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We introduce a time-dependent generalized Floquet (TDGF) approach to calculate attosecond transient absorption
spectra of helium atoms subjected to the combination of an attosecond extreme ultraviolet (XUV) pulse and a delayed
few-cycle infrared (IR) laser pulse. This TDGF approach provides a Floquet understanding of the laser-induced change of
resonant absorption lineshape. It is analytically demonstrated that the phase shift of the time-dependent dipole moment that
results in the lineshape changes consists of two components, the adiabatic laser-induced phase (LIP) due to the IR-induced
Stark shifts of adiabatic Floquet states and the non-adiabatic phase correction due to the non-adiabatic IR-induced coupling
between adiabatic Floquet states. Comparisons of the spectral lineshape calculated based on the TDGF approach with
the results obtained with the LIP model [Phys. Rev. A 88 033409 (2013)] and the rotating-wave approximation (RWA)
are presented for several typical cases, demonstrating that TDGF universally and accurately captures IR-induced lineshape
changes. It is suggested that the LIP model works as long as the generalized adiabatic theorem [PRX Quantum 2 030302
(2021)] holds, and the RWA works when the higher-order IR-coupling effect in the formation of adiabatic Floquet states is
neglectable.
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1. Introduction
In the past decades, the advent of attosecond pulses has

offered a powerful tool to trace the electronic response in
atoms, molecules and solid targets in the natural timescale
of electronic dynamics.[1–33] An attosecond extreme ultravi-
olet (XUV) pulse synchronized with an infrared (IR) laser
pulse gives rise to a transient absorption measurement, so-
called attosecond transient absorption spectroscopy (ATAS),
to investigate the IR-laser-driven electronic dynamics at the
sub-optical-cycle scale, with the temporal resolution indirectly
accessed through the highly controlled time delay between
pulses. For atomic systems, typical features of ATA spectra
include[34,35] light-induced states (LISs) and subcycle oscillat-
ing fringes when the XUV pulse arrives during the IR pulse,
hyperbolic sidebands when the XUV pulse arrives before the
IR pulse, and IR-induced change of resonant absorption line-
shape for delays in which the XUV pulse precedes or overlaps
with the IR pulse.

The Floquet theory has brought a conceptual picture of
ATA process.[35] For instance, the LISs in ATA spectra are the
Floquet states that are dipole allowed to the ground state, and
the subcycle oscillations are the quantum beating between dif-
ferent Floquet states that collapse to the same bare state when
the IR pulse turns off.[35–37] Yet the IR-induced change of res-
onant absorption lineshape has not been explored in the Flo-

quet formalism. Ott et al.[10] and Chen et al.[38] propose a
laser-induced phase (LIP) model under the lowest-order as-
sumption, in which the laser-induced modification of the pop-
ulation of the XUV-excited bright state is neglected and only
a laser-induced modification of the bright state phase is in-
cluded. The phase shift of the bright state gives rise to a
phase shift of the time-dependent dipole moment relative to
the XUV-only case, resulting in the laser-induced lineshape
changes in ATA spectra. Several potential applications, such
as the reconstruction of laser-driven electronic dynamics[11,39]

and the generation of XUV frequency combs,[40] have been
proposed based on the LIP model. However, in the frame
of the LIP model, neither the second order perturbation the-
ory (SOPT) nor the rotating wave approximation (RWA) is
a universal approach to accurately reproduce the IR-induced
change of resonant absorption lineshape.[35]

In this paper, we introduce a time-dependent general-
ized Floquet (TDGF) approach to solve the time-dependent
Schrödinger equation (TDSE) of XUV-excited helium atom
driven by a delayed few-cycle IR pulse, and investigate the
IR-induced lineshape change in ATA spectra in the picture of
adiabatic Floquet states. By employing the generalized adi-
abatic theorem,[41] it is demonstrated that the lowest-order
assumption in the LIP model is equivalent to the general-
ized adiabatic approximation (GAA) and the LIP is the dif-
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ference of dynamical phase shifts of adiabatic Floquet states.
The total IR-coupling-induced phase shift imported on the
time-dependent dipole moment consists of two parts, the adi-
abatic LIP due to the IR-induced stark shifts of adiabatic Flo-
quet states and the non-adiabatic phase correction due to the
IR-induced non-adiabatic coupling between adiabatic Floquet
states. We present comparison of resonant absorption line-
shape calculated based on the TDGF approach with those
based on GAA and RWA in a He-like few-level model. It
is suggested that the failure of LIP in the case of weak driv-
ing and small detuning is due to the non-ignorable IR-induced
coupling between adiabatic Floquet states, i.e., the breakdown
of generalized adiabatic theorem, while the failure of RWA
in the case of strong driving and large detuning is due to the
neglect of higher-order coupling in the formation of adiabatic
Floquet states. Our numerical calculation also shows that the
TDGF calculation of resonant absorption lineshape in a He-
like few-level model agrees qualitatively with the ab initio cal-
culation of single-active-electron (SAE) helium atom.

