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Transformer-based neural-network quantum states (NNQS) have shown great promise in representing quantum many-
body ground states, offering high flexibility and accuracy. However, the interpretability of such models remains limited,
especially in terms of connecting network components to physically meaningful quantities. We propose that the attention
mechanism — a central module in transformer architectures — explicitly models the conditional information flow between
orbitals. Intuitively, as the transformer learns to predict orbital configurations by optimizing an energy functional, it ap-
proximates the conditional probability distribution p(x,|xi,...,x,_1), implicitly encoding conditional mutual information
(CMI) among orbitals. This suggests a natural correspondence between attention maps and CMI structures in quantum
systems. To probe this idea, we compare weighted attention scores from trained transformer wavefunction ansatze with
CMI matrices across several representative small molecules. In most cases, we observe a positive rank-level correlation
(Kendall’s tau) between attention and CMI, suggesting that the learned attention can reflect physically relevant orbital de-
pendencies. This study provides a quantitative link between transformer attention and conditional mutual information in the
NNQS setting. Our results provide a step toward explainable deep learning in quantum chemistry, pointing to opportunities
in interpreting attention as a proxy for physical correlations.

Keywords: attention mechanism, quantum chemistry, many-body Schrédinger equation, entanglement en-

tropy
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1. Introduction

Neural-network quantum states (NNQS) have become a
powerful paradigm for approximating solutions of the elec-
tronic Schrodinger equation. Beginning with restricted Boltz-
mann machines for spin systems,!!! the field has rapidly ad-
vanced to include deep neural trial states such as FermiNet, %!
which introduced antisymmetry-preserving deep wavefunc-
tions for electrons, and PauliNet,®! which incorporated ex-
plicit correlation factors to improve accuracy. Convolu-
tional architectures have also been developed, for example
in the two-dimensional Hubbard model,[*! where convolu-
tional filters were used to efficiently capture local correlations.
Further developments include fermionic RBM ansatze opti-
mized via variational Monte Carlo,"’! message-passing neu-
ral quantum states that leverage graph architectures to cap-
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ture nonlocal correlations,[®! and autoregressive neural wave-
functions for electrons.”! Collectively, these works demon-
strated that expressive neural parameterizations can achieve
near-chemical accuracy while scaling to Hilbert spaces far
beyond the reach of traditional variational methods such as
Hartree—Fock, full configuration interaction (FCI), or coupled-

y.18-191 More broadly, attention-based neural ar-

cluster theor
chitectures have also been deployed in physics and materi-
als domains, including crystal property prediction,!'!) protein
essentiality analysis,[!?! and reinforcement-learning decoders
for topological codes,!'3 underscoring the versatility of atten-
tion across scientific applications.

Building on this foundation, transformer architectures!'#!
have recently emerged as effective NNQS backbones for

correlated-electron systems. Several groups have reported
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competitive ground-state energies together with qualitatively
interpretable attention patterns. For instance, PsiFormer!!]
introduced a self-attention ansatz inspired by the vision trans-
former architecture to represent electronic wavefunctions in
ab initio quantum chemistry. Wu et al.!'®! proposed NNQS-
transformer with autoregressive masking, Geier et al.['”) ap-
plied a transformer-based ansatz to moiré-electron systems,
and Gu et al.l"®! explored the doped Hubbard model, where
attention heads appeared to capture physically relevant mo-
tifs. While these studies indicate that self-attention can encode
aspects of electronic structure, their analyses remain largely
qualitative, for example, correlating attention heads with or-
bital distances or geometric motifs without establishing rigor-
ous connections to measurable quantities. Thus, despite the
practical success of transformer NNQS, the role of attention
in encoding quantum correlations remains phenomenological.
This motivates our work, which establishes a quantitative link
between attention maps and conditional mutual information
computed from exact wavefunctions.

To address the interpretability challenge, we focus on the
second-quantized representation of electronic structure, where
orbital occupations provide a natural language for attention-
based generative modeling. Within this setting, we propose
a physically motivated hypothesis linking transformer atten-
tion maps to quantum information theory. Specifically, we
conjecture that the attention scores learned by transformer-
based NNQS correspond closely to the CMI between molec-
ular orbitals — a measure that quantifies correlation under
the second-quantized framework. This intuition is grounded
in the model’s generative structure: the transformer autore-
gressively models the joint distribution of orbital occupa-
tions by approximating conditional probabilities of the form
p(xp|x1,...,x,—1). Through this learning objective, the model
implicitly encodes the statistical dependence between the cur-
rent orbital and its predecessors. The attention mechanism, as
a central component in this process, offers an explicit compu-
tational pathway for capturing these conditional dependencies.
Thus, we hypothesize that the attention maps generated during
sampling reflect the underlying CMI structure of the system.
If validated, this correspondence would provide a bridge be-
tween deep learning architectures and physically interpretable
quantities, offering new insights into how quantum correla-
tions are modeled within neural networks.

