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In this work, we explore the doubly localized wave solutions for the (2+1)-dimensional Maccari system using Hirota’s
bilinear method and Kadomtsev–Petviashvili (KP) hierarchy reduction method. These solutions illustrate the temporal
evolution of a line rogue wave and a lump in the background of a breather or homoclinic orbit. The line rogue wave in these
solutions is characterized by two endpoints, and is thus referred to as a line-segment rogue wave. The lump is also a doubly
localized wave known as a rogue lump, which is also localized in both time and two spatial dimensions. These waves
emerge from the breather waves or homoclinic orbits and remain unchanged for a short period of time, eventually merging
into other breather waves or homoclinic orbits. Notably, these rogue lumps appear and vanish alongside the homoclinic
orbits and play a significant role in understanding extreme events in physical scenarios.
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1. Introduction
The study on the collision behavior of localized waves

with other waves in two- and high-dimensional nonlinear inte-
grable systems is of significant importance in the field of non-
linear science.[1] These nonlinear integrable systems consist
of several important solitons, such as lump, rogue wave, line
soliton, breather, and others. Lump as a kind of localized wave
remains a local feature in two-dimensional (2D) space and has
an important significance in the study of the formation and
evolution of extreme wave events in various fields, including
nonlinear optics,[2] plasma,[3] Bose–Einstein condensate,[4]

and shallow water surface.[5] Lump solitons maintain their
shapes and amplitudes unchanged during the process of tem-
poral evolution. However, they undergo changes through non-
elastic interactions with other solitons. The rogue wave phe-
nomenon was initially discovered by Draper[6] and is char-
acterized by “appear from nowhere and disappear without a
trace”.[7] A rogue wave, also known as a monster wave or
killer wave, is characterized by having a wave height more
than twice that of the surrounding waves. This phenomenon
is not only observed in the ocean but also in other fields, such
as space plasma,[8,9] optics,[10] Bose–Einstein condensate,[11]

atmosphere,[12] and finance.[13] A rogue wave typically mani-
fests as a nonlinear wave in high-dimensional systems, demon-
strating infinite length and temporal localization but not spa-
tial localization.[14,15] Breather, also known as periodic soli-
ton, can be classified according to its locality and period-
icity in time and space. These classifications include the

Akhmediev breather,[16] Kuznetsov–Ma soliton,[17,18] Tajiri–
Watanabe breather,[19] and line breather (also referred to
as homoclinic orbit). Interaction of these breathers leads
to breather molecules,[20,21] and super breathers.[22,23] To
describe the phenomena of these nonlinear waves in var-
ious fields, important methods have been proposed, in-
cluding the Darboux transformation,[24–28] inverse scattering
method,[29–31] Hirota’s bilinear method,[32] KP hierarchy re-
duction method,[33–37] etc. Regarding these aspects, our team
has reported some significant results.[38–43]

It is worth noting that lump, line rogue wave and
homoclinic orbit only arise in high-dimensional nonlinear
systems.[44–47] These solitons and their mixtures can be math-
ematically described by the (semi-)rational solutions. The
resonant collisions between these waves generate some in-
triguing waveforms, which were initially investigated by
Miles.[48,59] Recently, the emission and absorption of lumps
in soliton backgrounds have garnered significant attention
from researchers. The time evolution processes involving
lumps emerging from breathers and subsequently merging into
other breathers are referred to as complete resonant collisions.
These collisions result in lumps that are doubly localized in
both time and space, commonly known as rogue lumps.[50]

Chen et al. have studied the rogue wave of the massive
Thirring model and nonlocal nonlinear Schrödinger equation
by virtue of the KP reduction and physics-informed neural net-
work method, respectively.[51,52] Dai et al. have researched the
collapse of soliton-like bubble by cavitation leading to launch-
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ing of microbots.[53] However, our works focus on the con-
struction of the double localized wave consisting of the lump
and multi-breather waves, which show a complete resonant
collision process between the lump and breathers. Further-
more, these lumps likely emerge from the background of ho-
moclinic orbits and decay alongside the latter towards a con-
stant state during time evolution.[54] Recently, Ma[55,56] intro-
duced a new method to get the lump solutions or lump-type
solutions of the equation by using Hirota’s bilinear method.

