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Multi-party quantum steering is an important concept in quantum information theory and quantum mechanics, typi-
cally related to quantum entanglement and quantum nonlocality. It enables precise manipulation of large quantum systems,
which is essential for large-scale quantum computing, simulations, and quantum communication. Recently, a quantum
steering certification for any three-qubit generalized Greenberger—Horne—Zeilinger (GGHZ) state based on the fine-grained
steering inequality was proved [Quantum Studies: Mathematics and Foundations 9 175 (2022)]. Here we provide an exper-
imental proposal to prepare the GGHZ state in a photon system. The measurement observables in each party can be realized
by different polarization optical elements. By choosing the angles of the waveplates, our experimental proposal can observe
the maximum quantum violation for any three-qubit GGHZ state. Our proposal can be easily extended to high-dimensional
qubits and multi-photon GHZ states, which provides a method to study the complex multi-party quantum protocols.

Keywords: quantum steering, generalized GHZ state, fine-grained uncertainty relation
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1. Introduction

Quantum entanglement between spatially separated par-
ties is one of the most fascinating phenomena in quantum
physics. It plays a crucial role as a fundamental resource
in quantum information processing. As an essential element

[1-3]

of quantum nonlocality, quantum entanglement is widely

used in applications such as quantum dense coding, 4! quan-

(9-111 Verifying

tum teleportation,!”-8! and quantum distillation.
and characterizing specific types of quantum entanglement is
vital for advancing quantum information technologies. A bi-
partite quantum state is considered entangled if and only if
it is not separable. Similarly, a pure multipartite quantum
state is termed genuinely multipartite entangled if it cannot
be separated in any bipartition.!'? Due to its intricate na-
ture, detecting genuine multipartite entanglement experimen-
tally is highly challenging. In an ideal scenario, assuming full
trust in the measurement devices, one could directly access
the quantum state and perform quantum state tomography to
reconstruct the density matrix, which contains all the state’s
information. However, as the system’s dimension increases,
the number of required projective measurements grows expo-
nentially, making state tomography impractical, especially for
high-dimensional systems and limited state copies. Moreover,
in real-world applications, the devices are often untrusted, fur-

ther complicating the verification process. In such situations,
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quantum state tomography may not be the optimal approach
for verifying entanglement. The question naturally arises as
to whether it is possible to certify the presence of genuine
multipartite entanglement in a scenario where some of the ob-

servers’ devices are not fully characterized.!!3-13]

EPR steering, first introduced by Schrodinger, 6]

serves
as a quintessential example of quantum nonlocality, enabling
the detection of bipartite and multipartite states in partially
device-independent systems. Later, Wiseman et al. formal-
ized this phenomenon in the context of an operational task.!!”]
The concept of quantum steering can be briefly introduced as
follows: Consider two parties, Alice and Bob, who share a
bipartite quantum state (e.g., an entangled state) and each has
access to one of the subsystems. Let us assume Alice performs
a measurement on her subsystem, which may affect the state
of Bob’s subsystem. The goal of quantum steering is to un-
derstand how Alice’s measurement influences Bob’s system.
The state is classified as “steerable” if the corresponding post-
measurement state for Bob’s subsystem cannot be accounted
for by any local hidden state (LHS) model. Typically, if Alice
aims to steer Bob, she can send him the measurement outputs,
while Bob, in turn, performs a quantum measurement on the
collapsed reduced density matrix. This approach allows one
party to conduct classical measurements, thereby enabling the

possibility that one of the measurement devices may be un-
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trusted.

