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We present systematic relativistic many-body calculations of multipole transition properties for singly charged alu-
minum ion (Al II) using a method that combines configuration interaction and many-body perturbation theory (CI+MBPT).
Our calculations cover the 103 lowest energy levels in Al II. For five key low-lying states (3s2 1S0, 3s3p 3P0, 3s3p 3P1, 3s3p
3P2, and 3s3p 1P1), we tabulate the transition wavelengths, reduced matrix elements, transition probabilities, and oscillator
strengths for about 400 electric dipole (E1), magnetic dipole (M1), electric quadrupole (E2), and magnetic quadrupole
(M2) transitions arising from these levels. Our calculated values agree well with available experimental data and other
high-precision theoretical calculations, with typical deviations on the order of 1%. Notably, we report over 80% of these
transition lines as previously unreported, significantly expanding the existing spectroscopic database for Al II. These results
can serve as a valuable reference resource for ongoing precision quantum metrology as well as astrophysical spectroscopy
involving the Al II ion.

Keywords: Al II, multipole transition properties, CI + MBPT, relativistic many-body calculations, atomic
structure calculation
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1. Introduction

The structure of Group IIIA element singly charged ions
can be simplified as a tightly bound atomic core with two
outer valence electrons. Transitions between states with an-
gular momentum quantum numbers J = 0 in these ions are
highly insensitive to fluctuations in electromagnetic fields or
other environmental perturbations. This property makes these
ions, such as Al II, B II, and In II, excellent candidates for
optical frequency standards.[1–5] The Al II optical clock, in
particular, has achieved exceptional precision with uncertain-
ties at the 10−19 level.[6,7] Recently, the Al II optical clock set
a new world record again, becoming the most accurate opti-
cal clock in the world with an uncertainty of 5.5× 10−19.[7]

The uncertainties of external-field frequency shifts, caused by
fluctuations in electromagnetic fields or an imprecise under-
standing of atomic structure, represent significant contribu-
tions to the uncertainty of the Al II optical clock.[6–12] Accu-
rate theoretical calculations of the atomic spectral properties

of Al II, including the energies of states, oscillator strengths
of transitions between states, and polarizabilities, are there-
fore crucial for advancing both atomic theory and the imple-
mentation of diverse targeted high-precision experiments, par-
ticularly for evaluating external field frequency shifts of the
Al II optical clock. Precise theoretical modeling of atomic
properties for Al II provides valuable reference data for astro-
physical spectroscopy and helps illuminate cosmic evolution
processes.[13,14] In addition, accurate transition data are essen-
tial for plasma diagnostics, such as electron temperature and
density measurements.[15]

Previous theoretical and experimental studies have pro-
vided valuable insights into the atomic properties of Al II. On
the theoretical front, several computational approaches have
been employed, including relativistic configuration interac-
tion Dirac–Fock (CIDF) calculations,[16] multi-configuration
Dirac–Hartree–Fock (MCDHF) calculations,[14] multi-
configuration Hartree–Fock (MCHF) calculations,[16–18] con-
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figuration interaction plus core polarization method (CICP)
calculations,[19] configuration-interaction plus coupled-
cluster method (CI + all-order) calculations,[2] relativistic
coupled-cluster (RCC) calculations,[20] Fock-space relativis-
tic coupled-cluster (FSRCC) calculations,[21] and finite-field
method (FF) calculations.[22] Experimental studies mainly fo-
cus on measurements of partial transition properties, such as
absolute frequencies and polarizabilities.[1,6,9,12,23]

A simplified energy level structure of Al II is shown in
Fig. 1. Early studies established the 3s2 1S0–3s3p 3P0 tran-
sition in Al II as an optical clock transition with exceptional
precision,[1–4,6–12] and recent work has identified the 3s2 1S0–
3s3p 3P2 transition as a promising candidate for both optical
clocks and quantum sensing in searches for new physics.[24]

However, prior investigations have predominantly centered on
lower-energy states and electric dipole transitions, leaving crit-
ical gaps in the systematic characterization of higher-energy
states and other transitions — such as the logic transition (3s2

1S0–3s3p 3P1), theoretical cooling transition (3s2 1S0–3s3p
1P1), the new clock transition with potential (3s2 1S0–3s3p
3P2), and other multipole transitions essential for precision
experiments.[9] A comprehensive study of multipole transition
properties (e.g., wavelengths and amplitudes) is therefore vital
to advance both fundamental understanding and applications
of Al II.