The paper is organized as follows. First, we briefly de-
scribe the single-atom response function for the calculation
of ATA spectra and the LIP model in Subsection 2.1, derive
the total laser-induced phase in the frame of generalized Flo-
quet theory, and explore the LIP as the adiabatic limit of the
total laser-induced phase by employing the generalized adi-
abatic approximation in Subsection 2.2. In Section 3, we
present the investigation of IR-induced lineshape change via
the comparison of calculated ATA spectra by employing dif-
ferent approaches, for the cases with weak driving and mod-
erate detuning in Subsection 3.1, strong driving and large de-
tuning in Subsection 3.2, and weak driving and small detun-
ing in Subsection 3.3. Finally, in Section 3.4, we examine
the efficiency of the TDGF approach via the comparison with
the ab initio calculation of SAE helium atom. Summaries
and concluding remanks are given in Section 4. Atomic units
(h̄ = e = me = a0 = 1) are used throughout, unless indicated
otherwise.

2. Theory and methods
2.1. The single-atom response function and the LIP model

We consider a He-like three-level system driven by the
combination of an attosecond XUV pulse and a few-cycle IR
pulse. The 1s2, 1s2p and 1s2s states of helium atom are in-
cluded and labelled as |α⟩, |β ⟩ and |γ⟩, respectively, as shown
in Fig. 1. The time-dependent wavefunction can be expanded
as

|Ψ(t)⟩ = Cα(t)e−iℰ0
α t |α⟩+Cβ (t)e−iℰ0

β
t |β ⟩

+Cγ(t)e−iℰ0
γ t |γ⟩, (1)

in which ℰ0
α , ℰ0

β
and ℰ0

γ are the eigenenergies of field-free
states, and Cα , Cβ and Cγ are the probability amplitudes of cor-

responding states. The time-dependent Hamiltonian is written
as

Ĥ(t) = Ĥ0 +V̂ (t)

= |α⟩ℰ0
α⟨α|+ |β ⟩ℰ0

β
⟨β |+ |γ⟩ℰ0

γ ⟨γ|
−E0

X(t)cos(ωXt)(µ0
αβ

|α⟩⟨β |+µ
0
βα

|β ⟩⟨α|)
−E0

I (t − τ)cos(ωIt −ωIτ)

×(µ0
βγ
|β ⟩⟨γ|+µ

0
γβ
|γ⟩⟨β |), (2)

in which µ0
αβ

= µ0*
βα

= e⟨α|z|β ⟩ and µ0
βγ

= µ0*
γβ

= e⟨β |z|γ⟩ are
the transition matrix elements, ωI(X) and E0

I(X)(t) are the car-
rier frequency and pulse-envelope function of the IR (XUV)
pulse, respectively, and the two pulses with the relative time
delay τ are both polarized along the z axis. The XUV pulse
couples the |α⟩ and |β ⟩ states, and the IR pulse only couples
the |β ⟩ and |γ⟩ states. The time-dependent dipole moment d(t)
is determined by

d(t) =C*
α(t)Cβ (t)µ

0
αβ

e−iωβα t + c.c., (3)

where we only measure frequencies relative to the |α⟩ state,
and ωβα = ℰ0

β
−ℰ0

α . The coefficients Cα(t) and Cβ (t) can
be obtained by numerically solving the TDSE with Hamilto-
nian (2) via the fourth-order Runge–Kutta (RK) method.

1s2

1s2p

1s2s

-24.59 eV

-3.37 eV

-3.97 eV

|α>

|γ>

|β>

ωX

ωI

Fig. 1. The three-level diagram of the single-active-electron helium
atom, driven by the broadband, isolated attosecond XUV pulse and the
IR dressing pulse.

