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The (2+1)-dimensional generalized coupled nonlinear Schrödinger equations with a four-wave mixing term are stud-
ied in this paper, which describe optical solitons in birefringent fibers. Utilizing the Hirota bilinear method, we system-
atically construct single- and double-periodic lump solutions. To provide a detailed insight into the dynamic behavior of
the nonlinear waves, we explore diverse mixed solutions, including bright-dark, W-shaped, multi-peak, and bright soliton
solutions. Building upon single-periodic lump solutions, we analyze the dynamics of lump waves on both plane-wave and
periodic backgrounds using the long-wave limit method. Moreover, we obtain the interaction solutions involving lumps,
periodic lumps, and solitons. The interactions among two solitons, multiple lumps, and mixed waves are illustrated and
analyzed. Comparative analysis reveals that these multi-lump solutions exhibit richer dynamical properties than conven-
tional single-lump ones. These results contribute to a deeper understanding of nonlinear systems and may facilitate solving
nonlinear problems in nature.
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1. Introduction

The coupled nonlinear Schrödinger (NLS) equations have
long served as cornerstone models for understanding wave dy-
namics in diverse physical systems, including nonlinear optics,
Bose–Einstein condensates, and plasma physics.[1–6] These
equations describe the evolution of wave envelopes in dis-
persive media, where a balance between nonlinearity and dis-
persion sustains localized structures such as solitons.[7–9] The
study of coupled NLS systems has seen significant advance-
ments in modeling multi-component wave interactions, par-
ticularly in polarization-resolved light propagation in birefrin-
gent fibers[10] and spinor condensate dynamics in ultracold
quantum gases[11] in recent decades. The generalized cou-
pled NLS equations provide a versatile platform for discov-
ering non-classical coherent structures beyond conventional
solitons, which incorporate cross-phase modulation (XPM),
four-wave mixing (FWM), and higher-order nonlinear terms.
Moreover, previous studies have shown that FWM exerts
the strongest influence on optical systems.[12] The localized
wave solutions of the generalized coupled NLS equations
include lumps, breathers, and rogue waves, each demon-
strating distinct dynamical characteristics. Breathers ex-
hibit periodic oscillatory behavior along specific propagation
directions,[13] with lump waves emerging as infinite-period

limits of breathers. Characterized by spatial localization and
algebraic decay properties, lump solutions were originally dis-
covered in the context of the KP-I equation,[14] and their two-
dimensional energy-localized profiles have proven instrumen-
tal for modeling shallow-water wave interactions and magne-
tized plasma phenomena.

Recent theoretical developments have expanded lump-
wave analysis within NLS systems through a modified Hi-
rota bilinear method, enabling exact multi-lump constructions;
numerical simulations have demonstrated breather-like am-
plitude oscillations[15,16] in (2+1)-dimensional NLS systems
and energy oscillation patterns[17] in multicomponent lump
interactions. Notably, lumps on periodic backgrounds have
been linked to extreme wave events.[18,19] Moreover, the rogue
wave and the lump wave can be transformed into the W-shaped
soliton, and the breather can be converted into several kinds of
nonlinear waves under specific conditions. These findings es-
tablish unified frameworks for understanding nonlinear wave
metamorphosis across hydrodynamics and nonlinear optical
systems.[20–23] The interplay between solitons and lump waves
introduces novel paradigms for energy transfer and wave-
form engineering across nonlinear systems.[24–28] In single-
component systems, solitons and lumps establish bound states
through nonlinear resonance mechanisms, with stability gov-
erned by phase synchronization and velocity alignment.[29,30]
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In particular, the superposition mechanisms, state transitions,
and internal connections among various nonlinear waves have
been extensively studied.[31,32] In generalized coupled NLS
systems, cross-component nonlinear coupling enables richer
interaction scenarios, for instance, solitons acting as nonlin-
ear catalysts to induce lump fission via parametric amplifica-
tion, or lump chains modulating soliton trajectories through
XPM.[33] A generalized coupled NLS system with an FWM
effect to describe optical solitons in a birefringent fiber is
proposed[34]

iu jt +u jxx +u jyy +2(a |u1|2 + c |u2|2 +bu1u2 +bu1u2)u j = 0,

j = 1,2, (1)

where u j, depending on x, y, and t, describes the envelopes
of the two circularly polarized waves. The variables t and
x represent the delay time and normalized distance, respec-
tively; a and c are real constants accounting for self-phase
modulation and XPM; b is a complex constant representing
the FWM effect, and b, u1, and u2 are the complex conju-
gates of b, u1, and u2. Although extensive research has been
conducted on one-dimensional systems, several issues remain
to be explored.[35–40] Bright soliton solutions for Eq. (1) have
been studied in Ref. [34]. However, lump solutions and the
mixed solutions of lumps and solitons have not been discussed
for Eq. (1). In this paper, we will obtain multiple nonlinear
wave solutions, including periodic lumps, multi-lumps, and
mixed solutions of lumps and solitons, by the Hirota bilinear
approach and the long-wave limit method. Considering that
nonlinear wave solutions of high-dimensional equations are
structurally more complex, they may exhibit richer physical
phenomena.[41–43]