In this paper, we concentrate on the high-order doubly lo-
calized waves for the (2+1)-dimensional Maccari system[57]

iut +L1u+uv = 0,L2v−2L1|u|2 = 0,

L1 =
1
4
(1− sλ

2)∂xx + sλ∂xy− s∂yy,

L2 =−
1
4
(1+ sλ

2)∂xx + sλ∂xy− s∂yy,

(1)

where u, v are the complex functions of time t and spatial
variables x, y, while s and λ denote arbitrary real constants.
Maccari initially proposed this equation by utilizing a reduc-
tion method that relied on spatial–temporal rescaling. This
equation can be applied to describe the nonlinear phenomena
in 2D systems, such as water waves, nonlinear optics, pho-
tonics, and matter waves in Bose–Einstein condensates. Re-
cently, Maccari has demonstrated that this equation serves as
a generic model for describing rogue waves in various physi-
cal settings.[58] Regarding this model, Rao et al. constructed
semi-rational solutions to analyze the complete resonant colli-
sion between lumps, breathers, and multi-line solitons.[59] Fu-
sion and fission collisions between lumps and multi-breathers
have been reported in Ref. [60]. Furthermore, the interactions
of line solitons, lumps and line rogue waves for the nonlocal
Maccari system have been investigated using Hirota’s bilin-
ear method.[47] Bright–dark mixed soliton solutions have been
reported in Ref. [61]. Ma derived the rogue wave solution
of the coupled Maccari system using the truncated Painlevé
approach, and Meng studied a 2D multi-component Maccari
system and obtained nondegenerate soliton solutions.[62,63] To
the best of our knowledge, the consideration of the rogue lump
and line-segment rogue wave in a breather or a homoclinic
orbit background is lacking. Therefore, the following three
problems arise:

(i) How do the doubly localized waves move between
breathers, and what variations do the amplitudes of these
lumps exhibit?

(ii) What occurs when the doubly localized waves emerge
and vanish from the homoclinic orbit during the time evolu-
tion?

(iii) How do the shapes and intensities of high-order dou-
bly localized waves transform in the presence of a breather or
homoclinic orbit background?

To solve these problems, we construct the double local-
ized wave solutions of the Maccari system using the KP re-
duction method. Additionally, we also analyze the time evolu-
tion behaviors of lumps in the backgrounds of multi-breathers
or homoclinic orbits using the parameter restriction and maxi-
mum amplitude function analysis method. Our objective is to
utilize the KP reduction method to construct the semi-rational
solutions in the form of a Schur polynomial. These solutions
are intended to describe the complete resonant collision be-
tween localized waves and breather waves. We will analyze
the behavior of first- and high-order doubly localized waves as
they propagate in the background of breathers or homoclinic
orbits.

The structure of the paper is arranged as follows: In Sec-
tion 2, we derive the semi-rational solutions of the (2+1)-
dimensional Maccari system by combining Hirota’s bilinear
method and the KP hierarchy reduction method. In Section 3,
we provide a detailed analysis of the simplest doubly localized
wave solution, which involves two doubly localized waves. In
Section 4, we theoretically and graphically discuss the pres-
ence of high-order doubly localized waves in a three-breather
or homoclinic orbit background. Finally, in the last section,
we discuss these results.

2. Bilinearization and doubly localized wave so-
lutions
In this section, we construct the semi-rational solutions by

employing the KP hierarchy reduction method. To accomplish
this, we first derive the bilinear form in the following lemma.

