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Neural synchronization is associated with various brain disorders, making it essential to investigate the intrinsic fac-
tors that influence the synchronization of coupled neural networks. In this paper, we propose a minimal architecture as a
prototype, consisting of two bi-neuron Hopfield neural networks (HNNs) coupled via a memristor. This coupling elevates
the original two bi-neuron HNNs into a five-dimensional system, featuring an unstable line equilibrium set and rich dynam-
ics absent in the uncoupled case. Our results show that varying the coupling strength and the initial state of the memristor
can induce periodic, chaotic, hyperchaotic, and quasi-periodic oscillations, as well as initial-offset-regulated multistabil-
ity. We derive sufficient conditions for achieving exponential synchronization and identify multiple synchronous regimes
with transitions that strongly depend on the initial states. Field-programmable gate array (FPGA) implementation con-
firms the predicted dynamics and synchronization in real time, demonstrating that the memristive coupler enables complex
dynamics and controllable synchronization in the most compact Hopfield architecture, with implications for the study of

neuromorphic circuits and synchronization.
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1. Introduction

The human brain is an extraordinarily complex organ,
comprising approximately 86 billion neurons interconnected
through vast synaptic networks. !>l Inspired by the structural
and functional characteristics of biological neural systems, ar-
tificial neural networks (ANNs)3] have been developed to
model certain aspects of brain-like information processing.
Among various types of ANNs, the Hopfield neural network
(HNN) stands out as a recurrent network model with symmet-
ric interconnections and energy-based dynamics, enabling as-
sociative memory functionality.[®”) Today, HNNs are widely
applied in combinatorial optimization,®! encryption!®>!°! and
pattern recognition!!! in engineering systems.

While classical studies have primarily focused on the
properties and applications of individual HNNs,!>714] the
brain’s functionality fundamentally relies on the coordinated
activity across different regions, enabling efficient informa-
tion transmission, integration, and processing.[!'>! This inter-
regional cooperation underlies various cognitive and behav-
ioral functions,!'®! highlighting the importance of study-

ing interactions among neural subsystems. In recent re-
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search, various coupling schemes have been proposed to
model connections between neural systems.!!”"1°1 Among
these, memristors have attracted increasing attention as partic-
ularly suitable coupling elements for neural networks, owing
to their nonlinear,?! non-volatile,”!! and signal-processing
capabilities,*?! as well as their ability to emulate various
electrophysiological characteristics of biological neural sys-
tems, including electromagnetic induction, [23.241 jon channel
conductance,! and synaptic plasticity.”?! These properties
make memristors highly appropriate as biologically inspired
coupling devices in neural network models. In recent years,
memristor-based coupling has been widely employed,?’-%°]
leading to the discovery of numerous intriguing dynamical

3031 multistability, 3234

behaviors, including hyperchaos, !
initial-offset boosting,3>%1 synchronization transitions!3’]
and chimera states.*8! Such phenomena provide valuable in-
sights into the intricate mechanisms of neural information pro-
cessing, establishing memristor-coupled neural networks as a
powerful framework for exploring complex collective behav-
iors in neural systems.

Synchronization is essential for the proper functioning
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39,40] and

of a wide range of natural and engineered systems,|
its importance is further underscored by its implications in
several brain disorders, such as Alzheimer’s disease, Parkin-

411 In this context, numerous stud-

son’s disease, and epilepsy.
ies have investigated synchronization behaviors in memristor-
coupled neural networks, including full synchronization regu-
lated by sliding mode control in a memristor-coupled model
consisting of two tabu learning neurons,?! phase synchro-
nization between two Rulkov neurons coupled by a dis-
crete memristor,!**! synchronization transitions induced by
coupling strength in a Hindmarsh—-Rose (HR)-tabu neuron
network coupled via a memristor,[**! and initial-condition-
induced complete synchronization in a memristor-coupled
dual-neuron mapping model.[*3!

Although the above studies focus on the synchroniza-
tion dynamics of discrete-time memristive neural networks,
continuous-time models provide a closer approximation to bi-
ological neural processes and their temporal continuity. The
dynamics of the brain are inherently complex, characterized
by unpredictability and sensitivity to parameters and initial
conditions. This sensitivity has motivated a series of studies
on memristor-coupled HNNs that specifically examine how
the coupling mechanism and initial conditions influence syn-
chronization behavior. For example, Wang et al.[*®! proposed
an eight-dimensional coupled memristive HNN model and dis-
cussed the differential effects of coupling strength on synchro-
nization with and without time delays. Boya et al.!*”! investi-
gated a ring-star network of bi-neuron memristive HNNs, ob-
serving the coexistence of synchronized, cluster, and chimera
states. More recently, Chen et al.!*8] constructed a seven-
dimensional memristor-coupled homogeneous HNN model
and revealed synchronous transitions driven jointly by both
memristor coupling strength and initial conditions.

However, the aforementioned examples, as well as most
existing research, are based on high-dimensional coupled net-
works. In such systems, the dynamical effects and synchro-
nization control induced by memristive coupling are often ob-
scured by the complexity of high-dimensional interactions.
In contrast, a minimal two-dimensional HNN, considered as
a subsystem, offers a tractable yet nontrivial framework for
clearly characterizing the intrinsic influence of memristive
coupling on collective behaviors. Moreover, according to
the Poincaré—Bendixson theorem, classical two-dimensional
HNNs cannot exhibit chaos. Thus, what dynamical effects
arise from the introduction of coupled memristors? This ques-
tion motivates the present study. To the best of our knowl-
edge, systematic investigations of memristor-coupled two-
dimensional HNNs remain scarce. This work aims to address
this gap by elucidating their dynamical and synchronization
properties. As a prototype system, the proposed minimal net-
work provides insights that can be generalized to larger and

more complex memristive neural architectures.