The structure of this paper is organized as follows. In
Section 2, we will obtain single- and double-periodic lump so-
lutions for Eq. (1) by the Hirota bilinear method. In Section 3,
we will display lump solutions and mixed solutions of lumps,
periodic lumps, and solitons by applying the long-wave limit
method to the periodic lump and soliton solutions. Finally, the
conclusions are summarized in Section 4.

2. Periodic lump solutions of the coupled NLS
equations
In Refs. [44–46], single-periodic lump solutions for cer-

tain nonlinear evolution equations have been constructed by
introducing a combination function of hyperbolic cosine and
trigonometric cosine. In this part, we acquire the bilinear form
and the mixed single- and double-periodic lump solutions of
Eq. (1) via the Hirota method. To begin with, we introduce
the dependent variable transformations u j = G j/F , where G j

are complex functions and F is a real one. Substituting the

above transformations into Eq. (1), we obtain its bilinear form
as follows:

iDtG j ·F +D2
xG j ·F +D2

yG j ·F−λG j ·F = 0, (2)

2a |G1|2 +2c |G2|2 +2bG1G∗2 +2b∗G∗1G2

−D2
xF ·F−D2

yF ·F +λF ·F = 0, (3)

where D denotes the Hirota bilinear operator, defined as

Dp
v Dq

ζ
a ·b =

(
∂

∂v
− ∂

∂v′

)p(
∂

∂ζ
− ∂

∂ζ
′

)q

×a(v,ζ )b(v
′
,ζ
′
)|v′=v,ζ ′=ζ

,

where p and q are both positive integers, a is a function of v
and ζ , and b is a function of v

′
and ζ

′
.

2.1. Single periodic lump solution

To derive the single-periodic lump solution of Eq. (1), G j

and F are expanded as F = 1+ ε2 f2(x,y, t) and

G j = m jg0(x,y, t)+n jεg1(x,y, t)

+ε
2m jg0(x,y, t)g2(x,y, t), (4)

where ε is a formal expansion parameter. Substituting the ex-
panded forms of G and F into the bilinear Eqs. (2) and (3),
and taking ε = 1 without loss of generality, the single-periodic
solution of Eq. (1) is obtained as follows:

u j =
δ1m jγ0 +Θ1n jα1 +δ1m jγ0Z1ρΘ11

1+ρΘ11
, (5)

where we assume

δ1 = cosξ0 + i sinξ0,

Θ1 = coshθ1 + sinhθ1,

Θ11 = coshθ11 + sinhθ11, (6)

and θ1 = k11x+k21y+ i(−λ +k2
11+k2

21)t+ξ1, θ11 = θ1+θ 1,
ξ0 = k10x+ k20y− (λ + k2

10 + k2
20)t, and ρ = eζ . The parame-

ters satisfy the constraint conditions

λ = 2(a|m1|2 +bm2m1 +bm1m2 + c|m2|2) |γ0|2 ,

m1 =
−bm2n1− cm2n2

an1 +bn2
,

Z1 =
(k10 + ik11)c11 +(k20 + ik21)c22

(k10− ik11)c11 +(k20− ik21)c22
,

eζ =
2l |α1|2

2c2
11 +2c2

22−λ (Z1 +Z1−2)
, (7)

l = a |n1|2 +bn2n1 +bn1n2 + c |n2|2 . (8)