3s3p 1P1

Even: 3p2, 3sns, 3snd, 3sng…

Odd: 3snp, 3snf, 3p3d…

3s3p 3P2

3s3p 3P1
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3s2 1S0
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Fig. 1. Simplified energy level structure of Al II.

In this work, we employ configuration interaction and
many-body perturbation theory (CI + MBPT) to perform a
comprehensive atomic structure analysis of Al II. Our calcu-
lations determine the energies of the 103 lowest-lying states,
comprising 58 even-parity and 45 odd-parity states. For the
five lowest-energy states (3s2 1S0, 3s3p3P0, 3s3p3P1, 3s3p3P2,
3s3p1P1), we compute multipole transition properties, includ-
ing electric dipole (E1), electric quadrupole (E2), magnetic
dipole (M1), and magnetic quadrupole (M2) reduced matrix
elements, along with their associated transition probabilities

and oscillator strengths. These states are particularly rele-
vant for precision measurement applications with Al II, in-
cluding optical atomic clocks, quantum logic spectroscopy,
and quantum state manipulation experiments. For example,
accurate calculations of the transition properties of 3s3p3P1–
3s3p3P2 facilitate precise evaluation of the second-order Zee-
man shift for new promising clock transitions;[24] accurate cal-
culations of the transition properties of 3s3p3P1–3s3p3P0 can
provide guidance for evaluating external-field shifts in the Al
II ion optical clock;[7,9,12] accurate calculations of the energy
of 3s3p1P1 are crucial for selecting the appropriate cooling
laser wavelength in direct laser cooling experiments of Al II.

The remainder of this paper is organized as follows. Sec-
tion 2 presents the theoretical framework, including general
formulas for radiative transition properties and an overview of
the CI+MBPT method as applied to two-electron systems.
In Section 3, we compare our numerical results with avail-
able theoretical and experimental data, including reference
values from the National Institute of Standards and Technol-
ogy (NIST) atomic spectra database.[25] Section 4 concludes
with a summary of our findings. All transition data, including
the transition wavelengths, reduced matrix elements, transition
probabilities, and oscillator strengths, for the approximately
400 multipole lines are compiled in Tables S1–S6, provided in
the supplementary material.

2. Method of calculations
2.1. CI + MBPT method

The CI + MBPT method is employed for calculating
atomic structures within the framework of relativity, which
fully combines the advantages of the configuration interac-
tion (CI) method and many-body perturbation theory (MBPT)
method.[26,27] The CI method considers the correlation effect
between valence electrons (VV) under the approximation of a
“frozen” core, while the MBPT method captures both the cor-
relation effect between core electrons and that between core
and valence electrons.[26,27] The effectiveness of CI+MBPT
has been extensively validated, with many studies demonstrat-
ing excellent agreement between calculated results and high-
precision experimental measurements.[26–34]

The wave function of the valence electronic states in the
CI method, Ψ (γPJ), consists of a linear combination of a set
of configuration wave functions with specific angular momen-
tum J and parity P. It can be expressed as follows:[26,27]

Ψ (γPJ) =
M

∑
i=1

ciΦ (γiPJ) , (1)

where Φ (γiPJ) represents a configuration wave function in an
M-dimensional CI model space, ci denotes the linear combi-
nation coefficient, and γi represents the unspecified remain-
ing quantum number. The CI model space encompasses wave
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functions constructed from single (S) and double (D) excita-
tions of valence electrons from the selected reference group
to certain virtual orbitals. The configuration wave function
is defined by the Slater determinant constructed from single-
electron Dirac orbitals. The single-electron Dirac orbital can
be expressed as[26,27]