Due to the above characteristics, quantum steering is typ-
ically associated with the secret key rate in one-sided device-
independent quantum key distribution. '3 In addition, quan-
tum steering offers advantages in self-testing pure entangled

[20.211 and distinguishing quantum states.!*?! Currently,

states
quantum steering inequalities have been proposed and experi-
mentally demonstrated in various systems.!?>2”] However, the
theoretical and experimental studies on quantum steering are
mostly focused on bipartite systems, with relatively few in-
vestigations in multipartite systems. To tackle this challenge,
device-independent (DI) witnesses for genuine multipartite
entanglement can be utilized.!'*?8-3!] These DI witnesses de-
pend solely on measurement statistics, eliminating the need
for detailed characterization of the experimental devices. This
makes them a robust tool for entanglement verification in prac-
tical scenarios.

In Ref. [32], the authors extend the Greenberger—Horne—
Zeilinger (GHZ) theorem to any three-qubit generalized
Greenberger—Horne—Zeilinger (GGHZ) state and present an
“all-versus-nothing” proof of genuine tripartite EPR steering
for all three-qubit pure GGHZ states in both one-sided and
two-sided device-independent scenarios. They also propose
a two-sided device-independent (2SDI) tripartite steering in-
equality, which generalizes the fine-grained steering inequal-
ity (FGSI) from the bipartite scenario. Here, we present an
experimental proposal for entanglement certification of any
three-qubit generalized GGHZ states based on a linear opti-
cal system, demonstrating that for any GGHZ state, the FGSI
can achieve the maximal violation. Our article is organized
as follows. In Section 2, we give a brief introduction to the
tripartite steering inequality based on the fine-grained uncer-
tainty relation. Section 3 is the experimental proposal about
preparation of GGHZ states to certify the FGSI. In Section 4,

we discuss and summarize our results.

2. Tripartite steering inequality based on fine-
grained uncertainty relation

Multipartite quantum steering is a generalization of quan-
tum steering to systems involving more than two parties.33-34]
It refers to the ability of one party to steer or influence the state
of a distant, entangled quantum system shared among several
parties by performing local measurements on their subsystem.
In the case of multipartite quantum steering, the parties in-
volved can steer the states of others in a way that reflects quan-
tum nonlocality, and it is a feature that arises due to the entan-
glement among all parties in the system. For simplicity, we

give a detailed breakdown of the mathematical structure and

the quantification of tripartite quantum steering.

Suppose Alice, Bob, and Charlie share a tripartite un-
known quantum system. The state of this system is described
by a density matrix pspc , where A refers to Alice’s subsys-
tem, B refers to Bob’s subsystem, and C refers to Charlie’s
subsystem respectively. Now, first, consider that Alice will
perform local measurements A; on her subsystem based on
a dichotomic order i € {0,1}, and her measurement outcome
will influence the conditional states of Bob and Charlie. The
measurement is described by a set of positive operator-valued
measures (POVMs) {M4, } with My, > 0 and ¥, My, =1,
where a; represents the measurement outcomes. The quantum
state of Bob and Charlie’s subsystems is then updated condi-
tionally on Alice’s outcomes, which are known as conditional
states Gﬁgi.
tracing over Alice’s subsystem, denoted as!

The unnormalized conditional state is given by
34]

ons, = Tea[(Ma, @ 1@ T)pagc]- 1)

For quantum steering to occur, the conditional state must be
non-separable, meaning it cannot be explained by any LHS
model. The inseparability implies that Alice’s measurement
has steered Bob and Charlie’s states in a manner that cannot
be explained classically. The above scenario is called one-
sided device-independent because the POVM elements asso-
ciated with Alice’s measurements are unknown.

In this article, we focus on the two-sided device-
independent scenario. In this case, Bob performs local mea-
surements B; on his subsystem based on a dichotomic order
j € {0,1}. Similarly, Bob’s measurement is described by a
set of POVM {Mh‘Bj} with My p, > 0 and Y, My g, = I, where
b; represents the measurement outcomes and the POVM el-
ements are unknown. When Alice obtains the measurement
result a and Bob obtains the measurement result b simultane-
ously, the unnormalized conditional state of Charlie’s subsys-

tems is updated conditionally by (3334

GaCb|A,-Bj = Trap[(Mya; ® My, @ 1) pasc]- (2)