In the above expressions, k10 and k20 are arbitrary real
constants, γ0, k11, k21, m j, n j, and α1 are arbitrary com-
plex constants, c11 = k11 + k11, and c22 = k21 + k21. Since
u j ( j = 1,2) have similar properties, we only consider the
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results obtained for u1. Figure 1 shows the motion process
of the single-periodic lump wave, whose speed and waveform
remain unchanged. Compared with Fig. 1, when the imagi-
nary part of k11 increases while other parameter values remain

constant, the period of the periodic lump decreases. When
t = 0, Fig. 2(a) shows the three- dimensional plot, and the cor-
responding contour map of the periodic lump solution in the
(x,y) plane is shown in Fig. 2(b).
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Fig. 1. Motion of a single periodic lump for Eq. (1) via solution (5) with parameters a = 1, b = 1, c = 1, k11 = 0.4+ 3.5i, k21 = −1+ 0.5i,
k10 = 1, k20 = 1, m2 = 0.5, n1 = 1, n2 = 1, α1 = 1, γ0 = 2, ξ1 = 0; (a) t =−4, (b) t = 0, (c) t = 4.
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Fig. 2. Plots of a single periodic lump for Eq. (1) via solution (5) with k11 = 0.4+5.5i; (a) three-dimensional plot; (b) contour profile; (c) cross-
sectional view of (a).
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Fig. 3. Transformation of one periodic lump of Eq. (1) with the following parameters: (a) k11 = k21 = 1+0.1i; (b) k11 = k21 = 1+0.9i; (c) k11 = k21 = 1+5i.

If appropriate parameters are chosen, a single periodic
lump can transform into bright–dark, W-shaped, and multi-
peak solitons. To investigate the conversion mechanism of the
periodic lump solution, Eq. (5) can be rewritten as follows:

u j = e iξ0

[
m j

2
γ0 (1+Z1)−

m j

2
γ0 (1−Z1)

sinh(Λ1)

cosh(Λ1)

+
n jα1

2e
ς

2

cos(Λ2)+ i sin(Λ2)

cosh(Λ1)

]
, (9)

where

Λ1 = k11Rx+ k21Ry−2(k11Rk11I + k21Rk21I)t +ξ1 +
ζ

2
,

Λ2 = −(k11I + k10)x− (k21I + k20)y

+(k2
11I− k2

11R + k2
21I− k2

21R + k2
10 + k2

20 +2λ )t, (10)

and the subscripts R and I denote the real and imaginary parts,
respectively. Other parameters are defined as before.

From Eq. (9), it can be clearly seen that the periodic lump
solution involves both hyperbolic and trigonometric functions,
which jointly determine its essential characteristics. The hy-
perbolic functions (cosh, sinh) govern the localization of the
wave, while the trigonometric functions (cos, sin) define its
periodicity. The single periodic lump possesses two charac-
teristic lines, Λ1 = 0 and Λ2 = 0, which dictate its dynamical
behavior. When the following condition is satisfied∣∣∣∣ k11R k21R

k11I + k10 k21I + k20

∣∣∣∣= 0,

the two characteristic lines become parallel, leading to the
transformation of the single periodic lump into various types
of nonlinear waves.

To explore this transformation, we vary the ratio
(k11I + k10)/k11R while fixing the parameters as a= b= c= 1,
k10 = k20 = ξ1 = 0, m2 = n1 = n2 = 1, α1 = γ0 = 0.1, t = 0,
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and k11R = 1. When |k11I | ≤ 0.5, the solution (9) repre-
sents a bright–dark soliton, as illustrated in Fig. 3(a). For
0.5 < |k11I | < 1.4, the solution exhibits a W-shaped soliton
with a single peak and two valleys, as shown in Fig. 3(b).
As |k11I | further increases (|k11I | ≥ 1.4), the oscillations be-
come sharper, and the periodic lump evolves into an asymmet-
ric multi-peak soliton, as displayed in Fig. 3(c).

In addition, by setting γ0 = 0, Eq. (9) reduces to a bright
one-soliton solution, as shown in Fig. 4.
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Fig. 4. Bright one-soliton solutions for Eq. (1). (a) Three-dimensional
plot and (b) two-dimensional plot of the soliton, with parameters chosen
as in Fig. 1 except k11 = 1+0.1i, k21 = 1+ i, m2 = 1, and γ0 = 0.

Investigation of the linear stability of the solutions to the
NLS equations is regarded as one of the most important as-
pects of nonlinear wave theory. In the following, taking the
single periodic lump solution as an example, we analyze its
linear stability. For simplicity, we denote

u j = u0 j e i(σx+ρy+rt). (11)

Substituting Eq. (11) into Eq. (1), we obtain

r = 2au2
01 +2bu01u02 +2bu01u02 +2cu2

02−ρ
2−σ

2, (12)

where u0 j, σ , and ρ are all real constants. Next, we add a dis-
turbance term to Eq. (11), and the constant solutions u j can be
expressed as

u j =
(
u0 j +ϑν j

)
e i(σx+ρy+rt), (13)

where ϑ is a disturbance parameter, and ν j is defined as

ν j = Λ1 j e i(σ0x+ρ0y−r0t)+Λ2 j e−i(σ0x+ρ0y−r0t). (14)