The dipole moment d(t) that is initiated by the interaction
with the XUV pulse freely oscillates after the radiation fields
have passed, and it would decay due to collisional broadening
or spontaneous decay. In order to include these experimental
effects in our calculation, the dipole moment d(t) is multiplied
by a smoothly decaying function before the Fourier transfor-
mation:

W (t) =
{

e−
Γ
2 (t), t > 0,

1, t ≤ 0,
(4)

where Γ stands for the phenomenological decay rate. Then
we have the Fourier transform of the time-dependent dipole
moment d(t),

d̃(ω) = µ
0
αβ

∫
∞

0
C*

α(t)Cβ (t)e i(ω−ωβα )tW (t)dt, (5)
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and the absorption spectra can be expressed as the response
function defined by[42]

S(ω) = 2Im[d̃(ω)Ẽ*(ω)], (6)

where Ẽ(ω) is the Fourier transform of the total laser field
E(t). Note that, although the complete description of transient
absorption spectra must account for the reshaping of an XUV
pulse during the propagation, the single-atom response yields
similar results as the full calculation for the helium atom.[42,43]

Since the preceding attosecond XUV pulse can be ap-
proximated by a δ -function due to its short duration, the three-
level system can be further simplified into a primitive two-
level system involving only the |β ⟩ and |γ⟩ states and the IR
pulse arriving after the XUV pulse. The LIP model assumes
that:[10,38] the IR laser field does not modify the amplitude of
the 1s2p state, but only varies the 1s2p state energy and thus
imposes the LIP

θ
L
βα

(t) =
∫ t

0
dt ′[δℰβ (t

′)−δℰα(t ′)] (7)

on the dipole moment, with δℰα(t) and δℰβ (t) being the ac
Stark shifts of 1s2 and 1s2p states, respectively. And the re-
sponse function can be expressed as

SA(ω) = 2ε̃XIm[d̃A(ω)] (8)

by using the approximation that the broadband IAP spectral
amplitude ε̃X is real and constant around (ℰ0

η −ℰ0
α), with

d̃A(ω) = iaXµ
0
βα

∫
∞

0
e−iθL(t) e i(ω−ωβα )tW (t)dt, (9)

in which Cα(t) = 1 is taken due to the weak XUV pulse
and Cβ (t) = iaX e−iθL(t). To first order in the XUV field
aX = µ0

βα
EXτX is a real, time-independent constant, in which

EX is the XUV field strength, and τX is a characteristic time
for the XUV pulse, assumed to be much shorter than the period
of IR field. The LIP gives rise to the laser-induced lineshape
changes in ATA spectra.

2.2. The nonadiabatic phase correction to the LIP

To explore the IR-induced change of resonant absorption
lineshape in the frame of Floquet theory, it is essential to inves-
tigate the IR-pulse-driven dynamics and the phase shift of the
time-dependent dipole moment in terms of Floquet states. The
generalized adiabatic theorem indicates that[41] Floquet states
rather than energy eigenstates are preserved when the quan-
tum system is driven by a modulated periodic field, such as an
IR pulse in our work. Therefore, proceeding through a similar
path as Ref. [41], we introduce a time-dependent generalized
Floquet (TDGF) approach to solve the exact time evolution of
the IR-pulse-driven system in the instantaneous Floquet basis
|λ (t;Et)⟩,

|Ψ(t)⟩= ∑
λ

aλ (t)e−iθλ (t;Et )|λ (t;Et)⟩, (10)

where θλ (t;Et) ≡
∫ t

0 dt ′ℰλ (t ′;Et ′) is the dynamical phase,
ℰλ (t;Et) is the instantaneous Floquet quasienergy, and Et =

E0
I (t) labels the time-dependent amplitude of the IR pulse. For

each value of Et , the Hamiltonian is periodic and the instanta-
neous Floquet states can be defined as

|ψλ (t;Et)⟩= e−iθλ (t;Et )|λ (t;Et)⟩. (11)

The instantaneous Floquet quasienergy ℰλ (t;Et) and corre-
sponding Floquet basis |λ (t;Et)⟩ satisfy the eigenvalue equa-
tion

ĤF(t;Et)|λ (t;Et)⟩= ℰλ (t;Et)|λ (t;Et)⟩, (12)

with the Floquet Hamiltonian ĤF(t;Et)≡ Ĥ(t;Et)− i∂/∂ t.
Since the applied IR pulse is not strong enough to cou-

ple the ground state, the three-level model can be reduced
into a two-level system including the upper two levels and
the IR pulse. Substituting Eq. (10) into the two-level TDSE,
i∂/∂ t|ψ(t)⟩ = Ĥ2l(t)|ψ(t)⟩, with the two-level Hamiltonian
being

