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The dynamics of heart rhythms plays a pivotal role in physiological health, where chaotic behavior is often associated
with pathological cardiac states. In this work, we investigate a fractional-order model of cardiac pacemaker dynamics
using incommensurate derivatives to capture the complex memory effects and non-local interactions inherent in biological
systems. We demonstrate that slight variations in the fractional orders induce rich dynamics, including chaos and coexisting
attractors, signifying transitions between normal and dysfunctional rhythms. Crucially, our model exhibits wider chaotic
regions than classical integer-order counterparts when the incommensurate derivatives are perturbed. Furthermore, we
reveal pronounced multistability, where distinct chaotic attractors coexist under identical parameters, reflecting the system’s
capacity for abrupt transitions between physiological and pathological states. These findings advance the mechanistic
understanding of rhythm disorders and highlight the critical role of fractional calculus in modeling cardiac dynamics.
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1. Introduction

Natural systems exhibit rhythmic patterns that range from
regular to disordered, corresponding to either healthy or patho-
logical states in biomedical contexts. The cardiovascular sys-
tem’s rhythm dynamics have been extensively researched due
to the heart’s vital physiological role.[1] This hollow muscu-
lar organ features four chambers (two atria and two ventricles)
and a conduction system comprising self-excitatory compo-
nents: the sinoatrial (SA) node, atrioventricular (AV) node,
and His–Purkinje network.[2,3] Under normal conditions, the
SA node initiates electrical impulses that propagate through
the atria, AV node, and His–Purkinje system to myocardial
cells, establishing it as the natural pacemaker. Cardiac dynam-
ics are analyzed through mathematical modeling and time-
series approaches. Van der Pol and Van der Mark[4] pio-
neered nonlinear oscillator models for heartbeat dynamics,
with subsequent modifications simulating natural pacemaker
action potentials. dos Santos et al.[5] extended these meth-
ods through coupled oscillators representing dual-pacemaker
interactions, while Gois and Savi[6] modeled electrocardio-
gram (ECG) patterns using three delay-coupled oscillators.
Several studies indicate chaotic characteristics in certain ar-
rhythmias. Glass et al.[7] identified period-doubling bifurca-
tions and chaotic dynamics in stimulated cardiac cell aggre-

gates. ECG signal analysis reveals complex dynamics without
requiring prior knowledge of the underlying system.[8] Other
studies demonstrate both nonlinear deterministic and stochas-
tic features in canine fibrillation, chaotic attributes in human
ECGs via Poincaré maps and entropy metrics, and the com-
bined influence of instabilities and environmental fluctuations
on rhythm patterns.[9–12]

Fractional differential equations, characterized by non-
integer-order derivatives, extend classical calculus to model
systems with memory and non-local interactions.[13,14] The
defining attributes of fractional-order derivatives include non-
locality and memory, which enable the incorporation of sys-
tem history and distributed spatial effects, contrasting sharply
with the local properties of integer-order derivatives. This
memory property allows fractional calculus to more realis-
tically model hereditary processes in natural systems com-
pared to traditional integer-order operators.[15,16] The resur-
gence of interest in fractional calculus stems from its su-
perior capacity to simultaneously accommodate nonlinearity,
historical dependencies, and distributed parameters, offering
enhanced accuracy in modeling several real-world complex
behaviors.[17,18]

In biological systems, fractional differential equations
have been increasingly adapted to incorporate long-range tem-
poral memory effects prevalent in physiological processes.[19]
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This capability is especially valuable in systems exhibiting
metastable states with high electrical polarization. In cardiac
electrophysiology, the sinoatrial node’s pacemaking function
exhibits history-dependent behaviors, where action potential
generation is influenced by prior membrane potential states
and ion channel activity.[20] The integration of fractional oper-
ator memory properties into cardiac pacemaker models signif-
icantly improves the representation of rhythm-generating dy-
namics by accounting for historical electrical states and recov-
ery processes.

