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Tilt-to-length (TTL) coupling noise is a critical issue in space-based gravitational wave detection due to its complex
dependence on multiple interacting factors, which complicates the identification of dominant parameters. To address this
challenge, we develop a simulation model of the Taiji scientific interferometer, generating noise datasets under multi-
parameter conditions. Given the uniqueness of the telescope as well as the convergence behavior of the algorithm, the
analysis is structured hierarchically: (i) the telescope level and (ii) the optical bench level. A hierarchical framework
combining XGBoost and SHapley Additive exPlanations (SHAP) values is employed to model the intricate relationships
between parameters and TTL coupling noise, supplemented by sensitivity analysis. Our results identify pointing jitter and
telescope radius as the dominant parameters at the telescope level, while the angles of the plane mirrors and beam splitters
are most influential at the optical bench level. The parameter space is reduced from 86 dimensions to 14 dimensions without
sacrificing model accuracy. This approach offers actionable insights for optimizing the Taiji interferometer design.

Keywords: space-based gravitational wave detection, intrasatellite science interferometer, tilt-to-length cou-

pling noise, sensitivity analysis
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1. Introduction

Gravitational wave detection serves as a powerful tool for
validating Einstein’s predictions in general relativity, unveil-
ing extreme astrophysical phenomena, and advancing our un-

[1-51 Space-based

derstanding of cosmology and new physics.
gravitational wave detection, in particular, offers the capabil-
ity to transcend the constraints of ground-based environments,
enabling the effective observation of low-frequency gravita-
tional waves.!®! Gravitational wave detection programs such
as the Taiji mission utilize laser interferometry to measure the
picometer-level distance variations between two satellite test
masses. 7] The measurement of the distance between the two
test masses is divided into three segments: the distances be-
tween each test mass and the local optical benches, measured
by the test mass interferometer, and the distance between the
two satellites, measured by the scientific interferometer. (8]

Tilt-to-length (TTL) coupling noise arises from the cou-
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pling of angular misalignment into the interferometer readout,
which is the second largest source of noise in the interferomet-

(9101 Space-based gravitational wave

ric measurement system.
detection missions such as LISA, Taiji, and TianQin impose
stringent requirements on TTL coupling noise, typically at the
level of a few picometers per root hertz (pm/Hz'/2).14->11] For
instance, in the Taiji mission, the allowable contribution from

TTL coupling noise must remain below 1 pm/Hz!/2

, given a
total position noise budget of 8 pm/Hzl/ 2[4 This constraint
translates to a laser beam pointing stability requirement of bet-
ter than 10 nrad/Hz'/2. Such tight performance margins under-
score the critical importance of accurately modeling and quan-
titatively evaluating TTL coupling effects. TTL coupling noise
affects both the test mass interferometer and the scientific in-
terferometer, with this study focusing specifically on the lat-
ter. During spacecraft operations, non-conservative forces in-
duce attitude jitter, leading to pointing errors in the laser beam
transmitted from the distant spacecraft relative to the local one.
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This pointing instability is the primary source of TTL coupling
noise in the scientific interferometer.!'?! In addition, imperfec-
tions in the telescope optics, which introduce wavefront aber-
rations, as well as misalignments and structural deviations of
components on the optical bench, also contribute to TTL cou-
pling noise. Wegener et al.['3! developed a linear model using
center-of-mass calibration to estimate TTL coupling, enabling

14-16] analyzed coupling be-

spacecraft tracking. Sasso et al.l
tween wavefront errors and jitter, coupling between misalign-
ments and aberrations of the interfering wavefronts, and cou-
pling between telescope jitter and wavefront aberrations, these
researches further enriched the relevant studies on TTL cou-
pling noise in scientific interferometer. Cui et al.['” studied
telescope alignment errors, finding mirror distance tolerances
critical, especially between primary-secondary mirrors. Tao et
al.!"8) applied Zernike polynomials to analyze how wavefront
errors affect TTL coupling and gravitational wave detection
sensitivity. Wang et al.!'°! used least-squares estimation with
laser ranging data, identifying pointing angle noise as the main
accuracy limitation. Li er al.?") created a sensitivity matrix
linking manufacturing errors to TTL coupling using Zernike
polynomial analysis. Zhao!'”! conducted a systematic investi-
gation of TTL coupling noise in inter-satellite laser interfero-
metric links under on-orbit temperature gradient conditions.

The aforementioned research shows that the TTL cou-
pling noise factors in the scientific interferometer are numer-
ous. However, current research requires enhancements in the
following three aspects: (i) linear models fail to capture non-
linear coupling effects, (ii) individual parameter analyses can-
not resolve complex system-level interactions, and (iii) the
lack of comprehensive parameter sensitivity hinders design
optimization. To better understand the complex interactions
between these influencing parameters and TTL coupling noise,
we conducted numerical simulations and developed a hierar-
chical model that resolves both linear correlations and nonlin-
ear interdependencies. Through sensitivity analysis, we iden-
tify the critical parameters of the interferometer, which are
most influential in the system’s performance. This analysis
not only aids in unraveling the noise characteristics but also
provides valuable insights for the optimization of the interfer-
ometer.