Lemma 1 (2+1)-dimensional Maccari system (1) con-
verts to the bilinear form[

iDt +
1
4
(1− sλ

2)D2
x + sλDxDy− sD2

y

]
g · f = 0, (2)[

2− 1
4
(1+ sλ

2)D2
x + sλDxDy− sD2

y

]
f · f = 2|g|2, (3)

via the dependent variable transformations

u(x,y, t) =
g(x,y, t)
f (x,y, t)

,

v(x,y, t) = 2L1 ln f (x,y, t),

where f (x,y, t) represents a real function and g(x,y, t) denotes
a complex function to be determined later. L1 is the differential
operator given by system (1). D represents Hirota’s bilinear
operator.[32]

Theorem 1 (2+1)-dimensional Maccari system admits
(K +1)th-order doubly localized wave solutions

u(x,y, t) =
g(x,y, t)
f (x,y, t)

, v(x,y, t) = 2L1 ln f (x,y, t), (4)

where g = τ1, f = τ0 are provided by a tau-function

τn = det
1≤i, j≤N

(
m(n)

i j

)
,
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where the element m(n)
i j is given by

m(n)
i j =

2

∑
k=1

2

∑
l=1

(
− pk

p∗l

)n

eξk+ξ ∗l +ξ
(0)
ik +ξ

(0)∗
jl

×
2K+2−i− j

∑
σ=0

(−1)σ(
pk + p∗l

)σ+1 ∂
σ
x1

Pik(n)P∗jl(−n),

Pik(n) =
K+1−i

∑
α=0

a[α]
ik SK+1−α (𝑥k(n)) ,

𝑥k(n) = (x1k +n,x2k, . . . ,xrk, . . .) ,

xrk =
(−2)r

r!p2
k

x−2 +
(−1)r

r!pk
x−1 +

1
r!

pkx1 +
2r

r!
p2

kx2,

ξk = ∑
ν=−2,−1,1,2

pν
k xν ,

where xν , (ν =−2,−1,1,2) are given by Eq. (13).
Proof Based on the Sato theory[14,15] and Ref. [64] we

give the bilinear KP hierarchy

(D2
x1
−Dx2)τn+1 · τn = 0,(D2

x−1
+Dx−2)τn+1 · τn = 0, (5)

(Dx1Dx−1 −2)τn · τn =−2τn+1 · τn−1, (6)

which has the Gram-type solution

τn = det
1≤i, j≤N

(
m(n)

i j

)
.

m(n)
i j denotes the complex functions and satisfies the differen-

tial and difference equations

m(n+1)
i j = m(n)

i j +ψ
(n)
i φ

(n+1)
j ,

∂x−1m(n)
i j =−ψ

(n−1)
i φ

(n+1)
j ,

∂x−2m(n)
i j =−ψ

(n−2)
i φ

(n+1)
j −ψ

(n−1)
i φ

(n)
j ,

∂x1m(n)
i j = ψ

(n)
i φ

(n)
j ,

∂x2m(n)
i j = ψ

(n+1)
i φ

(n)
j +ψ

(n)
i φ

(n−1)
j ,

∂xν
ψ

(n)
i = ψ

(n+ν)
i , ∂xν

φ
(n)
j =−φ

(n−ν)
j ,

where ν = −2,−1,1,2 and ψ
(n)
i ,φ

(n)
j are the complex func-

tions of the variables xν . In order to construct the doubly lo-
calized wave solutions of system (1), we suppose three func-
tions

m(n)
i j =

∫ x1

−∞

ψ
(n)
i φ

(n)
j dx1 , ψ

(n)
i =

2

∑
k=1

Aik pn
k eξik ,

φ
(n)
j =

2

∑
l=1

B jl (−ql)
−n eη jl ,

where the differential operators Aik,B jl and the complex line
functions ξik,η jl are defined as

Aik (pk) =
K+1

∑
α=0

a[α]
ik

(K +1−α)!
(

pk∂pk

)K+1−α
,

B jl (ql) =
K+1

∑
β=0

b[β ]jl

(K +1−β )!
(
ql∂ql

)K+1−β
,

ξik = ξk +ξ
(0)
ik , ξk = ∑

ν=−2,−1,1,2
pν

k xν ,

η jl = ηl +η
(0)
jl , ηl = ∑

ν=−2,−1,1,2
qν

l xν .

