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We propose a simplified version of the classic two-dimensional Hindmarsh–Rose neuron (2DHR), resulting in a new
2DHR that exhibits novel chaotic phenomena. Its dynamic characteristics are analyzed through bifurcation diagrams, Lya-
punov exponent spectra, equilibrium points, and phase diagrams. Based on this system, a corresponding circuit is designed
and circuit simulations are carried out, yielding results consistent with the numerical simulations. To explore practical
applications of chaotic systems, 2DHR is employed to improve the solution of the flexible job-shop scheduling problem
with dynamic events. The research results demonstrate that applying 2DHR can significantly enhance the convergence rate
of the optimization algorithm and improve the quality of the scheduling solution.
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1. Introduction
Neurons, as the essential structural and functional compo-

nents of the nervous system, produce intricate electrical activi-
ties that underpin the physiological mechanisms of higher cog-
nitive functions in the brain. To investigate the intrinsic mech-
anisms and dynamic behaviors that contribute to these com-
plex electrical activities, researchers have developed mathe-
matical models that simulate the dynamics of biological neu-
rons. The Hodgkin–Huxley (HH) model,[1] one of the earliest
mathematical representations, was formulated based on exper-
imental observations of neuronal electrical activity. In an ef-
fort to achieve a balance between mathematical simplicity and
biological accuracy, Hindmarsh and Rose[2] introduced the
two-dimensional Hindmarsh–Rose (2DHR) model in 1982.
They[3] later expanded this model to a three-dimensional (3D)
version in 1984 to incorporate more intricate dynamics, in-
cluding neuronal bursting phenomena.

Owing to its simple algebraic structure and its ability
to exhibit a rich repertoire of dynamical behaviors, the HR
model has garnered significant and sustained research atten-
tion since its inception, leading to numerous subsequent in-
vestigations. Consequently, the model has rapidly become
a paradigmatic framework within the fields of computational
neuroscience and nonlinear dynamics, and it has since been
intensively studied and extended in various directions. In the
realm of hardware implementation, overcoming the compu-
tational bottlenecks associated with large-scale network sim-
ulations has driven research toward physical realizations of

the model, resulting in the development of efficient, low-
power, multiplierless circuit solutions.[4] Moreover, the con-
struction of dedicated hardware platforms has facilitated the
experimental acquisition of the system’s dynamic behaviors,
providing physical validation that corroborates the theoretical
models.[5] Concurrently, researchers have delved deeper into
the model’s intrinsic dynamical complexity. Through bifurca-
tion analysis[6] and studies of the singular limit,[7] they have
systematically revealed the pathways from periodic bursting to
chaos, clarifying the central role of homoclinic orbits[8] in or-
ganizing these complex transitions. Analysis of the model’s
discrete-time versions has also uncovered phenomena spe-
cific to discrete systems, such as Flip and Neimark–Sacker
bifurcations.[9] A particularly cutting-edge research area in-
volves generalizing the model’s mathematical framework. The
introduction of memristors to simulate electromagnetic induc-
tion effects has led to the discovery of novel phenomena such
as hidden attractors[10] and superextreme multistability.[11]

New analytical tools, including energy computation and con-
trol methods, have been developed for these systems,[12,13] and
their complex dynamics have shown potential for engineer-
ing applications such as image encryption.[14] Furthermore,
extensions to fractional-order HR models[15,16] and Filippov
systems[17] have greatly enriched the dynamical repertoire of
neuron models. At the network level, research has extended to
systems of coupled HR neurons, focusing on synchronization
phenomena,[18] collective dynamics, and their role in informa-
tion processing and transmission.[19,20]
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Meta-heuristic algorithms have garnered significant at-

tention from researchers in the field of the flexible job-shop

scheduling problem (FJSP) owing to their robust global search

capabilities, adaptability, and computational efficiency. How-

ever, when the search space of the problem is very large or

its topological structure is highly complex, meta-heuristic al-

gorithms are prone to becoming trapped in local optima. To

address this issue, researchers have incorporated chaos the-

ory, leveraging the randomness and ergodicity of chaotic se-

quences to prevent the algorithm from falling into local op-

tima, improve its optimization performance, and find approxi-

mate global solutions.[21–23]

Building upon the classical HR model, this paper intro-

duces a novel two-dimensional discrete HR neuron model to

explore new dynamical possibilities. By structurally modify-

ing the canonical 2DHR equations, we propose a discrete dy-

namical system incorporating a novel nonlinear term, designed

to uncover unique dynamic behaviors not present in the orig-

inal model. A systematic investigation is conducted to com-

prehensively characterize the dynamical properties of this new

model. Through theoretical analysis, we identify the system’s

equilibrium points and establish their stability conditions. We

then employ numerical simulation tools, including bifurcation

diagrams, Lyapunov exponent spectra, and phase portraits, to

meticulously map the model’s dynamical evolution paths as

a function of key parameters. To corroborate the theoretical

analysis and numerical simulations, and to demonstrate the

model’s physical realizability, a corresponding analog circuit

was designed and implemented. Both PSIM software simu-

lations and hardware circuit experiments successfully repro-

duced the model’s unique coexistence and evolution of attrac-

tors, with experimental results showing excellent agreement

with numerical findings. This research not only introduces

a new neuron model with rich dynamical characteristics, but

also provides dual validation via simulation and hardware ex-

periments, offering both a theoretical foundation and a prac-

tical reference for the design of innovative neuromorphic cir-

cuits.