Ĥ2l(t) = |β ⟩ℰ0
β
⟨β |+ |γ⟩ℰ0

γ ⟨γ|−E0
I (t − τ)cos(ωIt −ωIτ)

×(µ0
βγ
|β ⟩⟨γ|+µ

0
γβ
|γ⟩⟨β |), (13)

we obtain

∑
λ

(
ȧλ (t)|λ (t;Et)⟩+aλ (t)Ėt

∂

∂Et
|λ (t;Et)⟩

)
× e−iθλ (t;Et ) = 0. (14)

Projecting onto an |λ ′(t;Et)⟩ yields equations of motion
for the coefficients

ȧλ ′(t) = −aλ ′(t)Ėt⟨λ ′| ∂

∂Et
|λ ′⟩

+ ∑
λ ̸=λ ′

aλ (t)Ėt
⟨λ ′|∂ ĤF/∂Et |λ ⟩e−i(θλ−θ

λ ′ )

ℰλ ′ −ℰλ

, (15)

in which ⟨λ ′|∂/∂Et |λ ⟩ = ⟨λ ′|∂ ĤF/∂Et |λ ⟩/(ℰλ −ℰλ ′) is ob-
tained by differentiating Eq. (12) with respect to Et , and the t
and Et dependence is suppressed for brevity. The first term on
the right side of Eq. (15) is the Berry connections of the instan-
taneous Floquet states, and the second term describes the dia-
batic transitions between the instantaneous Floquet states. The
time-dependent dipole moment related to the state |α⟩ ≈ |λα⟩
can be written as

d(t) = a*α(t)∑
η

aη(t)⟨λα |ẑ|λη⟩e−i(θη−θα )+ c.c.

= ∑
η

aη(t)µαη e−iθ d
ηα (t) e−iωηα t + c.c., (16)

113201-3



Chin. Phys. B 34, 113201 (2025)

in which θ d
ηα(t) =

∫ t
0 dt ′[δℰη(t ′)−δℰα(t ′)], µαη = ⟨λα |ẑ|λη⟩

is the time-dependent transition matrix element between in-
stantaneous Floquet states, and a*α(t) = 1 is taken due to the
weak XUV pulse. The amplitude aη(t) can be recasted as

aη(t) = iaδ
η(t)e−iθ δ

η (t), (17)

with real time-dependent variables aδ
η(t) and θ δ

η (t) decompos-
ing the effect of the IR driving field on the Floquet state |λη⟩
into the time-dependent population modulation aδ

η(t) and the
phase deviation θ δ

η (t). aδ
η(t) and θ δ

η (t) can be obtained by
solving Eq. (15), with the initial condition of aη(t = 0) = iaη

X,
where aη

X = µ0
ηα EXτX, and µ0

ηα = e⟨α|z|η⟩ is the transition
matrix element between the ground state |α⟩ and an instanta-
neous Floquet state |λη⟩. Then the response function in the
instantaneous Floquet state formalism can be expressed as

SF(ω) = 2ε̃XIm[d̃F(ω)] (18)

with

d̃F(ω) = i ∑
η

∫
∞

0
aδ

η(t)µαη e−iθ T
η (t) e i[ω−ωηα )]tW (t)dt (19)

in which

θ
T
η (t) = θ

δ
η (t)+θ

d
ηα(t) (20)

is the total laser-induced phase imposed on the time-dependent
dipole moment.

The response function in the frame of Floquet theory,
Eqs. (18) and (19), contains the result in the LIP model,
Eqs. (8) and (9), in the limit of the GAA.[41] If Et changes
much more slowly than the difference in Floquet quasiener-
gies, the slow modulation will not cross-couple the Floquet
states, and the second term on the right of Eq. (15) can be ig-
nored. Then one can obtain aη(t)≈ iaX and θ T

η (t)≈ θ d
η(t) =

θ L
η (t). It is equivalent to the assumption of the LIP model,[38]

and Eqs. (18)–(20) are reduced to Eqs. (7)–(9). The LIP θ L
η (t)

is just the adiabatic limit of the total laser-induced phase, and
it makes sense to refer θ δ

η (t) as the non-adiabatic phase cor-
rection to the adiabatic LIP. It is also worth mentioning that,
under the GAA, the expression of dipole moment Eq. (16) can
be reduced to the adiabatic Floquet dipole that has been em-
ployed to reproduce LISs and subcycle oscillation features in
ATA spectra.[35]

