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COMPUTATIONAL PROGRAMS FOR PHYSICS

Accurate quantum critical points and nonlocal string order
parameters in the spin tetrahedron chain

Zhi-Yong Wu(吴志勇), Kai-Ming Zhang(张凯铭), and Li-Xiang Cen(岑理相)†

Center of Theoretical Physics, College of Physics, Sichuan University, Chengdu 610065, China

(Received 16 July 2025; revised manuscript received 25 September 2025; accepted manuscript online 29 September 2025)

The ground-state phase diagram and nonlocal order parameters of an infinite spin tetrahedron chain with inhomoge-
neous exchange couplings are investigated. It is shown that the phase boundaries of the three phases in the model can be
determined precisely, in line with the precision of its ground-state energy. Numerical calculations using the regularized
time-evolving block decimation (rTEBD) algorithm yield the locations of the two quantum critical points with an accuracy
about 10 digits. Moreover, we explain how to calculate the parity-associated string order for the output wave function
obtained through the rTEBD procedure, which not only reveals the presence of long-range correlations but also identifies
the symmetry-protected topological order within the intermediate phase of the model.
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1. Introduction
Quantum phase transitions (QPTs) are remarkable phe-

nomena that account for how quantum many-body systems
at extremely low temperatures can exhibit dramatically dif-
ferent properties in response to small changes in microscopic
parameters.[1,2] Accurately locating and identifying QPTs has
sparked intense research, not only in condensed matter physics
but also across various relevant fields. Quantum quench
protocols[3–5] have been proposed to detect QPTs, as the oc-
currence of QPTs leaves distinctive imprints on the evolving
state. The corresponding non-analytic behavior at the critical
time, known as the dynamical QPT,[6] can be captured through
signatures such as the Loschmidt echo.[7–9] Moreover, the sen-
sitivity of QPTs to parameter variations has been exploited
for metrological and sensing applications,[10–13] in conjunc-
tion with quantum information technology.

Low-dimensional quantum magnets, especially those
with strong geometrical frustration, have long attracted inter-
est as they have exchange coupling patterns favoring the ex-
istence of competing ground states.[14–17] The spin-1/2 chain
and ladder systems provide an ideal platform that allows con-
trolled calculations to explore diverse ground-state phase dia-
grams, including gapless spin liquid states, dimer states, and
various ordered states.[18–22] The competing interactions in
quasi one-dimensional (1D) mixed-spin (1/2,1) systems have
also been studied, with these systems often exhibiting ferri-
magnetic long-range order and enriching the range of phases
in such systems.[23–26] While the ground-state energy of 1D
and quasi 1D spin lattice models is more amenable to numer-

ical investigations thanks to methods like the density matrix
renormalization group (DMRG)[27,28] and the infinite time-
evolving block decimation (TEBD) algorithm,[29,30] which al-
low for high precision, accurately locating QPTs for the frus-
trated systems remains generally challenging and difficult.
Note that close to a QPT point, multiple phases may coex-
ist or be nearly degenerate. The critical ground state may not
be represented properly by a finite-dimension matrix product
state (MPS). As a result, approximate methods such as DMRG
and TEBD with truncation of the bond dimension often strug-
gle to pinpoint the transition point, as large amounts of com-
putational resources are needed.

In this paper, we investigate an infinite frustrated magnet
of the spin tetrahedron chain previously introduced by Chen
et al.[31] We focus on quantum critical points in its ground-
state phase diagram which comprises three distinct phases:
a decoupled state consisting of rung singlets and a Luttinger
liquid state, a ferrimagnetic ordered phase arising from the
mixed-spin (1/2,1) model with next-nearest neighbor inter-
actions, and an intermediate phase accounting for the mixed-
spin (1/2,1) model with diluted triplet rungs. It turns out that
the QPT points of the system can be precisely determined,
with an accuracy about 10 digits obtained by a regularized
TEBD (rTEBD) algorithm,[32] which matches the precision
of its ground-state energy. Furthermore, we reveal the exis-
tence of nonlocal order parameters with respect to the parity-
associated string correlator[33,34] in the gapped ground state of
the intermediate phase. It enables us to identify the symmetry-
protected topological (SPT) order[35–38] for the gapped phase.
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The rest of the paper is organized as follows. In Sec-
tion 2, we introduce the spin tetrahedron chain model and
describe the structure of its Hamiltonian in the thermody-
namical limit. By decomposing the system into a series of
reduced models within subspaces, we explain that the QPT
points of the model could be accurately determined by com-
bining the numerical calculation and linear fitting approach.
Section 3 presents the rTEBD algorithm, detailing its imple-
mentation and advantages for infinite quasi 1D lattices. Us-
ing this method, we compute the ground-state phase diagram
and precisely locate the QPT points separating the decoupled
rung-singlet/Luttinger liquid phase, the ferrimagnetic ordered
phase, and the intermediate gapped phase. In Section 4, we
examine nonlocal order parameters in the intermediate phase,
uncovering parity-associated string correlations and demon-
strating the presence of SPT order. Finally, the discussion and
summary are presented in Section 5.