Recent studies have demonstrated promising applica-
tions of fractional calculus in cardiac modeling. Templos-
Hernandez et al.[21] incorporated fractional dynamics into
a nonlinear model of three coupled oscillators, finding that
normal cardiac rhythms correspond to fractional orders near
1. Bellout et al.[22] introduced a fractional-order discrete
map for cardiac action potential duration (APD) incorporat-
ing a “fixed memory length” to enhance physiological realism.
Belmiloudi[23] developed a “memory bidomain system” us-
ing a time-fractional-order nonlinear reaction-diffusion model
to represent cardiac memory. Additional research includes
fractional-order Van der Pol oscillator models for the SA
node[24] and fractional-order controllers for pacemakers.[25,26]

However, a critical analysis of existing literature reveals
several important limitations that this work aims to address.
Most current fractional-order cardiac models utilize commen-
surate fractional orders, which restrict the dynamic represen-
tation of the heart’s multi-scale conduction system. Further-
more, many studies vary either fractional orders or physiolog-
ical parameters in isolation, failing to explore their synergistic
effects on transitions between healthy periodic rhythms and
pathological chaotic states. There is also a notable scarcity
of quantitative complexity analysis specifically adapted for
fractional-order systems to objectively characterize these dy-
namical transitions. Finally, the phenomenon of bistability and
attractor coexistence, which is crucial for understanding sud-
den cardiac state shifts, remains largely unexplored within the
framework of incommensurate fractional-order cardiac mod-
els.

Motivated by these research gaps, our work introduces a
novel incommensurate fractional-order model of the cardiac
pacemaker. The main contributions are as follows.

(i) Development of an incommensurate fractional-order
differential system that extends classical pacemaker mod-
els, capturing complex memory-dependent electrophysiolog-
ical properties through a derived numerical solution.

(ii) Comprehensive investigation of heart rhythm transi-
tions through simultaneous variation of incommensurate frac-
tional orders and physiological parameters, revealing bistable
states and attractor coexistence phenomena.

(iii) Implementation of the C0 complexity algorithm to

quantitatively characterize transitions between ordered and
chaotic pacemaker dynamics, establishing a novel metric for
pathological rhythm identification.

The remainder of this paper is organized as follows. Sec-
tion 2 presents the cardiac pacemaker model. Section 3 derives
the numerical solution for its incommensurate fractional-order
counterpart. Section 4 investigates dynamic transitions under
parameter variations. Section 5 applies complexity analysis
using the C0 algorithm. Section 6 explores bistability and at-
tractor coexistence. Finally, Section 7 summarizes the main
findings and suggests future research directions.

2. Description of the model
The mathematical modeling of heartbeat dynamics origi-

nated with the coupled nonlinear oscillators proposed by Van
der Pol and Van der Mark.[4] The Van der Pol equation has
since become a cornerstone for modeling cardiac rhythms
due to its ability to replicate essential biological features, in-
cluding limit cycles, synchronization phenomena, and chaotic
behavior.[27,28] A key physiological advantage is its capacity to
adapt the intrinsic frequency to external driving signals with-
out amplitude distortion.

The modified Van der Pol oscillator proposed by
Grudziński and Żebrowski[27] provides a physiologically
grounded representation of cardiac pacemaker dynamics

ẍ+α(x− v1)(x− v2)ẋ+
x(x+d)(x+ e)

ed
= F(t), (1)

where α governs pulse morphology (modulating stimulus
timing), v1 and v2 create asymmetric damping, e controls
atrial/ventricular contraction periods, d emerges from cubic
forcing substitution, and F(t) represents external stimuli. By
converting this equation into state-space form, we obtain

ẋ1 = x2,

ẋ2 = F(t)−α(x1 − v1)(x1 − v2)x2 −
x1(x1 +d)(x1 + e)

ed
.

(2)

Figure 1 outlines the cardiac pacemaker framework, showcas-
ing essential conduction elements and their physiological in-
teractions.
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Fig. 1. Schematic diagram of the cardiac pacemaker model.[29]
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Several definitions of fractional-order derivatives exist,
including the Riemann–Liouville, Caputo, and Grünwald–
Letnikov definitions. These formulations have been widely
employed in fractional calculus. Our objective is to extend
the above framework using incommensurate fractional-order
derivatives to capture the memory effects and non-local inter-
actions inherent in cardiac tissue.

The classical integer-order formulation of cardiac rhythm
models has been extensively documented to generate diverse
dynamical regimes, including periodic, quasi-periodic, and
chaotic oscillations. In the present work, we fundamen-
tally extend this paradigm by introducing incommensurate
fractional-order derivatives into the governing equations. Our
investigation focuses on how variations in these fractional or-
ders reconfigure the system’s dynamical landscape, particu-
larly by examining wider chaotic regions under parameter
variations and bifurcations associated with arrhythmic transi-
tions. Moreover, it demonstrates a variety of coexisting attrac-
tors that represent pathological conditions.

