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Numerical heating in particle-in-cell simulations arises primarily from statistical noise during the deposition process,
which has long been a critical bottleneck limiting long-term simulation accuracy. This work proposes a dual-grid scheme
that enhances sampling accuracy by leveraging complementary spatial information from two staggered grids, thereby reduc-
ing statistical noise. Analytical derivations show that, through its distinctive deposition mechanism, the scheme effectively
elevates bilinear interpolation to a higher-order formulation. Numerical experiments validate this conclusion: compared
to quadratic interpolation, the proposed method achieves comparable noise suppression and mitigation of noise-driven
heating, while exhibiting superior capability in controlling grid heating and preserving energy conservation in long-term
simulations. Most importantly, phase-space diagnostics confirm that the scheme delivers the highest simulation accuracy
among the tested methods. These results demonstrate that the proposed approach provides an effective pathway for advanc-

ing noise control in particle-in-cell simulations.
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1. Introduction

Particle-in-cell (PIC) simulations have long served as a
cornerstone methodology in plasma physics, enabling detailed
exploration of fundamental processes such as wave—particle
coupling,!! relativistic laser—plasma interactions,?! magne-
tospheric reconnection,’! and plasma—surface interactions in
industrial applications.*! Despite their wide applicability, a
persistent challenge in PIC simulations is the phenomenon
of numerical heating,>=°! as it can obscure physical effects
and compromise long-term accuracy. For example, in high-
energy-density laser—plasma studies, artificial energy inflation
exceeding 25% has been observed after only 1 ps of simu-
lation time,!'°! under conditions with an initial plasma den-
sity of ne = 1.11 x 10* ¢cm™3, initial electron temperature
T. = 1 keV, grid spacing Ax = 1.5¢/ @, 64 macroparticles per
cell, and the use of a top-hat shape function.

It is widely recognized that numerical heating primarily
arises from non-conservative forces associated with the dis-
continuous deposition of charge/current onto discrete grids
when sampling is insufficient.!''! The combined effects of
grid discretization and a finite number of macroparticles in-
evitably introduce two distinct error contributions in the es-
timation of charge and current densities: (i) grid-induced er-
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ror, of which the aliasing error is a significant component, re-
sulting from finite spatial resolution, and (ii) sampling error,
often referred to as statistical noise, which scales as 1/ \Wp
for N, macroparticles.[!>-1%] Both types of error seed unphys-
ical fields that feedback on particles and drive artificial en-
ergy growth; their relative importance depends on simulation
parameters such as Ax, Nj,, and the deposition scheme. In
most practical PIC simulations, statistical noise is the domi-
nant noise source.

A range of methods have been proposed to mitigate
17181 dig-
[20]

noise, such as high-order particle shape functions, !

[19] and

ital filtering,'"”' stochastic resampling and remapping,
sparse grid techniques.?!>*1 However, each approach en-
tails trade-offs: filters may attenuate legitimate high-frequency
physics, resampling schemes can be mathematically and com-
putationally complex, and sparse-grid methods can struggle

s.[14] High-order shape

to resolve strongly localized structure
functions (e.g., quadratic B-splines) are often effective and ro-
bust in reducing numerical heating,!'°! but they mainly act by
smoothing the interpolation kernel and do not explicitly target
the fundamental statistical origin of noise.

We contend that effective noise suppression must directly

address the underlying error mechanisms rather than relying
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solely on the enhanced interpolation smoothness. Sparse-grid
methods exemplify this philosophy by improving sampling
efficiency.!?! Motivated by this perspective, the present work
introduces a dual-grid charge averaging scheme, designed to
mitigate statistical noise arising from insufficient particle sam-
pling. By leveraging complementary spatial information from
two staggered grids, the proposed method enhances sampling
accuracy and reduces statistical noise. Interestingly, this ap-
proach can also mitigate aliasing error.

The remainder of this paper is organized as follows. Sec-
tion 2 reviews the conventional single-grid charge deposition
scheme and details the formulation of the dual-grid charge
averaging method, including the derivation of its equivalent
shape function and a theoretical estimate of its noise-reduction
capability. Section 3 reports a series of numerical experiments
comparing the proposed method with bilinear and quadratic
interpolation, focusing on noise robustness, energy conserva-
tion, and overall simulation fidelity. Finally, Section 4 sum-
marizes the main findings and outlines the implications of this
work.

