic system is more sensitive to
noise, can better capture subtle changes in the signal, and has
higher detection accuracy. In contrast, the phase diagrams of
other fractional-order chaotic systems FODVP and FOHOD-
VPO are rougher and have more glitches, indicating that their
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anti-noise performance is weaker. In addition, combined with
the SNR data of each system in Table 6, FO3DDWCS has
the lowest SNR, which further verifies its superior perfor-

mance in weak signal detection. In summary, the proposed
FO3DDWCS system shows significant advantages in both
anti-noise performance and detection accuracy.

Table 8. Detection results of each system after adding SRN E3.

Phase diagram

Integer-order chaotic system

dz/dt

Fractional-order chaotic system

dz/dt
=)

-2

FODVP!?

—-15 —0.5 0.5 1.5
T

FOHOD-VPOBY

5. Discussion

The proposed detection method can detect the existence
of the signal to be measured, but it still has some limitations:

(1) By introducing a new dimension, the attractor of the
system is successfully extended from the 2D phase space
to the 3D phase space. The 3D chaotic system can gener-
ate more diverse trajectories, which may not be realized in
the 2D space. However, the specific characteristics of the
FO3DDWCS changing from chaos to order at the critical
threshold are not well understood. In the future, the detailed
changes of the 3D phase trajectory near the critical threshold
will be studied.

(2) The detection of SRN can only be based on the power
spectrum diagram of the signal to determine the possible fre-
quency components of the signal, and the frequency of the sig-
nal cannot be accurately determined through the system. Sub-
sequent work will use the frequency sweep method to detect

signals of unknown frequencies.

6. Conclusions

In order to detect weak signals under an ultra-low
SNR threshold, a weak signal detection method based on
FO3DDWOCS is proposed and applied to the detection of SRN.
The main conclusions of this paper are summarized as follows.

(1) A3DDWCS with a sine term is proposed. The nonlin-
ear characteristics of the 3DDWCS, such as bifurcation, Lya-

punov exponent, and equilibrium point, are analyzed in detail.

A Simulink simulation model of 3DDWCS is established and
run. It is proven that the 3DDWCS can be used for the detec-
tion of weak signals with good detection effect.

(2) FO3DDWCS is proposed. Fractional calculus is intro-
duced into 3DDWCS, and the selection of the fractional order
is discussed. The critical threshold of the system is determined
through the bifurcation diagram and then verified based on the
phase trajectory.

(3) In the performance analysis experiment, the out-
put SNR threshold of 3DDWCS is relatively low, which is
—67.44 dB. The performance of FO3DDWCS considering
fractional-order derivatives is better, with an SNR threshold
of —124.94 dB, achieving signal detection under an ultra-
low SNR threshold. The proposed FO3DDWCS is signifi-
cantly better than the integer-order 3D chaotic system and the
fractional-order chaotic system based on the Duffing oscilla-
tor in terms of noise resistance and has an excellent detection
effect.

(4) A weak signal
FO3DDWCS is proposed and successfully applied to the
detection of multi-line spectrum periodic signals, distorted

detection method based on

signals, SRN, and MBS, verifying the effectiveness and prac-
ticality of the proposed detection method.

In summary, the proposed detection method can effec-
tively detect and extract the frequency of SRN under an ultra-
low SNR threshold, and the detection effect is excellent. This
will help improve the monitoring, reconnaissance, early warn-

ing, and protection capabilities in the marine field.
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Appendix A: The general flow chart of the article
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