In engineering applications, the FJSP requires that, under

the constraints of limited machine resources and processing

tasks, the processing sequence of each job and the allocation

of machines be reasonably arranged while optimizing multiple

objective functions. In this paper, the 2DHR chaotic model

is utilized to enhance a meta-heuristic algorithm for solving

FJSP. The results demonstrate that 2DHR effectively guides

the algorithm in escaping local optima and finding approxi-

mate global solutions.

2. HR neuron model
2.1. A simple description of the HR neuron model

Building upon the classical Hodgkin–Huxley model,[1]

Hindmarsh and Rose[2] first introduced the 2DHR neuron
model in 1982. The model is mathematically characterized
by a set of two coupled first-order differential equations, ex-
pressed as follows:{

ẋ = y−ax3 +bx2 + I,

ẏ = c−dx2− y,
(1)

where x represents the membrane potential, y corresponds to
the recovery variable associated with ionic currents, and I de-
notes the externally applied current. The parameters a, b, c,
and d are positive constants that govern the neuron’s dynam-
ics. In numerous studies of the Hindmarsh–Rose model, these
parameters are typically assigned the physiologically relevant
values a = 1, b = 2, c = 1, and d = 5.

To enable richer electrical activity in the membrane po-
tential and to generate more complex dynamical behaviors,
Hindmarsh and Rose[3] proposed a 3D neuron model in 1984.
This model builds upon the original 2D formulation by intro-
ducing a third differential equation, expressed as

ẋ = y−ax3 +bx2 + I− z,

ẏ = c−dx2− y,

ż = r(s(x+ x1)− z),

(2)

where z is the bursting variable acting as a slow outward cur-
rent that modulates the externally injected current I. The pa-
rameter x1 is a constant related to the bursting behavior. The
additional parameters r and s are positive constants, with r
typically set to a small value, commonly r = 0.01, and s = 4.

2.2. Construction of a new Hindmarsh–Rose Neuron
Model

Inspired by the introduction of a new variable in the above
model, we modify Eq. (1) and propose a 2D discrete dynami-
cal system, formulated as{

xn+1 =−kx3
n + yn +1,

yn+1 =−ux2
n− yn.

(3)

For simplicity, we denote{
G(x) =−kx3

n +1,

H(x) =−ux2
n.

(4)

By substituting Eq. (4) into Eq. (3), the 2DHR neuron model
can be expressed as{

xn+1 = G(x)+ yn,

yn+1 = H(x)− yn.
(5)

120503-2



Chin. Phys. B 34, 120503 (2025)

2.3. Equilibrium points and stability analysis of the system

The equilibrium point of the system S = (x∗,y∗) must sat-
isfy xn+1 = xn = x∗ and yn+1 = yn = y∗. Substituting the equi-
librium point into the discrete system, it can be expressed as{

x∗ =−k(x∗)3 + y∗+1,

y∗ =− u
2 (x
∗)2.

(6)

Simplifying Eq. (6), we obtain

k(x∗)3 +
u
2
(x∗)2 + x∗−1 = 0. (7)

The Jacobian matrix of the discrete map at S = (x∗,y∗) is

J =

[
−3k(x∗)2 1
−2ux∗ −1

]
. (8)

For discrete dynamical systems, the stability of a fixed
point is determined by the magnitudes of its eigenvalues. If
all |λi| < 1, the equilibrium is asymptotically stable. If any
|λi| > 1, it is unstable. When |λi| = 1, a bifurcation may oc-
cur. It is evident that the location of the equilibrium state is
influenced by the parameters k and u.

3. Dynamical behavior
This section primarily investigates the dynamical behav-

ior, bifurcation phenomena, and attractor dynamics of the
2DHR neuron model. The analysis employs bifurcation dia-
grams, Lyapunov exponents (LEs), and phase portraits.

3.1. Dynamical behavior

For a nonlinear dynamical system, chaotic dynamics
are typically characterized using bifurcation diagrams and
LEs. With k fixed at 0.15 and u varying within the in-
terval [0.65,0.8], the bifurcation diagram and Lyapunov ex-
ponent plot of the discrete dynamical system based on the
Hindmarsh–Rose neuron model are presented in Fig. 1. Fig-
ure 1(a) displays the bifurcation diagram. For k = 0.15, when
u lies within the interval [0.65,0.654], the system exhibits a
stable period-3 orbit. Correspondingly, Fig. 1(b) shows that
the LEs in this interval are less than or equal to 0. Addi-
tionally, for u within the intervals (0.664,0.665), (0.67,0.671),
(0.672,0.676), (0.681,0.687), and (0.694,0.695), the system
also remains in periodic states, with LEs similarly ≤ 0 as in-
dicated in Fig. 1(b). Outside these intervals, the system enters
chaotic regimes, where the LEs are positive.