2. Model and analysis
2.1. Description of the model

We consider the spin-1/2 anti-ferromagnetic Heisenberg
model on an infinite tetrahedron chain as shown in Fig. 1(a).
The Hamiltonian is characterized by[31]

H = ∑
i

h[i]B + vi,i+1, (1)

in which h[i]B (i = 1, . . . ,N → ∞) denotes the “free” Hamilto-
nian term of every three-site unit cell

h[i]B = J𝑆i,1 · (𝑆i,2 +𝑆i,3)+ J⊥𝑆i,2 ·𝑆i,3 (2)

and vi,i+1 = J ∑
3
α=1𝑆i,α ·𝑆i+1,1 accounts for the inter-block

coupling. We have assumed inhomogeneous exchange interac-
tions: J⊥ ̸= J, where J⊥ indicates the strength of vertical rung
(couplings between 𝑆i,2 and 𝑆i,3 in every triangle block) and
J > 0 denotes anti-ferromagnetic couplings between 𝑆i,1 and
𝑆i,2(3) and those inter-block interactions, i.e., between 𝑆i,µ

(µ = 1,2,3) and 𝑆i+1,1.
It is direct to observe that the Casimir operators of the

total spins on every vertical rung, (𝑆i,2 +𝑆i,3)
2 ≡ 𝑡2

i , are con-
served: [𝑡2

i ,H] = 0. The Hamiltonian (1) can be rewritten as

H = J ∑
i
[𝑆i,1 · 𝑡i +(𝑆i,1 + 𝑡i) ·𝑆i+1,1]

+
1
2

J⊥∑
i

(
𝑡2

i −
3
2

)
. (3)

According to that the vertical rungs are in singlets or in triplets,
the relevant eigenstates of the system are classified by the se-
ries of values ti = 0 or 1 in corresponding subspaces. Among
all possible configurations one needs consider those with a
periodic structure in order to find the ground state, as disor-
der in the configuration will generally increase the energy of

B
i⇁↪i↪

i⇁↪i↪

i↪
i⇁↪

H(2/3)D

H(1/2)D

H(1/3)D

H0

HD

(a)

(b)

Fig. 1. Schematic picture of the infinite tetrahedron chain and reduced ∆-
chain models with respect to various subspaces. (a) The tetrahedron chain
and contained three-site unit cells B in which the black and red solid lines
represent the exchange interactions with strength J and J⊥, respectively.
(b) The series of reduced ∆-chain models Hr∆, with r = 1,2/3,1/2,1/3
and 0, accounting for the interactions in those subspaces specified by ℋr∆

accordingly. The white and black circles represent spin-1 and spin-1/2
sites, respectively.

the system. That is to say, under the low-energy condition,
the Hamiltonian of the tetrahedron chain reduces to a series of
(full or sparse) ∆-chain models (see Fig. 1) in the subspaces:
H →

⊕
q,k ℋ

(q,k)
∆

, where q denotes the size (the number of all
singlet and triplet vertical rungs) of the unit cell of the corre-
sponding ∆ chain and k indicates the possible internal config-
urations of the unit cell. Note that a configuration with large-
sized unit cells reflects significant local disorder, which conse-
quently raises the energy of the wave function. Thus, it is un-
necessary to consider the configuration with excessively large
unit cells. In Fig. 1(b), we plot all the configurations of re-
duced ∆-chain models with q ≤ 3, recorded as ℋr∆, in which
r denotes the ratio of spin triplets in all q vertical rungs. The
full ∆ chain (r = 1) consists of N spins with S = 1/2 on the
sites of the lower row and N spins with t = 1 on the sites of
the upper row, respectively. The associated Hamiltonian reads
ℋ∆ = H∆ +(1/4)NJ⊥, where

H∆ ≡ J ∑
i
[𝑆i ·𝑇i +(𝑆i +𝑇i) ·𝑆i+1] (4)

with 𝑆i ≡ 𝑆i,1 and 𝑇i denoting the spin-1 operator (the triplet
rung). On the other hand, for the special case of r = 0, i.e.,
each rung on the tetrahedron chain forming a singlet state, the
Hamiltonian reduces to