Here, Λ1 j and Λ2 j are coefficients of the linear combination,
while σ0, ρ0, and r0 denote the real disturbance wave numbers
and the real disturbance frequency, respectively. Substituting
Eq. (13) into Eq. (1), we have

iν jt +2iρν jy +ν jyy +2iσν jx +ν jxx +M1u0 jν1

+M2u0 jν1 +M3u0 jν2 +M4u0 jν2 = 0, (15)

where ν j denotes the complex conjugate of ν j, and

M1 = 2au01 +2bu02, M2 = 2au01 +2bu02,

M3 = 2bu01 +2cu02, M4 = 2bu01 +2cu02. (16)

Then, substituting Eq. (14) into Eq. (15) and linearizing the
equations with respect to Λ1 j and Λ2 j, we derive

ψ11Λ11 +M2u01Λ21 +M3u01Λ12 +M4u01Λ22 = 0,

M2u01Λ11 +ψ22Λ21 +M4u01Λ12 +M3u01Λ22 = 0,

M1u02Λ11 +M2u02Λ21 +ψ33Λ12 +M4u02Λ22 = 0,

M2u02Λ11 +M1u02Λ21 +M4u02Λ12 +ψ44Λ22 = 0, (17)

where

ψ11 = r0 +M1u01−2ρρ0−ρ
2
0 −2σσ0−σ

2
0 ,

ψ22 =−r0 +M1u01 +2ρρ0−ρ
2
0 +2σσ0−σ

2
0 ,

ψ33 = r0 +M3u02−2ρρ0−ρ
2
0 −2σσ0−σ

2
0 ,

ψ44 =−r0 +M3u02 +2ρρ0−ρ
2
0 +2σσ0−σ

2
0 . (18)

Equation (17) has nonzero solutions if and only if the determi-
nant ∣∣∣∣∣∣∣∣

ψ11 M2u01 M3u01 M4u01
M2u01 ψ22 M4u01 M3u01
M1u02 M2u02 ψ33 M4u02
M2u02 M1u02 M4u02 ψ44

∣∣∣∣∣∣∣∣= 0. (19)

Substituting Eq. (18) into Eq. (19), we obtain the following
dispersion relation:

r0 = 2ρρ0 +2σσ0± (ρ2
0 +σ

2
0 ) or r0 = 2ρρ0 +2σσ0±

√
∆ ,

where ∆ = (ρ2
0 + σ2

0 )(ρ
2
0 + σ2

0 − 4au2
01 − 4bu01u02 −

4bu01u02 − 4cu2
02). If ∆ ≥ 0, r0 is real, and it follows that

the steady state is stable against small perturbations. Oth-
erwise, when ∆ < 0, r0 is complex, and the steady state is
unstable.

In the following, we consider the stability of the one pe-
riodic lump solution of Eq. (1) with the aid of the split-step
Fourier method based on solution (5). Here, the exact solu-
tions with 1% white noise added as initial conditions are in-
serted into Eq. (1) to test their stability against perturbations
via direct numerical simulations. Figure 5 exhibits the numer-
ical evolution of one periodic lump. From Fig. 5(a), the numer-
ical solution for t = 0.1 shows no visible instability except for
slight oscillations, and the white noise only slightly affects the
background of the periodic lump. Comparing Fig. 5(b) with
Fig. 5(a), the one periodic lump gradually becomes unstable
as t increases, while other parameters remain unchanged. The
periodic oscillation in the background begins to affect the pe-
riodic lump. When t = 2, the periodic lump cannot sustain its
original shape; it becomes distorted, breaks up, and finally de-
cays into noise, as shown in Fig. 5(c). The periodic lump (5)
displays unstable evolution.

2.2. Double periodic lump solutions

The double periodic lump solutions can be expressed as

110502-4
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u j =
Θ4 eδ1n j +Θ5 eδ2n j +Θ1n jα1 +Θ2n jα2 +δ1m jγ0 (1+Θi jAi j +Θ6 eκ1)

1+Θi jµi j +Θ6 eκ2
, (20)

where

Θ1 = coshθ1 + sinhθ1, Θ2 = coshθ2 + sinhθ2, Θi j = coshθi j + sinhθi j

Θ4 = coshθ4 + sinhθ4, Θ5 = coshθ5 + sinhθ5, Θ6 = coshθ6 + sinhθ6, (21)

in which i, j = 1,2, θ4 = θ11 +θ2, θ5 = θ22 +θ1, θ6 = θ11 +θ22 and

θ2 = k12x+ k22y+ i(−λ + k2
12 + k2

22)t +ξ2, θi j =
(
k1i + k1 j

)
x+
(
k2i + k2 j

)
y+ i

(
k2

1i + k2
2i− k

2
1 j− k

2
2 j

)
t +ξi +ξ j. (22)