Here pk, ql , ξ
(0)
ik , η

(0)
jl are the complex constants. In addition,

we can obtain

K+1

∑
α=0

a[α]
ik

(K +1−α)!
(

pk∂pk

)K+1−α pn
k eξik = Pik(n)pn

k eξik , (7)

K+1

∑
β=0

b[β ]jl

(K +1−β )!
(
ql∂ql

)K+1−β
(−ql)

−n eη jl

= Q jl(n)(−ql)
−n eη jl , (8)

where Pik(n), Q jl(n) are the functions of xν . Integrating by
parts yields

m(n)
i j = ci j +

2

∑
k=1

2

∑
l=1

(
− pk

ql

)n

eξik+η jl

×
2K+2

∑
σ=0

(−1)σ

(pk +ql)
σ+1 ∂

σ
x1

Pik(n)Q jl(n).

Without loss of generality, we can take the integration constant
ci j = 0. If we let

pk = q∗k , ξ
(0)
ik = η

(0)∗
ik , a[α]

ik = b[α]∗
ik ,

and x−1,x1 be real, one yields

ξik = η
∗
ik, ξ

′
k =

(
η
′
k
)∗
, Pik(n) = Q∗ik(−n), (9)

m(n)
i j =

(
m(−n)

ji

)∗
, τn = τ

∗
−n. (10)

Next, in order to calculate the function Pik(n), we give(
pk∂pk

)r pn
k eξik = Sr pn

k eξik ,

where Sr = Sr (pk) is a Schur polynomial. We further obtain a
recurrence relation(

pk∂pk

)r+1 pn
k eξik

=
(

pk∂pk

)[(
pk∂pk

)r pn
k eξik

]
=
(

pk∂pk

)[
Sr(pk)pn

k eξik
]

=
[
pk∂pk Sr (pk)+ξ

′
kSr (pk)

]
pn

k eξik = Sr+1(pk)pn
k eξik ,

where the derivative function ξ ′k is given as

ξ
′
k =−

2
p2

k
x−2−

1
pk

x−1 + pkx1 +2p2
kx2.

One easily obtains

p−n
k e−ξik eε pk∂pk pn

k eξik

= exp [nε +ξik (eε pk)−ξik (pk)]

= exp

(
∞

∑
r=1

ε
rxrk

)
=

∞

∑
r=0

ε
rSr (𝑥k(n)) , (11)
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with

𝑥k(n) = (x1k +n,x2k, . . . ,xrk, . . .) ,

xrk =
(−2)r

r!p2
k

x−2 +
(−1)r

r!pk
x−1 +

1
r!

pkx1 +
2r

r!
p2

kx2.

Comparing the coefficient of εr in Eq. (11), we obtain

p−n
k e−ξik

(
pk∂pk

)r

r!
pn

k eξik = Sr (𝑥k(n)) . (12)

According to Eqs. (7)–(12), it is not hard to find

Pik(n) = ∑
K+1
α=0 a[α]

ik SK+1−α (𝑥k(n)) .

Supposing g = τ1, f = τ0, under the complex symmetry con-
ditions (9)–(10), and using variable transformations

x−2 = x∗2 =−
i
2

t, x−1 = x+
(

λ − λ
√
−s−1

2
√
−s

)
y,

x1 = x+
λ
√
−s−1

2
√
−s

y, (13)

the solutions (4) of the bilinear KP hierarchy (5)–(6) also sat-
isfy the bilinear equations (2)–(3). Without loss of generality,
we can set a[0]ik = 1,a[α]

ik = 0,α 6= 0,s =− 1
4 ,λ = 1 in the next

study. Furthermore, it is not difficult to find that p1, p2 are not
pure imaginary constants.