3.2. Analysis of system dissipativity

By examining Fig. 1(b), over the entire parameter range
u ∈ [0.65,0.8], LE2 remains negative, with its absolute value
typically exceeding that of LE1. Consequently, the sum LE1 +

LE2 < 0 holds throughout this interval, indicating that the dis-
crete system is dissipative. When such a dissipative system

exhibits chaotic behavior (LE1 > 0), the attractor is generally a
strange attractor with a fractal structure. The fractal dimension
of the strange attractor can be estimated using the Kaplan–
Yorke dimension,[24] defined as

DkY = j+
1∣∣LE j+1
∣∣ j

∑
i=1

LEi. (9)

For this 2D discrete system in the chaotic regime, j = 1, thus

DkY = 1+
LE1

|LE2|
. (10)

Since 0 < LE1/|LE2|< 1, it follows that 1 < DkY < 2, indicat-
ing that the attractor has a non-integer fractal dimension.
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Fig. 1. Dynamical behavior of the 2DHR neuron model as a function of the
control parameter u. (a) Bifurcation diagram; (b) Lyapunov exponents.

3.3. Analysis of chaotic attractors

To illustrate the chaotic attractors and their internal cri-
sis phenomena, phase portraits in the x–y plane are presented
with k = 0.15 fixed and the control parameter u varied. The
results are shown in Fig. 2. When u = 0.68, as shown in
Fig. 2(a), three distinct chaotic attractors emerge in the phase
space based on the HR neuron circuit, each occupying sepa-
rate, non-overlapping regions. Some isolated transient points
are also observed. The corresponding LEs are LE1 = 0.060
and LE2 =−0.308.

When u = 0.70, as shown in Fig. 2(b), the independent
attractors begin to expand but remain spatially separated. The
system has LE1 = 0.132 and LE2 =−0.272.
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When u = 0.71, Fig. 2(c) shows a significant topologi-
cal transformation: the three previously disjoint chaotic attrac-
tors undergo an internal crisis and merge into a single, larger
strange attractor. The Lyapunov exponents in this case are
LE1 = 0.167 and LE2 =−0.314.

When u = 0.73, as illustrated in Fig. 2(d), the merged
strange attractor continues to expand, exhibiting increased
structural complexity and occupying a larger region of the
phase space. This indicates enhanced chaotic behavior, with
LE1 = 0.207 and LE2 =−0.381.
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Fig. 2. Chaotic attractors of the 2DHR neuron model under different values of u. Subfigures (a)–(d) show the phase portraits in the x–y
plane for u = 0.68, 0.70, 0.71, and 0.73.

4. Circuit implementation

The objective of this section is to validate the aforemen-
tioned theoretical analysis through the design and implemen-
tation of an appropriate circuit. As shown in Fig. 3, all the
operational amplifiers used are AD711, powered by a ±15 V
dual power supply, and the analog multiplier employed is the
AD633. By applying Kirchhoff’s laws, the circuit can be ana-

lyzed, and the corresponding equations are given as follows:
xn+1 =−

R6

R4
x3

n +
R2R6

R1R5
yn +

R6

R3
V0,

yn+1 =−
R9

R7
x2

n−
R9

R8
yn,

(11)

where R1 = R2 = R8 = R9 = 10 kΩ, R3 = R5 = R6 = 15 kΩ,
R4 = 100 kΩ, and R7 is a variable resistor.

Fig. 3. PSIM simulation model of the HR neuron-based circuit.

120503-4



Chin. Phys. B 34, 120503 (2025)
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Fig. 4. Phase portraits of attractors on the xn–yn plane for different values of R7. Subfigures (a)–(d) correspond to R7 = 14.7 kΩ, 14.29 kΩ,
14.08 kΩ, and 13.69 kΩ, respectively.

For the four representative values of u = 0.68, 0.70, 0.71,
and 0.73 shown in Fig. 2, the corresponding variable resistor
values are R7 = 14.7 kΩ, 14.29 kΩ, 14.08 kΩ, and 13.69 kΩ,
respectively. Based on the PSIM circuit simulation model,
the phase portraits on the xn–yn plane are illustrated in Fig. 4.
Comparison between Figs. 2 and 4 reveals excellent agreement
between the PSIM simulation and numerical results. This con-
sistency demonstrates that the HR neuron-based circuit can re-
produce various types and scales of attractor dynamics, effec-
tively confirming the outcomes of the numerical simulations.

This section demonstrates the physical feasibility and ro-
bustness of the proposed 2DHR model in capturing chaotic
dynamics through the design and simulation of analog circuits.
The next section explores the application of the 2DHR model
to real-world engineering challenges, leveraging its chaotic
properties to address the complex dynamic flexible job shop
scheduling problem (DFJSP) and utilizing its ergodic, quasi-
random sequences to significantly enhance the performance
of metaheuristic algorithms. Following the conclusions of this
section, the 2DHR model can be implemented in hardware,
and the corresponding circuit may serve as a true hardware
random number generator or as a chaotic signal source for a
dedicated optimized coprocessor. Compared with software-
based pseudorandom numbers, hardware-generated random
numbers offer potential advantages in speed and power con-
sumption.