The other parameters are given as follows:

A11 =
µ11 [(k10 + ik11)c11 +(k20 + ik21)c22](

k10− ik11
)

c11 +
(
k20− ik21

)
c22

, A12 =
µ12 [(k10 + ik11)c14 +(k20 + ik21)c25](

k10− ik12
)

c14 +
(
k20− ik22

)
c25

,

A21 =
µ21 [(k10 + ik12)c14 +(k20 + ik22)c25](

k10− ik11
)

c14 +
(
k20− ik21

)
c25

, A22 =
µ22 [(k10 + ik12)c44 +(k20 + ik22)c55](

k10− ik12
)

c44 +
(
k20− ik22

)
c55

, (23)

eδ1 =
α1µ21d12c14 +d22c25−α2µ11d12c11 +d22c22

c11c14 + c22c25
, eδ2 =

α1µ22d12c44 +d22c55−α2µ12d12c14 +d22c25

c14c44 + c25c55
, (24)

eκ2 =
eδ2 µ11

(
d12c44 +d22c55

)
− eδ1 µ12

(
c14d12 + c25d22

)
α1 (c14c44 + c25c55)

,

eκ1 = eκ2
[(ik12 + k10)c14 +(ik22 + k20)c25][(ik11 + k10)c14 +(ik21 + k20)c25]

[(k10− ik11)c14 +(k20− ik21)c25][(k10− ik12)c14 +(k20− ik22)c25]
. (25)

In above expressions the µi j satisfy the constraint conditions

µ11 =
|α1|2 l

c2
11 + c2

22

{
1+

λ (c2
11 + c2

22)

2i [(k11− ik10)c11 +(k21− ik20)c22]
[
(k10− ik11)c11 +(k20− ik21)c22

] }−1

,

µ12 =
α1α2l

c2
14 + c2

25

{
1+

λ (c2
14 + c2

25)

2i[(k11− ik10)c14 +(k21− ik20)c25][(k10− ik12)c14 +(k20− ik22)c25]

}−1

,

µ21 =
α2α1l

c2
14 + c2

25

{
1+

λ (c2
14 + c2

25)

2i[(k12− ik10)c14 +(k22− ik20)c25][(k10− ik11)c14 +(k20− ik2)c25]

}−1

,

µ22 =
|α2|2 l

c2
44 + c2

55

{
1+

λ (c2
44 + c2

55)

2i [(k12− ik10)c44 +(k22− ik20)c55]
[
(k10− ik12)c44 +(k20− ik22)c55

] }−1

, (26)

and c14 = k11 + k12, c25 = k21 + k22, c44 = k12 + k12, c55 = k22 + k22, d12 = k11− k12, d22 = k21− k22. The other parameters α j,
k j, ξ j ( j = 1,2) and γ0 are arbitrary complex constants. Moreover, µ11 and µ22 are real constants while µ12 and µ21 are complex
constants.
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Fig. 5. Evolutions of one periodic lump given by Eq. (5) under an initial white noise perturbation of 1% from t = 0 to (a) t = 0.1, (b) t = 0.4, and
(c) t = 2. The parameters are the same as those used in Fig. 1(b).
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Fig. 6. Double periodic lumps propagating along the x-axis with ξ1 = 0, ξ2 = 0, k10 = 50, k20 = 1, a = 200, b = 20, c = 10, k21 = 0.01i,
k22 =−0.01i, m2 = 1, n1 = 10, n2 = 1, α1 = 1, α2 = 10, γ0 = 15.9, k11 = 32+0.01i, k12 = 30+0.01i. (a) t = 0; (b) t = 5; (c) k11 = 32−0.03i,
k12 = 30−0.03i, t = 5.
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Fig. 7. Double periodic lumps propagating along the y-axis with ξ1 = 0, ξ2 = 0, k10 = 5, k20 = 1, a= 0.1, b= 2, c= 1, k11 = 0.91i, k12 =−0.91i,
m2 = 1, n1 = 1, n2 = 1, α1 = 0.001, α2 = 1, γ0 = 0.5, k21 = 1.5+ 0.05i, k22 = 1.5+ 0.05i. (a) t = 0; (b) t = 15; (c) k21 = 1.5− 0.1i,
k22 = 1.5−0.1i, t = 15.
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Fig. 8. Interaction of double periodic lumps with ξ1 = 0, ξ2 = 0, k10 = 1, k20 = 1, a = 1, b = 1, c = 1, k11 = 3i, k21 = 1− i, k12 = 1− i, k22 = 3i,
m2 = 1, n1 = 1, n2 = 1, α1 = 1, α2 = 1, γ0 = 0.5. (a) t =−3; (b) t = 0; (c) t = 3.
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Fig. 9. Bright two-soliton solutions for Eq. (1) with ξ1 = 0, ξ2 = 0, a = 1,
b= 1, c= 1, k10 = 1, k20 = 1, k11 =−6+ i, k21 = 1, k12 = 5+5i, k22 = 1,
m2 = 1, n1 = 0.8, n2 = 1, α1 = 1, α2 = 1, γ0 = 0, t = 0. Panel (b) shows
the cross-sectional view of (a).