ℋ0 = J ∑
i
𝑆i ·𝑆i+1 −

3
4

NJ⊥ ≡ H0 −
3
4

NJ⊥, (5)

where H0 = J ∑i𝑆i ·𝑆i+1 accounts for the conventional spin-
1/2 Heisenberg chain and is known to be exactly solvable
by the Bethe ansatz method. Similarly, for the cases with
r = 2/3,1/2,1/3, the reduced models are described by sparse
∆ chains with rN diluted t = 1 spins uniformly distributed on
the sites of the upper row and the corresponding Hamiltonian

117502-2
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ℋr∆ = Hr∆ +[r− (3/4)]NJ⊥. Note that the lowest energy lev-
els of all these reduced ℋr∆’s exhibit a linear dependence on
J⊥ (or J⊥/J with fixed J), suggesting that the QPT points can
be identified by finding the intersections of the corresponding
straight lines.

2.2. An accurate way to determine quantum critical values
for the model

A similar decomposition of the Hamiltonian into the re-
duced form in the corresponding subspaces is presented in
Ref. [31], but for the finite-size tetrahedron chain. Follow-
ing such description, the phase diagram of the system can then
be determined by comparing the ground-state energies of all
those sparse and full ∆-chain models ℋr∆. For instance, in
the case of J⊥/J ≫ 1, it is readily seen that the lowest en-
ergy corresponds to all ti = 0, so the ground state of the sys-
tem (1) is specified by that of ℋ0, a product of rung singlets
and Luttinger liquid ground state of H0. On the other hand, as
J⊥ →−∞, all the vertical rungs should be in spin triplets so as
to minimize the energy. Thus the ground state of the system is
determined by that of the full ∆ chain ℋ∆.

Interestingly, the linear fitting results in Ref. [31] reveal
that there is an intermediate phase between the above two
phases, i.e., of ℋ0 and of ℋ∆. The corresponding ground-state
phase is dominated by the half ∆ chain ℋ(1/2)∆, a doubly de-
generate state with alternating spin singlets and triplets on the
rungs. However, the conclusion presented in the literature is
based on numerical calculations for the finite system. The ev-
idence hence is less rigorous, especially considering that the
reference lattice configurations used for comparison therein
lack translational invariance. In contrast, we will later con-
firm this conclusion for the infinite tetrahedron chain. Should
the intermediate phase exist, the phase diagram of the model
with respect to the coupling strength ratio η ≡ J⊥/J can then
be determined by the linear fitting method.

In detail, we record the scaling energy of the “single
site” average of every sparse or full ∆-chain model by εr∆ ≡
⟨ℋr∆⟩0/(NJ) with ⟨· · · ⟩0 denoting the expectation value over
the ground state. For the aforementioned ℋ∆, ℋ(1/2)∆, and ℋ0,
there are 

ε∆(η) = e∆ +
1
4 η ,

ε(1/2)∆(η) = e(1/2)∆ − 1
4 η ,

ε0(η) = e0 − 3
4 η ,

(6)

respectively, in which the single-site energy er∆ is given by
er∆ ≡ ⟨Hr∆⟩0/N with J = 1. As a consequence, the critical
values, which correspond to intersections of the three straight
lines described by Eq. (6) (see also Fig. 2), can be determined
simply by

η1 = 2(e(1/2)∆ − e∆), η2 = 2(e0 − e(1/2)∆). (7)

That is to say, the precision with which the critical points
can be determined could be as high as that achievable for
the average ground-state energies e∆ and e(1/2)∆ (in view that
e0 = (1/4)− ln2 is known exactly).

G
ro

u
n
d
 s

ta
te

 e
n
e
rg

y
 o

f 
th

e
 "

si
n
g
le

 s
it
e
"

εD(η)
ε(1/2)D(η)

εD(η)

0

e0

e(1/2)D

eD

0 η η
η

Fig. 2. Ground-state phase diagram of the tetrahedron chain with re-
spect to the parameter η = J⊥/J. As the slopes of straight lines ε∆(η),
ε(1/2)∆(η) and ε0(η) are known to be 1/4, −1/4 and −3/4 [see Eq. (6)],
respectively, the critical points η1,2 can be determined directly by the val-
ues of e∆, e(1/2)∆, and e0 [see Eq. (7)]. Thus the ground-state phase of
the system (the red star line) is dominated by that of the full ∆ chain ℋ∆

for η < η1, and by that of the half ∆ chain ℋ(1/2)∆ for η1 < η < η2. For
the case of η > η2, the ground state is a product of rung singlets and the
Luttinger spin liquid ground state of H0.