5. Flexible job shop design based on 2DHR
chaotic grey wolf optimization (GWO)

5.1. Overview of dynamic flexible job shop

As a classic combinatorial optimization problem, job
shop scheduling is known to be NP-hard. Its objective is to se-
lect the optimal processing machines for each job under mul-

tiple constraints, in order to minimize both the makespan and
the energy consumption of the schedules.

In the FJSP, each operation can be processed on multi-
ple alternative machines, and the processing sequence on each
machine exhibits heightened flexibility. This configuration in-
troduces increased complexity in schedule optimization. This
study extends the investigation to dynamic flexible job shops,
incorporating chaotic optimization mechanisms to achieve op-
timal scheduling solutions.

The corresponding mathematical description of the
DFJSP is provided in Ref. [25], and the structure chart is
shown in Fig. 5. The job set is processed in the workshop
according to the initial scheduling scheme. When a dynamic
event occurs in the workshop, the scheduling center can update
the schedule based on the type of event and return the updated
information to the workshop for further processing.

A scheduling instance involving three machines and four
jobs is illustrated in Table 1. According to the schedul-
ing method, the specific scheduling scheme is shown in
Fig. 6, where the horizontal axis represents the processing time
points, the vertical axis represents the allocated machines, and
the boxes indicate the start and end times of each job. As
this problem is a discrete optimization problem, idle periods
of processing machines are inevitable. The goal of scheduling
is to determine the optimal matching between jobs and ma-
chines to achieve the predetermined objectives.

The dynamic events considered in this paper include new
job arrivals,[26] start-up of new machines, and processing time
failures of jobs.[27] The makespan reflects the latest time re-
quired for a workshop to complete a batch of jobs, while the
energy consumption represents the total energy utilized during
the production process. A shorter makespan indicates better
utilization of resources, such as more efficient use of machin-
ery and human resources. Similarly, lower energy consump-
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tion suggests more economical use of power resources and a
reduced environmental impact.

Quality inspection 

Job processing

    Material

transportation

Material handling  

Job  polishing

Dynamic flexible job scheduling shop Products

3-1 2-2
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Scheduling scheme

Job set

Workshop scheduling  center
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Fig. 5. Schematic of the dynamic flexible job shop.
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2-1

3-1

2-2

Time
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M3

Fig. 6. Gantt chart of a specific scheduling example derived from Table 1.

Table 1. One numerical instance of the DFJSP.

Jobs Operations Machine

J1 O1,1, M1,M3

O1,2 M1,M2

J2 O2,1 M1,M2

O2,2 M1,M2,M3

J3 O3,1 M1,M2,M3

Optimizing the scheduling plan to shorten the makespan
can improve production efficiency, reduce costs, and en-
hance customer satisfaction. Meanwhile, minimizing energy
consumption can lower operational expenses, extend equip-
ment lifespan, and contribute to environmental sustainability.
Therefore, by considering both makespan and energy con-
sumption as optimization objectives, a dynamic flexible job
shop can achieve a balance between production efficiency and
resource conservation, thereby enhancing the overall perfor-
mance and competitiveness of the workshop.

The objective function is denoted as{
f1 = min(Cmax),

f2 = min
(

∑
m
k=1 Ep

k +∑
N
j=1 Es

j +E f

)
,

(12)

where f1 represents the minimum scheduling makespan, Cmax

is the final makespan of each scheme, and f2 represents the to-
tal energy consumption of the workshop for the corresponding
scheduling scheme. Ep

k denotes the processing energy con-
sumption of machine k, Es

j denotes the energy consumption
of operation j transferred between machines, and E f repre-
sents inherent energy consumption of the workshop, such as
lighting and thermal heating. Here, m is the total number of
machines in the scheduling scheme, and N is the total number
of operations in the scheme.

5.2. Design of an improved chaotic GWO algorithm

5.2.1. GWO algorithm description

As shown in Fig. 7, the GWO algorithm is a swarm intel-
ligence optimization method inspired by the hierarchical sys-
tem and predatory behavior of grey wolves in nature. In this
hierarchy, the alpha (α) wolf is the leader directing the hunt-
ing process; the beta (β ) wolf is second in rank; the delta (δ )
wolf is third; and the omega (Ω ) wolf is the lowest rank. Dur-
ing the hunting phase, higher-ranked wolves first approach the
prey, gradually form an encirclement, and then coordinate with
lower-ranked wolves for cooperative hunting.

a

c a c

a

c

α

α

β

β

δ
δ

Ω

Ω

Fig. 7. Hierarchical hunting process of grey wolves in the GWO algorithm.

The GWO algorithm demonstrates excellent performance
in balancing local exploitation and global exploration, result-
ing in high solution accuracy and fast convergence. The main
stages of grey wolf hunting are summarized as follows:

(i) Tracking and approaching the prey.
(ii) Chasing, encircling, and harassing the prey until it

stops moving.
(iii) Attacking the prey.
The position of an omega wolf (Ω ) is updated based on

a weighted combination of the positions of the three leading
wolves (α , β , δ ). The update procedure is described as fol-
lows.