To evaluate this hypothesis, we adopt the QiankunNet
framework,!'%! a class of variational quantum states parame-
terized by transformer architectures. QiankunNet is, to our
knowledge, one of the earliest and few NNQS models for-
mulated directly in the second-quantized orbital-occupation
representation with an autoregressive transformer backbone,
making it a natural testbed for our study. This approach has
been demonstrated to efficiently model complex many-body

wavefunctions, offering a scalable and expressive alternative
to traditional electronic-structure methods. Within this frame-
work, we compute both the weighted attention scores from
the transformer and the conditional mutual information matri-
ces derived from FCI wavefunctions for several representative
small molecules. Our empirical analysis reveals that for sev-
eral small molecules, the attention-induced relevance rankings
show positive alignment with those obtained via CMI. These
results provide initial evidence that attention mechanisms can,
under suitable conditions, reflect aspects of quantum correla-
tions in a physically meaningful manner.

This work presents a quantitative exploration linking
transformer attention maps with CMI, which is closely re-
lated to conditional entanglement entropy. Rather than claim-
ing a universal law, our results suggest a promising perspec-
tive on how deep learning models — specifically those based
on attention — can encode interpretable structures in quan-
tum many-body systems. By grounding abstract neural mech-
anisms in measurable quantum information quantities, our ap-
proach contributes toward the broader goal of explainable Al
in scientific modeling.

The remainder of the paper is organized as follows. Sec-
tion 2 provides the necessary background on QiankunNet, von
Neumann and mutual information entropy, and transformer at-
tention mechanisms. Section 3 introduces our methodology
for computing conditional mutual information and weighted
attention scores. Section 4 presents a simplified theoretical
analysis using a surrogate linear—autoregressive model to elu-
cidate the relationship between attention and mutual informa-
tion. Section 5 presents numerical experiments on several
molecular systems, highlighting both the observed alignment
and cases where it weakens. We conclude in Section 6 with a
discussion of implications, limitations, and directions for fur-
ther investigation.

2. Background

In this section, we present the foundational concepts that
underpin our study: the transformer-based neural-network
QiankunNet, the notion of quantum entanglement entropy
and mutual information, and the attention mechanism used in

transformer architectures.

2.1. QiankunNet

The QiankunNet is introduced to overcome the scalability
limitations inherent in traditional ab initio electronic-structure
methods, particularly within the formalism of second quanti-
zation. The many-body wavefunction is represented in polar
form as ¥(x) = |¥|(x)e'?™), where both the amplitude and
the phase are modeled using neural networks. The phase ¢ (x)
is parameterized by a multi-layer perceptron (MLP)

¢(x)=0c0Lzo---000L;(x), @)
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where d denotes the depth of the network, ¢ is a nonlinear
activation function, and L; represents the linear transformation
at the i-th layer. The input vector x = [x],...,x,] encodes the
occupation states of n orbits. The amplitude [¥|(x) is modeled
in an autoregressive manner using a transformer, such that the
squared modulus of the wavefunction satisfies

n
(PP (x1,. .0 x0) & [P |2 (x) = [Troxilxa), 2
=1

where pg is the conditional distribution learned by a trans-
former with parameters 0. The transformer architecture em-
ployed in QiankunNet consists of an input embedding layer,
a stack of self-attention blocks, and a final linear output pro-
jection. Each transformer block includes the following com-
ponents: (1) a multi-head self-attention layer with residual
(skip) connection; (2) layer normalization; (3) a position-wise
feedforward network (typically implemented as an MLP) with
residual connection; (4) a second layer normalization step.

Autoregressive sampling proceeds as follows: given a
partially generated sequence of orbital states [xy, ..., x|, a spe-
cial start token S is prepended to form the input sequence
[S,x1,...,x¢]. The transformer processes this sequence and
outputs a set of vectors [zo,z1, . - ., 2], Where z; encodes a prob-
ability distribution over the vocabulary for predicting the to-
ken at position i 4 1. In particular, z; predicts the orbital state
Xr+1- Thus, the i-th token position consistently corresponds to
the i-th orbital throughout the network, while the start token S
serves only to bootstrap prediction of the first orbital.