2. Methodology

This section begins by addressing strategies aimed at
mitigating statistical noise arising from the finite number of
macroparticles (hereinafter referred to as particles), which typ-
ically constitutes the dominant source of noise in most PIC
simulations. Following an overview of potential approaches
for reducing statistical noise, the discussion will then turn to
grid-induced error, which represents an additional critical fac-
tor governing the accuracy and stability of long-term simula-

tions.

2.1. Statistical noise estimation

In PIC algorithms, the charge density contributed by par-
ticles is deposited onto a fixed set of grid points. The depo-
sition onto adjacent grid points is carried out according to the
following expression:(©)

ZZH 1905 (% —3), (n

where x, denotes the position of the adjacent grid points. The
quantities sp, gp, Np, and x, represent the particle species,
charge, number, and position, respectively. S(x) is the particle
shape function, which in this case corresponds to the widely

used bilinear interpolation, defined as follows: 2!

Alxmax{O,l—Lxl}. 2)

Considering an infinite one-dimensional (1D) uniform plasma

S(x) =

slab, we restrict attention to a finite region of length L. For

simplicity, only a single particle, labeled as ‘p’, is assumed

to reside within this region. By repeatedly sampling this par-
ticle from the plasma distribution function a total of N times,
one obtains N particle positions together with N corresponding
charge densities deposited at a given grid point ‘g’, expressed
as follows:

xp—{x x x } (32)
p xg :{pgapgvpgv""pg ’pls} (3b)

The statistical noise o, is defined as the standard deviation of

Pgm]
N
@) = 3L
= Elp’]-(p)*, )

where E[X] represents the mathematical expectation of X. We
have used p to represent p(x,).
First compute p:

1

p = NZnNzl IS (xg—xp)
= gk [S (xg _x@]
1 /L
=7, S (% ) dxp
= CIp/L- )

In Eq. (5), we have assumed that N — oo, so the discrete sum-
mation is approximated as an integral.
Then compute E[p?]:

11
27—/\S(k)]2dk. )

The last step in Eq. (6) is to transform the integration space
from the real domain to the frequency domain. The Fourier
transform of the m-order shape function is expressed as

follows:[©!
m+1
Sm(k) = [sinc <k§x> } . ™

Substituting Eq. (7) into Eq. (6) yields

11 C [(kAx\ 12D
E[pz]z(qp)zmn/[smc(zﬂ k. (8

Taking m = 1 (corresponding to bilinear interpolation), one

gets E[p?] = 37k (4p)”
(m=1)

Therefore, the statistical noise is
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_ (2 %
3Ax L)L
2qp _
R~ 9
3 AP ©)
which is consistent with the derivation results of Muralikrish-
nan et al.'>!! For quadratic interpolation (m = 2), the statistical

noise is (0',,#2)2 = 0.552—‘;;3.

2.2. Reduction technique

In conventional deposition schemes, the statistical esti-
mation of p(x,) is determined solely by the charge contribu-
tions deposited directly by particles onto the grid point ‘g’. To
improve the accuracy of this estimation, we propose a novel
scheme that incorporates statistical information from multi-
ple sampling locations, including both integer and half-integer
grid points. By integrating contributions from these comple-
mentary sampling positions, the method facilitates mutual er-
ror compensation and thereby reduces the variance inherent in
single-point estimations on a fixed computational grid.

The proposed implementation is realized through the
mapping and averaging of spatial grid points. Revisiting the
plasma slab model, we define two independent sets of charge
densities as follows.

(i) Native group:

pi1 (xg) = {Pg:Pz---.0¢ } (10)

which is obtained by depositing particles directly onto the in-
teger grid point g, as described in Eq. (3b).
(i1) Mapped group:

P#z(xg):{P;#27P§#2a~~~,Pg¢2}7 (11)

where each element is defined as

n 1 n n
Perr = 5 (Pg—o.s +Pg+0.5) : (12)

In this case, particles are first deposited onto the half-integer
grid points ‘g — 0.5’ and ‘g + 0.5, and the corresponding
charge densities are then mapped back to the integer grid point
‘g’ through midpoint averaging.

The final charge density is obtained by taking the average
of the native and mapped groups:

plxg) = 31w (x9) +pra )] (13)

We refer to this method as the dual-grid charge averaging
(DGCA) scheme.
in Fig. 1, where the rectangle denotes the particle position

The grid operation process is illustrated

xp, while the circle and triangle correspond to the integer and
half-integer grid points, respectively. The black, blue, and red
boxes represent the standard group, the native group, and the
mapped group, respectively.