3. Numerical results with the regularized TEBD
algorithm

3.1. Brief introduction to the rTEBD algorithm

In the thermodynamic limit, the wave function of 1D
quantum many-body systems is represented by an infinite
MPS, which consists of a few local matrices that is repeated
throughout the infinite chain. The key ingredient of the TEBD
algorithm[29,30] and extended time-evolution tensor network
state algorithms[39,40] resides in a Trotter–Suzuki splitting of
the (imaginary) propagator into a series of local two-site op-
erators so that they can be applied efficiently on the MPS or
PEPS repetitively. The rTEBD enhances the infinite TEBD
algorithm in two aspects:[32] (1) it partitions the lattice into
enlarged blocks (unit cells), thus can be naturally applied to
deal with the quasi 1D lattice systems; (2) it employs a regu-
larized factorization of the propagator, which reduces the Trot-
ter error to that of a higher-order Baker–Campbell–Hausdorff
(BCH) expansion.

To be specific, let us takes the half ∆-chain model as an
example. A partition scheme splitting the lattice into three-
spin unit cells (the coarse site ∆’s) is shown in Fig. 3(a). The
Hamiltonian H(1/2)∆ of the quasi 1D chain can be expressed as
(setting J = 1)

H(1/2)∆ =
N/2

∑
j=1

(h[ j]
∆
+ v∆

j, j+1), (8)
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in which h[ j]
∆
= (𝑆

[ j]
1 +𝑆

[ j]
2 ) ·𝑇 [ j]+𝑆

[ j]
1 ·𝑆[ j]

2 denotes the “free”
term of every coarse site and v∆

j, j+1 = 𝑆
[ j]
2 ·𝑆[ j+1]

1 accounts
for the coupling between them. The rTEBD scheme, named
as rTEBD-(∆+∆) here, can be built by applying the follow-
ing regularized factorization to the imaginary-time propagator:
U(τ) = e−τH(1/2)∆ :

U(τ)≈ [Ū2∆(τ)]
⊗𝒩 × [U2∆(τ)]

⊗𝒩 . (9)

Here, 𝒩 = (1/4)N and U [k]
2∆
(τ) = e−τh[k]2∆ in which h[k]2∆

=

h[k]
∆
+ h[k+1]

∆
+ v∆

k,k+1 with k = 2 j − 1. The operator Ū2∆(τ),
imposing on every two coarse sites 2 j and 2 j + 1, is con-
structed through an inward algorithm[41] using either an open
or a periodic prescription, e.g., the open one takes the form
[see Fig. 3(a)]

Ū [2 j]
2∆

(τ) = e−τh[2 j]
2∆ eτ(h[2 j]

∆
+h[2 j+1]

∆
). (10)

h[j]
D

vj↪j⇁
D

h[j⇁]
D

h[j]
2D

U[j](τ)
2D

D
h[j]+h[j⇁]
D

Tj

Sj↪ Sj↪

(a)

(b)

(c)

Fig. 3. Partition schemes of the quasi 1D spin lattices and the open pre-
scription in the rTEBD algorithm. (a) Partition of the lattice H(1/2)∆ into
three-site unit cells, being ∆ shape with one spin-1 site (white circle) at
the upper vertex and two spin-1/2 sites (black circles) at lower vertices.
The corresponding open prescription to construct the operator Ū2∆(τ) for
rTEBD-(∆+∆) is illustrated [cf. Eqs. (9) and (10)]. (b) Two different
partition schemes responsible for rTEBD-(2+ 2) and rTEBD-(4+ 4), in
which the lattice model H∆ is split into two-site or four-site unit cells,
respectively. (c) Two partition schemes responsible for rTEBD-(3+ 3)
and rTEBD-(6+ 6), in which the original tetrahedron chain is split into
three-site or six-site unit cells, respectively.

To demonstrate that the factorization of Eq. (9) represents
a high-order BCH expansion of the propagator, U(τ) can be
rewritten as

U(τ) = e−τH(1/2)∆ eτ ∑k h[k]2∆ × e−τ ∑k h[k]2∆ . (11)

Then one is led to notice the equivalence between the multipli-
cation of the first two factors and those operators of Eq. (10)

under a finite-order BCH expansion, i.e.,

e−τH(1/2)∆ eτ ∑k h[k]2∆ ≈ [Ū2∆(τ)]
⊗𝒩 . (12)

Firstly, it is readily seen that under the lowest-order (1th-order)
BCH expansion, both left and right hands of Eq. (12) reduce to
⊗𝒩

j=1 e−τv∆
2 j,2 j+1 , hence the regularized factorization in Eq. (9)

recovers the usual Suzuki–Trotter formula.[42] Moreover, for
the 2nd-order BCH expansion, both left and right hands in-
volve only a commutator between v∆

2 j,2 j+1 and h[2 j]
∆

+ h[2 j+1]
∆

,
so the equality remains to be true. Whereas, for the 3rd or
much higher-order expansions, the nesting commutators be-
tween H(1/2)∆ and v∆

2 j,2 j+1 in the left hand of the above equa-
tion will break the range of the local building block, hence the
factorization of Eq. (9) causes an error ∼ O(τ3) to the current
system.