3. Doubly localized waves in the two-
breather/homoclinic orbit background

In this section, taking K = 1 in Theorem 1, we derive the
second-order doubly localized wave solution as follows:

τn =
(

T [1,1]
1 T [1,1]

4 −T [1,1]
2 T [1,1]

3

)
e2ξ

(0)
1 +2ξ

(0)
2 e2ζ+2ζ ∗ +T [2,2]

1 T [2,2]
4 −T [2,2]

2 T [2,2]
3

+
[(

T [1,1]
1 T [1,2]

4 −T [1,2]
2 T [1,1]

3

)
eξ

(0)
1 +

(
T [1,2]

1 T [1,1]
4 −T [1,1]

2 T [1,2]
3

)
eξ

(0)
2

]
eξ

(0)
1 +ξ

(0)
2 e2ζ+ζ ∗

+
[(

T [1,1]
1 T [2,1]

4 −T [1,1]
2 T [2,1]

3

)
eξ

(0)
1 +

(
T [2,1]

1 T [1,1]
4 −T [2,1]

2 T [1,1]
3

)
eξ

(0)
2

]
eξ

(0)
1 +ξ

(0)
2 eζ+2ζ ∗

+
(

T [1,2]
1 T [1,2]

4 −T [1,2]
2 T [1,2]

3

)
eξ

(0)
1 +ξ

(0)
2 e2ζ +

(
T [2,1]

1 T [2,1]
4 −T [2,1]

2 T [2,1]
3

)
eξ

(0)
1 +ξ

(0)
2 e2ζ ∗

+
[(

T [1,1]
1 T [2,2]

4 −T [1,2]
2 T [2,1]

3

)
e2ξ

(0)
1 +

(
T [2,2]

1 T [1,1]
4 −T [2,1]

2 T [1,2]
3

)
e2ξ

(0)
2

+
(

T [2,1]
1 T [1,2]

4 −T [2,2]
2 T [1,1]

3 +T [1,2]
1 T [2,1]

4 −T [1,1]
2 T [2,2]

3

)
eξ

(0)
1 +ξ

(0)
2

]
eζ+ζ ∗

+
[(

T [1,2]
1 T [2,2]

4 −T [1,2]
2 T [2,2]

3

)
eξ

(0)
1 +

(
T [2,2]

1 T [1,2]
4 −T [2,2]

2 T [1,2]
3

)
eξ

(0)
2

]
eζ

+
[(

T [2,1]
1 T [2,2]

4 −T [2,2]
2 T [2,1]

3

)
eξ

(0)
1 +

(
T [2,2]

1 T [2,1]
4 −T [2,1]

2 T [2,2]
3

)
eξ

(0)
2

]
eζ ∗ , (14)

where

T [k,l]
1 =

1
pk + p∗l

(
− pk

p∗l

)n[(
x1k +n− pk

pk + p∗l

)
×
(

x∗1l−n−
p∗l

pk + p∗l

)
+

pk p∗l
(pk + p∗l )

2

]
,

T [k,l]
2 =

1
pk + p∗l

(
− pk

p∗l

)n(
x1k +n− pk

pk + p∗l

)
,

T [k,l]
4 =

1
pk + p∗l

(
− pk

p∗l

)n

,

T [k,l]
3 =

1
pk + p∗l

(
− pk

p∗l

)n(
x∗1l−n−

p∗l
pk + p∗l

)
,

ζ = ξ1−ξ2,ξ
(0)
i = ξ

(0)
i1 −ξ

(0)
i2 .