If the conditional state Gacb\ AiB; of Charlie is separable
(i.e., it can be written as a product state), then the system can
be explained by an LHS model, and no quantum steering is
occurring. In the LHS model, each subsystem of the compos-
ite system performs measurements on their respective subsys-
tems, and the outcomes are determined by a set of local hidden
variables (LHVs) A that are present in the system but not di-
rectly observable. The corresponding hidden variable could
represent, for example, a specific value that governs the out-
come of measurements in that subsystem. The state of the

overall system, which is named the local hidden state, can be
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described by a probability distribution over the hidden vari-
ables, denoted by p; with py > 0 and Trp; = 1. The prob-
ability distribution P(A) is defined on the set of all possible
hidden states, which represents the unknown or hidden infor-
mation that determines the outcomes of measurements on the
system and satisfies P(A) > 0 and ¥, P(1) = 1. Thus, the
conditional state G[ﬁ)‘ 4,8; €A be decomposed in the form?!

Spian; = ;P(MP(alAi,A)P(blBj,/1>pf )

Now consider Charlie performing a set of POVMs
{M ¢, } with M, > 0and Y. M, ¢, = based on a dichotomic
order k € {0,1}, where ¢; represents the measurement out-
comes. Unlike the unknown measurements of Alice and Bob,
Charlie performs a quantum measurement on his subsystem.
Then the measurement correlations of the tripartite system can
be defined as a joint probability distribution P(abc|A;B;Cy) =
Tr[Meic, Ogya,5,]- T the LHV-LHV-LHS model, this proba-
bility distribution can be written as

P(abc|A;iB;Cy) =Y P(A)P(a|A;, A)P(b|B;, A)P(c|Ck.p5),
A

“)
where P(a|A;,A) and P(b|B;, A) represent the probabilities of

obtaining the outcomes a and b when Alice and Bob apply A,-‘

P(c|ab) =

P(abC|A,‘BjCk) _ Z)L P(l)P(d|A,‘, )«)P(b|Bj,)~)P<C|Ck,pf)

and B; on each subsystem under the LHVs A respectively. In
comparison, P(c|Cg, pf) is the quantum probability of obtain-
ing the outcome ¢ when Charlie performs the measurement on
the LHS p§.

Essentially speaking, if the joint probability distribution
can be decomposed in the form of Eq. (4), the shared state
of the system can be divided into three bi-separable terms
since it contains no genuine entanglement. 3 The first one im-
plies that the assemblage updated conditionally on Alice’s out-
comes cannot be steered from Alice to Charlie, representing a
lack of steerability in the A — C direction. The second one
denotes that the assemblage updated conditionally on Bob’s
outcomes cannot be steered from Bob to Charlie, represent-
ing a lack of steerability in the B — C direction. The last one
is the unsteerable assemblage from Alice and Bob to Charlie.
Equation (4) can be viewed in terms of a hybrid LHS model,
which highlights the non-steerability of the assemblage in dif-
ferent directions and provides a way to analyze its potential for
demonstrating quantum correlations. If the measurement cor-
relations can be expressed in the form of Eq. (4), the system
state does not demonstrate tripartite steering.

Next, we consider the conditional probability distribution
in the hybrid LHS model, that is,

P(ab‘A,’Bj)

P(abJAB,) : %)

By using the Cauchy-Schwarz inequality ¥; x;y; < max{x;}Y;y;, we can obtain

L2 P(A)P(alAi, A)P(b|B), A)

P(clab) < max{P(c|Cs,p5 )} ( P(ablAiB;)