3. Numerical method for solving fractional-
order differential equations
Three principal definitions dominate fractional calculus:

Riemann–Liouville, Caputo, and Grünwald–Letnikov. For
broad function classes with zero initial conditions and lower
terminal a = 0, these formulations become mathematically
equivalent.[30]

Definition 1[31] The Riemann–Liouville fractional
derivative of a continuous function f : [a,+∞) → R of or-
der θ (m−1 < θ < m, m ∈ N) is defined as

RL
a 𝒟θ

t f (t) =
dm

dtm

[
1

Γ(m−θ)

∫ t

a

f (τ)
(t − τ)θ−m+1 dτ

]
, (3)

where Γ(·) denotes the Euler gamma function that generalizes
the factorial to real and complex numbers.

While mathematically rigorous, this definition poses in-
terpretation challenges for physical systems. Notably, frac-
tional derivatives of constants are non-zero, complicating the
specification of initial conditions.

Definition 2[32] The Caputo fractional derivative of a con-
tinuous function f : [a,+∞)→ R of order θ (m−1 < θ < m,
m ∈ N) is defined as

C
a𝒟θ

t f (t) =
1

Γ(m−θ)

∫ t

a

f (m)(τ)

(t − τ)θ−m+1 dτ. (4)

The Caputo fractional derivative definition offers a key
advantage: it retains standard initial conditions identical to
those of integer-order systems, enhancing practical utility.
However, its dependence on integral operators and gamma
functions complicates direct numerical implementation.[30]

3.1. Computational approach

Direct numerical implementation of Caputo’s definition
is hindered by its integral form and dependence on gamma
functions. For efficient discretization, the Grünwald–Letnikov
fractional derivative definition is employed.

Definition 3[33] The Grünwald–Letnikov fractional
derivative of a continuous function f : [a,+∞)→R of order θ

is defined as

GL
a 𝒟θ

t f (t) = lim
h→0

h−θ

⌊ t−a
h ⌋

∑
j=0

(−1) j
(

θ

j

)
f (t − jh), (5)

where ⌊·⌋ denotes the floor function, a specifies the memory
length, and the binomial coefficients are(

λ

0

)
= 1,

(
λ

j

)
=

λ (λ −1) · · ·(λ − j+1)
j!

, j ≥ 1. (6)

Numerical solutions of fractional systems necessitate
handling memory effects and retaining historical states. Two
predominant approximation methods exist: frequency-domain
methods and time-domain methods.[34,35] Frequency-domain
methods are efficient, but they may compromise the ac-
curacy of transient responses and increase computational
costs. Time-domain methods implement history-dependent
schemes, such as the Adams–Bashforth–Moulton predictor-
corrector algorithm.[36] For cardiac rhythm modeling, we pri-
oritize time-domain methods despite their higher computa-
tional costs. Their superior reliability in chaotic regime de-
tection is essential for identifying pathological transitions in
fractional-order pacemaker dynamics.

3.2. Numerical implementation for cardiac rhythm model

We implement the Grünwald–Letnikov derivative (Def-
inition 3) with the short memory principle to solve our
fractional-order cardiac pacemaker Eq. (1). This approach
substantially reduces memory requirements while maintaining
numerical reliability. The technique leverages the observation
that, for large t, contributions from initial conditions (t = 0)
become negligible in cardiac rhythm simulations.

Applying the short memory principle to our fractional-
order cardiac model yields[30,37]

𝒟θ1
tk x1 ≈ lim

h→0

1
hθ1

⌊N(t)⌋

∑
j=0

(−1) j
(

θ1

j

)
x1(tk− j)

≈ h−θ1
⌊N(t)⌋

∑
j=0

c(θ1)
j x1(tk− j),

𝒟θ2
tk x2 ≈ lim

h→0

1
hθ2

⌊N(t)⌋

∑
j=0

(−1) j
(

θ2

j

)
x2(tk− j)

≈ h−θ2
⌊N(t)⌋

∑
j=0

c(θ2)
j x2(tk− j), (7)
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where h is the integration step size, tk = kh, N(t) =

min
(

tk−L
h , L

h

)
represents the memory length truncation, and

c(θi)
j (i= 1,2) are coefficients that can be computed recursively

as

c(θi)
0 = 1, c(θi)

j =

(
1− 1+θi

j

)
c(θi)

j−1. (8)

By incorporating the memory characteristics of the car-
diac pacemaker system defined by Eq. (2), the model can be
expressed as a fractional differential equation of the following
form: 