The remainder of this paper is organized as follows. In
Section 2, the novel MB-HNN model is constructed, and the
stability of its equilibrium points is numerically analyzed.
Section 3 provides a comprehensive exploration of the cou-
pling strength-dependent dynamical behaviors and the initial-
offset dynamics. In Section 4, the theoretical derivation of
synchronization is presented, along with a detailed analy-
sis of synchronous behaviors. Section 5 describes the field-
programmable gate array (FPGA)-based hardware implemen-
tation and experimental measurements. Finally, conclusions
are drawn in Section 6.

2. The proposed MB-HNN

This section constructs the memristor-coupled two bi-
neuron Hopfield neural networks and analyzes the stability of
their equilibrium set.

2.1. Description of MB-HNN

A Hopfield neural network is characterized by a set of or-
dinary dimensionless differential equations. For neuron i in a
Hopfield neural network composed of n neurons, its dimen-
sionless differential equation is mathematically modeled as

n
xi:—xi+2gijtanhXj+Ii7 (1)
J
where x; and /; denote the membrane potential and the exter-
nally applied stimulation of neuron i, respectively; tanhx; rep-
resents the activation function indicating the input from neuron
J» and g;; is the synaptic weight describing the strength of the
connection between neuron i and neuron j.

Building on the bi-neuron HNN model reported in
Ref. [49], which exhibits rich dynamics under external stimu-
lation, this work constructs a coupled neural network by link-
ing two such models via a flux-controlled memristor as pro-
posed in Ref. [50], with I; = O for simplicity. Since the bi-
neuron HNN represents the lowest-dimensional HNN, the re-
sulting system constitutes the minimal memristor-coupled bi-
neuron Hopfield neural network (MB-HNN), whose connec-
tion graph is illustrated in Fig. 1.

gzzn
1>

4— 21

In the MB-HNN, k denotes the memristor coupling

Fig. 1. Connection graph of MB-HNN.

strength between neurons 1 and 3, ¢ is the memristor internal
state, and W () = cos(¢) represents the memductance non-
linearity. Following Ref. [50], the memristor is described by

{ v =W(@)Vi = cos(@) - Vi,

o ="Vu @
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where Iy and V) denote the dimensionless memristor current
and voltage, respectively.

Based on the connection graph shown in Fig. 1 and the
coupled memristor model given in Eq. (2), the proposed MB-
HNN with dimensionless variables can be mathematically ex-
pressed as

%1 = —x1 + g1 tanh(x; ) + g12 tanh(x2)
+kcos(@) - (x] —x3),

Xy = —xp + go1 tanh(x}) 4 gop tanh(xp),

X3 = —x3+g33 tanh(x3) + 834 tanh(x4) 3)
—kcos(@) - (x1 —x3),

X4 = —X4 + 843 tanh(x3) + 844 tanh(x4),

O =x1 —Xx3.

Here, the dimensionless memristor voltage represents the
membrane potential difference between neuron 1 and neu-
ron 3, expressed as Vi = x; —x3. Thus, the MB-HNN con-
stitutes a five-dimensional autonomous dynamical system.

2.2. Stability distribution

Denote P = (X1,X»,X3,X4,X5) as the equilibrium points
of the MB-HNN. The equilibrium points can be obtained by
solving the following equations:

0= —X; + g1 tanh(X;) + g2 tanh(X,)
+kcos(Xs) - (X —X3),

0= —X, + goi tanh(X) ) + g2 tanh(X>),

0= —X3 + g33tanh(X3) + gz4 tanh(Xy) 4)
—kCOS(Xs) . (X1 —X3),

0= —X4 + ga3tanh(X3) + gaa tanh(Xy),

0=X| —Xs.

Clearly, X; = X3, and thus kcos(Xs) - (X; — X3) = 0. Fol-
lowing Ref. [49], the synaptic weights are specified as g33 =
gn=14gu=gn=-2,813=gn =14, and gag =g =
1.6. Here, the bidirectional couplings are intentionally set
as g2 # g21 and g34 # ga3, reflecting the anisotropic nature
of neuronal systems, since symmetric coupling strength rep-
resents only a special case in biological neural networks.>!]
Consequently, the system constitutes a homogeneous neural
network. Since the two subsystems share identical structures
and parameters, they exhibit the same equilibrium character-
istics. Taking one subsystem as an example, the equilibrium
point can be obtained by solving the following equations:

{ 0=—-X1+¢gn tanh(X1 ) +g12tanh(X2), 5)

0= —X, + go) tanh(X; ) + gap tanh(X5).

These two equations yield the solution (0,0). Conse-
quently, this five-dimensional autonomous homogeneous dy-
namical system possesses a line equilibrium set that can be
expressed as

P= (03030a07“)7 (6)

where U is a real constant representing the initial state of the
coupling memristor. In other words, the MB-HNN model has
an infinite number of equilibrium points located along the ¢-
axis. This line equilibrium set underscores the essential role
of the coupling memristor in generating complex dynamics
within the MB-HNN model.