Here we introduce the fine-grained uncertainty relation
into the hybrid LHS model.[?%-?13%-37] The uncertainty relation
is a fundamental concept in quantum mechanics that describes
the inherent limits to how precisely certain pairs of physical
properties, such as position and momentum, can be simultane-
ously measured or known. 38! Below is a brief overview of the
fine-grained uncertainty relation: Assume Alice has a qubit,
she receives a dichotomic order (denoted as ), which is ei-
ther 0 or 1, with equal probability P(I) = 1/2. If I =0 (1)
Alice applies the o, (0y) to the qubit, where o; (i = x,y,z) is
the Pauli matrix correspond to measurements of spin along the
certain axis respectively. When oy (oy) is applied, the mea-
surement result a is either O (spin-up) or 1 (spin-down), de-
pending on the qubit’s state. We define that Alice wins if she
measures the spin-up outcome, then regardless of whether Al-

) = max{P(eCpS) = PlelCipf, ) ©

ice receives I = 0 or I = 1, she aims to measure a = 0. There-
fore, the winning probability which depends on the outcome

of the measurements satisfies

=Y p(DPa=o < P ™)
where Ppax is the maximum winning probability among all
possible strategies which Alice can choose. It is straightfor-
ward to check that P, = 1/241/(21/2) when the qubit state
is the eigenstates of (oy + 0y)/v/2. Similarly, the maximum
winning probability Pna = 1/2 + 1/21/2 when Alice mea-
sures the spin-up outcome with the qubit state is the eigen-
states of (o, — 6y) /2.1

Under the fine-grained uncertainty relation, the sum of

conditional probabilities satisfies>?!

§= P(CC0|aA0bBo) +P(CC1 |aAobBl ) JFP(CC()‘“A]bBl ) +P(Ccl |a,41b30)

<2 max{P(c|C~‘o,p;(f) +P(c|C ,pf)},

®)
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where P(c|C,p{) on the right-hand side represents the max-
imum possible winning probability for Charlie, since the
trusted party Charlie performs two arbitrary mutually unbi-
ased qubit measurements. The measurements Co and C; are
chosen to be maximally incompatible, which range over all
possible incompatible measurements. In quantum mechanics,
the incompatible measurements cannot be specified with exact
certainty simultaneously since they cannot be diagonalized si-
multaneously, which leads to the largest possible uncertainty
in measurement outcomes; that is the reason that the right-
hand side represents the maximum possible value that the con-
ditional probabilities can achieve.

Equation (8) is a fine-grained steering criterion satisfied
by tripartite states. It shows that Alice can steer Charlie if it vi-
olates for any combination of outcomes {a,b,c}. In this case,
Alice and Bob try to maximize the right-hand side of Eq. (8)
using the hybrid LHS model under Alice-Bob’s strategy to
cheat Charlie when Charlie’s particle is a qubit. Assuming

that Alice and Bob get certain information about the measure-

ment before preparing the tripartite state, the maximum win-
ning probability Py of Charlie is 1/2 4 1/2+v/2 regardless of
whether he measures the spin-up outcome or the spin-down

outcome. Thus, the FGSI can be written as[3?!

(o) (o g)] 2ns

In another case, Alice and Bob have no prior knowledge
of Charlie’s measurement at the beginning. To ensure that they
win the game, Charlie needs to scan all possible measurement
strategies and then maximize the winning probability with re-
gard to all possible local hidden states. The average win-
ning probability over all possible observables is proven to 3 /4.
Therefore, the fine-grained steering inequality can be written

asB32

33
§<2(=>+-)=3.
<2(3+3)

It is clear that equation (8) has a set of different equivalent

(10)

forms since a,b,c € {0,1}. As a demonstration, we can write

S=P (OC0|1A0 130) +P (OCI |0Ao 131) +P (0C0|0A1 131) +P (OCI |OA1 130)

<242,

<3,

(Cy is known),

(Cy is unknown).

Quantum violation of the above inequality implies tripartite
quantum steering in the 2SDI scenario.

In the following we analyse the witness of the 2SDI FGSI
for any pure state that belongs to the GGHZ class, the forms
are given by

|y) = cos 0]000) +sinO]111),

0<0<£.