Following the infinite TEBD scheme, the local operators
obtained in Eq. (9) are applied in sequence on the target MPS
which can be updated accordingly. In the limit that the inverse
temperature β = Mτ → ∞, there is U(β ) ∝ |ψ0⟩⟨ψ0| and the
ground state |ψ0⟩ can then be obtained by applying the oper-
ators of Eq. (9) iteratively on a randomly chosen initial state.
The average ground-state energy per “coarse site” can be ob-
tained through the rTEBD algorithm via eg = ⟨h[ j]

∆
+ v∆

j, j+1⟩0,
which relates to the aforementioned e(1/2)∆ [cf. Eq. (6)] by
e(1/2)∆ = 1

2 eg. In Figs. 3(b) and 3(c) we depict further parti-
tion schemes for the full ∆ chain and the infinite tetrahedron
chain, with which the corresponding algorithms, i.e, rTEBD-
(2+2) and rTEBD-(4+4) for the former, and rTEBD-(3+3)
and rTEBD-(6+6) for the latter, can be built.

3.2. Phase diagram and accurate phase boundaries of the
tetrahedron chain

With the rTEBD algorithm, we are able to check whether
there exists the intermediate phase, the ground state with alter-
nating spin singlets and triplets on the vertical rungs, which is
predicted in Ref. [31] through exact diagonalization on finite-
size systems. In detail, we perform the rTEBD-(3+ 3) and
rTEBD-(6+ 6) [cf. Fig. 3(c)] to achieve the ground state of
the model (1) with different values of η = J⊥/J. The values of
the angular momentum of two adjacent rung spins ⟨𝑡2

i +𝑡2
i+1⟩0

are computed and shown in Fig. 4 (plotted as a function of
η). The existence of three different phases is confirmed, that
is, full triplet rungs specified by ⟨𝑡2

i + 𝑡2
i+1⟩0 = 4, full singlet

rungs by ⟨𝑡2
i + 𝑡2

i+1⟩0 = 0, and alternating singlet and triplet
rungs specified by ⟨𝑡2

i + 𝑡2
i+1⟩0 = 2. In the vicinity of the two

transition points, the numerical results become unstable due to
their strong dependence on the randomly chosen initial state.
This is because that the phases are nearly degenerate at QPTs,
making the corresponding phase boundary difficult to deter-
mine precisely through such calculations.

Notwithstanding, the former analysis [see Eqs. (6) and (7)
in Subsection 2.2] reveals that to determine the critical points
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η1,2 one needs only calculate the average ground-state ener-
gies of the full and half ∆-chain models H∆ and H(1/2)∆, i.e.,
the values of e∆ and e(1/2)∆. The performance of the rTEBD-
(∆+ ∆) on the model H(1/2)∆, specifically the rapid conver-
gence of the iterative process, suggests that the model has a
gapped ground state. Its energy is readily determined to an
accuracy of over 10 digits with the bond dimension χ . 32
and Trotter step τ & 0.004: e(1/2)∆ = −0.9327043509(2). As
demonstrated in Table 1, an extrapolation with the bond di-
mension χ > 32 will not affect the first ten digits of e(1/2)∆

here, and only serves to refine the data beyond the 11th digit of
it. Consequently, the phase boundary of ℋ0 and ℋ(1/2)∆ can be
determined with the same accuracy: η2 = 0.9791143407(1).
On the other hand, the algorithm on the model H∆ needs more
iteration to reach convergence due to the presence of com-
peting states with respect the spin frustration. In Fig. 5, we
depict the curves of e∆ achieved by the rTEBD-(2+ 2) with
bond dimensions χ = 8,10,16,24. The Trotter step τ is grad-
ually reduced to 10−4 so that the associated Trotter error is
negligible comparing with that of the bond truncation. As ex-
pected, the rTEBD-(4+4) improves the results by accounting
for more correlations and reducing the truncation error caused
by the approximation of the mean-field-like environment. By
performing rTEBD-(4+ 4), we obtain e∆ = −1.29354613(4)
with χ = 24. Subsequently, the location of the critical point is
obtained as η1 = 0.72168356(7).