The stability of the MB-HNN model is assessed by ana-
lyzing the eigenvalues of the Jacobian matrix at the line equi-
librium set P. Based on the mathematical model (3), the Jaco-
bian matrix is derived as

0.4+kcos(u) —2 —kcos(t) 0 O
1.4 0.6 0 00
J= —kcos(u) 0 04+4kcos(n) —20(. (7
0 0 14 060
1 0 -1 00

The corresponding characteristic polynomial is
P(A) = A(A* + a1’ + @A + a3A +ay), (8)
where
ay = —2—2kcos(u),
ay =7.08+3.2kcos(u),
a3 = —6.08 —7.28kcos (1),
as =9.2416+3.648kcos(1t).

Equation (8) shows that the Jacobian matrix J has one
zero root and four non-zero roots. For the four non-zero roots,
the Routh—Hurwitz conditions are

{ (a1az —asz)as —a%a4 >0,

9
a; >0, (i=1,2,3,4). ©)

Satisfaction of the conditions in Eq. (9) ensures the stabil-
ity of P, implying the presence of a point attractor. In contrast,
if any one of the conditions is not satisfied, P becomes unsta-
ble, and periodic or chaotic behaviors may emerge. By substi-
tuting the expressions for ; into Eq. (9), it is observed that the
conditions cannot be satisfied simultaneously. For instance,
although a; = —2 — 2kcos(ut) can be positive for certain val-
ues of (k, 1), in those cases either a3 becomes negative or the
inequality (aya, —asz)as — a%a4 > 0 fails. Therefore, no com-
bination of k and u satisfies all the Routh—-Hurwitz conditions,
and the line equilibrium set P is always unstable.

To further explore and classify the unstable types, the
distribution diagram of different stability types corresponding
to the four non-zero eigenvalues in the [—k parameter plane
is plotted in Fig. 2, where the memristor initial state y and
coupling strength k vary within the intervals [—27,27] and
[—6,6], respectively. As shown in Fig. 2, unstable node-focus
with index-4 (UNF-4), unstable saddle-focus (USF), and un-
stable node-focus with index-3 (UNF-3) are represented by
orange, blue, and dark blue, respectively. Specifically, the
UNF-4 corresponds to four positive and zero negative real
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parts (4PON) among the non-zero eigenvalues; the USF cor-
responds to two positive and two negative real parts (2P2N);
and the UNF-3 corresponds to three positive and one negative
real parts (3P1N). For some typical k and u selected from dis-
tinct regions, the four non-zero roots of Eq. (8) are computed
and their corresponding stability types are summarized in Ta-
ble 1.
a periodic arrangement in the p-direction, suggesting that the

It is observed that these stability distributions exhibit

system’s dynamical behavior may inherit this periodic varia-
tion depending on the memristor initial state.

W UNF-4 Il USF Il UNF-3

T 4 2 0 2 4 6
m

Fig. 2. The stability distribution for the line equilibrium set P in the u—k
mixed plane.

Table 1. Non-zero roots, regions and corresponding stabilities for typical
memristor coupling strength & and initial condition u.

u, k Non-zero roots Stability types Real part

structure
1,1  0.5+j1.6703,1.0403+j1.6144 UNF-4 4PON
2,-2 0.5+j1.6703, 1.3323 £ j1.5046 UNF-4 4PON
0,—2 —0.2311,0.5+j1.6703, —2.7689 USF 2P2N
+3,2 —0.2445,0.5+j1.6703, —2.7154 USF 2P2N
0, —4 0.2430,0.5+j1.6703, —7.2430 UNE-3 3PIN
+3,5 0.3147,0.5+j1.6703, —9.2146 UNEF-3 3PIN

3. Coupling dynamics of MB-HNN

In this section, we investigate dynamics dependent on the
coupling strength and initial values using bifurcation diagrams
and basins of attraction, and then reveal initial-offset coexist-
ing attractors using phase plane plots. Notably, the bifurcation
diagrams are generated using the MATLAB ODE45 algorithm
with a fixed step size of 0.01, while the Lyapunov exponents
(LEs) are computed via MATLAB using Wolf’s Jacobian ma-
trix method.

3.1. Dynamics induced by coupling strength

The coupling strength k is selected as the bifurcation pa-
rameter and varied within the range [0, 3], with the initial
states of system (3) set to (2,0,0,0,0). The bifurcation dia-
gram of the state variable x| and the corresponding LE spectra
are shown in Figs. 3(a) and 3(b), respectively.

As the coupling strength k increases within [0, 3], the

MB-HNN undergoes a series of dynamic transitions. As il-

lustrated in Fig. 3(a), the system initially maintains a stable
period-1 state for k € [0,0.387].
[0.388, 0.554], the system transitions into a quasi-periodic

When k enters the range

regime, characterized by the presence of three zero LEs. As
k increases further, the system exhibits period-3 behavior until
k = 0.689, after which the motion becomes chaotic, followed
by a return to period-1 dynamics via a chaotic crisis. A sub-
sequent crisis occurs near k = 1.121, after which the system
evolves from period-1 oscillations through a period-doubling
bifurcation sequence into chaos again at k = 1.534. Notably,
the system exhibits hyperchaotic behavior in the range [1.608,
1.654], where both LE; and LE; remain positive. Subse-
quently, the orbits return to chaos and re-enter periodic be-
havior at k = 1.829 through another chaotic crisis. The system
then experiences two more transitions from period-doubling
bifurcations into chaos, finally settling into periodic behavior
again after k exceeds 2.392.