GL
0 𝒟θ1

t x1(t) = x2,

GL
0 𝒟θ2

t x2(t) = F(t)−α(x1 − v1)(x1 − v2)x2

− x1(x1 +d)(x1 + e)
ed

,

(9)

where θ1 and θ2 are arbitrary non-integer orders.
The discretization of the system is performed using

the explicit approximation of fractional derivatives given in
Eq. (7), resulting in the following discretized form of the sys-
tem in Eq. (9)

x1(tk) = [x2(tk−1)]hθ1 −
N−1

∑
j=1

c(θ1)
j x1(tk− j),

x2(tk) =

[
F(tk)−α(x1(tk)− v1)(x1(tk)− v2)x2(tk−1)

−x1(tk)(x1(tk)+d)(x1(tk)+ e)
ed

]
hθ2

−
N−1

∑
j=1

c(θ2)
j x2(tk− j), (10)

where k = 1,2, . . . ,N, and c(θi)
j represent the binomial coeffi-

cients that can be determined according to Eq. (8).
All numerical simulations were performed using MAT-

LAB R2021a with integration step h = 1×10−3 and total sim-
ulation time Tsim = 500, in which the initial 1000 iterations
were discarded to eliminate transients. Phase portraits and bi-
furcation diagrams were generated by systematically varying
the incommensurate fractional orders (θ1,θ2) and pacemaker
parameters (α,v1,v2,e,d). The initial conditions were selected
as (x1(0),x2(0)) = (−0.1,0.025), consistent with the equiv-
alence of fractional derivative definitions under these condi-
tions.

4. Dynamics of the heart pacemaker
In this section, the dynamic behaviors of the cardiac pace-

maker model (9) are analyzed according to slight variations in
the system parameters and fractional orders, θi ∈ (0,1], i =
1,2. New results are established, including the instability of

the system with incommensurate orders θi, bifurcations, max-
imum Lyapunov exponent (MLE), complexity analysis, and
coexisting attractors. Parameters established by Grudziński
and Żebrowski for modeling normal natural pacemaker activ-
ity were initially implemented.[27] The fixed parameter val-
ues used are α = 0.5, v1 = 0.97, v2 = −1, d = 3, e = 6,
and F(t) = E sin(ωt). Here, E and ω represent the amplitude
and frequency of the external cosinusoidal excitation, respec-
tively. In the simulation, we take the constants as E = 2.5 and
ω = 1.9.

4.1. Dynamics with θi varying

Fix θ2 = 0.96 and let the incommensurate order θ1 vary
from 0.5 to 1 with a step size of ∆θ1 = 0.001. The bifurcation
diagram obtained by plotting the local maxima of the coordi-
nate x2 is shown in Fig. 1(a). As can be observed, system (9)
exhibits stable oscillations when the incommensurate order θ1

ranges between 0.5 ≤ θ1 ≤ 0.783. However, as θ1 exceeds
0.783, the first period-doubling bifurcation occurs, resulting
in a period-2 cycle. As θ1 increases further, the period-2 cy-
cle loses its stability, and system (9) gradually develops chaos
through a high-periodicity sequence of cycles. In this case, the
route to chaos is a period-doubling bifurcation, and system (9)
displays chaotic behavior at θ1 = 0.933.

In a deterministic dynamical system, chaotic behavior
is determined by the existence of a positive Lyapunov expo-
nent. This paper uses a numerical method based on the mem-
ory principle detailed in Refs. [38–40] to compute the max-
imum Lyapunov exponent of a fractional-order system dis-
cretized according to the Grünwald–Letnikov derivative def-
inition. The result of the MLE simulation with respect to the
incommensurate order θ1 is shown in Fig. 1(b). From the MLE
spectrum shown in Fig. 1(b), it can be seen that the MLE is
strictly positive in the range θ1 ∈ [0.933,1], except for some
periodic zones near θ1 = 0.938, θ1 = 0.953, and θ1 = 0.997,
which implies chaotic dynamics in this parameter range with
the appearance of certain periodic orbits.
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Fig. 2. Dynamical analysis of the cardiac pacemaker model (9): (a) bifur-
cation diagram with respect to θ1; (b) MLE spectrum with respect to θ1.