Solving the many-body Schrodinger equation reduces to
an eigenvalue problem in which the ground-state energy is ob-
tained by minimizing the energy expectation value:

(o H|Pe)

(Hwy = (Wol¥o)

3)
where H is the Hamiltonian and ¥ is the trial wavefunc-
tion parameterized by the neural network. This objective is
optimized using large-scale variational Monte Carlo (VMC),
which samples electron configurations according to the prob-
ability density |¥(x)|?>. The QiankunNet framework offers
both expressive representational power and scalability to a
large Hilbert space. However, its architectural complexity fea-
turing multiple nonlinear modules such as self-attention and
feedforward networks makes it challenging to interpret how
individual components contribute to the modeling of physi-
cally meaningful structures.

2.2. Entropy

Quantum information theory has long been applied to an-
alyze electron correlations in quantum chemical systems based
on traditional wavefunction calculations. In particular, or-

bital entanglement measures such as single-orbital entropy and

orbital-pair mutual information have been used to character-
ize static and dynamic correlation, guide active-space selec-

s.119-221 Building on

tion, and reveal chemical bonding pattern:
this tradition, we briefly review the basic definitions of entan-
glement entropy and mutual information, which will form the
foundation for our conditional mutual information analysis in
transformer-based NNQS.

In quantum information theory, the von Neumann entropy
serves as a fundamental measure of uncertainty or mixedness
in a quantum system. It plays a role analogous to that of Shan-
non entropy in classical information theory. >34 For a system
described by a density matrix p, the von Neumann entropy is
defined as

S(p)=—Tr(plnp), 4)

where Tr denotes the trace over the Hilbert space of the sys-
tem. When a system is partitioned into two subsystems, A
and B, the interaction between A and B can be described by
the entanglement entropy, which is given by the von Neumann
entropy of the reduced density matrix of each part

Saip = —Tr(palnps) = —Tr(pplnpg). )

In the case of a pure state, the reduced density matrix is defined
as

pa=Trg|¥)(¥|, pp="Ta|¥)(¥|. (©)

Here, ps (pp) is obtained by tracing out the states associated
with subsystem B (A).

In quantum chemistry, understanding orbital interactions
is essential for analyzing electronic structure, chemical bond-
ing, molecular physical properties and reactivity. While con-
ventional frameworks such as molecular orbital theory and lig-
and field theory often provide qualitative insights, quantum
information theory offers a quantitative alternative through
the notion of entanglement entropy. Specifically, consider a
molecular system described by a Hilbert space spanned by k
orbitals. One can partition the system into a single orbital and
its complementary subsystem. The von Neumann entropy of
the reduced density matrix associated with the single orbital
quantifies how strongly it is entangled with the rest of the sys-
tem. This quantity is referred to as the single-orbital entropy,
and it serves as a localized measure of orbital correlation.

Let {]i)} denote the local basis of the selected orbital, and
{|n) }the basis for the remaining orbitals. The reduced density

matrix for the single orbital is then!>!

pii = Y (n| (i) (W) In), @)

and according to Eq. (5) above, its von Neumann entropy is
given by

4
S = — Z Wi In g ;, (8)

a=1
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where wq ; are the eigenvalues of the reduced density matrix.
Each orbital admits four possible occupation states: empty
[—). spin-up |, spin-down |4) and doubly occupied |{}),
resulting in a 4-dimensional reduced density matrix.

Similarly, one can extend the analysis to pairs of orbitals.
By partitioning the system into a two-orbital subsystem and
the remaining orbitals, the two-orbital entropy quantifies the
degree of entanglement between the selected pair and the rest
of the system. The von Neumann entropy of the reduced two-
orbital density matrix is given by

16
Z @g,ijIn g i, )

a=1

Sij = —

where @y ;; are the eigenvalues of the 16-dimensional reduced
density matrix for the orbital pair (i, j). The dimensionality
arises from the tensor product of the four-level Hilbert spaces
associated with each orbital. Following the formulation by

[20

Rissler et al.,[?%! the mutual information between orbitals i and

Jj is defined as

Lij= %(Siﬂfsz‘j)(l*&j), (10)
where §;; is the Kronecker delta function ensuring that [;; = 0.
This expression captures the total (quantum) correlation be-
tween the two orbitals, and serves as the quantum analogue
of mutual information in classical information theory, up to a
normalization factor.