120503-6



Chin. Phys. B 34, 120503 (2025)

1. Calculate the distance from the leading wolves: For the
current position PΩ of the omega wolf, the distances to wolves
α , β , and δ are computed as

Dα = |C1 ·Pα −PΩ | , Dβ =
∣∣C2 ·Pβ −PΩ

∣∣ ,
Dδ = |C3 ·Pδ −PΩ | , (13)

where C1, C2, C3 are random vectors calculated by C = 2 · r2,
with r2 ∈ [0,1].

2. Generate candidate positions: Based on the positions
and distances of the leading wolves, three candidate positions
are generated

P1 = Pα −A1 ·Dα , P2 = Pβ −A2 ·Dβ ,

P3 = Pδ −A3 ·Dδ , (14)

where A1, A2, A3 are coefficient vectors, computed by A =

2a · r1− a, with r1 ∈ [0,1], and a decreases linearly from 2 to
0 over the course of iterations.

3. Update new position: The new position of the omega
wolf is given by the average of the three candidate positions

PΩ =
P1 +P2 +P3

3
. (15)

The parameter a controls the balance between exploration
and exploitation, decreasing with the number of iterations.
The dynamic adjustment of A and C enables the algorithm
to switch between global search (|A| > 1) and local search
(|A| < 1). All operations are performed element-wise, mak-
ing the algorithm suitable for multi-dimensional optimization
problems. These equations guide the search toward the opti-
mal solution by simulating the social hierarchy and coopera-
tive hunting behavior of grey wolf groups.

5.2.2. Chaotic improvement on GWO

The proposed 2DHR neuron model, as a discrete dy-
namical system, exhibits excellent randomness and ergodic-
ity. This property allows candidate solutions to be distributed
evenly across the solution space, facilitating the discovery of
better global optima. In addition, local chaotic disturbances
drive solutions to explore outward, thereby escaping local op-
tima and further enhancing their search capability. Based
on these characteristics, chaotic improvements are applied to
enhance the performance of the traditional GWO algorithm.
These improvements include chaotic population initialization,
chaotic crossover, position update with chaotic disturbance,
and chaotic adaptive weighting.

(i) Chaotic population initialization
As shown in Fig. 8, the encoding and decoding scheme

for DFJSP adopts a three-layer structure.
1. Generation of chaotic sequences: Chaotic sequences

xi and yi are generated using the 2DHR system. Given that
the value range of the chaotic sequences is [−a,b], we employ

Eq. (16) to normalize xi and yi to the range [0,1] for mapping
the scheduling scheme.

2. Job and machine mapping: Jobs to be processed are
determined based on the order information. The numbers ap-
pearing in the job sequence indicate the jobs to be processed,
and the frequency of each number corresponds to the num-
ber of operations required for that job. The machine index
is mapped using the chaotic sequence yi, representing the se-
lected machine from the candidate machine set for each oper-
ation. Specifically, the candidate machines are evenly divided,
and when the corresponding chaotic sequence yi falls within
a specified range, it is mapped to the machine index for that
operation.

3. Construction of scheduling scheme: The chaotic se-
quence xi is mapped to determine the operation order. The nu-
merical order in xi represents the scheduling sequence of oper-
ations, and the processing machine is determined based on the
mapping obtained in step 2 to obtain a complete scheduling
scheme. The length of the chaotic sequence is equal to that of
the job sequence


xi =

x′i +a
a+b

,

yi =
y′i +a
a+b

.

(16)

Here, a and b represent the value ranges of the chaotic se-
quences, and xi and yi are the resulting normalized chaotic
values.

(ii) Chaotic crossover
As shown in Fig. 9, the crossover process is illustrated.

First, the intersection position Z (blue part in Fig. 9) is deter-
mined. The elements belonging to Z in parent p1 are inserted
sequentially into the offspring, followed by inserting elements
not in Z (grey part in Fig. 9) from parent p2 all at once to form
a complete offspring.

Step 2:

Jobs sequence Machine index

2 1 1 2 32

Step 3:

Operation sequence Machine sequence

Step 1:

Chaotic sequence Chaotic sequence

X2X1 X3 X4 X5 X6

J2J1 J3 J4 J5 J6

Y2Y1 Y3 Y4 Y5 Y6

O11 O21O31O12 O32O22 M2 M3 M1 M2 M3 M3

Fig. 8. Encoding and decoding scheme for the dynamic flexible job shop
scheduling problem using 2DHR chaotic sequences.
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3 2 1 6 7 4

3 2 16 4 7

2 6 3 7 1 4

Generate position: Z

P.

P.

C.

Fig. 9. Chaotic crossover process in the 2DHR-enhanced GWO algo-
rithm.

(iii) Position update with chaotic disturbance
In DFJSP, the introduction of chaotic sequences provides

an exploration direction within the solution space for crossover
operations. This diversity of search strategies allows the al-
gorithm to explore adjacent regions more effectively, thereby
escaping local optima and improving the efficiency and perfor-
mance of global search. Determining the intersection position
using chaotic sequences is a feasible approach. Two individ-
uals, P1 and P2, are randomly selected from the population as
parents, and the intersection position is determined by Eq. (17)
for crossover

z = xi− x1 · (1−α), (17)

where xi represents the value of the chaotic sequence, x1 is its
initial value, z is the insertion position, and α is a chaotic con-
trol parameter set to 0.8 that controls the influence intensity of
the chaotic sequence.