φnkm (r,θ ,ϕ) =
1
r
· Pnk(r) ·Ωkm(θ ,ϕ)

iQnk(r)·Ω−km(θ ,ϕ)
, (2)

where Pnk(r) and Qnk(r) are the radial wave functions,
Ωkm(θ ,ϕ) represents the angular wave function, n is the prin-
cipal quantum number, k =±( j+1/2) is the relativistic quan-
tum number, and m is the magnetic quantum number corre-
sponding to the total angular momentum of a single electron.
In this work, the reference configurations for the even-parity
states of Al II are 3s2, 3s4s, and 3s3d, the reference config-
uration for the odd-parity states is 3s3p, and the maximum
orbitals of the single and double excitations are 29s, 29p, 29d,
and 29f. The single-electron orbitals include 1s–29s, 2p–29p,
3d–29d, and 4f–29f, where the real orbitals (n < 2) and 3s,
4s, 3p, 4p, 3d, 4d, and 4f orbitals are obtained by solving the
Dirac–Hartree–Fock (DHF) equation under the V N−2 approx-
imation, and the remaining virtual orbitals are automatically
generated by the recursive program.[27] For the selection of the
number of electron correlations, specifically the choice of the
maximum excited orbitals, we conducted a rigorous conver-
gence test. We compared the energy values of different maxi-
mum excited orbitals, calculated for at least five energy levels,
with the results from the NIST database, as shown in Fig. 2.
The horizontal axis represents the principal quantum number
of the maximum excited orbitals, while the vertical axis shows
the ratio relative to the NIST results. The electron correlation
effects exhibit progressive attenuation with increasing princi-
pal quantum number, and this diminishing influence reaches
convergence at n = 29; the differences between the selected
energy values and those from the NIST database converge to
within 0.2%. Orbitals with n> 29 demonstrate negligible con-
tributions to the overall correlation energy, establishing this
quantum number as the practical cutoff threshold for our com-
putational framework. In the trial calculation process, we per-
formed a strict convergence test on the radial integration range
(Rmax parameter), and finally selected the radial integration
range as Rmax = 250 a.u.

The wave function of the valence electron state n is deter-
mined by solving the energy eigenvalue equation. The energy
eigenvalue equation is expressed as[26,27]

HΨn = EnΨn. (3)

3s2 1S0

3s3p 2P0

3s3p 3P1

3s3p 3P2

3p2 1D2

Fig. 2. Convergence test of the energy values of the five lowest-energy levels.

The CI Hamiltonian of valence electrons takes the
form[26–34]

HCI =
2

∑
i=1

[
cαi · pi +(βi−1)c2 +Vnuc (ri)+V N−2(ri)

]
+

1
2

2

∑
i, j=1

Vc (ri, j)+Hcore, (4)

where c denotes the speed of light in a vacuum, α and β are
Dirac matrices, p represents the momentum operator, Vnuc(r)
is the nuclear potential, V N−2(r) describes the DHF potential
from the core electrons, and Vc(r1,2) denotes the inter-electron
Coulomb potential at a distance r1,2. Hcore denotes the energy
of the frozen core, which usually cancels out in the evalua-
tion of excitation energies or transition matrix elements. The
Breit interaction (specifically, the Gaunt term as the dominant
contribution) can be included in the CI Hamiltonian (Eq. (4))
through complete diagonalization.[27] The CI+MBPT method
extends this framework by incorporating all valence-core (VC)
and core-core (CC) correlations into the effective Hamiltonian
Heff through the many-body perturbation theory method. The
effective Hamiltonian Heff can be expressed as follows:[26,27]