2.3. Attention mechanism and attention map

In transformer and other attention-based architectures, the
attention mechanism serves to model dependencies between
different positions or tokens within a sequence. Given the
query, key, and value projections Q, K,V and input token fea-
tures 7" = (z1,...,z)7, attention computes a weighted aggre-
gation of information as

exp (LK)

Epexp (1K)

where A;; denotes the normalized attention weight from to-

Zout — AZmV, Aij —

Y

ken i to token j, and 7 is a temperature parameter controlling
the sharpness of the distribution. The attention matrix A cap-
tures the relative importance of each token j in constructing
the output representation for token i, thereby encoding how
contextual information flows across the sequence.

In practice, transformers employ multi-head attention to
allow the model to jointly attend to information from differ-
ent representation subspaces. Each attention head is associ-
ated with its own set of projection matrices (Q', K*, V'), where
I =1,...,H and produces an attention matrix A’. The outputs

of all heads are linearly transformed and aggregated as

T

<Q'Zi)~(1<’z,))

exp (
M=y AV, Al = oy (12
1 5 exp (0]
where O' denotes the output projection matrix for the [-th
head, and Af ; encodes the attention weight from token i to j
within that head.

To ensure causal structure in autoregressive generation, a
binary mask matrix M € {0, 1}*** is applied to the attention
matrix. This mask is lower triangular, with entries M;; = 1 if
J <1, and zero otherwise. The final masked attention becomes

A=M®A, 13)

where ® denotes the Hadamard (element-wise) product. This
causal masking prevents tokens from attending to future posi-
tions, preserving the sequential nature of the generation pro-
cess and enforcing directional information flow.

The attention map refers to a visualization of the atten-
tion matrix, offering an intuitive representation of how much
attention each token allocates to others in the sequence. In the
context of autoregressive models, attention maps reveal how
the prediction at a given position depends on earlier tokens,
thereby reflecting the model’s internal notion of contextual rel-
evance. Such visualizations are widely used to interpret trans-
former behavior across a range of domains, including natural
language processing and quantum systems.!>-26-28] In partic-
ular, they provide a qualitative tool for assessing whether the
model captures meaningful structural dependencies such as lo-
cality, symmetry, or long-range interactions embedded in the
data.

3. Method
3.1. Conditional mutual information

In quantum chemistry, molecular orbitals are commonly
constructed using the Hartree—Fock (HF) method, which relies
on a single-electron approximation. While computationally
efficient, this approximation neglects dynamic electron cor-
relation effects and can result in significant deviations from
the exact ground-state behavior. To overcome this limitation,
the configuration interaction (CI) method provides a more ac-
curate representation by expressing the many-electron wave-
function as a linear combination of Slater determinants. By
performing a full variational optimization over this configura-
tional space, the full configuration interaction (FCI) approach
yields the exact ground-state wavefunction within a given ba-
sis set. This highly accurate wavefunction enables the cal-
culation of reduced density matrices and entanglement-based
quantities, such as mutual information between orbitals.

010301-4
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Given the ground-state wavefunction from a full config-
uration interaction (FCI) calculation, the CI coefficients can
be used to construct reduced density matrices for one- to four-
particle subsystems. These density matrices form the basis
for computing von Neumann entropies and mutual informa-
tion between orbitals. When the total spin projection s, is a
conserved quantum number, the one-orbital reduced density

matrix becomes diagonal, while the two-orbital density ma-
trix acquires a block-diagonal structure. Only those matrix
elements that preserve both particle number and spin projec-
tion contribute nonzero values. Within the second-quantized
framework, the one-orbital reduced density matrix for orbital

can be written as?!]

<1 —nij+—n; |+ n,',¢n,-7¢> < 0 > 0 0
o 0 ni,i — ”i-,Tni-,i 0 0
pi= 0 0 <n,‘¢ - nmn,"l> 0 (14)
0 0 0 (mizniy)

Here, n; ¢ = c: &Ci,c 1 the spin-dependent number operator of
spin o, cz - and ¢; ¢ are the creation and annihilation operators
of the i-th orbital. The form of the two-orbital density matrix
is given in Table 1, in which the elements are as follows:

0 = l—nT—ni—FnTni, (0)) =C| —npCy,

O3 =cy—njcr, O4=cycy,

Os :CI_nTCI’ O¢ = n, —n4ny, 07=CICT,
Og = —ncy, ngc%r—nicL 010:%0'?‘-’
O11 =ny—mn;, Op=nc,, Op :cIc'TI',

014 = —nic-TI-, 015 = nTCI’ 016 =nyn|. (15)

Then, we can calculate the mutual information of orbital pairs
using Eqgs. (8)—(10).