Table 1. Ground-state energy of the half ∆-chain model H(1/2)∆ obtained
by the algorithm rTEBD-(∆+∆).

e(1/2)∆ τ = 0.008 τ = 0.004 τ = 0.002

χ = 16 −0.932704338183 −0.932704338187 −0.932704338187
χ = 24 −0.932704350511 −0.932704350513 −0.932704350513
χ = 28 −0.932704350900 −0.932704350901 −0.932704350902
χ = 32 −0.932704350915 −0.932704350916 −0.932704350916
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Fig. 4. The values of the angular momentum of two adjacent rung spins
⟨𝑡2

i +𝑡2
i+1⟩0 of the tetrahedron chain obtained by the rTEBD-(3+3) algo-

rithm starting from randomly chosen initial states with bond dimensions
χ = 8, 16, and 24. The results exhibit distinctly the existence of three
different phases. The algorithm of rTEBD-(6+6) yields almost the same
results but the areas of uncertainty near the two transition points become
slightly narrow.
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Fig. 5. The average ground-state energies e∆ of the model H∆ achieved
by the rTEBD-(2+ 2) with different sizes of Trotter step τ and various
bond dimension χ .

3.3. Lowest levels in subspaces with respect to two sparse
∆ chains

As an additional verification, we use the rTEBD algo-
rithm to calculate the ground-state energies of the two sparse
∆-chain models H(1/3)∆ and H(2/3)∆. The corresponding aver-
age values are obtained as e(1/3)∆ ≈ −0.73535 and e(2/3)∆ ≈
−1.04506 with χ = 18 (setting J = 1). The lowest lev-
els ε(1/3)∆(η) and ε(2/3)∆(η) in the corresponding subspaces
specified by ℋ(1/3)∆ and ℋ(2/3)∆ are plotted in Fig. 6 in terms
of the parameter η = J⊥/J. Both curves lie above the afore-
mentioned phase curves of Fig. 2 across all three regions:
η < η1, η1 < η < η2, and η > η2, thus justifying the pro-
posed ground-state phase diagram.
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Fig. 6. The lowest levels ε(1/3)∆(η) and ε(2/3)∆(η) of ℋ(1/3)∆ and
ℋ(2/3)∆, in contrast with the phase diagram determined by ε∆(η),
ε(1/2)∆(η), and ε0(η). The curves are verified to be above the ground-
state phase curves across all the regions.

4. Nonlocal order parameter in the intermediate
phase of the tetrahedron chain

4.1. String-order correlators in the gapped intermediate
phase

The ground state of the tetrahedron chain over η < η1,
i.e., that of the Hamiltonian H∆ in Eq. (4), is believed to
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possess ferrimagnetic order just like the original mixed-spin
(1/2,1) system with only nearest-neighbor interactions.[31]

This is confirmed by our rTEBD algorithm which reveals
that in the full ∆ chain there is |⟨Sz⟩0| ≈ 0.0725(0) for the
spin 1/2 and ⟨T z⟩0 ≈ −3.0644⟨Sz⟩0 for the spin 1 (with
the bond dimension χ = 24). On the other hand, numeri-
cal calculation shows that all the ground-state average of the
spins Sµ

j,1, Sµ

j,2, and T µ

j (µ = x,y,z) of the model H(1/2)∆ are
zero. It indicates that the intermediate phase of the tetrahe-
dron chain has neither ferromagnetic nor anti-ferromagnetic
order. Despite the absence of conventional long-range order,
we show below that this gapped intermediate phase exhibits a
sort of nonlocal string order. The latter was originally intro-
duced by Den Nijs and Rommelse[43] and was shown to be a
common feature of the Affleck–Kennedy–Lieb–Tasakimodel
model (AKLT)[44] and the Haldane-like phase with a valence-
bond solid structure.[45–50]

In detail, we resort to the parity-associated string order
correlator introduced in Ref. [33]

SOP(O1,O2)≡ lim
j′− j→∞

⟨O[ j]
1 𝒫(l)O[ j′]

2 ⟩0, (13)

in which O1,2 are two local observables and the parity operator
𝒫(l) acts on the consecutive l = j′− j−1 unit cell ∆’s between
the boundary ones j and j′. Note that while the full transla-
tion symmetry is slightly broken in the MPS obtained by the
rTEBD, spatial reflection symmetry and two-∆ translation in-
variance are preserved. As a result, the output of the ground
state of the model H(1/2)∆ [the one in Eq. (8) with 𝒩 = N/2 ∆

cells] can be represented by

|ψ0⟩= ∑
{s[ j]

∆
}

Tr
[

As[1]
∆ Bs[2]

∆ · · ·As[𝒩−1]
∆ Bs[𝒩 ]

∆

]∣∣∣s[1]
∆
· · ·s[𝒩 ]

∆

〉
, (14)

in which s[ j]
∆

denotes the spin degree of freedom of the jth ∆.
Due to the spatial reflection symmetry, the representative ma-
trices satisfy (As∆)T = Bs∆ , or there exists a similarity transfor-
mation X such that