> 12)

In 2SDI scenario, Alice and Bob have no prior knowledge of
Charlie’s measurement, namely, Cy is unknown. The violation
bound of FGSI in Eq. (11) is 3. It is easily to check that any
pure GGHZ state |y) violates Eq. (11) to its algebraic maxi-

mum of 4, and the following choice of measurements are (32]

Ag =0y, Bp=sin200,+cos200;, Cy= 0y,

Ay =0y, Bj=sin200y+cos200;, Ci=o0,. (13)

3. Experimental proposal

The entanglement certification for any three-qubit GGHZ
states based on the FGSI contains the GGHZ states prepara-
tion and the measurement of three parties. Here we provide an

an

experimental proposal using a photonic system. Photons, as
carriers of qubits, possess unique properties that make them an
excellent choice for quantum technologies.**~#!! Photons can
be measured with great accuracy in terms of polarization, posi-
tion, momentum, efc.[4243] Quantum measurement techniques
such as polarization analysis and interference measurement
are well-developed, enabling high-fidelity detection of entan-
gled states.!**! Compared to other systems (like superconduct-
ing qubits or ion traps), photons are easier to manipulate in
experiments. Through standard optical components such as
beam splitters, waveplates, fiber optics, and interferometers,
one can precisely control the photon’s polarization, phase, and
other quantum properties. It is important that photons allow
for the creation of multiple entangled photon pairs simulta-
neously. Using several photon sources and interferometers,
it is possible to scale the system up to generate multi-photon
GHZ states.[*°! The scalability of optical components en-
ables quantum computing and communication systems to sup-
port an increasing number of qubits. Photons can be easily
extended to high-dimensional qubits, allowing for the entan-
glement of many photons. This is crucial for complex quan-
tum algorithms and multi-party quantum protocols.

070304-4
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1 BBO LiNbO; YVO, Mirror HWP QWP PBS

S I m— :

APD

Charlie

Fig. 1. Experimental proposal. The experimental setup can be divided into state preparation module and measurement module. Polarization encoded three-
photon GGHZ states are produced by combining two pairs of entangled photons generated from two 3-BBO crystals pumped by a laser with the setting
angle of the HWP Hy = 6/2 applied to the pump light via type-I spontaneous parametric down-conversion process. LiNbO3 and YVOy are used for spatial
and temporal compensations between horizontal and vertical polarizations respectively. The observables of Alice, Bob and Charlie in the whole experiment
are realized by of a combination of sandwich type QWP-HWP-QWP sequence and a following PBS. All the joint probabilities can be read out from the
coincidence between certain APDs. Key to components: BBO, B-barium-borate crystal; HWP, half-wave plate; QWP, quarter-wave plate; PBS, polarizing

beam splitter; APD, avalanche photodiodes.

In the proposal, the computational basis states |0) and |1)
are represented by the horizontal polarization |H) and verti-
cal polarization |V) of a photon respectively, which is shown
in Fig. 1. Polarization-encoded three-photon GHZ states are
produced by combining two pairs of entangled photons gener-
ated from two back-to-back nonlinear f3-barium-borate (BBO)
crystals with two optical axes perpendicular to each other and
pumped by a laser. After the process of spontaneous paramet-
ric down-conversion, two ultrabright EPR photon sources are
used to generate the tripartite GHZ state.[*°) Here a Hong—
Ou—-Mandel interferometer ensures that photons from differ-
ent EPR sources are indistinguishable in arrival time, fre-
quency, and spatial degree of freedom, and the post-selection
on two polarization events results in a 4-photon GHZ state.
After carefully adjusting the position of the prism controlled
by a precise stepper motor, a four-photon HOM interference
with a visibility of 97.5% can be achieved. ! In addition, in
order to increase the visibility, the narrow-band 3-nm band-
width interferometer filters on each side are used to stretch the
coherence length of the interfering photons.>!! By choosing

the setting angle of the half-wave plate to be Hy = 6/2, the
two photon pairs are prepared in a family of entangled states
|¢) = cos O|HH) +sin@|VV). The state’®"! |y) can be ob-
tained when one of the photons acts as a trigger and a phase
shifter properly adjusts the relative phase between |HHH) and
[vvv).