Therefore, system (3) displays complex dynamic behav-
iors under the influence of the memristive coupling, including
hyperchaos, chaos, quasi-periodicity, and periodicity. Notably,
hyperchaotic sequences generally offer advantages over purely
chaotic sequences in specific applications, such as Wasserstein

generative adversarial networks. [°?!
6
5l
4
3l
ol 3
1 5 i
4 {
-1 ';
2 4
i (a)
0 0.5 1 1.5 2 2.5 3
k
02
0.1}
0
-0.1
0.2}
M 03}
3 g4l
0.5}
0.6
0——
“TW . ﬂ“
i % =
0 . 25 3
k
Fig. 3. Bifurcation diagram of the MB-HNN with initial states

(1,X2,X3,%4,9) = (2,0,0,0,0) under varying coupling strength k. (a) Bi-
furcation diagram of the state variable x;. (b) Corresponding Lyapunov
exponent spectra.
In order to further clarify the dynamical behavior of the
system, nine representative values of k were selected, and the
corresponding attractor phase portraits in the x;—x, and x3—x4
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planes were plotted, as shown in Figs. 4(a)-4(i). The results
reveal a rich set of dynamical behaviors, including a period-1
limit cycle in Fig. 4(a), a quasi-periodic attractor in Fig. 4(b),

hyperchaotic attractors in Fig. 4(e), chaotic attractors in

Figs. 4(c)—4(f), and 4(h), and periodic attractors in Figs. 4(g)
and 4(i).
phase trajectories of these chaotic attractors, highlighting the

Notably, significant differences exist among the

diversity and complexity of the system’s chaotic dynamics.

2
k= 0.3
.
~ 0 = =
8 8 8

To/ Ty
To/ x4

T/ Ty

(d)
3 . i
-4 -2 0 2 4
zy /T3
3
k=19
g 1 g g
e E 5
8 8 8
-1
g
. (&)
-5 -2 1 4
z1/T3 z1/T3

T1— T2

T3—Ty

Fig. 4. Phase portraits of the MB-HNN model for different coupling strengths k with initial states (x1,x2,x3,x4,¢) = (2,0,0,0,0) in the x; /x3—
X2 /x4 planes. (a) Period-1 limit cycles for k = 0.3. (b) Quasi-periodic attractors for k = 0.5. (c) Chaotic attractors for k = 0.7. (d) Chaotic
attractors for k = 1.1. (e) Hyperchaotic attractors for k = 1.65. (f) Chaotic attractors for k = 1.7. (g) Period-2 attractors for k = 1.9. (h) Chaotic

attractors for k = 2.1. (i) Periodic attractors for k = 2.6.

3.2. Initial-offset dynamics

As revealed in Subsection 2.2, the MB-HNN model pos-
sesses an infinite set of equilibrium points along the @-axis,
with stability distributions forming a periodic pattern in the pu—
k parameter plane. This structural periodicity implies that the
system’s dynamics are strongly influenced by the memristor’s
initial state. Based on this observation, ¢(0) is selected as the
bifurcation parameter and varied within the range [—15,15].
The other initial states are set to (x;(0),x2(0),x3(0),x4(0)) =
(2,0,0,0), with k = 1.8. The bifurcation diagram of the state
variable @ and the corresponding LE spectra are shown in
Figs. 5(a) and 5(b), respectively.

The results demonstrate significant multistability and
strong dependence on the initial state. Specifically, when ¢(0)
lies within [—1.7,1.7], the system exhibits chaotic behavior,
as indicated by positive LEs. As ¢(0) increases to the interval
[1.7,4.6], the system transitions to a periodic state, with the
largest LE dropping to 0. Notably, this alternating pattern of

chaotic and periodic behavior repeats as ¢(0) increases or de-

creases in steps of 27, maintaining the same structure. These
results indicate that the system has alternating chaotic and pe-
riodic windows that are highly dependent on the initial state of
the memristor, further highlighting coexisting behaviors and
multistability induced by the memristor.

To further reveal the effects of initial states in the MB-
HNN, the phase portraits of coexisting attractors and the cor-
responding local attraction basins are presented in Figs. 6(a)
and 6(b), respectively. The coupling strength and the four neu-
ron initial values are specified as k = 1.8 and (2,0,0,0). When
¢©(0) = 0,+27, +47, five coexisting chaotic attractors emerge
in the @—x; phase plane, arranged from left to right accord-
ing to increasing initial values of ¢(0), as shown in Fig. 6(a).
This phenomenon suggests that by continuously increasing or
decreasing @(0) in steps of 27, infinitely many coexisting at-
tractors can be obtained along the ¢-axis. This initial-offset
behavior represents a novel form of complex dynamics fol-
lowing multistability and extreme multistability. [36]

For fixed x,(0) = x3(0) = x4(0) = 0 and k = 1.8, the
local attraction basin in the ¢(0)—x;(0) plane is depicted in

128701-5
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Fig. 6(b). The orange region represents chaotic behavior, cor-
responding to the chaotic attractors illustrated in Fig. 6(a). The
blue region indicates period-1 limit cycle behavior; however,
since its projection onto the ¢—x; plane appears as a short
line segment, it is difficult to visualize and is thus not pre-

20
10 i
S 0
A0 T
(a)
20
-15 -10 5 0 5 10 15

»(0)

LEs

sented in Fig. 6(a). Notably, the orange region forms a series
of diagonally periodic banded structures, indicating alternat-
ing dynamical behavior along both the ¢(0)- and x;(0)-axes.
This observation confirms that the initial-offset behaviors in
the MB-HNN are highly sensitive to the system’s initial states.