In order to calculate the conditional mutual information
between orbitals i and j (with i > j), we analyze the CI co-
efficients obtained from a full configuration interaction (FCI)
calculation. For each possible occupation pattern of orbitals
1,2,...,j—1,j+1,...,i—1, we identify and extract all con-

figurations consistent with that occupation pattern. These se-
lected configurations are then normalized and used to con-
struct the reduced density matrix, from which the mutual infor-
mation between orbitals i and j is evaluated. The weighted av-
erage is then performed on all such occupation patterns, where
the weight corresponds to the total squared CI coefficients as-

sociated with each pattern in the ground state wavefunction:

)y

C(12, =1, i 1)

Cond __

P(O)Ic,j. (16)

Here, Ic ;; is the mutual information calculated from the con-
figuration under the occupation pattern C. The summation
over C runs over all possible occupation states, and the weight
is given by the sum of the squared CI coefficients, P(C), for
each configuration corresponding to the occupation pattern.
Conceptually, this formulation captures the residual correla-
tion between orbitals i and j after accounting for all prior or-
bital information, analogous to how self-attention mechanisms
isolate directional dependencies in transformer models.

Table 1. The elements of two-orbital reduced density matrix of the i-th and j-th orbital expressed in terms of single-orbital operators. In the

table, we define o/ = <0,~,a0j‘5>.

n=0,s,=0 nzl,sZ:—% nzl,sz:% n=2s,=—1 n=2,5,=0 n=2s,=1 n:3,s2:—% n:3,s3:% n=4,5,=0
P == =% &= [~F ¥~ % |-# £ +t B-| T+ [tH BT [BF 1] B8
—— 1/1
- 16 2/5
+- 52 6/1
- Vi 39
— 93 11/1
+t 6/6
- 1/16 2/15 3/14 4/13
=+ 5112 6/11 7/10  8/9
+t+ 9/8 10/7 11/6 12/5
#.— 13/4 14/3 15/2 16/1
=+ 11/11
+1 6/16  8/14
7.1 14/8  16/6
i 11/16 12/15
#.+ 15/12 16/11
7.4 16/16
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3.2. Weighted attention score

In transformer architectures, each attention head com-
putes token-to-token affinities independently. To accurately
evaluate the flow of information between tokens, it is crucial
to account not only for the attention weights themselves but
also for how these weights interact with the projected feature
representations. Specifically, in each head, the attention matrix
A™! is used to weight the projected value vectors z"™) V"l O
(Eq. (12)). This observation suggests that the actual influence
from token j to token i is modulated not only by the atten-
tion weight A;’;"l but also by the magnitude of the correspond-
ing projected vector. Motivated by this insight, we define a
weighted attention score that integrates the attention weights
with the norm of the associated value projections. Specifically,
given an input sequence [xi,...,x;| with the task of predicting
Xx+1, we compute for each attention head / within block m the
attention score of orbital k4 1 as

k+1 Z ZA k+1)j

m=1[=1

‘/f’i‘lloml”z7 (17)

where M is the number of transformer blocks, H is the num-

ber of heads per block, zﬁm)

denotes the input representation of
token j to block n2, and V™! O™/ are the value and output pro-
jection matrices for head [ in block m. This formulation cap-
tures not just the positional importance assigned by attention,
but also the magnitude of information transmitted through
each path. The final weighted attention score is obtained by
taking the expectation of A_(k+l) ;j over the input distribution
[X1,...,x] sampled from the autoregressive transformer. This
averaged matrix provides a more physically grounded measure
of effective attention, and serves as the basis for comparison

with conditional mutual information in subsequent analysis.

4. A surrogate model linking attention and mu-
tual information

Motivation While the attention mechanism itself has a
clear mathematical form, its combination with normalization,
MLP layers, residual connections, and embeddings produces
an over-parameterized system that is difficult to analyze di-
rectly. To gain intuition, we construct a linearized toy model
that isolates the information-transmission role of attention and
illustrates, in a simplified setting, how attention coefficients
relate to conditional mutual information.