(As∆)T = XBs∆X−1, (Bs∆)T = XAs∆ X−1. (15)

Here, we assume that the MPS |ψ0⟩ is generally not in the
canonical form and X is an invertible matrix (doesn’t have to
be unitary). By choosing the spin-1 operators T µ as the bound-
ary observables, the string order parameter is characterized as

SOP(T
µ

B ,T µ

A ) = lim
l→∞

⟨ΨL|ET µ

B
E𝒫(2l)ET µ

A
|ΨR⟩

λ
l+1
M

, (16)

in which λM accounts for the maximal eigenvalue of the trans-
fer matrix EBA ≡EBEA with EQ =∑s∆

(Qs∆)*⊗Qs∆ (Q=A,B).
The bra ⟨ΨL| and ket |ΨR⟩ denote the corresponding left and

right eigenvectors of EBA with respect to λM. The the parity-
associated transfer matrix E𝒫(2l) is defined as

E𝒫(2l) = ∑
s[1]
∆
,··· ,s[2l]

∆

(As[1]
∆ · · ·Bs[2l]

∆ )*⊗As[2l]
∆ · · ·Bs[1]

∆

= ∑
s[1]
∆
,··· ,s[2l]

∆

(As[1]
∆ · · ·Bs[2l]

∆ )*⊗ (As[1]
∆ · · ·Bs[2l]

∆ )T

≡ (E l
AB)

T2 , (17)

where EAB = EAEB and we have assumed (As∆)T = Bs∆ herein.
The observable associated ET µ

A
and ET µ

B
are specified by

ET µ

Q
= ∑

s∆,s′∆

⟨s∆|T µ

Q |s′∆⟩(Qs∆)*⊗Qs′
∆ . (18)

In the limit l → ∞, there is E𝒫(2l) → λ l
M(|ΦR⟩⟨ΦL|)T2 , where

|ΦL(R)⟩ denotes the left (right) eigenvector of EAB with respect
to the eigenvalue λM. Consequently, one obtains

SOP(T
µ

B ,T µ

A ) = λ
−1
M ⟨ΨL|ET µ

B
(|ΦR⟩⟨ΦL|)T2ET µ

A
|ΨR⟩. (19)

For the case that (As∆)T ̸= Bs∆ but there is an invertible
X satisfying Eq. (15), the string order SOP(T

µ

B ,T µ

A ) is achiev-
able similarly but that the quantity E𝒫(2l) in Eq. (16) is given
by E𝒫(2l) = (Ẽ l

AB)
T2 in which

ẼAB = ∑
s∆,s′∆

(As∆Bs′
∆)*⊗ (Bs∆)T(As′

∆)T

= (I ⊗X)EAB(I ⊗X−1). (20)

Thus one needs only to replace the factor (|ΦR⟩⟨ΦL|)T2 in
Eq. (19) by I ⊗ (X−1)T(|ΦR⟩⟨ΦL|)T2 I ⊗XT. In the practical
calculation, one needs not to know the detailed form of the in-
vertible matrix X but can utilize the expression of ẼAB in the
first line of Eq. (20) directly. Our numerical calculation dis-
plays that the string order is independent of the orientation µ

and the value is approximately SOP(T
µ

B ,T µ

A )≈ 0.0193.

4.2. Detecting the phase factor of the symmetry-protected
topological phase

Interestingly, string order parameters have been used to
distinguish SPT phases, which are the topological class of
gapped phases that arise in the presence of certain symme-
try, e.g., the on-site rotation, spatial reflection or time-reversal
symmetry.[35–38] SPT phases are known to host a variety of
fascinating topological properties, such as the Haldane phase
in 1D spin chains and the quantum spin Hall effect in 2D
systems.[51,52] Since there are no local bulk properties that can
be measured to distinguish an SPT phase, it is highly nontrivial
to identify different SPT phases physically.

For the spatial inversion symmetry, the topological prop-
erty is classified by the phase factor X−1XT = ±1, i.e., the
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similarity matrix X being either symmetric or anti-symmetric.
The latter is obtained from two facts:[35,36] (1) X−1XT = e iφ

since AB = (X−1)TXABX−1XT, (2) X = (XT)T = X e2iφ , so
e iφ = 1 or −1. To detect the phase factor e iφ for the wave
function, one can take the observable O1,2 in Eq. (13) to be the
identity operator. It gives rise to

SOP ≡ lim
l→∞

⟨ψ0|𝒫(2l)|ψ0⟩
⟨ψ0|ψ0⟩

= lim
l→∞

⟨ΦL|(Ẽ l
AB)

T2 |ΦR⟩
λ l

M
. (21)

In Ref. [34], it was shown that, using the canonical MPS
form, the sign of the above SOP measures the phase factor
e iφ = ±1 and thus distinguishes between topological phases.
The demonstration in that work relies on an assumption that
the similarity transformation [cf. Eq. (15)] is unitary, which
makes it somewhat limited in scope. Meanwhile, as the quan-
tity is independent of a concrete MPS representation, it is
surely valid to detect the phase factor of the wave function
|ψ0⟩ in a non-canonical form.