Heff = HCI +Σ1 (r1)+Σ1(r2)+Σ2(r1,r2), (5)

where Σ1 represents the single-electron correlation operator,
describing the correlations between a single valence electron
and the core; Σ2 denotes the two-electron correlation operator,
which describes the screened Coulomb interaction between
valence electrons mediated by the core. More specific forms
of these correlation operators can be found in Refs. [26,27].
These correlation operators, treated to second order in MBPT,
capture all valence-core and core-core correlations in the ef-
fective Hamiltonian. Solving the energy eigenvalue equation
with Heff thus accounts for electron correlations throughout the
atomic system. In our calculation, all valence-valence corre-
lations are included directly in the matrix diagonalization, and
the energy-dependent expressions for the operators Σ1 and Σ2

correspond to Brillouin–Wigner perturbation theory.[26] The
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CI+MBPT package used in this work was developed by Ko-
zlov et al., and the specific program operation process can be
referred to Ref. [27]. Quantum electrodynamic effects (self-
energy and vacuum polarization) are not included in this study,
as their contributions are expected to be very small compared
with the current level of theoretical accuracy.

2.2. Transition probabilities and oscillator strengths

We present general expressions for multipole transition
properties in atomic systems, including transition rates, oscil-
lator strengths, and line strengths. For transitions between an
upper state i and a lower state k, the transition rates (in s−1) for
electric dipole (E1), electric quadrupole (E2), magnetic dipole
(M1), and magnetic quadrupole (M2) transitions take the fol-
lowing forms:[28,35,36]

AE1
ki =

2.02613×1018

λ 3 ·
SE1

ik
2Ji +1

s−1, (6)

AE2
ki =

1.1199×1018

λ 5 ·
SE2

ik
2Ji +1

s−1, (7)

AM1
ki =

2.69735×1013

λ 3 ·
SM1

ik
2Ji +1

s−1, (8)

AM2
ki =

1.49097×1013

λ 5 ·
SM2

ik
2Ji +1

s−1. (9)

The dimensionless oscillator strengths fik are related
to the transition rates Aki through fik = 1.4992× 10−16 ×
2Jk+1
2Ji+1 Akiλ

2. The corresponding E1, E2, M1, and M2 oscil-
lator strengths can be derived as follows:[35,36]

f E1
ik =

303.756
λ (2Jk +1)

SE1
ik , (10)

f E2
ik =

167.90
λ 3 (2Jk +1)

SE2
ik , (11)

f M1
ik =

0.00404386
λ (2Jk +1)

SM1
ik , (12)

f M2
ik =

0.00223526
λ 3(2Jk +1)

SM2
ik . (13)

The numerical factors above incorporate unit conversions
and fundamental constants.[28,35,36] In these equations, λ is the
wavelength in vacuum of the transition measured in angstroms
(Å), SO

ik = |〈i‖O‖k〉|
2 represents the line strength correspond-

ing to the transition type, and 〈i‖O‖k〉 represents the reduced
transition matrix element (RME) for the corresponding transi-
tion.

3. Results and discussion
3.1. Energies

We present the energies of the ground state and 102 low-
est excitation states (57 even-parity states and 45 odd-parity
states) of Al II calculated using both the pure CI method and

the CI + MBPT method. Results for even- and odd-parity
states, along with the effects of the Breit interaction, are pre-
sented in Tables S1 and S2, respectively, of the supplementary
material. We have previously applied these methods to study
the dynamic E1 polarizabilities of Al II, and a small number
of energy values have already been published.[32] We compare
our results with available experimental measurements, previ-
ous theoretical calculations,[2,14,16,18–22,24,36–39] and reference
values from the NIST atomic spectra database.[25] Specifi-
cally, our calculated results agree best with those of Papou-
lia et al.,[14] with most differences being less than 1%. How-
ever, deviations between our results and the NIST atomic spec-
tra database values are reduced by about 50% compared with
those reported in Ref. [14]. For the fine-structure splitting, the
ordering of the split energy levels from our calculations ex-
hibits better agreement with the NIST database data compared
with those reported in Ref. [14].