2. Basic theory

To establish a consistent and physically grounded simu-
lation model, we first outline the fundamental assumptions.
Given the nature of the space-based gravitational wave detec-
tion system and its operating environment, beams are treated
as a classical electromagnetic wave governed by Maxwell’s
equations, propagating in vacuum with a refractive index of 1.
The optical system is linear and is modeled using a combina-
tion of wave optics and geometric optics.>!! Beam propaga-
tion is described using the ABCD matrix formalism under the

paraxial approximation, which is valid due to the small beam
divergence angles and optical component tilts.

The local reference beam emitted from a polarization-
maintaining fiber is modeled as fundamental mode Gaussian
beam. The complex amplitude of the electric field is given by

E(r,z) =Eo(z)e><13{—i¢ac+in(z) — il;'rTQ'r}, (D

where E((z) represents the normalization constant,@,. repre-
sents the accumulated phase, 1(z) represents the Gouy phase,
k represents the wavenumber, Q represents the complex radius
of the curvature tensor for generalized Gaussian beams, and
the superscript T means transposed.

The Gaussian beam emitted from the fiber on the distant
spacecraft propagates over millions of kilometers before being
truncated by the receiving telescope on the local optical bench.
At such large distances, the intensity and phase variances of
the measurement beam at the telescope aperture become neg-
ligible (on the order of 1073%), justifying its approximation as
an ideal top-hat beam. 1]

Imperfect imaging can introduce wavefront aberration
AZ. The complex electric field amplitude of the top-hat beam

after receiving by the telescope can be expressed as!!>2!]
Eru(rz)
Py 1 .
I (ke —we AZ)Y, < Ry,
_ z Ron xpli(kz —wt +@+AZ)}, r <Rrn )
0, r > Rry,

where Rty is the radius of the telescope, Pry is the power of
the top-hat beam, and ¢ is the phase of the beam. AZ is repre-
sented using Fringe—Zernike aberrations: (%]

N
AZ = ZaiZi, 3)

where q; is the coefficient of the i-th Zernike polynomial, and
z; represents the i-th Zernike polynomial.

After the top-hat beam passes through the telescope sys-
tem and undergoes beam contraction, the beam transmission
model based on g-parameter cannot be directly applied. There-
fore, a diffraction propagation model is used to decompose
the wavefront into a superposition of Hermite—Gaussian (HG)
modes, approximating the actual wavefront using a finite num-
ber of modes: [?!-23!

=

E.(x,y):= Z Z A HG o (%, y; Wod ), )]
m=0n=0
HG,;,() denotes the Hermite polynomial, woq is the beam
waist radius of the Hermite—Gaussian mode. The decompo-
sition coefficient a,,, represents the inner product between the
mode and the wavefront:[>!]

Amn = / / HG,,, (x,y, w4 )E (x,y)dxdy. ()
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Heterodyne measurements typically use quadrant photodiodes
(QPD) with four photosensitive segments. The longitudinal
pathlength signal (LPS) is then calculated by combining these
outputs, as defined in LISA Pathfinder (LPF): "]

1
LPSipr = z arg(CA +Cg +Cc + C'D)7 (6)

where A, B, C, and D represent the four quadrants of the QPD.
The TTL coupling noise is characterized using the
LPS, incorporating both geometric and non-geometric factors,

which can be expressed as follows: %4

LPS = OPD +LPS,, 7)

where optical path length difference (OPD) represents the ge-
ometric TTL coupling noise and LPS,; represents the non-
geometric TTL coupling noise. The geometric factors OPD
include the lever arm effect and piston effect.””! The lever
arm effect describes the change in the geometric path length
when one beam is tilted around a pivot point. The piston ef-
fect refers to the longitudinal displacement of the reflective
surface caused by a tilt in the test mass (or mirror), resulting
from an offset between the pivot point and the surface. The
nongeometric TTL coupling noise, LPS,,, encompasses the
beam offset, beam parameters, signal definition, wavefront er-
rors, and detector parameters./>*!

3. Methodology

This section models the heterodyne interference process
and the signal readout of the science interferometer, while sim-
ulating TTL coupling noise to generate a database. A hierar-
chical model is then employed to capture the nonlinear rela-
tionships between the parameters and the noise, as well as to
conduct sensitivity analysis.

3.1. Simulation model

The high-precision laser interferometric systems for
space gravitational wave detection are composed of several

optical components, including lasers, detectors, telescopes,
beamsplitters, and mirrors. An ideal science interferometer
was established based on the preliminary design of the inter-
ferometer for Taiji program, %! as shown in Fig. 1, to simulate
and analyze the TTL coupling noise. The coordinates and nor-
mal vectors of the optical components are provided in Table 1,
the coordinates of RB and MB represent the origins of the two
beams.