To analyze the impact of the incommensurate order θ2

on the dynamics of the cardiac pacemaker model (9), we fix
θ1 = 0.985 and vary the incommensurate order θ2 from 0.4 to
1 with a step size of ∆θ2 = 0.001. The bifurcation diagram
obtained by plotting the local maxima of the coordinate x2 is
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shown in Fig. 3(a), while the corresponding MLE spectrum is
depicted in Fig. 3(b).

One can see that changes in the incommensurate order θ2

significantly impact the system’s dynamics, resulting in stable
and unstable states. When θ2 is in the range of [0.5,0.58], sta-
ble oscillations occur, followed by the first period-doubling
bifurcation of the system (9). At θ2 = 0.776, the system
loses its stability and gradually develops chaos through a high-
periodicity sequence of cycles. Similarly, in this case, the
route to chaos is a period-doubling bifurcation, in which the
chaotic zone shifts to the right with increasing incommensu-
rate order, except for the appearance of a periodic zone near
θ2 = 0.961. The MLE spectrum shown in Fig. 2(b) strongly

validates the previous observations regarding the periodic and
chaotic states.

For visualizing the chaotic response, phase diagrams and
state trajectories of system (9) with different values of incom-
mensurate orders are illustrated in Fig. 4.
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Fig. 3. Dynamical analysis of the cardiac pacemaker model (9): (a) bifur-
cation diagram with respect to θ2; (b) MLE spectrum with respect to θ2.
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For medical implications, chaotic dynamics emerging in
the fractional-order cardiac pacemaker model under incom-
mensurate orders signify critical pathological states. This rep-
resents sick sinus syndrome, where discordance between de-
polarization (θ1-order) and repolarization (θ2-order) dynamics

generates unstable sinoatrial node firing, causing dangerous
pauses and tachycardias. Such chaos models the transition
to lethal fibrillations (atrial/ventricular), where spatiotemporal
heterogeneity promotes reentrant wavelets and rotor forma-
tion, compromising cardiac output and increasing the risk of
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Fig. 5. Phase diagrams and state trajectories of the cardiac pacemaker model (9): (a)–(b) for (θ1,θ2) = (0.845,0.869); (c)–(d) for (θ1,θ2) =
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stroke or sudden death. The incommensurability mimics ion
channelopathies and electrical remodeling associated with my-
ocardial infarction or heart failure, where pathological mem-
ory effects create vulnerable substrates for torsades de pointes
and ectopy-triggered arrhythmias. Clinically, this chaos cor-
responds to the loss of pacemaker periodicity, extreme sensi-
tivity to stimuli, and unpredictable restitution. This condition
is a hallmark of electrophysiological instability and requires
urgent intervention to prevent hemodynamic complications.

For visualizing the periodic response, phase diagrams and
state trajectories of system (9) with different values of incom-
mensurate orders are illustrated in Fig. 5. Both kinds of re-
sponses can be depicted by considering different initial condi-
tions. The chaotic response can be observed in Fig. 6(a), which
shows the Poincaré section for (x1(0),x2(0)) = (−0.1,0.025).
Furthermore, Fig. 6(b) shows the basin of attraction of the car-
diac pacemaker model (9) for the above set of parameters and
different initial conditions. It illustrates the coexistence of
a period-1 attractor (black zone) and a chaotic attractor (red
zone).
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Fig. 6. Simulation results of the cardiac pacemaker model (9):
(a) Poincaré section; (b) basin of attraction showing the coexistence of
a period-1 attractor (black) and a chaotic attractor (red).

4.2. Dynamics with α varying

In the proposed cardiac pacemaker model, the control pa-
rameter α governs pulse morphology and modulates stimu-
lus timing by scaling the nonlinear damping term −α(x1 −
v1)(x1 − v2)x2. This parameter directly controls the stability
and excitability of oscillations. Variations in α can induce
transitions between quiescent states, limit cycles (regular pac-
ing), and complex dynamics such as chaos, making it a pri-
mary candidate for bifurcation analysis.
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Fix the fractional orders as (θ1,θ2) = (0.985,0.98),
and let the control parameter α vary in the range [0,5]
with a step size of ∆α = 0.01. The bifurcation dia-
gram obtained by plotting the local maxima of the coor-
dinate x2 is shown in Fig. 7(a), while the MLE spectrum
is depicted in Fig. 7(b). As can be seen, periodic and
chaotic regions are observed. When the control parameter α

ranges over [0,0.47]∪ [0.97,1.14]∪ [1.47,2.49]∪ [2.86,3.02]∪
[3.09,3.71]∪ [4.19,4.56], system (9) exhibits stable dynamics,
where the system is either periodic or converges to an equi-
librium point, as validated by the negative MLE. However, in
the remaining regions of the interval [0,5], the MLE is strictly
positive, indicating chaotic behavior.