In general, the non-adiabatic phase correction θ δ
η (t) can-

not be obtained from Eq. (15) analytically, but it can be ob-
tained numerically with the help of the solution of the time-
independent generalized Floquet eigenvalue equations. It is
expedient to enumerate the Floquet quasienergy vectors as
|η , l⟩= |η⟩

⊗
|l⟩, with |η⟩ being the system index and |l⟩ be-

ing the Fourier vectors. For each instant, we can write the

time-independent generalized Floquet matrix eigenvalue equa-
tion as[44]

∑
η

∑
l′
⟨κ, l|ĤF(t;Et)|η , l′⟩⟨η , l′|λ (t;Et)⟩

= ℰλ (t;Et)⟨κ, l|λ (t;Et)⟩. (21)

In this paper, we set |l, l′| ≤ 20 to ensure the Floquet calcu-
lation is accessible and convergent. After solving the eigen-
value problem, we can obtain a set of quasienergy eigenvalues
ℰη ,l(t;Et) and corresponding eigenstates |λη ,l(t;Et)⟩. Substi-
tuting the eigensolutions of each instant into Eq. (15), one can
numerically solve the equations of motion for the coefficients
in Eq. (15), obtain aδ

η(t) and θ δ
η (t), and calculate the response

function without any approximation.

3. Results and discussion
In this section, we numerically calculate the ATA spec-

tra of a He-like three-level system by employing the TDGF
approach as shown in Fig. 2. The TDGF method accurately
transforms the bare-state basis in TDSE-RK method into the
basis of instantaneous Floquet states without introducing any
approximations, thus producing exactly the same ATAS spec-
tra as the TDSE-RK method, which is shown in Fig. 2(b). The
feature centered around 21.2 eV (marked with red solid line)
is called a dressed bright state and the feature around 21.4 eV
(marked with white solid lines) is called LIS, while the fea-
tures around 19.6 eV, 22.7 eV (marked with red dashed lines)
and the features around 19.8 eV, 23.0 eV (marked with white
dashed lines) are called oscillating fringes.[34,35] In the frame
of Floquet theory, a new interpretation of the LIS features is
given: the feature marked with white solid line in Fig. 2 is
from the dressed state of an atomic bare state, i.e., the in-
stantaneous Floquet states |λγ,1⟩, with the features marked
with white dashed lines being the spectral consequences of
two Floquet vectors |γ,3⟩ and |γ,−1⟩ among the expanding
set ∑η ,l⟨η , l|λγ,1⟩. As discussed in Ref. [35], the RWA can
reproduce the main spectral peak of the dressed bright state
and LIS, while the SOPT calculation could be viewed as a
complement to it for explaining the laser-driven sub-cycle os-
cillating fringes. While the Floquet formalism is a powerful
tool that provides a new conceptual picture for understanding
ATAS features, a quantitative description of IR-induced line-
shape changes remains lacking.

The spectral line near the 1s2–1s2p resonant absorption
peak, which corresponds to the time-dependent dipole mo-
ment between instantaneous Floquet states |λα⟩ and |λβ ,0⟩

dβ ,0(t) = aβ ,0(t)µαβ e−iθ d
βα

(t) e−iωβα + c.c., (22)

is taken as an example to investigate the laser-induced line-
shape change via the comparison with the results based on the
adiabatic LIP model and RWA. Here we restrict our discus-
sion to the situation that the XUV pulse precedes and does not

113201-4



Chin. Phys. B 34, 113201 (2025)

overlap with the IR pulse. The coefficient aβ ,0(t) is obtained
by numerically solving Eq. (15) with the initial condition

aη ,l(t = 0) =
{

iaX, for η = β and l = 0,
0, others, (23)

and aX being a real, time-independent constant. Note that, for
the situation that the XUV pulse overlaps with the IR pulse,
more Floquet states are initiated owing to multiphoton exci-
tation, and the interference between multiphoton excitation
paths would also introduce an additional phase factor onto the
time-dependent dipole moment.
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Fig. 2. The ATA spectra as a function of the time delay τ between the
two pulses calculated by (a) TDGF and (b) TDSE-RK method. An IR
pulse with 0.77 eV frequency, 1×1012 W/cm2 peak intensity and 15 fs
pulse width and an XUV pulse with 25 eV frequency, 1×1010 W/cm2

peak intensity and 330 as pulse width are used in the calculation. The
short lines represent main features of the spectra, of which the corre-
sponding Floquet vectors are listed on the right.