Mea beam
T.M.b "\\ == Ref beam
b Other beams

M2

To or
1

!
f
{ from
H
I

PAAM
monitor

telescope

Fig. 1. Schematic diagram of the science interferometer.[*! The beam shown
in red is the reference beam used for the science interferometer, while the
green beam serves as the measurement beam. Beam for other interferometers,
shown in grey. The gray circular base is an optical bench with the center point
of the test mass as the coordinate origin and the stage normal vector as the z-
axis. Its x and y-axes are shown in the upper left of the figure solely to indicate
direction. The reference beam is emitted from fiber deliver 1 (F1), reflected
by beam splitter 1 (BS1), mirror 1 (M1), beam splitter 2 (BS2), beam splitter
7 (BS7), mirror 4 (M4), mirror 5 (MS5), mirror 6 (M6), beam splitter 6 (BS6),
and finally reaches the QPD. The measurement beam is received by telescope
(TS), reflected by beam splitter 8 (BS8), mirror 7 (M7), and then reaches the
QPD through beam splitter 3 (BS3), and beam splitter 4 (BS4), interfering
with the reference beam.

Table 1. List of the optical components of the test mass interferometer.

Item Center coordinates Normal vector coordinates

Abbreviations Description X y z X y z
F1 fiber deliver 1 1174 0.5 0 0 -1 0
MI mirror | 66.3 -69.3 0 V2/2 V2/2 0
BS1 beam splitter 1 103.2 -69.3 0 —V2/2 V2/2 0
BS2 beam splitter 2 66.3 43.9 0 -V2/2 —V2/2 0
BS7 beam splitter 3 34.6 43.9 0 V2/2 V2/2 0
M4 mirror 4 34.6 67.2 0 -V2/2 —V2/2 0
M5 mirror 5 -53.5 67.2 0 V2/2 —V2/2 0
M6 mirror 6 -53.5 -67.5 0 -v2/2 V2/2 0
BS6 beam splitter 3 -73.9 —-67.5 0 V2/2 V2/2 0
TS telescope -23.4 -10.2 33 0 0 -1
BS8 beam splitter 8 234 -116.2 0 —\2/2 V2/2 0
M7 mirror 7 -73.9 -116.2 0 V2/2 V2/2 0
MB measurement beam -234 -10.2 0 0 -1 0
RB reference beam 103.2 0 0 0 -1 0
QPD quadrant photodiodes -73.9 -30.4 0 0 -1 0

010701-3
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The telescope, mounted ahead of the optical bench, cap-
tures the incident beam and transmits it to the receiving port
on the optical bench, as illustrated in Fig. 2.

Optical
bench

Telescope

Fig. 2. Relative position of telescope and optical bench.

We comprehensively analyzed the factors influencing
TTL coupling noise, then designed and simulated the hetero-
dyne interference process within the science interferometer
to accurately calculate its signal output. To improve model
tractability and computational efficiency, several physical pro-
cesses are idealized. Specifically, power losses during beam
propagation, such as absorption, scattering, and reflection, are
neglected, assuming ideal lossless transport. All optical com-
ponents are modeled as ideal surfaces; only wavefront aber-
rations are explicitly introduced, while surface roughness and

Start

Set the simulation start
and end time and step size

material inhomogeneities are not considered.

The simulation workflow is shown in Fig. 3. First, the
simulation start time and step size are set. Then, the parame-
ters of the optical bench are configured. TTL coupling noise
is introduced by altering the telescope radius, wavefront aber-
rations, beam jitter angles, the position and orientation of mir-
rors or beamsplitters. The measurement and reference beams
are modeled as a top-hat beam and a fundamental Gaussian
beam characterized by the g-parameter. The top-hat beam
with wavefront distortion is decomposed into a set of Hermite—
Gaussian modes. The beams are traced through the interfer-
ometer components, with their propagation governed by the
g-parameter transformation according to the ABCD law for
paraxial optical systems. The complex electric field amplitude
due to heterodyne interference is calculated. Finally, the LPS
is extracted using Eq. (6).

This approach simplifies the complex system and enables
Based on the
aforementioned simulation, a dataset for analyzing TTL cou-

more efficient TTL coupling noise analysis.

pling noise in the science interferometer is generated. The first
step involves constructing the input parameter space based on
analysis level. The second step sets the value ranges and sam-
pling intervals for each parameter, utilizing the Latin hyper-
cube sampling method to generate 10* distinct input parame-
ter combinations. Finally, the simulation is executed to obtain
the corresponding LPS values for each set of input parameters.