0.2
In rfrw . rfmu fnﬁ lnmﬂ‘ m

” l’ \\
-0.4
06 '

0 e T — f
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Fig. 5. Bifurcation behaviors of the MB-HNN model with respect to the memristor initial value @(0) for k = 1.8. (a) Bifurcation
diagram of the state variable ¢. (b) Corresponding Lyapunov exponent spectra.

£
o

-20 -10 0 10 20

Fig. 6. Initial offset coexisting attractors and corresponding local attraction basins for ¢(0)

15

z1(0)

©(0)

=0, £2x, and £47 with k = 1.8. (a) Phase portraits

of the chaotic attractors in the ¢—x; plane with four neuron initial values (2,0,0,0). (b) Local attraction basin in the ¢(0)—-x;(0) plane with

x2(0) = x3(0) = x4(0) = 0.

4. Synchronization in MB-HNN

In this section, the synchronization of the MB-HNN is
theoretically proven to be exponential and further examined
using numerical methods. The observed synchronization be-
haviors include complete synchronization, lag synchroniza-
tion, and phase synchronization.

4.1. Theoretical derivation of synchronicity
Define the drive variable X =
able Y = [x3,x4]7,
error components e; = x| — X3, €2 = X — X4, and the error vec-
tore=X-Y =[e,ex]"
can then be expressed as

[x1,x2]T, the response vari-

the coupling matrix K = diag(k,0), the

. The two subsystems of system (3)

X = f(X) + Kcos(p) - (X V), |
_ [ =i —x3) +gui(tanh(x)
f(X)-f(Y) = [_(x;_xz)+§2(tznh(x

tanh (x|

—e+G- [

) —tanh
tanh(x, ) — tanh

Y = f(Y)— Kcos(¢)- (X -Y). (10)
The nonlinear functions f(X) and f(Y") are
f(X) _ —X1 +&11 tanh(xl) —l—glgtanh(xg)
—xp + go1 tanh(x) + g2 tanh(xp) |’
—x3 + gaz tanh(x3) + g34 tanh(x4)
Y)= .11
fY) [ —x4 + gaz tanh(x3) + g44 tanh(x4) an
Consequently, the error system corresponding to Eq. (3) is for-
mulated as
ée=f(X)—-f(Y)+2Kcos(p)e. (12)

Based on the definitions in Eq. (7), and noting that g33 = g11,
834 = 812, 843 = &21, and ga4 = g0, we derive

) —tanh(x3)) + g2 (tanh(xz) — tanh(x4))
) —tanh(x3)) + g22 (tanh(x;) — tanh(xy4))

(x3)
(

= —e+ G - Atanh,
)C4)

13)

128701-6
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where G = | €1 12 | and Atanh = tanh(x, } — tanh(x3) ,
821 &2 tanh(x,) — tanh(x4)

Clearly, e = 0 serves as an equilibrium point of the error
system (12). This leads to the following theorem.

Theorem 1 Let the coupling strength k£ and the memristor
initial state ¢ satisfy

2kcos(@) < 1—|G], (14)

then in the error system (12), the zero solution is exponen-
tially asymptotically stable, and system (3) achieves complete
synchronization.

Proof Consider the
V(t,e) = 0.5eTe for the error system (12). Its time derivative

Lyapunov function candidate

along the system trajectories is

V(t,e) = 0.5¢Te+0.5eTe

0.5[f(X) - f(Y)]Te+cos(p)e' Ke
+0.5eT[f(X) — f(Y)] +cos(p)e" Ke

= —ele+ G- Atanh-e+2kcos(p)ele. (15)

Since tanh’(x) = 1 — tanh?*(x) < 1, we have tanh(x;) —
tanh(x3) = tanh’(&) - (x; —x3), tanh(x2) — tanh(x4) = tanh’(g) -
(2 —x4), for & € (x1,x3) U (x3,x1) and G € (x2,x4) U (x4,x2).
Therefore, | Atanh| < |le]|.

It follows that

~llel® +1GII- lle]]* +2kcos(p) el
(~1+ |Gl +2kcos(9)) le]*. (16)

V(t,e)

IN

Thus,

V(t,e) < Vit e(to)]
X exp{2[—1+ |G| +2kcos(9)](t —10)}. (17)
If —1+ |G| + 2kcos(p) < 0, V(t,e) approaches zero as

t — oo, implying that e = 0 is exponentially asymptotically
stable and complete synchronization occurs in system (3).

Remark 1 According to the fifth equation in system (3),
the memristor variable ¢ can be expressed as

t
(P=(po+/0e1dr. (18)

This indicates that the synchronization condition in Eq. (14)
depends not only on the synaptic weights G and coupling
strength k, but also on the initial state ¢ of the coupling mem-
ristor.

4.2. Normalized mean synchronization error

The synchronization error between the two subsystems is
quantitatively evaluated using the normalized mean synchro-
nization error, 3! denoted by E, which is defined as

_ L5 V() —x3(n)? + (e (n) —xa(n))?
N ,= /x1(n)2 4+ xa(n)? +x3(n)% +x4(n)?