To provide further clarification of the periodic and chaotic
responses, phase diagrams of the pacemaker model (9) with
different values of the control parameter α are shown in Fig. 8.

For medical implications, periodic behavior, typically ob-
served for various values of α , represents the healthy and
regular rhythm generation essential for normal cardiac func-
tion, where the sinoatrial node reliably produces synchronized
electrical impulses. However, chaotic behavior induced by in-
creasing α beyond critical thresholds may model pathological
cardiac arrhythmias, such as ventricular fibrillation or chaotic
atrial tachycardia, characterized by unpredictable and erratic
electrical activity that severely compromises the heart’s pump-
ing efficiency, potentially leading to hemodynamic collapse or
sudden cardiac death if uncorrected. This highlights the role
of α as a critical parameter whose dysregulation, reflecting un-
derlying physiological changes such as ischemia or electrolyte
imbalance, can destabilize the pacemaker system from sta-
ble rhythm maintenance into life-threatening dynamical states,
thus providing a theoretical framework for understanding ar-
rhythmogenesis and potentially guiding antiarrhythmic drug
development or pacing strategies aimed at restoring periodic-
ity.

Gottwald and Melbourne[41] introduced a novel diagnos-
tic method called the 0–1 test to identify chaotic behavior in
deterministic dynamical systems. This study employs the 0–1
test to detect chaotic dynamics within experimental data. The
technique is generally applicable to deterministic systems and
offers the distinct advantage of bypassing phase-space recon-
struction. For a given time series, the test generates a binary
output (0 for regular or 1 for chaotic dynamics).[42] Given a
temporal observable x( j), the dimensionless coordinates in the
(p,s)-plane are computed as{

p(n) = ∑
n
j=1 x( j)cos( jc),

s(n) = ∑
n
j=1 x( j)sin( jc),

(11)

p
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Fig. 9. Plots of the (p,s) trajectories of the 0–1 test: (a) for α = 0.262; (b) for α = 4.729; (c) for α = 5.
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where c denotes an arbitrary constant randomly selected from
(0,π), and n = 500 experimental data points are utilized for
chaotic system analysis.

Figure 9 depicts the (p,s) trajectories of the 0–1 test, val-
idating the previous results of periodic or chaotic responses in
the proposed incommensurate pacemaker model.

5. Complexity analysis
While the maximum Lyapunov exponent can quantify the

complexity of a chaotic system and provide qualitative in-
sights into chaotic behavior, it lacks the quantitative preci-
sion required for practical applications. Thus, relying solely
on this numerical tool is insufficient for accurate analysis. To
address this limitation, we employ the C0 algorithm to bet-
ter evaluate the complexity of the cardiac pacemaker model.
The C0 complexity metric provides a robust numerical evalu-
ation of chaotic sequences by measuring the energy contained
in non-dominant spectral components associated with isolated
irregularities.[43] In brief, we review the steps of the C0 com-
plexity algorithm.

For a discrete signal x(n) of length N (n= 0,1, . . . ,N−1),
the procedure is implemented as follows:

(i) Compute average spectral power: Calculate the mean
squared magnitude of the discrete Fourier transform (DFT) co-
efficients X(k)

Pavg =
1
N

N−1

∑
k=0

|X(k)|2. (12)

(ii) Threshold DFT coefficients: Suppress coefficients be-
low γPavg (where γ > 0 is a selectivity parameter)

Xthr(k) =

{
X(k), if |X(k)|2 > γPavg,

0, otherwise.
(13)

(iii) Reconstruct periodic approximation: Synthesize the
thresholded signal via the inverse DFT

xper(n) =
1
N

N−1

∑
k=0

Xthr(k)e j2πkn/N . (14)

(iv) Compute complexity measure: Define C0 as
the normalized residual energy after removing periodic
components[44]

C0(γ,N) =
∑

N−1
n=0 |x(n)− xper(n)|2

∑
N−1
n=0 |x(n)|2

. (15)

This metric C0(γ,N) represents the relative energy at-
tributable to non-periodic signal components, with higher val-
ues indicating greater irregularity.