The results based on the adiabatic LIP model are ob-
tained by using Eqs. (8) and (9). While the results based
on the RWA are obtained from the first-order Floquet cal-
culation, since the rotating-wave terms are dropped in the
first-order Floquet theory.[35] The parameters of the He-like
three-level system are obtained via the diagonalization of the
field-free Hamiltonian within the single-active-electron (SAE)
approximation by employing the generalized pseudospectral
method (see Appendix A for details), which gives ℰ0

α =

−0.90369 a.u. (−24.59 eV), ℰ0
β
=−0.12384 a.u. (−3.37 eV),

ℰ0
γ = −0.14589 a.u. (−3.97 eV), µαβ = 0.2084 a.u., and

µβγ = 2.9471 a.u. A 330 as-FWHM Gaussian XUV pulse
with carrier frequency ωX = 25 eV and peak intensity 1 ×
1010 W·cm−2 and a 40 fs-delayed 15 fs-FWHM Gaussian IR
pulse are employed. The decay rate Γ is set as 5× 10−3 eV.
The carrier frequency and peak intensity of the IR pulse are
chosen for the following specific cases.

3.1. Weak driving and moderate detuning

In the case of weak driving and moderate detuning, we set
the peak intensity of the IR pulse IIR = 1× 1012 W/cm2 and
carrier frequency ωI = 0.77 eV. The probability amplitude of
the Floquet quasienergy state |λβ ,0⟩ is calculated by employ-
ing the TDGF approach. In Fig. 3(a), we plot the normalized
population |aδ

β ,0(t)|
2 (black-solid line), the LIP θ L

β ,0(t) (red-

dotted line) and the non-adiabatic phase correction θ δ

β ,0(t)

(blue-dash line) as a function of time. The population of |λβ ,0⟩
is modulated due to the IR-induced cross-coupling with other
adiabatic Floquet states, while θ L

β ,0(t) and θ δ

β ,0(t) are accumu-

lated during the IR–atom interaction. |aδ

β ,0(t)|
2 ≈ 1 implies

that the IR-induced coupling between |λβ ,0⟩ and other adi-
abatic Floquet states can be ignored, and θ δ

β ,0(t) ≪ θ L
β ,0(t)

leads to θ δ

β ,0(t) ≈ 0. In other words, the GAA is a good
approximation. It is reasonable to consider the evolution of
|λβ ,0⟩ adiabatically, so one might expect the TDGF calcula-
tion would agree well with the TDSE-RK calculation with
Eq. (6). Meanwhile the GAA indicates that the resonant ab-
sorption lineshape based on the adiabatic LIP model would
agree well with that based on the TDGF approach. Indeed,
in Fig. 3(d) we see good agreement of the TDGF calculation
with the TDSE-RK calculation, as well as with the adiabatic
LIP model. Figure 3(d) also presents the result obtained by
the RWA that fits with the above three calculations well, im-
plying that the contribution of the rotating-wave terms, i.e.,
the higher-order Floquet quasienergy vectors, are neglectable
in the adiabatic Floquet state |λβ ,0⟩.

3.2. Strong driving and large detuning

In the case of strong driving and large detuning, we set
IIR = 5×1013 W/cm2 and ωI = 1.55 eV. In Fig. 3(b), we plot
the normalized population |aδ

β ,0(t)|
2 (black-solid line), the LIP

θ L
β ,0(t) (red-dotted line) and the non-adiabatic phase correc-

tion θ δ

β ,0(t) (blue-dash line), as a function of time. Similar
to the case of weak driving and moderate detuning, |λβ ,0⟩
evolves adiabatically and the GAA is a good approximation.
Figure 3(e) shows that, as expected, the TDGF approach and
the adiabatic LIP model agree well with the TDSE-RK cal-
culation. However, the RWA fails to reproduce the laser-
induced change of the resonant absorption lineshape. As
θ δ

β ,0(t)≪ θ L
β ,0(t), the reasonable explanation is that the adia-

batic LIP imported on the time-dependent dipole moment can
not be calculated accurately by the RWA. We plot the LIPs af-
ter the IR driving pulse as a function of the peak intensity in
Fig. 4. It is shown that the weaker the peak intensity of the
IR driving pulse is, the better the LIP calculated by the RWA
agrees with that calculated by the TDGF approach. It is easy
to conclude that the breakdown of RWA is due to the dropped
rotating-wave terms. This can be understood in the frame of
adiabatic Floquet states. As the driving gets stronger, higher-
order Floquet quasienergy vectors are coupled in the formation
of the adiabatic Floquet state |λβ ,0⟩. As a result, the RWA, i.e.,
the ‘first-order’ Floquet calculation, cannot give the conver-
gent adiabatic Floquet states and their eigenenergies, leading
to incorrect LIP obtained at higher peak intensity of the IR
pulse.
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3.3. Weak driving and small detuning