E ;o (19

where n denotes a natural number, and x;(n) and y;(n) are the
n-th sampled values of the motion trajectories over a given
time interval. For illustrative purposes, the interval [500,
1000] is used with a step size of 0.1, resulting in a total of
N = 5000 samples. According to Eq. (19), an E value of O cor-
responds to complete synchronization between the two sub-
systems, whereas a value approaching 1.414 indicates com-
plete inverse synchronization.

The initial states of the two subsystems are set to
(x1(0),x2(0),x3(0),x4(0)) = (2,0,0,0). By varying the mem-
ristor coupling strength & within [0, 3] and the initial value
¢©(0) within [—3, 3], the distribution of E is illustrated in
Fig. 7(a). As shown, the blue regions where E approaches
zero correspond to complete synchronization. The green-to-
yellow regions with intermediate E values indicate partial or
incomplete synchronization, while the dark red regions, where
E approaches 1.414, indicate inverse synchronization. As the
coupling strength k increases, the system exhibits transitions
across asynchronization, synchronization, and inverse syn-
chronization, demonstrating a rich variety of dynamical syn-
chronization states.

(b) 3 14
1.2
;
= 0.8
N
o0
8 0.6
0.4
0.2

z4(0)

Fig. 7. Two-dimensional NMSE distributions under different parameter settings. (a) NMSE in the k~¢(0) plane with four neuron initial conditions
(2,0,0,0). (b) NMSE in the x; (0)—x3(0) plane with k = 2.2 and ¢(0) = x2(0) = x4(0) = 0.
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In addition, to investigate the dependence of synchroniza-
tion on the initial states of the neurons, the memristor coupling
strength is set to k = 2.2 and the memristor initial value to
¢©(0) = 0. With x»(0) = x4(0) = 0, the initial states x (0) and
x3(0) are varied independently within the range [—3, 3]. The
corresponding values of E are illustrated in Fig. 7(b). Differ-
ent types of synchronization behaviors are indicated using the
same color scheme as in Fig. 7(a): blue for complete synchro-
nization, green-yellow for partial/asynchronous states, and red
for inverse synchronization.

As shown in Fig. 7(b), the distribution of E exhibits a
symmetric pattern. The narrow diagonal blue region corre-
sponds to strong synchronization, where E approaches zero.
At the two ends along the sub-diagonal, where the difference
between x; (0) and x3(0) is large, inverse synchronization oc-
curs. The remaining parameter regions mainly correspond to
asynchronous behavior. These results further confirm that both
the memristor coupling strength and the initial states of the
neurons play crucial roles in determining the synchronization
properties of the MB-HNN.

4.3. Complete synchronization

Based on the NMSE distribution in the k~¢(0) plane
shown in Fig. 7(a), four representative pairs of (k, ¢(0)) values
are selected to further illustrate the synchronization behavior.
For each pair, the time-domain waveforms of x; and x3, as
well as their phase trajectories in the x;—x3 plane, are plotted
in Fig. 8.

As shown in Fig. 8(a), for k = 1.6 and ¢(0) = 0, both
subsystems exhibit chaotic spiking, but the trajectories of x|
and x3 differ, and the phase portrait in the x;—x3 plane is not
a straight line, indicating asynchronization. For k = 1.6 and

®(0)

= 0.5, the system still shows chaotic spiking and remains

-5
60 80 100 120 140 160
t
z‘n’i | |‘ |||
| H | w I
1 ”'I'M'lll||\‘“||\\” I
& TV
= o\ UL S
T A R
- !l\'|!|i|||||."|||H‘|{|||IH||
\'J t'ﬂ__.' _'_.‘llu__tl.‘ﬂl_ﬂc'.ﬂ I R
60 80 100 120 140 160 -2 0
t T

Fig. 8. Synchronous behaviors of the MB-HNN for different £ and ¢(0) values with four neuron initial states (2,0,0,0).

unsynchronized, as depicted in Fig. 8(b). Interestingly, the
waveform of x; in case (b) mirrors x3 in case (a), and vice
versa; the corresponding x|—x3 trajectory is a rotated version
of that in (a). In contrast, for k = 1 and ¢(0) = 1, Fig. 8(c)
shows that the two subsystems achieve complete synchroniza-
tion, exhibiting periodic spiking, with the x;—x3 trajectory
forming a straight line at 45 degrees. Finally, for k = 2.3 and
¢(0) = 1, Fig. 8(d) demonstrates inverse synchronization: the
two subsystems fire periodic spikes in opposite directions, and
the trajectory forms a straight line at —45 degrees.

Next, by fixing kK = 2.2 and referring to the NMSE distri-
bution in the x;(0)—x3(0) plane shown in Fig. 7(b), four rep-
resentative initial state pairs (x1(0),x3(0)) are selected. The
corresponding time-domain waveforms and phase trajectories
are plotted in Fig. 9.

When (x1(0),x3(0)) = (0,—1), i.e., the system is initial-
ized as (0,0,—1,0,0), both x; and x3 exhibit chaotic spik-
ing, and the x;—x3 trajectory confirms asynchronization, as
shown in Fig. 9(a). For (x1(0),x3(0)) = (2,3), the system
also displays chaotic spiking, with slightly different wave-
forms and trajectories compared to case (a), as illustrated in
Fig. 9(b). When x;(0) = x3(0) = 1, identical initial values
lead to complete synchronization, demonstrated by overlap-
ping time-domain waveforms and a 45-degree line in the x;—
x3 plane, as shown in Fig. 9(c). Finally, for (x;(0),x3(0)) =
(2,-2), Fig. 9(d) shows that the opposite initial values result
in inverse synchronization.