Setting Fix a target position i and predecessors < i =
{1,...,i—1}. Each site ¢ has a binary occupancy variable
n, € {0,1}, which can be viewed as the indicator extracted
from the more general orbital state x; used in the NNQS for-
mulation (where x, may take four possible values). We model

4= ZAich

t<i

P(n; =1|n) =o0(z), (18)

where A;; plays the role of an attention coefficient, ¢ is the lo-
gistic sigmoid function o () = 1/(1+ e~ *), and v is a scalar
value. Importantly, v; is defined as a proportional embedding
of the occupancy n;:

Ve = atnl‘a o > 07 (19)

so that v, = 0 whenever n, = 0, and v, can be nonzero only
if n, = 1. Thus the effective contribution from site ¢ is intrin-
sically conditioned on its occupation state. For j < i, define
i =P(nj =1]|n< _;) and assume the boundedness condi-
tion

O0<c<m<C<1 as. (20)

We work in the small-coupling regime |A] < 6 < 1 (as.),
where A denotes the difference between the logits z; condi-
tioned on n; = 1 and n; = 0, respectively. We denote H(p) =
—plogp—(1—p)log(1—p), and define pgo) =Pni=1|n;j=
0) and pl(l) =Pmi=1|nj=1).

4.1. Main statement and two-sided bounds

The conditional mutual information (CMI) can be written
as the “Jensen gap”

1
I(nisnj |nei—j) = H(mpl"

+(1—m)p")
=pi

1
=[x ")+ 0= mr(p”) ] @1
Theorem 1 (CMI scaling in the linearized model) Un-

der the setting above,
I(niznj | n<i—j)
1
- EE[pl(O)(l PN mi(1-m) A% | +0(8%), (22)

where the expectation is over n; _ ;. Consequently,

n(1-n)9(c,C)E[A*]+0(8°)

| =

< I(ni;nj | n<,'7_j) < AZ] +O(53) (23)

32l
(0)

provided the margin condition p;

. €[n,1—n]as. for some
ne(

,1); here
¢(c,C) :=min{c(l —¢),C(1-C)}. (24)
Proof Set p := pf()), 7 := 7; and expand pl(l) =
A) around A =0:
(1) _ 1 2 3
2 —p—|—s1A+2szA +0(4°),
0

s1=0'(5") = p(1-p).

5 =0"(z") =s1(1-2p).
Then

pi = WP,(I) +(1—-mp
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1
= p+asiA+ E?tszA2+(9(A3).

Expand H at p:
H(pi) = ( )+H'(p)(pi —p)
+ H”( )(Bi = p)* +0(4%),
H(p}") = H(p)+H’(p)(p§ '~ p)
FSH (PP~ p) +O(aY)
with H'(p) = log 52 and H" (p) = — 51— Compute

1=H(p) — [zH(p") + (1 - m)H(p)].
The linear terms cancel:
H'(p)[ms1A] —nH'(p) [s14] =0,

and likewise the linear part of A? vanishes. The leading term
is thus quadratic:

1= 3H' () (ms1a) -

il - 1 S2 2 o 3
_ 2( p(]_p)> 2 A2 (7 — 1)+ O(43).

Using 51 =

n(slA)z] +0(4%)

p(1—p) gives

I= %p(l —p)r(1—m) A2+ 0(A%).

Taking expectation over n<, _j proves the expansion. For the

upper bound, p(1—p) < § and 7(1 — ) < } yield
111 N T 5
<.z 3.
I<s3-73 E[A%]+0(8°) = ) E[AT]+0O(67)

For the lower bound, if p € [n,1 —n] as., then p(1 —
p) = n(1—n) and 7(1 — ) > ¢(c,C), giving I > §1(1 —
)9 (c.C)E[A2] + O(5?). O
* Implication Intuitively, when both m; and |v;| vary mod-
erately across j, the ranking of CMI is expected to align with
the attention ranking. This simplified analysis provides an
information-theoretic rationale for the moderate rank correla-
tions observed between attention maps and CMI in our exper-
iments. It also highlights that exact equivalence is generally
unattainable in full transformer architectures, where nonlinear
activations and multi-head mixing tend to weaken such corre-
spondence.
We next empirically examine this correspondence on sev-
eral small molecular systems using the QiankunNet frame-
work.