The incorporation of chaotic disturbance into the grey
wolf algorithm further enhances the global search capability
and population diversity. The chaotic sequence prompts the
grey wolf to conduct additional local exploration, thereby im-
proving optimization performance. Specifically, hybrid distur-
bance is achieved using

xnew = xt+1 +λ (xi−0.5), (18)

where xt+1 represents the current grey wolf individual, which
is further evolved through chaotic perturbation to generate a
new individual xnew. λ is a parameter controlling the inten-
sity of chaotic perturbation, set to 0.1, and xi is the first value
generated by the chaotic sequence. Chaotic perturbation effec-
tively helps the population escape local optima, increases pop-
ulation diversity, and enhances the global search ability and
optimization performance of the algorithm.

(iv) Chaotic adaptive weight
In the grey wolf algorithm, the control parameter A typ-

ically decreases linearly with the number of iterations to bal-
ance global and local search capabilities. However, this linear
change may cause the algorithm to become trapped in local
optima for complex optimization problems. To address this
limitation, chaotic sequences are introduced to dynamically
adjust parameter A, enhancing both global search capability

and population diversity. The dynamic properties of chaotic
sequences provide additional flexibility and randomness in ad-
justing A, preventing the algorithm from prematurely falling
into local optima. In the improved grey wolf algorithm, the
update formula for parameter A is

A = Ainitial · (1− t/T )+ γ · xi, (19)

where Ainitial is the initial value of parameter A, typically set
to 2, t is the current iteration number, T is the total number of
iterations, and γ is the moderating factor controlling the influ-
ence of the chaotic sequence on A, set to 0.5 in this study.

Fig. 10. Flow chart of the CGWO algorithm, highlighting the stages with
2DHR chaotic improvements.

The flowchart of the chaotic grey wolf optimization
(CGWO) algorithm is shown in Fig. 10, where the four com-
ponents incorporating chaotic improvements are highlighted
in pink. In the initialization phase, 2DHR chaotic sequences
are employed to disperse grey wolf individuals across the
global solution space. Subsequently, chaotic crossover is per-
formed to generate offspring and supplement the population.
The population is then sorted using a tournament selection al-
gorithm, followed by the application of GWO with chaotic
adaptive weighting. The positions of individuals are updated
through 2DHR chaotic disturbance. Once dynamic events are
detected, the rescheduling mechanism is activated; otherwise,
the scheduling plan is executed on the production line.
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5.3. Simulation and analysis

5.3.1. Experimental setup

To accurately demonstrate the performance improve-
ments of 2DHR chaotic sequences in enhancing the CGWO
optimization algorithm, relevant experiments were conducted
on DFJSP. The experimental data in this study are derived
from Li et al.[27] The results indicate that CGWO achieves the
best optimization performance. All algorithms were imple-
mented in MATLAB R2023a on a PC equipped with an AMD
Ryzen 3.60 GHz processor and 32.0 GB RAM.

The occurrence times of dynamic events are set as t1 = 20,
t2 = 40, and t3 = 60. The processing time failure of jobs is
set to 20, the arrival time of new jobs to 40, and the start-up
time of new machines to 60. The fixed facility energy con-
sumption of the workshop is 35, with a transfer power of 2 per
job. The initial population size is set to 500, the post-dynamic-
event population size to 100, the tournament mating pool size
to 100, and the number of tournament participants is set to 2.

5.3.2. Experimental result

As shown in Fig. 11, by comparing the convergence
curves of different chaotic systems in the FJSP optimization
problem, the superiority of 2DHR is clearly demonstrated.
Analysis shows that 2DHR is significantly superior to other
chaotic systems and non-chaotic optimization in terms of con-
vergence speed and final solution quality. It reaches a stable
state after approximately 40 iterations, whereas other algo-
rithms require a greater number of iterations to converge.

The performance improvement from chaotic systems is
not guaranteed. For example, the Tent map is significantly
inferior to non-chaotic optimization methods on both indica-
tors, and the advantage of the Gauss/mouse map on the energy
consumption indicator is minimal. This demonstrates that a
poorly chosen chaotic system can even undermine optimiza-
tion performance.

Regarding the makespan indicator, the performance
of 2DHR surpasses the logistic map, Chebyshev map,
Gauss/mouse map, Tent map, and non-chaotic optimization
by approximately 2.33%, 2.33%, 6.67%, 20.75%, and 8.70%,
respectively. For energy consumption, the corresponding im-
provements are 2.29%, 2.29%, 6.57%, 19.27%, and 8.00%,
respectively. In addition, 2DHR provides a better initial pop-
ulation distribution, which allows individuals to approach the
optimal solution more quickly, whereas other algorithms re-
quire more iterations to gradually improve the initial solution.

In conclusion, when addressing optimization problems
with 2DHR chaotic systems, the 2DHR algorithm not only
converges rapidly but also achieves superior solutions, with
relatively high-quality initial solutions. These characteristics
make it an effective approach for solving such problems.
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Fig. 11. Convergence curves of initial population fitness for different
chaotic systems, illustrating the superior convergence speed and solution
quality of the 2DHR-based CGWO algorithm.