[T " n_m .

LN\ |

g—1

A
g—1 vs;&/ g+1

g g+1

Fig. 1. Algorithm flowchart illustrating operations on integer and half-
integer grids. The black box denotes the standard (reference) group.
The blue and red boxes represent the native group and the mapped
group, respectively.

In this paper, the DGCA scheme is applied to bi-
linear interpolation in order to derive the corresponding
shape function. Let the shape functions defined on the
integer and half-integer grids be denoted by S¢(x) and
Sh (x), respectively. The integer grid points are labeled as
(---,—1,0,1,---), while the half-integer grid points are la-
beled as (---,—1.5,—0.5,0.5,1.5,---). Without loss of gener-
ality, the analysis can be restricted to the grid point at ‘0’. The
first step involves mapping the half-integer grid points onto the

integer grid points,

1

Shosf(x) = 3 [Sh (_0.5 — @p) +Sh (05 — Tp)]
1 ‘ |< le
1 27 ‘x - 2 )
=43 1]x 1 3 (14)
oo B CAr<x < A
Ax) 37 3ar A ERI=3
0, otherwise,

after which the shape function St (x) is written out:

[k
Sf(x)zf Ax’

0, otherwise.

Finally, the shape function of the DGCA scheme can be ob-
tained as follows:

1
Sp (x) = 3 [St (%) + Snst (%)]
301 1
2B o<y < s Ax
1 2a OShlsgAn
7 3k 1
1 —— - —Ax<|x|<Ax
= o8 4Ar 2 shi=an g4
3_ lm Ax < |x| < §A)c
§ 4Ar T oMI=SY
0, otherwise,

which is a four-segment function with a width of 3Ax.

Figure 2(a) presents the functional forms of Sy_f(x),
St (x), and Sp (x). Notably, Sp (x) exhibits a striking resem-
blance to quadratic interpolation. This is further highlighted in
Fig. 2(b), which compares bilinear, quadratic, and DGCA in-
terpolations. The structural similarity indicates that the DGCA
scheme effectively mimics higher-order interpolation through
its adaptive charge deposition mechanism.
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Fig. 2. The function diagrams of different shape functions. (a) The
functions Sy (x), St (x), and Sp (x) are represented by blue dashed
line, black dotted line, and red solid line, respectively. (b) The bilinear,
quadratic and DGCA interpolation are represented by black solid line,
blue dashed line, and red dotted line, respectively.

2.3. Noise reduction estimation

Although the DGCA scheme was initially developed with
the primary objective of mitigating statistical noise, our analy-
sis first focuses on grid-induced errors before returning to sta-
tistical noise. A particularly detrimental consequence of a dis-
crete grid is aliasing, which introduces spurious spectral com-
ponents and undermines numerical accuracy. Accordingly, the
capability of the proposed scheme to reduce grid-induced er-
rors is evaluated by examining its effectiveness in suppressing
aliasing.

The Fourier transform of the shape function S (x) is

/jo S(x)e *Fdx

[ Z (S(x) x [cos(kx) — isin(ko)] }dx.  (17)

$ (k)

Since the shape function of the DGCA scheme Sp (x) is an
even function, Eq. (17) is rewritten as

Sp (k)

2 /0 " Sp (x) cos (kx) dx

0.5cos (l%x) —cos

P
=~
z
[’}

1 — cos (kAx) + sin (kAx) sin (42*)
(kAx)?
2sin? (%0%) [1+cos (%5%)]
(kax)?

i 2 2
= — — . 18
51nc<2)cos < ) (18)
The third step of Eq. (18) uses the identity cosa — cosb =
—2sin (—“zh ) sin (—“2b ) and the fourth step uses the identities

1 —cos (a) = 2sin’*(%) and sin (a) = 2sin(% )cos(%).
As clearly shown in Eq. (18), the DGCA scheme exhibits
*(3Y)

a distinct “filtering” characteristic: the sinc term serves

as the primary mechanism for attenuating high-wavenumber
signals, while the additional cos? (¥4*) term introduces pe-
riodic modulation, thereby further suppressing specific high-
frequency components and enhancing the overall filtering ef-
fectiveness across the high-frequency spectrum.