In the case of weak driving and small detuning, we
set IIR = 1 × 1012 W/cm2 and ωI = 0.61 eV. We plot the
normalized population |aδ

β ,0(t)|
2 (black-solid line), the LIP

θ L
β ,0(t) (red-dotted line) and the non-adiabatic phase correc-

tion θ δ

β ,0(t) (blue-dash line) in Fig. 3(c), respectively. It is
shown that the evolution of |λβ ,0⟩ is non-adiabatic, and the

non-adiabatic phase correction is non-negligible. Thus the
GAA breaks down, and the calculation based on the adia-
batic LIP model can not reproduce the spectral lineshape well,
as presented in Fig. 3(f). It is also shown that, the calcu-
lation based on the TDGF approach reproduces the spectral
lineshape in the TDSE-RK calculation well in the region of
the 1s2–1s2p resonant absorption peak and the low-frequency
sideband, but not in the region of the high-frequency sideband.
As only the dipole transition between |λβ ,0⟩ and |λα,0⟩ is in-
cluded in the Floquet calculation, i.e., Eqs. (22) and (19), one
can deduce that this disagreement in the high-frequency side-
band is due to the neglect of Floquet states that are populated
by the IR pulse. Our TDGF calculation indicates that a non-
negligible population is excited from |λβ ,0⟩ to |λγ,1⟩ owing
to the non-adiabatic near-resonant coupling driven by the IR
pulse, as shown with the black-dash-dotted line in Fig. 3(c).
We rewrite Eqs. (18) and (19), to include the dipole transition
between |λγ,1⟩ and |λα,0⟩, as

S′F(ω) = 2ε̃XIm[d̃′
F(ω)] (24)
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with

d̃′
F(ω) = iaX

∫
∞

τ

[
aδ

β ,0(t)µβα e−iθ T
β ,0(t) e i[ω−ωβα )t

+aδ
γ,1(t)µγα e−iθ T

γ,1(t) e i(ω−ωγα )t
]
W (t)dt. (25)

With the improved version of TDGF calculation, Eqs. (24) and
(25), we obtain the spectral lineshape which agrees well with
the TDSE-RK calculation in the regions of both the absorption
peak and sidebands, as presented with the red-dash-dotted line
in Fig. 3(f). The result based on the RWA calculation including
both |λβ ,0⟩ and |λγ,1⟩ agrees well with both the TDSE-RK and
the improved TDGF calculations. It is implied that the first-
order Floquet quasienergy vectors are the major components
of the Floquet states |λβ ,0⟩ and |λγ,1⟩, and the non-adiabatic
near-resonant IR-coupling between adiabatic Floquet states is
captured in the RWA.

3.4. Comparison with ab initio calculation

Although the above investigations are just with a primi-
tive two-level model, we confirm the efficiency of the TDGF
approach via the comparison with the ab initio calculation
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Fig. 5. The comparison of response functions based on different ap-
proaches in the cases with (a) IIR = 1 × 1012 W/cm2 and ωI = 0.77 eV,
(b) IIR = 5×1013 W/cm2 and ωI = 1.55 eV, and (c) IIR = 1×1012 W/cm2

and ωI = 0.61 eV. The TDGPS calculation is plotted with black-solid line,
and the TDGF calculations with 2-level and 11-level models are plotted with
red-dotted and blue-dash lines, respectively.

of the SAE helium atom (see Appendix A for details) in the
three cases. As presented by Fig. 5, the TDGF calculation
(red-dotted line) is different from the ab initio calculation
(black-solid line). The difference is due to the ionization
and the multi-level effect in real atomic systems. The lack
of multi-level effect can be improved by including more lev-
els in the TDGF calculation. The TDGF calculation with 11-
level model, including 1s2s–1s4s, 1s2p–1s5p and 1s3d–1s6d,
is plotted in Fig. 5 with the blue-dash line, presenting quite
good agreement with the ab initio calculation.