As shown in Table 2, the proposed 2DHR chaotic sys-
tem demonstrates significant advantages in solving the FJSP.
Evaluated on ten benchmark instances, the 2DHR algorithm
achieves optimal or near-optimal performance in most scenar-
ios. It exhibits superior performance over the Gauss/mouse
map and the Tent map in both makespan and energy consump-
tion metrics, while also showing modest but consistent im-
provements compared to the logistic map and Chebyshev map
in most cases. Specifically, in terms of makespan, 2DHR out-
performs the Gauss/mouse map by approximately 23.28% and
the Tent map by approximately 30.19% on average. Regard-
ing energy consumption, it surpasses the Gauss/mouse map
by approximately 22.57% and the Tent map by approximately
29.23% on average. Compared to the logistic map and Cheby-
shev map, 2DHR maintains comparable or slightly better per-
formance in most tasks, with more noticeable benefits in com-
plex instances (e.g., M8, M9, M10). These results indicate
that the 2DHR algorithm is highly effective in optimizing op-
eration sequencing and machine allocation, providing supe-
rior scheduling solutions to meet practical production require-
ments. The performance also reflects the high efficiency of
the 2DHR system in conducting global search. Overall, the
2DHR chaotic system not only exhibits theoretical compati-
bility with FJSP but also demonstrates excellent practical ap-
plicability. This robust performance can be attributed to its
strong nonlinear fitting capability and adaptive learning abil-
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ity, which facilitate the identification of near-global optimum
solutions. Therefore, for complex optimization problems —
particularly those requiring global search and adaptive learn-
ing — the 2DHR chaotic system exhibits unique advantages
and promising application potential.

After optimization through non-dominated sorting, tour-
nament selection, and CGWO, neighborhood search via
2DHR chaotic disturbance is applied to elite solutions to ob-
tain higher-quality solutions. In Fig. 12(a), red points denote
the optimal positions of CGWO individuals, while the blue
regions represent the fitness values of neighboring searches,
where lower fitness values indicate superior search perfor-
mance. The results demonstrate the existence of better so-
lutions in the vicinity of the current optimum, highlighting
the efficacy of 2DHR chaotic disturbance. Figure 12(b) illus-
trates the expanded solution space, confirming the capability
of chaotic disturbance to guide grey wolves toward improved
solutions. Decoding the optimal solution from Fig. 12(b)
yields the initial schedule’s Gantt chart shown in Fig. 13(a),

with a final makespan of 90 time units.

The dynamic events considered in this study represent
common occurrences in DFJSP production environments,
closely reflecting real-world manufacturing scenarios, thus
possessing significant practical implications. As depicted in
Fig. 13(b), the first dynamic event involves the processing time
failure of a job. At t = 20, due to machine aging or opera-
tor non-compliance, operations O7,2 require special treatments
(e.g., surface grinding, precision calibration), resulting in ex-
tended processing times. Before t = 20, jobs follow the origi-
nal schedule. The final makespan after this event reaches 101
time units.

As shown in Fig. 13(c), the arrival of a new job at t = 40
would significantly increase the current schedule’s makespan
if incorporated without optimization. The newly arrived job
9 (containing three operations) disrupts the original schedule,
resulting in a final makespan of 101. Prior to t = 40, jobs fol-
low the original schedule.

Table 2. Comparison of the fitness of different chaotic systems in the initialization stage.

Metric 2DHR Logistic map Chebyshev map Gauss/mouse map Tent map

M1
Makespan 47 52 52 72 48

Energy 1.755×104 1.930×104 1.930×104 2.632×104 1.790×104

M2
Makespan 42 43 43 45 48

Energy 1.579×104 1.609×104 1.616×104 1.690×104 1.788×104

M3
Makespan 256 251 259 293 359

Energy 9.253×104 9.071×104 9.364×104 1.051×105 1.284×105

M4
Makespan 86 88 88 176 200

Energy 3.192×104 3.264×104 3.254×104 6.346×104 7.162×104

M5
Makespan 214 216 216 293 307

Energy 7.695×104 7.761×104 7.752×104 1.047×105 1.090×105

M6
Makespan 131 138 131 202 272

Energy 4.882×104 5.133×104 4.889×104 7.360×104 9.819×104

M7
Makespan 233 236 234 264 366

Energy 8.357×104 8.457×104 8.393×104 9.442×104 1.299×105

M8
Makespan 591 596 598 615 724

Energy 2.118×105 2.134×105 2.142×105 2.201×105 2.578×105

M9
Makespan 418 428 429 559 616

Energy 1.512×105 1.548×105 1.551×105 2.006×105 2.202×105

M10
Makespan 421 428 429 559 616

Energy 1.523×105 1.549×105 1.551×105 2.006×105 2.202×105
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Fig. 12. Neighborhood search performance based on 2DHR chaotic disturbance. Red points indicate the optimal positions of CGWO individ-
uals, while blue regions represent the fitness landscape of neighboring searches, showing the ability of chaotic disturbance to guide solutions
toward better optima.
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Fig. 13. Processing schemes under multiple dynamic events.
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Fig. 14. Evolutionary curves of workshop makespan and total energy consumption.