5. Experimental results

To assess the physical interpretability of the learned at-
tention mechanism, we compare it against a theoretically
grounded metric: conditional mutual information (CMI) be-

tween orbitals. At each autoregressive prediction step, i.e.,

when predicting orbital x|, we extract the attention vector
corresponding to x;1| and interpret it as the model’s rele-
vance scores over the preceding orbitals. We then compare
this attention-induced ranking with the CMI-derived ranking,
which reflects the mutual information between x;1 and each
prior orbital x; (with j < k+ 1), conditioned on all other pre-
ceding orbitals.

Empirically, we find that attention scores tend to assign
higher weights to orbitals with stronger CMI values, suggest-
ing that the model implicitly captures underlying physical cor-
relations. While the alignment is not exact, the relative or-
derings of orbitals are frequently consistent. To quantify this
observation, we compute the Kendall’s 7 rank correlation co-
efficient between the attention-based and CMI-based rankings.
Details regarding the metric and implementation are provided
in Appendix A2.

Data We evaluate our QiankunNet model on four rep-
resentative small molecular systems: N, HN, HF, and LiH,
with Nj containing ten molecular orbitals and HN, HF, and
LiH containing six molecular orbitals each. For N, the bond
length is fixed at 2.0 A, while for HN, HF, and LiH, the bond
length is set to 1.2 A. These systems are selected for their sim-
plicity and diversity in orbital interactions, providing a suitable
testbed for analyzing learned attention patterns.

Metrics We adopt Kendall’s 71>°! as the primary measure
of rank similarity between attention-derived and CMI-derived
orderings (Appendix Al). This non-parametric statistic evalu-
ates the consistency of pairwise relative rankings, with larger
T values indicating stronger agreement.

Visualization and metric-based evaluation Figure 1
provides side-by-side comparisons of weighted attention maps
and CMI matrices for N,, HN, HF, and LiH. We observe that
the attention maps often identify the same most and least infor-
mative orbitals as those indicated by CMI. That is, the peaks
and troughs in attention distributions tend to align well with
the extrema in mutual information. The alignment of pat-
terns indicates that the model captures physically meaningful
dependencies in orbital relevance. However, when consider-
ing the full spectrum of values, there appears to be no simple
linear or nonlinear functional relationship between attention
scores and CMI values. This suggests that the transformer
does not directly replicate the mutual information structure nu-
merically.

As shown in Table 2, all four molecules yield T values
that are significantly higher than a random permutation base-
line, indicating that attention preserves the relative relevance
structure between orbitals, even without reproducing the exact
CMI values. In this sense, attention does not encode the pre-
cise magnitude of correlations but tends to capture their hier-
archy, highlighting which orbitals matter most. This makes at-
tention a useful qualitative tool for interpreting what the model
considers important in decision-making.
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Fig. 1. Comparison between conditional mutual information and weighted attention maps for four molecular systems: LiH, HN, HF, and N,
(top to bottom). Left: conditional mutual information (CMI) matrices, where each entry at row i, column j reflects the mutual information
between orbitals i and j, conditioned on all prior orbitals except j. Right: corresponding attention maps from QiankunNet, weighted as
described in Subsection 3.2; each entry shows the attention score assigned to token j when predicting orbital i.

Our experiments reveal that the degree of alignment  tion: nonlinear modules also play a key role, and their influ-
is system dependent, and it can fluctuate across different ence may grow with system complexity. In addition, as il-
molecules. A potential explanation is that attention is not the  lustrated by the toy model in Section 4, both 7w and p affect
only mechanism contributing to conditional mutual informa-  orbital-level alignment, and real molecules are likely to exhibit
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even richer variability.

Taken together, these findings show that attention maps,
when interpreted through weighted contributions, provide
quantitative evidence of a meaningful connection to condi-
tional mutual information. While the degree of alignment is
system dependent, the consistent positive trends across sev-
eral molecules highlight attention’s potential as a proxy for
physical correlations and as an explanatory aid for NNQS in
quantum chemistry.

Table 2. Kendall’s T between the CMI-based rankings and those de-
rived from (i) weighted attention and (ii) random permutations. For
each molecule, 7 is averaged over all generation steps. Larger values in-
dicate closer alignment with CMI, while the random baseline, obtained
by comparing shuffled sequences with the CMI-derived target sequence,
represents the level of agreement expected under no structural signal.

Molecule Weighted attention Random baseline
LiH 0.78 0.005
HN 0.73 —-0.007
HF 0.49 —-0.009
Ny 0.4625 0.006

6. Conclusion

Neural-network quantum states (NNQS) provide a pow-
erful framework for modeling complex quantum systems, but
their overparameterized nature and architectural complexity
often obscure how physically meaningful structures are inter-
nally represented. In this work, we investigated the attention
mechanism within QiankunNet and examined whether it bore
a meaningful relation to information-theoretic quantities.