4. Conclusion
In this paper, we introduce an alternative numerical ap-

proach, the time-dependent generalized Floquet (TDGF) ap-
proach, to calculate the ATA spectra of a helium atomic system
driven by the combination of an attosecond XUV pulse and a
delayed few-cycle IR pulse. An additional understanding of
the laser-induced lineshape change in ATA spectra is provided
in the framework of adiabatic Floquet states.

In terms of adiabatic Floquet states, we derive the total
phase shift imported on the time-dependent dipole moment,
and demonstrate the adiabatic LIP and the non-adiabatic phase
correction, by employing the generalized adiabatic theorem.
The comparisons with the RWA and the adiabatic LIP model
are presented in three typical cases. All three approaches agree
well with the numerical RK calculation in the case of weak
driving and moderate detuning. The adiabatic LIP model fails
in the case of weak driving and small detuning, due to the
non-adiabatic near-resonant cross-coupling between adiabatic
Floquet states. While the RWA fails in the case of strong
driving and large detuning, because the higher-order Floquet
quasienergy vectors that are coupled in the formation of adia-
batic Floquet states, i.e., the rotating-wave terms, are dropped
off in the RWA. Although the numerical results in this pa-
per are calculated in the three-level model, a better agreement
with the ab initio calculation can be obtained by employing
the model including more energy levels. We expect that the
following approach will enable the direct experimental ob-
servation of lineshape changes induced by the non-adiabatic
phase: Tune the gradients of the pulse envelope, by changing
the pulse durations and peak intensities of IR pulses, to control
the non-adiabatic phase, and keep the dynamical phase shifts
unchanged by maintaining the areas of the IR pulses.

Appendix A: The ab initio simulation
Under the SAE approximation, the TDSE describing the

interaction of a single He atom with laser field can be written
as

i
∂

∂ t
|Ψ(𝑟, t)⟩= Ĥ(t)|Ψ(𝑟, t)⟩= [Ĥ0 +V̂ (t)]|Ψ(𝑟, t)⟩. (A1)
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Here the laser–atom interaction within the dipole approxima-
tion is given by

V̂ (t) =−𝐸(t) ·𝑟, (A2)

and Ĥ0 represents the unperturbed atom Hamiltonian, which
can be written as

Ĥ0 =−1
2

∇
2 +∑

l
|Y 0

l ⟩Vl⟨Y 0
l |, (A3)

where Vl is model potential for He atom, and Y 0
l is a spher-

ical harmonic. We employ an angular-momentum-dependent
model potential in the following form:

Vl =
α

2r4 W6

( r
rc

)
− 1

r
−
(N −S

r
+A1

)
e−B1r

−
(S

r
+A2

)
e−B2r, (A4)

where α is the He+ core dipole polarizability.[45,46] W6 is a
core cutoff function given bey

Wn(x) = 1−
[
1+nx+

(nx)2

2!
+ · · ·+ (nx)2

n!

]
e−nx, (A5)

and rc is an effective He+ core radius. The values of the pa-
rameters determined are listed in Table A1. In the present
work, it is sufficient to use four different angular-momentum-
dependent model potentials.

Table A1. Model potential parameters for He (in a.u.).

l α rc S A1 A2 B1 B2

0 0.28125 2.0 –7.9093912 –10.899664 0.0 1.7 3.8
1 0.28125 2.0 1.50094970 0.11297684 0.0 1.3 3.8
2 0.28125 2.0 0.88294766 –0.032043029 0.0 1.3 3.8
3 0.28125 2.0 0.41193110 –0.129391180 0.0 1.3 3.8
> 3 0.28125 2.0 0.0 0.0 0.0 1.3 0.0

Via the diagonalization of the field-free Hamiltonian Ĥ0,
one can obtain the eigenstates of the SAE He atom, and the
transition matrix elements between them. The TDSE can be
solved numerically by means of the time-dependent general-
ized pseudospectral (TDGPS) method.[47] The maximum ra-
dius of the grid is set at rmax = 150, and the number of col-
location points along the radial coordinate is Nr = 300. The
absorbing boundary starting at rb = 100 is employed to avoid
the artificial reflection. The pulse-envelope function is Gaus-
sian shaped and centered around t = 0 for the IR and τ for the
XUV, respectively. After the time propagation of the wave-
function Ψ(𝑟, t), we can calculate the expectation value of the
induced dipole moment in the length,

d(t) = ⟨Ψ(𝑟, t)|z|Ψ(𝑟, t)⟩. (A6)

And the absorption spectra can be obtained via substituting the
Fourier transformation of Eq. (A6) multiplied with the decay-
ing function Eq. (4) into the response function Eq. (6).
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