Set optical platform
parameters

l

Tophat beams Configure measurement
model beam

Beam compression and
mode expansion

Diffraction
propagation model

ian beam!
Gaussian beams Configure reference beam
model

Ray tracing
model

Trace beam axis in
interferometer

L

Transform g-parameter in ABCD matrix
beam propagation model
Compute the complex. TIEtaroayme
amplitude of the electric g o
field interference model

[he current time is less tha
the simulation end time?

N End

Yes
&L
Calculate LPS Signal readout
model
Save LPS

Fig. 3. Simulation flowchart of the science interferometer output.
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3.1.1. Hierarchical model

The analysis of the science interferometer is conducted
using a hierarchical approach for two primary reasons. First,
the telescope plays a critical role as the key optical component
of the science interferometer. It not only receives the incoming
beam but also magnifies the angular deviations of the beam as
they exit the pupil, with the amplification being inversely pro-
portional to the beam focusing ratio.”) Moreover, in practical
designs, telescopes are never perfect; various optical aberra-
tions, such as spherical aberration, chromatic aberration, and
astigmatism, can degrade their performance. These aberra-
tions, resulting from manufacturing imperfections, misalign-
ments, and thermal fluctuations, can introduce distortions in
the wavefront, further complicating the optical characteristics
of the system. Given that the telescope itself involves about 20
parameters, it has a significant impact on the overall system
performance.

Moreover, the interferometer system is characterized by a
large and complex set of parameters. These parameters span a
wide range of types, including pointing jitter, telescope, and
wavefront aberration parameters, optical mirror parameters,
and detector parameters. The diversity and sheer number of
these parameters make it impractical to analyze them collec-
tively within a single framework.

N
| Start )

Constructing parameter space at the
telescope level

l

Constructing parameter space at the
optical bench level

!

Telescope level

Read the telescope-level parameter
list to generate a noise data set

XGBoost model

l

Calculate parameter sensitivity
based on SHAP model

Fitting noise data based on ‘

Save result of telescope level

Optical bench level

Read theoptical bench level
parameter list to generate a noise
data set

XGBoost model

l

Calculate parameter sensitivity
based on SHAP model

Fitting noise data based on

Save result of optical bench level

End

Fig. 4. Algorithmic framework for the hierarchical approach.

Given the large parameter space and the telescope’s criti-
cal role, we adopt a hierarchical analysis approach. The algo-
rithm framework of hierarchical approach is shown as Fig. 4.
This method systematically divides the analysis into two lev-
els: the telescope and the optical bench. At each level, TTL
coupling noise is computed, and a machine learning model is
applied to fit the relationship between parameters and noise,
followed by the calculation of global parameter importance
and interaction effects using attribution values. Such a division
enhances the clarity of understanding the individual contribu-
tions of each component to the overall system performance.

This study employs the XGBoost (eXtreme Gradient
Boosting) regression model,!?’! a typical gradient boosting
machine learning framework, to model the relationship be-
tween influencing parameters and LPS, aiming to address
the multi-parameter coupling characteristics of TTL cou-
pling noise. Moreover, XGBoost is well-suited for handling
high-dimensional parameter problems and offers high accu-
racy, making it an effective tool for this analysis. XGBoost
model provides feature importance values like gain, cover, and
weight, but these methods have limitations and often lack in-
terpretability. Among popular attribution methods, SHAP is
the only one that is consistent and locally accurate.!?8! Sensi-
tivity analysis of the parameters is performed based on SHAP
values and the SHAP attribution matrix.

The objective function of XGBoost is defined as!?”!

obj = Y I(LPS!"™! LPS[™™) +- Y Q(£,), ®)
i t

where LPS?red is the predicted LPS, LPSEruth is the true LPS
according to the data, i is the i-th sample. [ is the loss func-
tion, indicating the error between the real and predicted values,
N is the number of leaves, f;, is the n-th tree, Q(f,) indicates
the complexity of the tree; the smaller this value is, the less
complex the tree and the stronger the generalization ability of
the model.

The coefficient of determination R? is a commonly used
evaluation metric in regression models, measuring the model’s
ability to explain the variability of the data. Its value ranges
from O to 1, with a higher value indicating a better fit of the
model to the data. R? reflects the model’s prediction accuracy
by comparing the error between predicted and actual values:

d
¥ (LPSP™ —Lpsy)2

RP=1-1 —_—, 9
¥ (LPS{™" —LPS)? ®

1

where LPS represents the average value of the LPS in the
dataset.