For the numerical simulations, the incommensurate or-
der θ2 is fixed at 0.96, and the C0 complexity of the incom-
mensurate fractional-order cardiac pacemaker system (9) with
varying θ1 is calculated, as shown in Fig. 10(a). According

to Fig. 10(a), the system exhibits higher complexity when it is
chaotic. The C0 complexity results agree well with the MLE
spectrum. The system has higher complexity when the incom-
mensurate order θ1 exceeds 0.933.

Additionally, Fig. 10(b) shows the C0 complexity with re-
spect to the incommensurate order θ2, while keeping θ1 fixed
at 0.985. As can be observed, periodic ranges correspond to
lower complexity levels. Higher complexity levels are ob-
tained in the chaotic regions of the incommensurate order. In
particular, when θ2 exceeds 0.776, the complexity of the pro-
posed system increases rapidly. Thus, varying the incommen-
surate orders significantly impacts the dynamical behavior of
system (9), and caution should be exercised when selecting the
fractional orders to achieve the high complexity level required
for practical applications. Similarly, the C0 complexity of the
cardiac pacemaker model (9) with varying control parameter
α is shown in Fig. 10(c).

The 2D contour plots shown in Figs. 10(d)–10(f) demon-
strate the complexity distribution according to the incommen-
surate orders (θ1,θ2) (Fig. 10(d)), (θ1,α) (Fig. 10(e)), and
(θ2,α) (Fig. 10(f)). The regions with concentrated colors em-
phasize high complexity levels, indicating chaotic ranges for
the system parameters.

High complexity in cardiac pacemaker models may gen-
erate chaotic dynamics, leading to unpredictable and irregular
pacing outputs. This may disrupt stable heart rhythm regu-
lation and potentially trigger dangerous arrhythmias, such as
ventricular tachycardia or fibrillation. Ultimately, such chaotic
behavior could compromise pacing performance and increase
the risk of adverse cardiac events.

For a more in-depth analysis, a quantitative comparison
is provided in this study. Figure 11 displays the MLE spec-
trum and C0 complexity of system (9) alongside three other
fractional-order non-autonomous chaotic systems: the biolog-
ical system,[45] the Duffing double-well oscillator,[46] and the
tabu learning single neuron (TLSN) model.[47] In this com-
parison, we set θ1 = θ2 = θ . The results in Fig. 11(a) demon-
strate that system (9) exhibits a broader chaotic region and a
higher maximum Lyapunov exponent (reaching a peak value
of 0.154) compared with the other systems. In particular, the
proposed system shows more extensive chaotic characteristics
than the neuron model, which displays only a narrow param-
eter range with a slightly positive Lyapunov exponent. More-
over, as illustrated in Fig. 11(b), the proposed system generates
chaotic sequences with higher complexity, indicating greater
unpredictability. Although the Duffing double-well oscillator
also shows considerable complexity, it does not exceed that
of the pacemaker model (9), which attains a peak complexity
value of 0.405. This enhanced dynamical complexity suggests
that the proposed system is well suited for real-world applica-
tions, such as secure information transmission. The key find-
ings of this comparative analysis are summarized in Table 1.
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Table 1. Comparison of complexity between fractional-order non-
autonomous chaotic systems.

Model Chaotic range MLE
C0-based

complexity
Proposed pacemaker model [0.956,1] 0.154 0.405

Biological system[45] [0.938,0.978] 0.103 0.329
Duffing oscillator[46] [0.976,0.981]∪ [0.994,1] 0.075 0.251

TLSN neuron model[47] [0.994,1] 0.019 0.151

6. Bistability and coexistence attractors
Bistability in fractional-order chaotic systems describes

the phenomenon where two distinct stable attractors coexist
within the same parameter set. Unlike integer-order systems,
the inherent memory properties of fractional derivatives sig-
nificantly enrich the potential for such coexisting attractors,
which can include combinations of chaotic attractors, periodic
orbits, or fixed points. Crucially, the final state of the system
(i.e., which attractor it settles into) depends sensitively on the
initial conditions, exhibiting a strong dependence on the basin
of attraction.[48,49] This coexistence arises from the complex
interaction between the fractional order’s ability to interpolate
dynamics and the system’s nonlinearity, often revealing hid-
den attractors not found in classical models. Analyzing this

bistability is vital, as it reflects enhanced multistability and
complexity, impacting control strategies and secure communi-
cation applications. Understanding the basins and bifurcations
governing these coexisting states remains a key research chal-
lenge.