For a more intuitive comparison, Fig. 3 plots the Fourier
response curves of bilinear interpolation S (k), quadratic in-
terpolation S (k), and the DGCA scheme Sp (k). It is evident
that the DGCA scheme achieves stronger attenuation in the
high-wavenumber region approaching the Nyquist wavenum-
ber kny = 7/Ax, where aliasing is most pronounced. For ex-
ample, taking k = 7t /Ax, one obtains S (k) ~ 0.4053, S, (k) ~
0.2580, and Sp (k) ~ 0.2026.

| — Bilinear
Lor_ Quadratic

e 29
o

Amplitude
o
N

—4 -2 0 2 4

Wave number (kAz/2)
Fig. 3. Fourier transforms of the three shape functions. The bilinear,
quadratic and DGCA interpolation are represented by black solid line,
blue dashed line and red dotted line, respectively. It can be seen that the
DGCA scheme provides better attenuation in the high-wavenumber re-
gion near the Nyquist wavenumber kny = 7r/Ax, where aliasing is most
pronounced.

Then evaluate the statistical noise

(oun)” = E[p*] - (p)?

() o [ 5000k~ (%)

p

~ 0.51g,—. 19

dp Ax 19

The coefficients of the statistical noise levels associated with

bilinear and quadratic interpolation are given by o,%1 ~ v/0.67
and o, ~ v/0.55, respectively. Accordingly, relative to bi-
linear interpolation, the statistical noise is reduced to 87.5%
when using the DGCA scheme and to 90.8% when using
quadratic interpolation.

The foregoing analysis demonstrates that the DGCA
scheme, by virtue of its unique charge deposition mechanism,
effectively upgrades bilinear interpolation to a higher-order
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formulation. Although its shape function closely resembles
that of quadratic interpolation, DGCA exhibits superior per-
formance in suppressing aliasing. In addition, with respect to
statistical noise reduction, DGCA achieves a slight improve-
ment over quadratic interpolation.

3. Numerical experiments

To evaluate the effectiveness of the proposed method, we
performed a series of 1D1V electrostatic PIC simulations. The
performance of the standard charge deposition scheme was
systematically compared against that of the DGCA method
under identical simulation conditions. In addition, a compar-
ative analysis with quadratic interpolation was carried out to
examine their similarities in noise suppression. The DGCA
algorithm was implemented according to Eq. (17). For numer-
ical convenience, the following normalized units were adopted
unless otherwise specified: electron Debye length Ap. = 1,
electron plasma frequency @, = 1, and charge-to-mass ra-
tio ge/me = —1. The electron thermal velocity was defined
through the fundamental relation vie = Ape @pe. To ensure the
purity of the numerical results, all filtering operations were
deliberately excluded from the simulations to avoid potential
artifacts.

3.1. Benchmark test

To validate the reliability of the proposed scheme, we first
conducted benchmark tests on two classical plasma physics
problems with well-established analytical solutions: Landau
damping and the two-stream instability. For the Landau damp-
ing case, the initial wave was excited by perturbing particle
positions according to @, = xo[1 + 0.05cos(kx)], where xq
denotes the equilibrium position and k is the wavenumber.
The subsequent temporal evolution of the electric field en-
ergy, Er = %AxZEZ, was then monitored and compared with

the theoretical damping rate }, obtained from the dispersion
28]

1 ) [0)
1+ 1+ V4 =0, 20
(k}LDe)z |: kvihe <kvthe ) :| (20)

where Z represents the plasma dispersion function and @ de-

relation!

notes the complex wave frequency, ® = Re (@) + %.i.

In the two-stream instability scenario, we consider
counter-propagating electron beams with drift velocities of
Zup and a characteristic plasma frequency @peo.

This configuration excites electrostatic modes with fre-
quency @ and wavenumber k, which are governed by the dis-
persion relation (%!

wﬁeo wgeo
5 5 = 1. (21)
(0 — kug) (@ + kuo)

The system supports unstable modes when the condition kuy <
\ﬁwpeo is satisfied, with the corresponding growth rate given

by yr = IM(). To selectively excite the most unstable mode,
a small-amplitude perturbation was introduced into the ini-
tial electron velocity distribution, expressed as ve = veg[l +
ocos(kvep)], where a = 0.005 denotes the perturbation ampli-
tude.