To achieve the explicit expression of the string order SOP

for a general MPS representation, let us introduce the follow-
ing notations:

ξi j = ⟨i j|ΦR⟩, ζi j = ⟨i j|ΦL⟩, (22)

that is, the matrix ξ (ζ ) is defined by setting the two indices
i and j of |ΦR⟩ (|ΦL⟩) as its row and column indices, respec-
tively. According to Eq. (15), one has

ET
AB = X*⊗XEAB(X*)−1 ⊗X−1. (23)

So the left eigenvector |ΦL⟩ of EAB (i.e., the right one of E†
AB)

relates to |ΦR⟩ via |ΦL⟩= X ⊗X*|Φ*
R⟩. It indicates that ξ and

ζ satisfy

ζ = Xξ
*X†. (24)

Consequently, the string order SOP is shown to be

SOP = ⟨ΦL|I ⊗ (X−1)T(|ΦR⟩⟨ΦL|)T2 I ⊗XT|ΦR⟩

= Tr(ζ *X−1
ζ

†
ξ XT

ξ
T)

= Tr[(XTX−1)*(ζ *
ξ

T)2]

= ±Tr[(ζ *
ξ

T)2], (25)

where we have used the relation (24) to obtain the third equal-
ity and the one XT = ±X to obtain the last equality. In the
canonical representation, the right eigenvector of the trans-
fer matrix EAB takes the form of ξi j = ⟨i j|ΦR⟩ = δi j. Thus
the result of Eq. (25) reduces further to SOP = ±Tr[(XX†)2],
wherein Tr(XX†) = 1 according to ⟨ΦL|ΦR⟩ = 1. For the
ground state of H(1/2)∆, the phase factor turns out to be e iφ = 1
and the value of SOP yielded by our rTEBD is SOP ≈ 0.8729.

5. Discussion and conclusion

The high-precision QPT points obtained above enable
potential quantum sensing protocols. Suppose that the sys-
tem of the tetrahedron chain is prepared in |ψ0(ηa)⟩, the
ground state of the Hamiltonian H̃(η) ≡ H/J with the pa-
rameter η = ηa. Its time evolution is driven with a Hamil-
tonian H̃(ηb) where the parameter ηb = ηa + δ with δ de-
noting a small perturbation. For quenches across the quan-
tum critical point, e.g., ηa < η2 < ηb, the dynamical QPT can
be detected by the nonanalytic behavior of Loschmidt echo
L(δ , t)≡ |⟨ψ0(ηa)|e−itH̃(ηb)|ψ0(ηa)⟩|2. The potential sensing
scheme could be exploited to measure extremely weak inter-
actions, i.e., δ & 10−10, which is on the same order as the
precision of the value of η2.

To summarize, we have studied the spin-1/2 antiferro-
magnetic Heisenberg model on an infinite tetrahedron chain
using both theoretical analysis and numerical calculation. The
ground-state phase diagram of the model, featuring three dis-
tinct phases, is characterized by both the ground-state energy
and the angular momentum of vertical rungs. By utilizing the
rTEBD algorithm, we have demonstrated that the QPT points
separating the decoupled rung-singlet/Luttinger liquid phase,
the ferrimagnetic ordered phase, and the intermediate gapped
phase, can be precisely determined in line with the model’s
ground-state energy, with locations given by the coupling pa-
rameter ratios J⊥/J = 0.9791143407(1) and 0.72168356(7).

We have also explored the hidden long-range order in the
model, revealing the nonlocal string correlations in the inter-
mediate phase with respect to spatial inversion symmetry. This
parity-associated string order not only confirms the presence
of long-range correlations but also provides a physical distinc-
tion of the SPT phase. The combination of high-precision
critical-point determination and the characterization of SPT
order provides a comprehensive understanding of the model’s
rich phase diagram. Further investigation into the analogy be-
tween the current SPT phase and the AKLT model, as well
as the emergence of edge modes under open boundary con-
ditions, would be a subject of interest. Also, the methodology
developed here, particularly the regularization technique in the
rTEBD, holds promise for investigating the complex behavior
of quasi 1D frustrated quantum lattice systems. In addition,
the precise quantum criticality achieved has the potential to
serve as a sensitive probe for precision measurements, advanc-
ing experimental techniques in quantum sensing and quantum
enhanced metrology.
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sponding author upon reasonable request.
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