In order to represent the velocities of periodic lump waves
in a uniform and clear manner, we use the orthogonal decom-
position method to represent the velocities and directions of
wave motion, i.e., the velocities are shown on the x-axis and
y-axis, respectively. The velocities of double periodic lump
waves can be given in component form as

V1 =

(
2ϒ1k11R

k2
11R + k2

21R
,

2ϒ1k21R

k2
11R + k2

21R

)
,

V2 =

(
2ϒ2k12R

k2
12R + k2

22R
,

2ϒ2k22R

k2
12R + k2

22R

)
,

where ϒ1 = k21Ik21R + k11Ik11R and ϒ2 = k22Ik22R + k12Ik12R.
In Fig. 6, the periodic lumps move along the x-axis and their
velocities are (2k11I ,0) and (2k12I ,0) respectively. The param-
eters k11I and k12I are both positive in Figs. 6(a) and 6(b), so
the double periodic lumps propagate in the direction of x > 0.
When we change the sign and magnitude of k11I and k12I as
shown in Fig. 6(c), we see that the double periodic lumps prop-
agate in the opposite direction to Fig. 6(a), and their speed in-
creases as time t increases. Obviously, the magnitude of the
velocity is adjusted by |k11I | and |k12I |. Figure 7 illustrates
that they move along the y-axis without any interaction, and
the motion velocities of the periodic lumps are (0,2k21I) and
(0,2k22I). Figure 8 shows the interaction phenomenon of the
double periodic lumps as follows: one moves along the x-axis,
and the other moves along the y-axis. As shown in Figs. 8(a)–
8(c), the velocities of the two periodic lumps are (−2,0) and
(0,−2). When t varies from −3 to 3, they propagate in the
direction of x < 0 and y < 0. Similarly, when we reverse the
sign of the velocities, the double periodic lumps propagate in
the direction of x > 0 and y > 0. We can also obtain the in-
tersecting bright two-soliton solutions as shown in Figs. 9(a)
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and 9(b) respectively. By observing Fig. 9, we can see that the
intensity of the two bright solitons changes before and after
collision, indicating that the above collision is inelastic.

3. Lump and mixed solutions of the coupled
NLS equations

3.1. One lump on a periodic wave background

In order to obtain a one-lump solution of Eq. (1), we set
ξ1 = iπ in Eq. (5) and apply the long-wave limit method. The
expression for u1 can be simplified as follows:

u1 =
−2−1.4x+(1+ i)y−0.4e i(5.5x+y)p10

1.86978−1.78503i +q10
, (27)

where

p10 = 2.02306−0.852342i

+(1.43229−1.19328i) [x+(1+ i)y] ,

q10 = (1.21769−2.49905i) [x+(1+ i)y] , (28)

for the parameters a = 1, b = 0.1, c = 1, k11 = 0.7, k21 =

0.7+ 0.7i, k10 = 5.5, k20 = 1, m2 = n1 = n2 = 1, α1 = 0.1,
and γ0 = 0.4.

Figure 10 shows the evolution of the lump on the periodic
wave background. A single lump on a plane wave background
is shown in Fig. 11(a) when γ0 = 0. Reducing the value of
k10 decreases the period of the background wave, as shown
in Fig. 11(b). Compared with Fig. 11(b), both the peak of
the lump solution and the period of the background wave in-
crease, and the propagation direction of the background wave
also changes when k20 = 16, as shown in Fig. 11(c).

Thus, the background period of the lump solution is de-
termined by the parameters γ0, k10, and k20.
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Fig. 10. The motion of one lump on the periodic wave background for Eq. (1) via solution (27) at (a) t =−3, (b) t = 0, and (c) t = 3.
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Fig. 11. One lump solution of Eq. (1) with (a) γ0 = 0, k10 = 5.5, k20 = 1; (b) γ0 = 0.6, k10 = 3.5, k20 = 1; and (c) γ0 = 6, k10 = 5.5, k20 = 16.