Figure 4 illustrates the temporal evolution of the electric
field energy, with panel (a) corresponding to Landau damping
and panel (b) depicting the two-stream instability. Here, the
total particle number is 50000 and the other simulation param-
eters are provided in the figure annotations. The theoretical
prediction is indicated by the green curve.

L=2r/k, k=0.5, At=0.1, Ny=32

(a) —— Bilinear
---- Quadratic
--- DGCA
N Analytical

—1.5}

log| E|

—-3.0f f,\
\//\

12 16 20

—4.5
0

Time

—— Bilinear
_8 ---- Quadratic
- - DGCA
Analytical
~10 . L L L
0 20 40 60 80 100

Time
Fig. 4. Time history of total electric field energy in simulating: (a) Lan-
dau damping and (b) two-stream instability. The bilinear, quadratic,
DGCA interpolation, and analytical result are represented by black solid
line, blue dashed line, red dotted line, and green solid line, respectively.
The DGCA scheme accurately captures the growth rates.

During the initial phase of Landau damping and the ex-
ponential growth stage of the two-stream instability, all three
numerical schemes produce growth rates that are in excellent
agreement with theoretical predictions. However, in the non-
linear saturation stage of the two-stream instability, the meth-
ods exhibit different oscillatory behaviors. These differences
highlight the sensitivity of the nonlinear regime to algorithmic
implementation and underscore the intrinsic variations among
the three deposition schemes.

3.2. Noise reduction test

We further simulated electron motion in a stationary ion
background to validate the noise reduction capability of the
proposed method. In the initialization phase, electrons were
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uniformly distributed in configuration space, while their initial
velocity components were sampled from a Maxwellian distri-
bution. As the simulation evolved, the grid charge density p,
was systematically recorded at each time step n. The level of
statistical noise was subsequently quantified at the end of the
simulation using the following expression:

1 A 0 <
Var (pg) = ﬁthLl (o2 — ) (22a)
_ 1 Ny
T [/ Var ()] (22b)

Here, N, and N, denote the total number of time steps and spa-
tial grid points, respectively. Var(p,) represents the variance
of the charge density at the grid points, while 8, denotes the
average statistical noise.

Figure 5 summarizes the simulation results. Panel (a) il-
lustrates the spatial distribution of Var(pg), with the dashed
line indicating its mean value. Panels (b) and (c) present
the dependence of the averaged statistical noise &, on the
grid spacing Ax and the number of particles per cell N, re-
spectively. Panel (d) compares the relative performance of
quadratic interpolation and the DGCA scheme with that of bi-
linear interpolation, using the data obtained from panel (c).
The simulations were conducted with a time step of Ar=0.2,
a total of N, = 64 cells, and Ny = 1000 time steps. Additional
parameters are specified in the corresponding figure caption.

Az=0.5, No=16

0.20
o)
Q
=
g
g
>
— Bilinear — Quadratic —DGCA
0.12 1 1 1 1 1
0 16 32 48 64
Grid point
Az =0.5
0.20
() —— Bilinear
E ---- Quadratic
S 0.6} - -DGCA
3
2
% 0.12f
e
<
I
wn
£ 0.08f
[
=
0.04f )

0 50 100 150 200 250
Particle number per cell

As shown in Fig. 5(a), the DGCA scheme exhibits a
pronounced reduction in charge density fluctuations (lower
variance) compared with the standard bilinear interpolation.
Moreover, its noise suppression capability surpasses that of
quadratic interpolation.

At finer grid spacings (Ax< 4), the noise level follows an
inverse proportionality to Ax, consistent with the theoretical
scaling &, o< \/I/Tx, as illustrated in Fig. 5(b). At coarser res-
olutions (Ax > 4), however, a clear divergence emerges: while
the bilinear interpolation scheme develops oscillatory noise
that grows non-monotonically with Ax, both the DGCA and
quadratic interpolation methods continue to adhere to the pre-
dicted inverse proportionality. For bilinear interpolation, when
Ax > Tt Ape, finite grid instability (FGI) is triggered, 3% leading
to a deviation from the theoretical statistical noise behavior.