By introducing a weighted attention score and compar-
ing it against conditional mutual information (CMI) computed
from full configuration interaction (FCI) wavefunctions, we
observed positive rank-level correlations between attention-
based and CMI-based relevance orderings in several small
molecular systems. This suggests that, under suitable con-
ditions, attention can reflect aspects of quantum correlation.
Beyond the empirical evidence, we outlined a conceptual link
between attention contributions and CMI, providing an intu-
itive explanation for why such correlations may arise.

It is worth noting that our derivation relies on the autore-
gressive probability-distribution parameterization of Qiankun-
Net, which is one of the very few NNQS architectures that
naturally incorporates an explicit attention mechanism. This
unique design makes such a rigorous formulation possible.
Nevertheless, QiankunNet adopts a standard transformer back-
bone and sampling process without ad hoc modifications, en-
suring that our observations are not artifacts of special design
choices. While this analysis is architecture-specific, the under-
lying intuition that attention encodes conditional dependen-
cies between orbitals may inspire extensions to other NNQS
paradigms.

At the same time, our analysis has clear limitations:

Correlation versus sufficiency Our results rely on
Kendall’s 7 rank correlation, which captures agreement in or-
dering but does not establish that the attention mechanism
The ob-
served alignment may arise indirectly, and further theoretical

fully encodes physically interpretable quantities.

or experimental probes are needed to clarify the underlying
mechanisms.

Restricted evaluation Our experiments are limited to
four small molecules with simple geometries and relatively
few orbitals. Extending the study to larger and more complex
systems is necessary to assess the generality of our observa-
tions.

This study presents a quantitative analysis linking trans-
former attention with conditional mutual information in the
NNQS setting. The results provide a step toward explainable
deep learning in quantum chemistry and highlight new oppor-
tunities for interpreting attention as a proxy for physical cor-
relations.

Appendix A: Experimental details
Al. Kendall’s ©

Given two ranked lists ¢ and 7 of length n, Kendall’s
7(0,7) is defined as

ne —nq

V(o —ni)(no—ny)’

is the total number of possible pairs, n is

T=

-1
where ng = "("2 )

the number of concordant pairs, i.e., pairs (i, j) such that the
relative order in ¢ and 7 agree, ng is the number of discordant
pairs, where the orders disagree, n; and ny account for ties in
o and 7, respectively.

Kendall’s 7 takes values in the range [—1,1], where T =1
indicates perfect agreement between the two rankings (all
pairs are concordant), T = —1 indicates complete disagree-
ment (all pairs are discordant, i.e., reverse order), and 7 =0
suggests that the rankings are uncorrelated in their pairwise
ordering.

For the lower triangular CMI matrix and the attention ma-
trix, we compute their rank similarity for each row in which
the number of non-zero elements is greater than or equal to
two. The reported result is the average of the rank similar-
ities across all such rows. The CMI-derived ranking serves
as the target sequence. The random baseline is computed by
comparing 1000 randomly permuted sequences with this tar-
get and averaging the resulting Kendall’s 7 values; it reflects
the agreement expected in the absence of structural signal.

A2. Model setting

Basic setting
Device: Experiments were conducted on NVIDIA A100-
SXM4-40GB GPUs with 40 GB of memory, using CUDA 12.3
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and driver version 545.23.08. The networks are implemented
using PyTorch.

Floating-point precision: fp32.

Random seed: 333.
System setting

Molecular system: LiH, HF, HN with a bond length of
1.2 A. N, with a bond length of 2.0 A.

Electron conservation: Restricted.
Model and optimizer configuration

Table A1. Model and optimizer configuration used during training.

Component Configuration
Wavefunction type complex
Model architecture transformer

Embedding dimension of transformer (dnoge1) 32

Number of layers 4
Attention heads 4

Dropout 0.0

Phase MLP hidden size [512, 512,512, 512]
Optimizer AdamW
Learning rate 0.0003
Betas (0.9,0.99)
Epsilon 1x107°
Weight decay 0.00
Learning rate scheduler disabled
Gradient clipping disabled

Gradient accumulation enabled (batch size 8192)

Training procedure and sampling
Training epochs: 30000.
Samples per epoch: 12288000.
Wavefunction optimization steps: 3000000.
Sampling algorithm: BFS.
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