As shown in Fig. 13(d), machine 9 is started up and in-
tegrated into the production line at t = 60 after debugging.
The addition of this machine reduces the current makespan
and accelerates task completion. By rescheduling unprocessed
jobs to the newly available machine, the final makespan is re-
duced to 92, demonstrating that machine start-up effectively
decreases production times, consistent with practical manufac-
turing scenarios. Before t = 60, jobs are scheduled according
to the original scheme.

Figure 14 illustrates the evolution curves of workshop
makespan and total energy consumption. In this study, four
different algorithms — random generation strategy (RGS),
CGWO, improved grey wolf optimization (IGWO), and

chaotic golden jackal optimization (CGJO) — were compared
to evaluate their convergence speed and solution quality. The
results indicate that the CGWO algorithm, when combined
with the 2DHR system, gradually approaches an approximate
optimal solution within the first 20 iterations. Subsequently,
it continues to explore the solution space more effectively
due to the combined effects of chaotic perturbation, chaotic
crossover, and chaotic adaptive weighting. In contrast, IGWO
and CGJO become trapped in local optima from the outset, and
their algorithmic characteristics prevent them from escaping,
resulting in relatively flat evolutionary curves. While RGS ex-
hibits some optimization during the initial 20 generations due
to its randomness, its purely stochastic nature limits its opti-
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mization performance compared to CGWO.
In this study, the performance of the algorithms is eval-

uated using the hypervolume (HV) and the inverted genera-
tional distance (IGD). Maximizing HV and minimizing IGD
indicate better overall quality of the solution set. The key
to calculating IGD lies in establishing the true Pareto front.
Here, the non-dominated solutions obtained from multiple ex-
periments across different instances are used as an approx-
imate true Pareto front for IGD calculation. The HV and
IGD evaluation results for RGS, CGWO, IGWO, and CGJO
are presented in Table 3, where the black bolded entries indi-
cate superior performance compared to the other algorithms.
Clearly, CGWO outperforms the other three algorithms in
nearly all cases. This superiority demonstrates that the dy-
namic characteristics of the 2DHR chaotic system provide
CGWO with richer search strategies and enhanced optimiza-
tion mechanisms. The chaotic initialization process allows
the grey wolves to occupy the solution space more uniformly.
Subsequently, chaotic perturbations drive the grey wolves to
explore the vicinity of optimal solutions further, fully lever-
aging the dynamic properties of the 2DHR system. Conse-
quently, CGWO can effectively locate global optimal solutions
for the DFJSP, achieving excellent multi-objective optimiza-
tion performance.

Table 3. Comparison of HV and IGD results among the four algorithms.

Indicator Instance RGS CGWO IGWO CGJO

HV MK01 0.5010 0.5529 0.4870 0.4970
MK02 0.4471 0.5250 0.4691 0.4750
MK03 0.4518 0.5681 0.5249 0.3987
MK04 0.4983 0.6013 0.5714 0.4950
MK05 0.3090 0.4784 0.4252 0.3821
MK06 0.3256 0.5548 0.5515 0.4352
MK07 0.2425 0.3355 0.2824 0.2990
MK08 0.1595 0.4651 0.4319 0.1761
MK09 0.1728 0.4020 0.3920 0.1993
MK10 0.1794 0.4385 0.3987 0.2625

IGD MK01 0.0498 0.0397 0.0498 0.0502
MK02 0.1213 0.1210 0.1256 0.1231
MK03 0.0443 0.1440 0.0990 0.1817
MK04 0.1939 0.0096 0.0122 0.2936
MK05 0.1246 0.0157 0.0280 0.2545
MK06 0.1390 0.0057 0.0945 0.3320
MK07 0.0768 0.0604 0.1056 0.1735
MK08 0.1031 0.0188 0.0580 0.6422
MK09 0.0712 0.0083 0.0335 0.5007
MK10 0.1218 0.0242 0.0415 0.5016

6. Conclusion
This study proposes a novel 2DHR, derived by simpli-

fying the classical 2DHR model. The 2DHR model exhibits
unique chaotic dynamics not observed in traditional models.
Through comprehensive dynamic analysis, including bifurca-
tion diagrams, Lyapunov exponent spectra, equilibrium points,
and phase portraits, the complex dynamic behaviors and path-
ways to chaos of the model are thoroughly revealed. To val-

idate the physical feasibility of the 2DHR system, a corre-
sponding analog circuit was designed and implemented, and
the simulation results exhibit excellent agreement with numer-
ical simulations.

Furthermore, the proposed 2DHR model is integrated into
a CGWO-based DFJSP framework. Compared to IGWO,
CGJO, and initial rescheduling populations, CGWO achieves
superior optimization performance in DFJSP. Under various
dynamic events and constraints, CGWO effectively identi-
fies optimal scheduling schemes, significantly reducing both
makespan and energy consumption. Future work will focus
on the physical implementation of DFJSP optimization based
on the CGWO algorithm, leveraging the chaotic 2DHR system
in real-world manufacturing applications.
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