The Shapley additive explanation (SHAP) values,?%%°]
are used to interpret model predictions based on cooperative
game theory. For a machine learning model with input param-
eters, SHAP values assess each parameter’s contribution by

010701-5
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evaluating its marginal contribution, or the impact on the out-
put when a parameter is excluded. SHAP synthesizes these
contributions by weighing all possible parameter combina-

tions.
The global importance based on SHAP value is calculated
as follows: [28:29]
! S|N(M —|S| —1)!
Im = W Z %
W Scim) :

< (50 ()~ (6] (10)
where W is the number of samples, w is the w-th sample, M is
the number of input parameters, m is the m-th noise influence
parameter, S is the input parameter subset without m used in
the XGBoost model, N is the set of all input parameters. The
fractional term within the summation symbols represents the
weight of the subset S, while the expression in square brack-
ets denotes the marginal contribution of parameter m, f(S)
refers to the expected value of the function f, conditioned on
the subset S of the input parameters. The LPS predicted by the
XGBoost model is used as f;(S) to apply SHAP values in as-
sessing the contribution of input parameters to TTL coupling
noise.

A matrix of attribution values represent the impact of all
pairs of input parameters on the predicted value of LPS:[?®]

011 Q12 - O

01 pp o o

SR : (1)
‘Pﬂ;l,l Ompo - Omm

The elements in the matrix include both interaction ef-
fects and main effects, collectively referred to as interaction
values. The off-diagonal values ¢, , of the matrix represents
the interaction effects. The values ¢, ,, on the diagonal repre-
sent the main effects of the parameters.

To evaluate the statistical significance of SHAP value
rankings, this study employs Kendall’s coefficient of concor-
dance (Kendall’s W) to quantitatively assess ranking stability.
The coefficient is calculated as

125,

kz(ng —np)’

W= (12)

where S}, represents the sum of squared deviations between
each parameter’s rank sum and the mean rank sum, K denotes

the number of samples, and 7, is the total number of parame-
ters. The statistic ranges from 0 to 1, with values approaching
1 indicating perfect agreement among rankings.

The analysis procedure consists of 3 key steps. First, 30
bootstrap subsamples are generated to compute SHAP values
and record parameter rankings. Second, Kendall’s W coeffi-
cient is calculated across all rankings, followed by hypothesis
testing (Hy : W =0; H; : W > 0, p = 0.05). Rejection of HO
when the test result is p < 0.05 confirms the statistical signifi-
cance of ordering stability. This rigorous validation addresses
potential instability concerns in interpretable machine learning
applications.

4. Results and discussion
4.1. Parameter settings

According to the science interferometer shown in Fig. 1,
the parameters of the telescope level are divided into two cat-
egories: pointing jitter parameters and telescope parameters.
The optical bench parameters are divided into three categories:
beam parameters, mirror and beam splitter parameters, and
QPD parameters. The parameter range refers to the index re-
quirements of Taiji-3.110-30-31]

The categories, parameters, and ranges of the telescope-
level parameters and optical bench level parameters are listed
in Tables 2 and 3. Due to the presence of non-conservative
forces in space, relative satellite displacements can induce an-
gular deviations in the measurement beams, resulting in three-
dimensional pointing jitter of the measurement beam. The
telescope system under investigation is characterized by sev-
eral key parameters, including entrance pupil radius, exit pupil
radius, and their modulation effects on the incident wavefront.
Since the measurement beam parameters couple with the tele-
scope’s optical characteristics during propagation, they are in-
tegrated into the telescope-level parameter space. These aber-
rations primarily originate from manufacturing imperfections,
assembly errors, and thermal fluctuations. The telescope’s
optical properties are quantitatively described using Zernike
polynomials, specifically including the following 15 terms:
piston, tilt x, tilt y, defocus, astigmatism x, astigmatism Yy,
coma x, coma y, primary spherical, trefoil x, trefoil y, sec-
ond astigmatism x, second astigmatism y, tetra foil x, and tetra
foil y. A total of 20 parameters made up the telescope-level
parameter space simulated and analyzed in this paper.

Table 2. Telescope-level parameter information for the simulation and analysis of TTL coupling noise.

Categories Parameters Ranges
Measurement beam parameter angle of measurement beam (9 nrad, 11 nrad)
wavelength 1064 nm

Telescope parameters !

entrance pupil radius
exit pupil radius

tilt x, tilt y
wavefront aberration

(199 mm, 201 mm)
(1.99 mm, 2.01 mm)
(0 nm, 1 nm)

(1 nrad, 2 nrad)
A/30

piston
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Table 3. Optical bench level parameter information for the simulation and analysis of TTL coupling noise.

Categories

Parameter

Range

Reference beam parameters

waist radius
waist position
beam offset

(0.4 mm, 0.6 mm)
(—1cm, 1 cm)
(—10 pum, 10 pum)

Mirror and beam splitter parameters

rotation point offset

(—10 pum, 10 pm)

angle (—75 prad, 75 prad)
QPD parameters radius (599.8 pm, 600.2 pm)
slit size (9.8 um, 10.2 wm)

The beam parameters include the waist radius and waist
position of the reference beam. The optical components in
an ideal science interferometer are mainly beam splitters and
mirrors. The displacement and deflection of these components
caused by in-orbit temperature and gravity release will cause
TTL coupling noise.['%1?] The QPD parameters include the
radius and slit size. A total of 66 parameters made up the opti-
cal bench level parameter space simulated and analyzed in this

paper.