Fig. 3. Comparison of energy level calculations obtained using different
methods. The horizontal axis shows NIST database values (in cm−1),
and the vertical axis shows the relative differences between the calculated
values (from CI+MBPT and other theoretical methods) and the NIST
reference data (in percentage). References: aSafronova et al. (2011);[2]

bKumar et al. (2021); [21] cMitroy et al. (2009);[19] dJohnson et al.
(1997);[37] ePapoulia et al.[14]

Figure 3 compares our CI + MBPT calculated energies
with NIST reference values, showing the relative differences
as a function of state energy. Our CI+MBPT results demon-
strate excellent agreement with both experimental measure-
ments and previous theoretical calculations, with differences
typically below 3%. Compared with NIST reference val-
ues, our calculations show deviations of less than 0.2% for
most states, with absolute differences generally below 100 a.u.
Larger deviations, exceeding 1% in four cases, occur primar-
ily for states with high principal quantum numbers, which are
known to present computational challenges due to their com-
plex configuration structures.[2,9,16,18–22,25,36,37] Following the
evaluation criteria for transition probability accuracy from the
NIST atomic spectra database, we also compare our calcu-
lated energies with the experimental and theoretical results in
the NIST atomic spectra database to assess and classify the
accuracy of our data. Based on the relative differences from
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the experimentally recommended values of the NIST spectral
database, we define the classification criteria for accuracy as:
AA ≤ 0.03%, A+ ≤ 0.07%, A ≤ 0.1%, B+ ≤ 0.7%, B ≤ 1%,
C+ ≤ 10%, C ≤ 20%, D+ ≤ 40%, D ≤ 50%, and E > 50%.
The accuracy distribution of the calculated energy values is
shown in Fig. 4.

The incorporation of many-body perturbation theory sig-
nificantly improves the accuracy of our results, showing im-
provements of 1–2 orders of magnitude compared with pure CI
calculations. The Breit interaction contributions are found to
be small, with relative effects below 0.01%, indicating that the
valence electron correlation model effectively describes the
atomic structure of Al II. Our calculations successfully cap-
ture both valence and core electron correlations, producing ac-
curate results even for challenging high-lying states. This sys-
tematic set of energy level calculations, including states with
high principal quantum numbers and orbital angular momenta,
provides valuable reference data for future experimental spec-
troscopic studies of Al II.

AA

Others

A
+

A

Fig. 4. Accuracy distribution of the calculated energy values for Al II.

3.2. Reduced transition matrix elements

We calculate the RMEs of relevant transitions using the
CI+MBPT method. In the calculation of the reduced matrix
elements, we have also taken the Breit interaction into account.
The RMEs of E1, E2, M1, and M2 transitions arising from the
five lowest energy states are presented in Tables S3–S6 of sup-
plementary material (E1 in Table S3, E2 in Table S4, M1 in Ta-
ble S5, and M2 in Table S6). The available theoretical and ex-
perimental values from Refs. [2,9,16,18–22,24,36,37,40] are
also included for comparison. For the E1 RMEs, both the
length gauge and velocity gauge are presented, as their agree-
ment provides a valuable metric for assessing calculation un-
certainties. Previous studies have established that the length
gauge typically yields more accurate results for electric dipole
transitions.[2,21] We are only concerned with the magnitude of
the RMEs; thus, their absolute values are presented by default.