3.2. Two lumps on a periodic wave background

To obtain the two-lump solutions of Eq. (1), we set ξ j =

iπ ( j = 1,2), k22 = k21, and k12 = k11 in Eq. (20) and apply

the long-wave limit method under the conditions k11→ 0 and

k12→ 0. The expression for u1 can then be simplified as

u1 =
p11 + e12i(x+y)p12

q11
, (29)

where

p11 = 0.000693247+0.0014429i +(0.00441233+0.0083018i)x2 +
[
(0.0029939+0.00591298i)

−(0.00777895−0.0254283i)y
]
x− (0.00291908−0.00890689i)y− (0.0166036−0.00882465i)y2,

p12 = −0.0389985+0.011291i− (0.427214−0.151948i)x2 +
[
−0.293984+0.0974871i

−(1.15832+0.550533i)y
]
x− (0.391471+0.196497i)y− (0.303895+0.854428i)y2,

q11 = 0.0868191+0.00633578i +(0.675836+0.0171871i)x+ x2 +(0.658649+0.693023i)y+(2+2i)xy+2iy2,
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for the parameters a = 7, b = 1+ 2i, c = 1.5, k11 = 3, k21 =

3+3i, k12 = 1, k22 = 1+ i, k10 = k20 = 12, m2 = 1, n1 = 0.1,
n2 = 1, α1 = α2 = 3.5, and γ0 = 1.

Figure 12 illustrates the evolution of the two lumps on a
periodic wave background. The two lumps on a plane wave
background are shown in Fig. 13 for the case k10 = k20 = 1.
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Fig. 12. Double lump solutions on the periodic wave background with (a) t =−2; (b) t = 0; (c) t = 2; (d)–(f) contour profiles.
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Fig. 13. Double lump solutions on the plane wave background with (a) t =−0.5; (b) t = 0; (c) t = 0.5; (d)–(f) contour profiles.

3.3. Multi-lumps and mixed solutions

To obtain the mixed solutions of one lump and double pe-

riodic lump solutions of Eq. (1), we apply the long-wave limit

method under the condition k11 → 0. The expression for u1

can be simplified as

u1 =
0.359375e i(x+2y)p21 +1.5p22

q21
,

where

p21 = 1.8426+1.40549i− (3456.58−24235.9i)e2x+0.1y−
[
(2207.59+402.694i)+(12275.4+2706.15i)(x+Y2)

]
e4x+0.2y

+(2.8+0.1i)(x+Y2)
[
1.6852+2.81099i− (3456.58−24235.9i)e2x+0.1y

]
,

p22 = 0.1− (4941.19−4493.25i)e2x+0.1y +(0.826373+0.227989i)e4x+0.2y +(2.8+0.1i)
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×
[
0.1(x+Y2)+(0.826373+0.227989i)(x+Y2)e4x+0.2y− (5041.19−4493.25i)(2x+(2.6+1.8i)y)e2x+0.1y

]
,

q21 = 1.30646−0.297752i− (18023.2+991.589i)e2x+0.1y +
[
(479.185−338.361i)+(2739.53−1799.4i)(x+Y2)

]
e4x+0.2y

+(2.8+0.1i)(x+Y2)
[
(0.612928−0.595503i)− (18023.2+991.589i)e2x+0.1y

]
,

with Y2 = (1.3+ 0.9i)y, and the parameters chosen as a = 1,
b = 0.1, c = 1, k11 = 2.8+ 0.1i, k21 = 2.55+ 2.45i, k12 = 2,
k22 = 0.1, k10 = 2, k20 = 2, m2 = 1, n1 = 1.5, n2 = 1, α1 = 0.1,
α2 = 100, γ0 = 0.5, with other parameters as given in Fig. 12.

The resulting mixed solutions of one lump and double
periodic lumps are shown in Fig. 14(a). When k22 = 1.9,
a one-lump solution appears between a periodic lump and a
dark soliton on the periodic wave background, as illustrated in
Fig. 14(b). Further increasing k22 leads to two anti-dark soli-
ton structures on either side of the lump and an increase in the
period of the background wave, as shown in Fig. 14(c). By

increasing the parameter a as in Fig. 14(d), the peaks of the

periodic lump solutions increase and they reside on a plane

wave background, while the one lump approaches the peri-

odic lump on the right. Changing k10 allows the one lump

and multi-peak solitons to merge into a single structure, as

seen in Fig. 14(e). Figure 14(f) shows the integration of one

lump and a single periodic lump for the parameters a = 2,

b = 0.1, c = 1, k11 = 3, k21 = 4.5+ 2.7i, k12 = 3, k22 = 15,

k10 = k20 = m2 = 1, n1 = 1.5, n2 = 0, α1 = 0.03, α2 = 100,

and γ0 = 1.5.
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At the same time, three-lump solutions can be obtained as

u1 =
3.87446−0.637224i + p31

−90.965+21.7213i +q31
, (30)

where

p31 = (11.6234−1.91167i)x+(19.1556+7.59352i)y

+e3(x+4y)
[
(12824−2215.84i)