4.2. Results of parameter sensitivity analysis

According to the defined parameter space for each level,
the XGBoost model is used to predict the LPS value caused by
TTL coupling noise, and sensitivity analysis is performed by
calculating the global importances.

The global importance of key parameters at the telescope
level, calculated based on SHAP values, is shown in Table 4.
The variable definition rule is as follows: ‘y,” before the un-
derscore denotes the angle of rotation around the y-axis, while
‘tophat’ after the underscore refers to the top-hat beam. ‘R’
represents the radius, ‘TS1’ refers to the telescope’s entrance
pupil, and “TS2’ refers to the telescope’s exit pupil.

Table 4. The global importances for telescope-level influencing factors
of TTL coupling noise.

Variable Meaning Global importance
Ya_tophat ~ angle of measurement beam (y-axis) 0.456
Xa_tophat  angle of measurement beam (x-axis) 0.447

Rrs entrance pupil radius 0.048

Rts> exit pupil radius 0.048

A higher sensitivity indicates that parameter variations
have a greater impact on TTL coupling noise, highlighting the
importance of these parameters during instrument design. At
the telescope level, the angle of the measurement beam with
respect to the y-axis and x-axis demonstrates the most signifi-
cant impact on noise, with global importance scores of 0.456
and 0.447, respectively. The next most influential parame-
ters are the entrance and exit pupil radius, each with a global
importance of approximately 0.05. Pointing jitter is affected
by two main factors: first, the relative misalignment between
spacecraft, which causes angular deviations in the measure-
ment beam; and second, the beam compression, which mag-
nifies the jitter angle inversely according to the compression

ratio. When a top-hat beam with angular deviation propa-
gates through the interferometer bench, it induces both the
lever arm effect and beam displacement on the QPD, gener-
ating TTL coupling noise. The sensitivity analysis reveals that
the impacts of the entrance and exit pupil radii are comparable.
The telescope radius is influenced by manufacturing errors and
temperature variations. Based on this analysis, maintaining the
relative stability of spacecraft positions and carefully choosing
materials and controlling temperature within the telescope are
crucial for minimizing TTL coupling noise.

To further elucidate these results, we introduce a simpli-
fied analytical model. Phase fluctuations arising from laser
pointing jitter are known to contribute to the tilt-to-length cou-
pling noise in precision interferometry, with their functional

form given by[3?!

1 [ 27

3
N i 2
09 = ) ( 1 > dD"6,4:.60, (13)

where 64, represents the static pointing offset, 0 denotes
pointing jitter, and D is the telescope aperture diameter.

Considering thermal effects, the telescope’s diame-
ter exhibits temporal variations due to thermal expan-
sion/contraction of the materials. Crucially, the beam angle
magnification factor is determined by the ratio between the
receiving and output diameters. Consequently, any thermally-
induced diameter variation modulates the pointing jitter pro-
portionally. The resulting temperature-dependent phase noise
can therefore be formulated as

1 /2r¢

3
r_ - [ =" 2
59" = ( ,1) dD?(1)603.m86, (14)

where D(t) represents the thermally-induced diameter varia-
tion, m&6 corresponds to the temperature-dependent pointing
jitter modification. m is the amplification factor of the angular
jitter introduced by the telescope’s magnification ratio. The
analytical results establish that by controlling material proper-
ties and thermal stability to suppress thermally-induced pupil
diameter variations, beam pointing fluctuations can be effec-
tively regulated, leading to significant TTL coupling noise re-
duction.

The global importance of key parameters at the optical
bench level, calculated based on SHAP values, is shown in Ta-
ble 5. The angles of mirror or beamsplitter around z-axis have
the greatest impact on TTL coupling noise at optical bench
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level, with a global importance of approximately 0.1. Numer-

Ya_tophat m’mm “H
La_tophat “m

ically, the sensitivity of the parameters for each mirror is con-

sistent, and the order of beam propagation does not affect this Ros,
sensitivity. Due to in-orbit temperature fluctuations and gravi- Rerss
tational release, mirrors and beamsplitters experience dynamic T tophat—Ya_tophat
random jitter, which induces the lever arm effect, piston ef- R181—Ya_tophat
fect and beam displacement on the QPD. Therefore, selecting Rrsa—Ya_tophat
appropriate materials for optical components and maintaining R752—Za_tophat
precise temperature control are critical for effectively mitigat- Rrs1—Ta_tophat
ing TTL coupling noise. Rrs1—Rrss

—-0.20 —-0.10 0 0.10 0.20

Table 5. The global importances for optical bench level influencing SHAP int i |
interaction value

factors of TTL coupling noise.