Our calculated RMEs show good agreement with existing
theoretical and experimental values.[2,9,16,18–22,24,36,37,40] For
stronger transitions, such as the 3s2 1S0–3s3p 1P1 transition,
the differences between our results and other reference values
are less than 10%, while for weaker transitions, the relative
differences are less than 40%. For E1 transitions, most dif-
ferences between the length gauge and velocity gauge are less
than 1% for stronger transitions and 10% for weaker transi-
tions. As far as we know,[2,9,16,18–22,24,36,37,40] many of our cal-
culations present the first theoretical predictions for these tran-
sitions. The large magnitudes of these previously unreported
RMEs, such as the 3s3p 3P0–3s4p 3P2 (E2) transition, suggest
significant transition strengths, warranting future experimental
investigation. Specifically, our computational results demon-
strate good agreement with the Papoulia et al.[14] dataset, with
over 90% of comparative parameters showing discrepancies
below 1%. However, for the oscillator strengths calculated
from RMEs, our results are mostly closer to the NIST database
values compared with the results of Ref. [14]. For example,
the transitions 3s2 1S0–3s3p 3P1, 3s2 1S0–3s3p 1P1, 3s3p 1P1–
3s3d 1D2, etc.

3.3. Transition probabilities and oscillator strengths

Using Eqs. (6)–(13) and wavelengths from the NIST
database, we calculate transition probabilities and oscillator
strengths for the transitions presented in Tables S3–S6 of the
supplementary material. Comparison with NIST reference
data demonstrates excellent agreement, with most calculated
values differing by less than 10% from the NIST values. For
more than ten transitions, the agreement is particularly strong,
with differences below 1%. Transitions that differ signifi-
cantly from the data in the NIST-related databases are mostly
weak transitions or involve relatively high upper states. Equa-
tions (6)–(13) reveal that, when only the variation of the re-
duced matrix elements is considered, the error in the transi-
tion probability is twice that in the reduced matrix elements.
An interesting case emerges for transitions such as 3s2 1S0-
3s3p 3P1 (E1) and 3s3p 3P0-3s3p 3P2 (E2), where we observe
substantial differences in reduced matrix elements compared
with previous calculations; however, the resulting transition
probabilities show remarkably small deviations from the NIST
database values. This consistency in transition probabilities
provides strong validation of our computational approach and
offers valuable insights for uncertainty estimation in Al II pre-
cision measurements, particularly for quantum optical clock
experiments. Furthermore, our work extends beyond existing
NIST data by providing predictions for previously unreported
transitions, including 3s3p 3P0-3s3p 3P1 (M1), 3s2 1S0-3s3d
1D2 (E2), etc. These new results establish important the-
oretical benchmarks for future experimental and theoretical
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investigations of Al II. The accuracy of transition probabili-
ties is evaluated by comparing our theoretical transition data
with NIST values and can be classified according to the NIST
ASD terminology (AA ≤ 1%, A+ ≤ 2%, A ≤ 3%, B+ ≤ 7%,
B ≤ 10%, C+ ≤ 18%, C ≤ 25%, D+ ≤ 40%, D ≤ 50%, and
E > 50%).[25] The accuracy distribution of data with NIST
database references is shown in Fig. 5.

AA

A
+

A

B
+

B

Others

Fig. 5. Accuracy distribution of the transition probabilities for Al II.

4. Conclusion
We have conducted comprehensive relativistic calcula-

tions of atomic properties for the Al II ion using the config-
uration interaction plus many-body perturbation theory (CI+
MBPT) method. We present accurate energy levels for the
103 lowest-lying states of Al II and comprehensive multipole
transition data, including reduced matrix elements, transition
probabilities, and oscillator strengths, for transitions originat-
ing from the five most important low-lying configurations (3s2

1S0, 3s3p 3P0, 3s3p 3P1, 3s3p 3P2, and 3s3p 1P1) among these
levels. Our calculated energy levels demonstrate excellent
agreement with values from the NIST atomic spectra database,
showing deviations below 0.2% for most states. The com-
puted transition properties show good agreement with avail-
able theoretical and experimental values, with differences typ-
ically below 10% and achieving better than 1% agreement for
strong transitions. Notably, our results predict transition prop-
erties for numerous previously unexplored transitions, sub-
stantially expanding the available atomic data for Al II. These
high-accuracy predictions establish important benchmarks for
future Al II precision measurements and astrophysical spec-
troscopy applications.
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