−(545.298+550.536i)x

−(322.465+1316.57i)y
]

+e6(x+4y)
[
−0.0147702−0.0106919i

−(0.0443107+0.0320756i)x

−(0.037598+0.0879931i)y
]
,

q31 = −(29.1959−45.3648i)x− (84.6221−41.7709i)y

+e3(x+4y)
[
−2704.87+11460.1i

−(8114.6−34380.3i)x

−(43114.2−44267.4i)y
]

+e6(x+4y)
[
−1.73258+0.312365i

+x+(1.5+0.9i)y
]
.

These are illustrated in Fig. 15(a) for the parameters a = 2,
b = 0.1, c = 1, k11 = 3, k21 = 4.5+ 2.7i, k12 = 3, k22 = 12,
k10 = 0, k20 = 1, m2 = 0, n1 = 1.5, n2 = 0, α1 = 0.03,
α2 = 100, γ0 = 1, and t = 0. By increasing k22, two of the
lumps merge into a single lump, forming two-lump struc-
tures as shown in Figs. 15(b) and 15(c). In this way, multi-
ple mixed solutions can be obtained from the double periodic
lumps by appropriately adjusting the parameters, as illustrated
in Figs. 14 and 15.

4. Conclusion
In this paper, we systematically obtained various types

of solutions for the generalized coupled NLS system. A key
contribution is the derivation of periodic lump solutions for
Eq. (1), with single and double periodic lump structures on
plane wave backgrounds illustrated in Figs. 1 and 6–8. Param-
eter analysis revealed that k11 modulates the periodicity of the
periodic lump solutions, as shown in Fig. 2. Bright-dark W-
shaped, multi-peak, and bright soliton solutions were obtained
by assigning specific parameter values, and their spatiotem-
poral dynamics were visualized in Figs. 3 and 4. Critical de-
pendencies on parameters were identified, with k j0, k j1, and
k j2 being key factors determining the number of soliton peaks.
The stability of the numerical solutions was also investigated,
with results shown in Fig. 5. Two-soliton solutions were de-
rived as well, revealing collision behaviors of bright solitons
(Fig. 9).

By applying the long-wave limit method, these solutions
yielded corresponding lump solutions propagating on periodic
and plane wave backgrounds, as depicted in Figs. 10–13. Fur-
thermore, mixed solutions combining periodic lumps, single
lumps, and solitons were constructed and analyzed in Figs. 14
and 15, highlighting their potential for exploring nonlinear in-
teractions. These results provide a versatile framework appli-
cable to nonlinear models across various disciplines, and fu-
ture work will extend this methodology to higher-dimensional
nonlinear evolution equations.

The solitons and their interactions obtained in this study
are closely related to bound soliton states recently observed in
fiber laser experiments,[47–49] suggesting potential experimen-
tal realization in nonlinear optical systems. In particular, the
generation of vector solitons with compound pulsation peri-
ods using carbon black/graphene oxide saturable absorbers[47]

demonstrates that complex periodic and multi-peak soliton dy-
namics can be reliably generated and maintained in laser cavi-
ties. Similarly, deep learning-based modeling of vector-soliton
pulsations in Ref. [48] shows that intricate soliton interactions
can be accurately predicted and experimentally validated, un-
derscoring the relevance of these solutions to physical sys-
tems. Moreover, polarization-controlled switching dynamics
between soliton molecules and noise-like pulses highlight the
critical roles of nonlinearity, dispersion, and cavity feedback
in stabilizing multi-soliton states.[49] The soliton interaction
behaviors discussed in this paper correspond to these experi-
mental observations, particularly under the influence of cross-
phase modulation and higher-order effects. We anticipate that
the soliton and lump solutions presented here could be ex-
perimentally realized in fiber lasers with appropriate saturable
absorbers, polarization settings, and dispersion profiles. This
consistency between our analytical results and recent experi-
mental advances points to potential applications in designing
multi-functional fiber lasers and advanced information encod-
ing systems.
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