In summary, the synchronization behavior in the MB-
HNN strongly depends on both the memristor coupling
strength and the initial states of the neurons. Analogously, in
biological neural systems, perturbations to connectivity or in-
stantaneous neural states may induce synchronization, which
is often associated with neurological disorders.

.. (02)
3 A 1 3 5
Ty
\\\\
_ 5l (@2
60 80 100 120 140 160 -5 0 5
t xq
T3

(al)—(d1) Time

sequences of chaotic or periodic spiking; (a2)—(d2) corresponding phase portraits in the x;—x3 plane. (a) k = 1.6, ¢(0) = 0; (b) k = 1.6,

P0)=05: (@ k=1,0(0)=1; k=23, 9(0) =

128701-8
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Fig. 9. Synchronous behaviors of the MB-HNN for different x; (0) and x3(0) values with k = 2.2, ¢(0) = 0, and x(0) = x4(0) = 0. (al)-
(d1) Time sequences of chaotic or periodic spiking; (a2)-(d2) corresponding phase portraits in the x;—x3 plane. (a) x;(0) =0, x3(0) = —1;

() x1(0) =2, x3(0) = 3; (c) x1(0) = 1, x3(0) = 15 (d) x1 (0)
4.4. Lag synchronization

In brain networks, lag synchronization may reflect altered
signal propagation pathways or reduced conduction efficiency,
as observed in neurological disorders such as epilepsy. ! This
delayed coordination can be more difficult to detect than per-
fect synchronization, potentially masking early signs of net-
work dysfunction.

To quantitatively analyze this lagging behavior, a simi-
larity function®*! is introduced to evaluate the correlation be-
tween the electrical activities of the two subsystems. Its math-
ematical form is given by

([2(t+7) = a1 (0)) 0
(92 () (#3()

When S(7) approaches zero, it indicates that the firing behav-

§2(1) =

iors of the two subsystems are identical, with a time lag of 7
between them.

Corresponding to Fig. 4(g), for the
(2,0,0,0,0) and a coupling strength of k = 1.9, the phase por-

initial state

=2, x3(0) = 2.

traits in the x;—x3 and xp—x4 planes appear completely over-
lapped. However, as shown in Fig. 7(a), the system does not
achieve complete synchronization.

Under these conditions, the similarity function S(7) of
system (3) is plotted in Fig. 10. It is observed that S(7) = 0 at
T = 6.2, and again at T = 18.6, indicating that the two subsys-
tems exhibit lag synchronization with a periodic time shift.

20

Fig. 10. Time of evolutions of similar function S(7) for k =1.9.
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Fig. 11. Lag synchronization behaviors for k = 1.9 with initial states (2, 0, 0, 0, 0). (al), (a3), (b1), and (b3) show the time sequences of spiking;
(a2) and (b2) present the phase portraits in the x;—x3 and xp—x4 planes, respectively. (a) Trajectories of x; and x3; (b) trajectories of x, and x4.
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Figures 11(al) and 11(b1l) present the time series of x|
and x3, as well as x, and x4. The corresponding phase portraits
in the x;—x3 and x,—x4 planes are shown in Figs. 11(a2) and
11(b2), revealing asynchronization between the subsystems.
However, when x3(¢) and x4(¢) are shifted relative to x; () and
x2(t) by a delay of o = 124, which corresponds to 6.2 time
units with a step size of 0.05, the respective trajectories be-
come completely overlapped, as illustrated in Figs. 11(a3) and
11(b3). This observation further confirms the presence of lag

synchronization in the system.

4.5. Phase synchronization

While lag synchronization captures delayed alignment of
neural activities, phase synchronization reflects the preser-
vation of phase relationships between oscillations, indepen-
dent of amplitude similarity.®> Following the approach in
Refs. [55,56], the phase of a chaotic or periodic trajectory can
be defined as

where #, denotes the instant of the n-th intersection of the
trajectory with a suitable Poincaré section. Each successive
crossing corresponds to a 27 phase increment, and interme-
diate values are obtained through linear interpolation. Phase
synchronization between the two coupled subsystems is then
determined from the difference in their phases.

The phase difference AB(t) = 6,, (1) —
from the x| and x3 components of system (3) for further anal-

O, (1) is computed

ysis. For different values of the coupling strength k, the time-
domain sequences are plotted in Fig. 12. These three cases
correspond to the phase portraits shown earlier in Figs. 4(b),
4(d), and 4(f), respectively.

As shown in Fig. 12(a), when k = 0.5, the phase differ-
ence AB(¢) initially oscillates but eventually converges to a
constant value, indicating the occurrence of phase synchro-
nization. In Fig. 12(b), for k = 1.1, the system is initially
asynchronous but then transitions into phase synchronization.
In contrast, Fig. 12(c) shows that when k = 1.7, the phase dif-
ference remains in persistent fluctuation, reflecting asynchro-
nization. Nonetheless, these fluctuations are bounded within a

t—ty
0(t) =2mn+2n———, (tn <t <tyy1), 2D fnite range
Iny1—1In :
4
k=0.5 k=11
2
g 0
<
-2
4 (b) -
0 1k 2k 3k 2k 3k 4k 0 1k 2k 3k 4k
t t t

Fig. 12. Time sequences of the phase difference AB(¢) between x| and x3 for different coupling strengths k, with initial states (2, 0, 0, 0, 0).
(a) Phase synchronization at k = 0.5; (b) partial phase synchronization at k = 1.1; (c) asynchronization at k = 1.7.