Bistability in fractional-order pacemaker models provides
a framework for understanding why the heart can abruptly
switch from normal rhythm to dangerous chaotic arrhythmias
based on small triggers and physiological history, and why
restoring normal rhythm can be challenging, reflecting the per-
sistence of pathological attractors.

For demonstrating the bistability of fractional-order sys-
tem (9), the bifurcation diagrams of two solutions are plot-
ted in Fig. 12(a) by varying the incommensurate order θ2

in the range θ2 ∈ [0.4,1] and fixing θ1 = 0.985 with two
ICs: (x1(0),x2(0)) = (−0.1,0.025) for the blue points and
(x1(0),x2(0)) = (1,−1) for the red points. From Fig. 12(a),
it can be observed that there are two coexisting solutions of
system (9). This indicates that the system remains in differ-
ent dynamical regimes according to the two initial conditions
when 0.776 ≤ θ2 ≤ 1, where system (9) can exhibit the co-
existence of various types of attractors, such as periodic and
chaotic attractors. For instance, the coexistence of periodic at-
tractors appears for θ2 = 0.628 and θ2 = 0.772, as shown in
Figs. 12(b) and 12(c), respectively. Meanwhile, Fig. 12(d) il-
lustrates the coexistence of chaotic attractors with θ2 = 0.947.

From a medical point of view, the coexistence of a peri-
odic attractor and a chaotic attractor in a cardiac pacemaker
model reflects the heart’s dual potential for stable rhythmic
pacing and dangerous unpredictable electrical behavior. The
periodic state represents a healthy regular heartbeat essential
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for normal function, while the chaotic state corresponds to
life-threatening arrhythmias such as fibrillation. This coex-
istence implies that even when the system appears stable and
rhythmic, an underlying vulnerability may exist. A small dis-
turbance can abruptly shift the system from a safe, predictable

rhythm into the chaotic basin. This model highlights the intrin-
sic fragility of cardiac dynamics and explains the sudden on-
set of catastrophic arrhythmias despite apparent stability, em-
phasizing the critical importance of maintaining physiological
conditions to avoid transitions into chaotic states.
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Fig. 12. Bistability of the cardiac pacemaker model (9): (a) bifurcation diagrams of the coexisting solutions of system (9) for θ1 = 0.985 with
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7. Conclusion and future works
Motivated by the inherent memory properties of biolog-

ical systems, this study establishes a fractional-order cardiac
pacemaker model with incommensurate derivatives to investi-
gate its chaotic and periodic dynamics. By extending the clas-
sical integer-order framework through fractional calculus, we
capture complex memory-dependent behaviors that are criti-
cal to cardiac rhythms. Through bifurcation diagrams, maxi-
mum Lyapunov exponents, phase plots, and complexity anal-
ysis, we demonstrate that variations in control parameters and
fractional orders induce rich dynamical transitions: the system
shifts between chaotic and periodic states, with non-integer
orders acting as effective tools for suppressing pathological
chaos and stabilizing periodic oscillations, providing a poten-
tial approach for pacemaker control. Furthermore, the quan-
tification of complexity via the C0 algorithm reveals how pa-
rameter sensitivity governs system unpredictability, while the
identification of bistability and coexisting attractors (periodic
and chaotic) underscores the model’s dependence on initial
conditions and fractional-order configurations. These findings
highlight the dual role of bifurcation parameters and memory-
rich fractional derivatives as tunable mechanisms for modulat-

ing cardiac dynamics, offering potential pathways for biomed-
ical control strategies. However, our fractional model, derived
from an integer-order framework rather than ab initio princi-
ples, may only partially approximate physiological dynamics.
Crucially, formal stability analysis of the controlled system
and synchronization of coupled pacemakers remain open chal-
lenges. Future work should develop efficient fractional-order
controllers to exploit arbitrary non-integer orders for arrhyth-
mia suppression, rigorously analyze stability bounds, and ex-
plore discrete equivalents for real-time implementation. This
research bridges nonlinear dynamics and cardiac electrophysi-
ology, advancing the potential of fractional calculus in design-
ing resilient pacemaker systems through the principled control
of memory, chaos, and multistability.
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[30] Petráš I 2011 Fractional-Order Nonlinear Systems: Modeling, Analysis
and Simulation (Berlin, Heidelberg: Springer)

[31] Heymans N and Podlubny I 2006 Rheol. Acta 45 765
[32] Murillo-Arcila M, Peris A and Vargas-Moreno Á 2025 Fract. Calc.
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