Finally, the average statistical noise produced by the three
schemes exhibits an inverse proportionality to N, as shown
in Fig. 5(c). The quantitative comparison provides direct evi-
dence supporting the theoretical analysis: under identical con-
ditions, the statistical noise in DGCA is approximately 87.5%
of that in bilinear interpolation, as highlighted in Fig. 5(d).
At the same N, the average noise level of DGCA is reduced
to 83.2(1.2)%, in excellent agreement with theoretical predic-

tions.
N.=64
0.10 <
(b) —— Bilinear
2 ---- Quadratic
3 ---DGCA
g 0.081
= ;
&)
=
-Z 0.06
©
3
0 ~
g N
g 0.04f SThe
E R e
0.02 2 4 6 8 10

Grid spacing

’;120 (d) [_]Bilinear
= [_]Quadratic
- 100 1 C_DGCA
n
2 80 :
Ei T
2 60
g
g
2 40
12}
=
g 20
=
o [
Same N, Same o,

Fig. 5. Noise characteristics of the three charge deposition schemes. (a) Spatial distribution of the charge density variance, where bilinear,
quadratic, and DGCA interpolations are denoted by black solid, blue solid, and red solid lines, respectively; the corresponding dashed lines of
the same colors indicate their mean values. (b) Mean statistical noise as a function of grid spacing Ax. (c) Mean statistical noise as a function of
the number of particles per cell N.. (d) Relative values of quadratic interpolation and the DGCA scheme with respect to bilinear interpolation,
obtained from panel (c). In panels (b) and (c), bilinear, quadratic, and DGCA interpolations are represented by black solid, blue dashed, and

red dotted lines, respectively.
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3.3. Energy conservation testing

Finally, we revisited the second experiment of elec-
tron motion in a stationary ion background, this time in-
troducing a drift velocity of ug/@wpAx = 0.1 to the electron
population.! Figure 6 shows the temporal evolution of the
normalized energy change rate, defined as e (1) = [Eqor () —
Etotal (0)]/Eotar (0), for the bilinear interpolation scheme as a
function of N;. Here, E\q = Er + Ey. denotes the conserved
quantity, with the kinetic energy given by

1
Eye = Emvag7

where the summation is performed over all particles. The sim-
ulation parameters are N, = 64, At = 0.1, and N, = 1000. The
spatial resolution employed in the simulation is specified in
the corresponding figure caption.
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© “ r Noise-driven heating
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a — 128
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10—7 L L L
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Fig. 6. Energy growth rate as a function of the number of particles per
cell N, at two spatial resolutions: (a) low resolution and (b) high resolu-
tion. The black, red, blue, and green solid lines correspond to increasing
values of N.. The results clearly distinguish two distinct mechanisms of
numerical heating: grid heating and noise-driven heating.

Figure 6 distinctly reveals two separate heating mecha-
nisms: grid heating and noise-driven heating,*>! when the grid
spacing greatly exceeds the Debye length (Ax = 500Ap.), grid
heating dominates. In this regime, the system exhibits expo-
nential energy growth, with the total energy increasing by a
factor of 2.5 within approximately 20 plasma periods, while
remaining essentially independent of N.. In contrast, at higher
spatial resolution (Ax = 3Ap.), grid heating becomes negligi-
ble, and the energy evolution is primarily governed by statis-
tical noise, which manifests as a gradual increase over tens

of plasma periods. This noise-driven heating is progressively
suppressed as N, increases.

We conducted comparative analyses of the proposed
method against both bilinear interpolation and quadratic
schemes. The results are summarized in Fig. 7, with simu-
lation parameters set to Ny = 64, At = 0.1, and N; = 1000.
The new method exhibits superior suppression of grid heating
compared with the quadratic scheme, achieving both a lower
heating rate and improved energy conservation [Fig. 7(a)].
Furthermore, the method effectively suppresses noise-driven
heating, delivering a performance comparable to that of the
quadratic interpolation [Fig. 7(b)]. These observations are
consistent with the theoretical prediction of noise reduction
in Subsection 2.3.
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Fig. 7. Comparisons of energy conservation performance among the
three methods. (a) Grid heating and (b) noise-driven heating. Bilin-
ear, quadratic interpolations, and DGCA scheme are represented by
the black solid, blue dashed, and red dotted lines, respectively. The
proposed method demonstrates comparable suppression of noise-driven
heating to that of quadratic interpolation, while exhibiting superior per-
formance in mitigating grid heating.