3
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‘w,';‘\'g‘n\"'f\'h'\\'k‘//d.u.\w.\v,-.\-,-.\-».w.\\v.w,umw TR S
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t

Fig. 13. Time sequences of the phase difference A0 (r) between x; and x3
for k = 0.3 with initial states (2, 0, 0, 0, ¢(0)). The curves correspond to
¢©(0) = —1 (green), (0) = 0 (blue), and ¢(0) = 2 (orange).

For different memristor initial values ¢(0), the time se-
quences of the phase difference Af(¢) are presented in Fig. 13
for k = 0.3. As observed, phase synchronization occurs when
©(0) = —1, 0, and 2. In particular, for ¢(0) = 0, the system
converges rapidly to zero. In contrast, when ¢(0) = —1 or 2,
the system initially exhibits oscillatory behavior before grad-
ually approaching a steady constant value, indicating a tran-

sient synchronization process. Notably, the final synchronized
phase difference depends on the initial value of ¢(0), resulting
in parallel offset states in the asymptotic regime.

5. FPGA-based hardware implementation

Analog circuits are often affected by parasitic parameters,
temperature drift, and other environmental factors. To over-
come these limitations, this study implements the MB-HNN
model on an FPGA platform, leveraging its flexible architec-
ture and high-speed parallel processing capabilities.>”) The
FPGA implementation uses the XC7Z020-CLG400 chip to ex-
perimentally verify the numerical simulation results.

System (3) is discretized using the fourth-order Runge—
Kutta scheme, and a 32-bit floating-point format is adopted
to ensure high-precision computation. The discrete system is
implemented in VHDL and downloaded to the FPGA chip,
whose output is interfaced with a 14-bit DAC (AN9767). The
resulting output waveforms are recorded using a four-channel
digital oscilloscope. The experimental prototype of the FPGA-
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based hardware platform is illustrated in Fig. 14. independently captured using the digital oscilloscope and sub-
sequently combined into a single figure using Adobe Photo-
shop. The experimental results confirm the initial-offset coex-

isting behaviors observed in the numerical simulations.

I 1.00v7 125w 10.00ms/ ®Y
ooV 0oV

Fig. 14. FPGA-based hardware implementation of the MB-HNN.

zq, 1.25 V/div

For ¢(0) = 0, +2x, and +4mx, the system parameters
from the numerical simulations in Fig. 6 are preloaded into

the FPGA platform, with the four neuron initial states set as
(x1(0),x2(0),x3(0),x4(0)) = (2,0,0,0) and coupling strength o 1 V/div
k = 1.8. The phase portraits of the resulting attractors for these

Fig. 15. Experimentally measured phase portraits of initial offset coexist-

five initial values are presented in Fig. 15. Each portrait was ing attractors in the @—x| plane for @(0) = 0, 277, +47 with k = 1.8.
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Fig. 16. Experimentally measured synchronous behaviors for different k and ¢(0) under four neuron initial states (2, 0, 0, 0), where (al)-(d1)
are the time sequences of periodic or chaotic firing, and (a2)—(d2) are the phase portraits on the x;—x3 plane. (a) k = 1.6, (0) = 0; (b) k = 1.6,
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(b) trajectories of x, and x4.
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The synchronous behaviors shown in Fig. 8 were exper-
imentally reproduced using identical system parameters and
neuron initial states for several combinations of k and ¢(0).
The experimentally obtained time sequences and phase por-
traits, presented in Fig. 16, closely match the numerical re-
sults, demonstrating the consistency between the hardware im-
plementation and the simulations.

Furthermore, to experimentally realize the lag syn-
chronization behaviors depicted in Fig. 11, the cou-
pling strength and initial states were set to kK = 1.9 and
(x1(0),x2(0),x3(0),x4(0), ¢(0)) = (2,0,0,0,0). The experi-
mentally measured time sequences and phase portraits, shown
in Fig. 17, are in close agreement with the numerical results,
thereby validating the hardware implementation of lag syn-
chronization.

In summary, the FPGA-based experimental results ex-
hibit strong consistency with the numerical simulations for
both dynamical behaviors and synchronization in the coupled
system, confirming the accuracy of the numerical analysis.

6. Conclusions

In this paper, a MB-HNN model was constructed and ana-
lyzed. While each individual bi-neuron module, as the lowest-
dimensional HNN, cannot generate chaos, memristive cou-
pling induces rich dynamical behaviors. The system possesses
an unstable line of equilibria along the ¢-axis and exhibits
abundant dynamics, including initial-offset-regulated multi-
stability.

Synchronization analysis identified complete, inverse,
lag, and phase regimes, with transitions highly dependent on
coupling strength and the initial state of the memristor. This
dependence suggests a neuromorphic analogy, where pertur-
bations to connectivity or instantaneous neural states in bio-
logical systems may promote synchronization linked to neu-
rological disorders. Real-time FPGA experiments confirmed
the predicted behaviors, establishing memristive coupling as a
compact yet powerful approach for generating and controlling
complex neural dynamics, with relevance to nonlinear science,
neuromorphic hardware, and brain-inspired synchronization
research.
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