Fig. 5. Ranking of SHAP interaction values for telescope-level. The left

Variable Meaning Global importance side of the figure shows the parameters or interaction parameters, with
2o angle of M1 (z-axis) 0.122 :he rtnatl)n ;ﬁects or interaction effects arranged in descending order from
op to bottom.
ZaBsI angle of BS1 (z-axis) 0.120 P
Za_BSS angle of BS8 (z-axis) 0.111
Za_BS2 angle of BS2 (z-axis) 0.111 Rrsa - 380 10%
Za_BS7 angle of BS7 (z-axis) 0.104 35%
Za_BS6 angle of BS6 (z-axis) 0.090 .
. Rrs1 - 017 3.80 30%
Za_M7 angle of M7 (z-axis) 0.087 25%
Za_M5 angle of M5 (z-axis) 0.086 20%
Za_M4 angle of M4 (z-ax%s) 0.084 Ta_tophat - 038 6% 5%
Za_M6 angle of M6 (z-axis) 0.082 0%
-5%
. . . . Ya_tophat - 036 0.35
As shown in Fig. 5, the telescope-level SHAP interaction
value rankings exhibit exceptional consistency (Kendall’s W = Ryss  Risi Ta_tophat Y tophat

0.826, p = 0.013), indicating statistically significant agree- . ) .
Fig. 6. Heatmap of the strength of telescope-level SHAP interaction

ment. Each row represents 10* data points, corresponding to values.

the sample size of the dataset. The colors of the data points

correspond to different effects, with red indicating a positive Za M1 .
change in the parameter and blue indicating a negative change. Za_BS1

Main effects are displayed for individual parameters, while in- Za_BS8

teraction effects are shown when parameters are considered to- Za_BS2

gether. For instance, when y;, (ophat 18 displayed alone, it repre- Za_BST

sents the main effect of the measurement beam angle (y-axis). Za_M5

However, when y,_tophat — (Other parameters) is shown, it illus- Za_Mr7

trates the interaction effect between y, (ophar and other parame- Fa_M4
. . . . . Z, Y

ters, capturing the combined influence on TTL coupling noise. a-Mo

Za_BS6

The width of the plot reflects the concentration of data sam-

. . cg. . . . Za_M1—Za_BS
ples, with wider subplots indicating a greater impact on noise, a-MimFa-bsl

. . . . Za _Za
both for main and interaction effects. Figure 6 presents the ~PSimTa-ps2

. . Za BS2—Za_BSS8
SHAP interaction value strength at the telescope level, quan-

tifying the proportional contribution of parameter interactions zfii_:ij:
to the total noise. The plots clearly demonstrates that the point- e BS1 % B
ing jitter angle of measurement beam has a significant impact [
on TTL coupling noise. In addition to the substantial effect of e M1 Za BST

individual parameters, the interaction between angles of mea-
Za_BS7—2a_BS8

surement beam also contributes to TTL coupling noise. There- %o BS7T—Z%a_BS2

fore, when aiming to suppress TTL coupling noise, particular , . , . | : : : .
—0.8 —0.4 0 0.4 0.8

attention should be given to the pointing jitter, which serves ) )
SHAP interaction value

as a critical design constraint for the relative stability between

satellites. Fig. 7. Ranking of SHAP interaction values for optical bench level.
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Figure 7 shows the ranking of the SHAP interaction val-
ues at the optical bench level. At the optical bench level,
the SHAP interaction value rankings demonstrated robust con-
sistency, with Kendall’s W coefficient reaching 0.760 (p =
0.39), indicating statistically significant agreement. Figure 8
presents the SHAP interaction value strength at the optical
bench level. It is obvious from the figures that the angle of the
mirror and beam splitter along the z-axis has a strong effect
on the TTL coupling noise. In addition to the strong influence
of individual parameters on TTL coupling noise, the interac-
tion between different mirror angles also contributes to TTL
coupling noise. Therefore, special attention should be given to
the angle around z-axis when suppressing TTL coupling noise.
This provides constraints for the selection of optical compo-
nent materials and temperature control on the optical bench.

za_ M1 iR

Za_BS1 - 1.44 pEY]

2.2%
Za_ps2 -1.26 136 EXY

2.0%
Za_ps7 - 116 118 1.10

1.8%
Za aa- 058 081 075 0.81

- 1.5%
Za M3 -0.76 0.77 0.78 0.67 0.63

L 1.2%
Za w - 0.77 0.80 0.75 0.65 0.61 0.75

L 07
Za m7-0.83 079 0.69 0.78 0.65 0.71 0.68 1.0%
Za BsG - 0.84 084 0.82 082 0.69 073 079 0.79 -0.8%

Za_pss - 1.24 118 [1.33] 1.

Bl 0.79 0.77 0.66 0.86 0.79
Voged o8l oSl b a5 w6l osb  oes
Ze )\h%f«ve%afﬁsza/g?’%a)\ %a)ﬁ % )“m/“\m??’ m»/?”%

Fig. 8. Heatmap of the strength of optical bench-level SHAP interaction
values.