In the measurement module, each of the three parties re-
ceives one photon, and we employ waveplates and polarizing
beam splitter (PBS) to conduct single-qubit measurements ac-
cording to their inputs. Here we choose the measurements
in the form of Eq. (13) to achieve the maximum violation of
FGSI. For Alice’s measurement, we fix Ag = oy and A| = oy.
The former can be realized by an HWP with Hy, = 22.5°, a
PBS and two single-photon avalanche photodiodes (APDs),
whereas the latter can be realized by changing the HWP to a
combination of a sandwich-type QWP-HWP-QWP sequence
with {Q} = 0,Hs, = /4,05 = 1/2}. Two outcomes of a;
are directly read by APDs (D and D). Since Charlie’s mea-
surements in Eq. (13) are the same as Alice’s, we set the wave-
plate angles as Hg, = 22.5° and {Qlc1 =0,Hc, = /4, Q%l =

070304-5
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Table 1. The different setting angles of the sandwich type QWP-HWP-

7/2} to realize Cy and respectively. Two outcomes of ¢ . .
/ } Co G p Y k QWP sequence to realize the measurement operators of Bob to achieve

are directly read by APDs (D5 and Dg). Bob’s measurements the maximum violation of FGSI.
are related to the state parameter 6, so the angles of the wave- Bo B
plates change with the variation of the GGHZ states. Table 1 0 - 5 | )
. . QBO Hp, QBQ Q31 Hp, QBl
gives the setting angles of the QWP-HWP-QWP sequence to
realize Bob’s measurements By and By with different 8. Two 0.057 725'9: 9: 746‘1: 0: 900 790:
outcomes of b; are directly read by the following APDs (D3 Olm -84 . 180 _45'60 OO 180 _900
0.157 —26.3 27 -9.7 0 27 -90
and Dy). 02r -5 360 —13  0° 36 —90°
For the photon detection, we register the coincidence 0.257 0° 45° 0° 0°  45° 90°
rates between APDs of Alice, Bob, Charlie, and the trigger. 037 040 _36° 20.4° 90°  36° 0°
Define the coincidence counting photon numbers of the joint 0357 18.9° —-27° 17.1° 90°  27° 0°
measurement with the results {a,b,c} as N{D;,Dy,,D,,D7}, 0.47 395 —18°  145°  90°  18° 0°
where [ € {0,1},m € {3,4},n € {5,6}. For instance, the 045z -33.5° -9°  -T745°  90° O 0°
coincidence counting {D;,D3,Ds,D7} represents the result
a=b=c=0. The conditional probabilities satisfy P(c|ab) = Here we show the method to calculate the conditional
P(abc)/P(ab). probability P(Oc,|14,15,) as an example, that is
|
P(14,15,0c,) N{D3,D4,D5,D7} [ Niotal

P(0Oc, |14.1 = —
(Ocy [Ly 1) P(lagl,)  (N{D2,D4,Ds,D7}+N{Dy,Dy,Dg,D7})/Niota

N{D2aD4aD57D7}

= , 14)
N{D2,D4,Ds,D7} +N{D2,D4,Ds,D7}
\
where Niotat = Y mniD1,Dm,Dn} is the total coincidence photon Werner states
counting photon numbers during once measurement process. (1—p)
Thus, the violation value S in Eq. (8) can be calculated by the p =ply){y|+ ] P L, (15)

raw coincidence counting data.
where p € (0, 1] denotes the noise parameters of two entangled

states and /8 is the maximally mixed state. The fidelity of
experimentally prepared three-photon Werner states can now
exceed 98%.15?! For simulation purposes, we set the state pa-
rameter p = (.98 and obtain the 6-dependent maximum vio-
lation S under identical measurement settings (the black solid
line in Fig. 2). Notably, the violation persists strongly in the
range of (0.077,0.437) with § > 3.8, while S decreases dras-
tically outside this region. The blue dot-dashed line in Fig. 2
indicates that when 0 is outside the region (0.027,0.487), the
noisy three-photon Werner states cannot violate the FGSI. We