We finally assessed the simulation accuracy of the three
deposition schemes. Figure 8 presents the phase-space evo-
lution, highlighting the manifestation of numerical heating,
where the green line denotes the initial drift velocity ugy. Pan-
els (a)—(c) correspond to results obtained with bilinear inter-
polation, quadratic interpolation, and the DGCA scheme, re-
spectively. The simulation parameters are Ax = 1, Ar = 0.1,
Ng = 64, N = 256, thermal velocity v = 0, and drift veloc-

ity up = 0.1.
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Fig. 8. Phase-space evolution obtained using (a) bilinear interpolation, (b) quadratic interpolation, and (c) the proposed DGCA scheme. The green line represents
the theoretical distribution. Among the three methods, the DGCA scheme demonstrates the highest accuracy, yielding phase-space dynamics most consistent

with the theoretical prediction.

For an ideal cold electron system without initial pertur-
bations, the phase-space distribution is expected to remain a
straight line. However, numerical heating inevitably intro-
duces velocity perturbations, as evidenced in the simulation
results. The bilinear interpolation scheme (Fig. 8(a)) exhibits
pronounced numerical heating, with noticeable phase-space
distortions emerging as early as t = 40. These distortions pro-
gressively intensify, ultimately leading to significant velocity
broadening in the range from —1.5 to 2.0.

By contrast, the higher-order schemes demonstrate sub-
stantially improved performance. Although both the quadratic
and DGCA schemes develop perturbations, they considerably
delay the onset of numerical heating. The quadratic scheme
shows visible distortions only at ¢+ = 80, whereas the DGCA
scheme maintains a stable phase-space distribution until ¢ =
160. Remarkably, even at t = 320, the DGCA scheme re-
tains an almost linear phase-space structure, while the other
two methods exhibit severe velocity divergence.

These results clearly highlight the superior numerical sta-
bility of the DGCA scheme, particularly in long-time simu-
lations where numerical heating effects accumulate. The de-
layed onset and reduced magnitude of velocity perturbations
demonstrate that DGCA more effectively preserves the kinetic
integrity of the system.

4. Conclusions

In summary, we have introduced the dual-grid charge av-
eraging (DGCA) deposition scheme, which operates through
two fundamental steps: (i) independent charge deposition onto
integer-grid nodes (native group) and half-grid points (mapped

group, obtained via midpoint averaging), and (ii) computation
of the final charge density as the weighted average of these two
contributions. Within this framework, we derived an equiva-
lent shape function for bilinear interpolation, expressed as a
three-segment function with a support width spanning three
grid cells, closely resembling a quadratic spline. A system-
atic analysis shows that the DGCA scheme reduces statisti-
cal noise to approximately 87.5% of that of bilinear interpola-
tion, comparable to quadratic interpolation, thereby mitigating
noise-driven heating. More importantly, DGCA demonstrates
a marked advantage in suppressing aliasing, leading to a sub-
stantial reduction of grid heating. Collectively, these results
indicate that DGCA effectively elevates bilinear interpolation
to a higher-order formulation by virtue of its distinctive depo-
sition mechanism.

Comprehensive numerical tests further validate the effec-
tiveness of the proposed scheme. In Landau damping and
two-stream instability cases, DGCA reproduces electric field
energy evolution with high fidelity, confirming its accuracy
in capturing fundamental plasma processes. In noise reduc-
tion and energy conservation tests, DGCA significantly sup-
presses numerical fluctuations and proves robust against both
grid heating and noise-driven heating. While its noise sup-
pression performance is comparable to quadratic interpolation,
DGCA exhibits superior capability in controlling grid heat-
ing. Overall, DGCA achieves the highest simulation accuracy
among the tested methods, as evidenced by phase-space diag-
nostics showing a delayed onset of numerical heating and final
distributions closely aligned with theoretical predictions.

Looking forward, the key step in DGCA implementation
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lies in constructing the equivalent shape function Sp (x), which
provides a natural pathway for extending this methodology
to electromagnetic PIC simulations. By employing charge-
conserving current deposition functions,*3#! and systemat-
ically mapping between integer and half-integer grid points,
the DGCA framework can be generalized to current depo-
sition. Furthermore, the equivalent shape function derived
in this study offers an important perspective: DGCA trans-
forms first-order (bilinear) interpolation into a higher-order
form. While this function resembles but is not identical to the
quadratic B-spline, it suggests the feasibility of developing a
generalized iterative framework for constructing higher-order
shape functions, which will be pursued in future work.
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