After retaining the top 3 and top 10 parameters for each
level, the R-squared value stabilizes around 0.8, indicating that
the XGBoost model effectively fits the relationship between
key parameters and TTL coupling noise, even after eliminat-
ing redundant ones.

5. Conclusion

Based on Gaussian beams, top-hat beams, diffraction
propagation, ray tracing, ABCD matrices, heterodyne inter-
ference, and QPD signal readout models, simulations of the
Taiji program’s science interferometer were conducted at both
the telescope and optical bench levels to generate TTL cou-
pling noise data. Sensitivity analysis was conducted for single-
factor and multi-factor scenarios by combining SHAP values
with attribution matrices. This analysis reduced the param-
eter space from 20 dimensions to 4 dimensions at the tele-
scope level, retaining key parameters including pointing jitter
angles, telescope entrance pupil radius, and exit pupil radius.
Similarly, the optical bench level parameter space was reduced

from approximately 66 dimensions to 10 dimensions, focusing
primarily on angle-related parameters.

At the telescope level, the analysis revealed that point-
ing jitter angles around the y- and x-axes had the greatest im-
pact on TTL coupling noise, followed by the telescope’s en-
trance and exit pupil radii. Additionally, the interaction be-
tween pointing jitter and the telescope radius also contributed
to the noise. At the optical bench level, z-axis angles of mirrors
and beamsplitters showed the strongest effects on TTL cou-
pling noise, with interactions between these angles playing an
important role. These results suggest that future experiments
should prioritize parameters related to pointing jitter and tele-
scope radius, while also focusing on angular jitter of optical
components on the interferometer bench.

This study presents a hierarchical sensitivity analysis
framework to systematically investigate and quantify the dom-
inant factors influencing TTL coupling noise in the scientific
interferometer system. The analysis yields critical design con-
straints across multiple subsystems: (i) required stability spec-
ifications for satellite relative positioning, (ii) optimal ma-
terial selection and thermal control parameters for the tele-
scope assembly, and (iii) temperature management for the op-
tical bench components. Furthermore, the proposed method-
ology successfully addresses computational convergence chal-
lenges associated with high-dimensional parameter optimiza-
tion (N = 86), demonstrating robust performance in identify-
ing key parameters while maintaining numerical stability. This
systematic approach provides an effective optimization strat-
egy for complex interferometer systems, achieving an 84% re-
duction in parameter space dimensionality without compro-
mising analytical accuracy.

Looking forward, future research can focus on sev-
eral promising directions to enhance the applicability and
robustness of the current framework. First, incorporating
more detailed physical modeling of the telescope and optical
bench components, including realistic surface imperfections,
thermal-mechanical coupling, and in-orbit environmental ef-
fects, would improve the fidelity of simulations and better cap-
ture subtle noise sources. Second, expanding the dataset with
experimental or on-orbit measurement data will enable more
accurate calibration and validation of the machine learning
models, further enhancing the physical interpretability of sen-
sitivity results. Third, integrating causal inference techniques
alongside XGBoost and SHAP could provide deeper insights
into the underlying physical mechanisms governing TTL cou-
pling noise, moving beyond correlation-based analysis. Lastly,
exploring adaptive sampling and active learning methods may
reduce the computational burden of high-dimensional simula-
tions, enabling real-time or near-real-time sensitivity analysis
for evolving mission conditions. These developments will sig-
nificantly broaden both the theoretical boundaries and practi-
cal applicability of the proposed method, providing valuable
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guidance for designing and operating future space-based grav-
itational wave detectors.

Appendix A

To assess the appropriate decomposition order for
Hermite—Gaussian modes, this study employs the normalized
mean squared error (NMSE) as the quantitative evaluation
metric. The NMSE is calculated as

||EN(x7y) _ETH(va)H2

NMSE = S
| Era(x, )]

(A

where EV (x,y) represents the decomposed beam with order N,
and Etp(x,y) denotes the top-hat beam with wavefront distor-
tion. The beam parameters are specified in Table Al.

Table Al. Top-hat parameter information with wavefront aberrations.

Parameter Value
Power 125x107° W
Beam radius 2 mm
Wavelength 1064 nm
Wavefront error A/30

The decomposition was performed for mode orders N =
5, 10, 20, 30, and 40. The corresponding NMSE values are
presented in Table A2. The results demonstrate that at N = 40,
the decomposition achieves an NMSE of 1%, indicating excel-
lent reconstruction accuracy. However, considering computa-
tional efficiency, we select N = 20 as the optimal order, which
maintains 95% accuracy while offering significantly improved
computation speed.

Table A2. Normalized mean square error at different decomposition
orders.

Mode order (N) NMSE
5 0.10
10 0.07
20 0.05
30 0.02
40 0.01
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