2SDI FGSI bound

2 - T T T conjecture that as 8 approaches O or 1, the weakened entangle-
0 0.1 02 03 0.4 0.5 i T _ _
Oln ment renders the requirements for achieving maximal FGSI vi-

Fig. 2. Numerical simulation results. The red dashed line depicts the FGSI olation stricter, making the system more susceptible to noise.
violation value S with 6 for the GGHZ state scenario. The black solid line
represents S with 6 under noisy conditions. The blue dot dash line repre-
sents the violation bound of FGSI in 2SDI scenario. Identical measurement than the influence of decoherence when the degree of entangle-
choices are applied in both cases.

Since the entanglement property dominates the states rather

ment is strong (0 is around 7/4), the value S of FGSI is close
Here we present the theoretical relationship between the  to 4. However, as 8 moves away from 7 /4, the degree of en-

maximum violation value S of the inequality and the state pa-  tanglement weakens, and the influence of decoherence on the
rameter 6. We find that the GGHZ states can always achieve  states gradually increases and gains the dominant position. In-
the maximal violation value of 4 (the red dashed line in Fig. 2). spired by the pure two-qubit entangled state, the concurrence
Since experimentally prepared GGHZ states cannot be per-  exhibits nonlinear changes with a faster rate when approach-

[44

fectly pure, we simulate the influence of initial states with  ing 0 or 7/2,%] hence the states are more sensitive to noise in

white noise on inequality violation. Consider the noisy three-  these areas. This interpretation aligns with the experimentally
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observed enlargement of error bars in these regions.!*!! Col-
lectively, the FGSI of three-qubit GGHZ states demonstrates
significant noise resistance.

4. Conclusion and discussion

In the present work, we present an experimental proposal
to demonstrate the FGSI in the 2SDI scenario for any three-
qubit GGHZ states. In this proposal, we give a method to pre-
pare the three-qubit GGHZ states with different state parame-
ters in a photon system. The measurement observables in each
party can be realized by different waveplates and a PBS. By
choosing the angles of the sandwich-type QWP-HWP-QWP
sequence, our experimental proposal can observe the maxi-
mum quantum violation for any three-qubit GGHZ states. The
proposal can be easily extended to high-dimensional qubits
and multi-photon GHZ states (the Lemma 2 in Ref. [32]), al-
lowing for the entanglement of multi-party systems since we
can utilize the path and orbital angular momentum to extend
the dimension of the photons, >**1 which provides a method
to study the complex multi-party quantum protocols.

We have shown that the maximum quantum violation of
the tripartite steering inequality for pure three-qubit GGHZ
states is 4. This result brings to mind the concept of quan-
tum self-test, since any pure GGHZ state |y) violates Eq. (11)
to its algebraic maximum of 4. Self-test is an important con-
cept in quantum information theory, referring to the process
of verifying the state or operation of a quantum system using
experimental data or measurement outcomes, without need-
ing to fully trust the experimental device or control systems.
However, in Ref. [32], the authors proved that the maximal vi-
olation of FGSI certifies genuine entanglement in three-qubit
pure states in the 2SDI scenario, not only the GGHZ states.
They showed that a part of generated pure W-class states can
maximally violate the FGSI numerically. Hence, the ques-
tion of how to find the auxiliary junk state to construct a lo-
cal isometry mapping to achieve the self-test protocol remains
unsolved. It is still very difficult to distinguish GGHZ states
from W states by using other physical properties, such as by
introducing mutual predictability to identify the state parame-
ters, as in Ref. [21]. Thus, self-testing of GGHZ states is still
an open question.
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