This solution is regarded as the simplest doubly localized wave
solution comprising two rational waves and two breathers. In
this complete resonant collision process, only one of two ra-
tional waves can appear for a short time. This is because the
resonant collision leads to the assimilation of another rational
wave at the initial state of interaction. This doubly localized

feature is formed by the resonant collision between the ratio-
nal waves and two breathers. It is also similar to the interaction
behaviors between the rational wave and two line solitons, but
the distinction is that only one rational wave exists in the line
soliton background. The states of these two rational waves are
determined by the phase difference. When one sets ξ

(0)
1 > 0,

the rational wave determined by p1 appears and moves along
the trajectory x11 ≈ 0 between two breathers, meanwhile the
other rational wave determined by p2 disappears. When one
sets ξ

(0)
1 < 0, the rational wave determined by p2 appears and

moves along the trajectory x12 ≈ 0 between two breathers.
When one sets ξ

(0)
1 ≈ 0, there are only two breathers in the

constant background, and they become compact near t = 0. It
is worth mentioning that the two rational waves can be iden-
tified by the solution urational = T11(1)/T11(0), where T11(n) is
the coefficient of eζ+ζ ∗ in Eq. (14). In addition, these ratio-
nal waves can be divided into two cases: (i) line rogue wave
(pkI = 0); (ii) lump (pkI 6= 0), in which the line rogue wave in
the doubly localized wave solution, is also referred as a line-
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segment rogue wave with a finite wavelength. On the other
hand, a rogue lump is a localized phenomenon that occurs

in both time and two-dimensional space. These two types of
waves are doubly localized wave in 2D physical setting.
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Fig. 1. The time evolution of line-segment rogue wave in the background of two-breather via parameters: p1 = 1, p2 =
1
5 −

1
2 i, ξ
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21 = 2π .

3

2

1

0

0
0

-10
-20

10 20
x

y

u


t/↩20

3

2

1

0

0
0

-10
-20

10 20
x

y

u


t/↩

3

2

1

0

0
0

-10
-20

10 20
x

y

u


t/0

3

2

1

0

0
0

-10
-20

10 20
x

y

u


t/20

2

1

0

0
0

-10
-20

10 20
x

y

u


t/↩20

2

1

0

0
0

-10
-20

10 20
x

y

u


t/↩

2

1

0

0
0

-10
-20

10 20
x

y

u


t/0

2

1

0

0
0

-10
-20

10 20
x

y

u


t/20

2

1

0

0
0

-10
-20

10 20
x

y

u


t/20

2

1

0

0
0

-10
-20

10 20
x

y

u


t/0

2

1

0

0
0

-10
-20

10 20
x

y

u


t/↩

2

1

0

0
0

-10
-20

10 20
x

y

u


t/↩20

Fig. 2. The time evolution of a rogue lump in the background of two-breather via parameters: p1 = 1− 1
2 i, p2 =

7
50 −

1
2 i, the first line: ξ

(0)
11 =−ξ

(0)
21 = 2π ,

the second line: ξ
(0)
11 =−ξ

(0)
21 =−2π , and the third line: ξ

(0)
11 = ξ

(0)
21 = 2π .

Next, we show the interaction between the line-segment

rogue wave and two breathers. As depicted in Fig. 1, we

display the four states of a line-segment rogue wave with x-

direction during the complete resonant collision process at

times t =−7, −1, 0, 7. The line-segment rogue wave appears

from two breathers with unchanged period at time t = −1

and attains the highest peak at t = 0. At the same time, two

breathers move along the positive x-direction. Finally, the

line wave is absorbed into the background due to the res-

onant collision of these waves. At the stages of input and

output, there is no line-segment rogue wave in the breather

background. Without loss of generality, if we let p1 = k− 1
2 i

in the first-order rational solution, one obtains three critical

points (xi,yi),(i = 1,2,3) which are identified by the condi-

tions ∆x = 0,∆y = 0. The maximum point satisfies the second-

order derivative conditions ∆ > 0, ∆̃ < 0. The minimum point

satisfies the second-order derivative conditions ∆ > 0, ∆̃ > 0,

where

∆x =
∂ |u|
∂x

, ∆y =
∂ |u|
∂y

,

∆ =
∂ 2|u|∂ 2|u|

∂x2∂y2
− ∂ 2|u|

∂x∂y
, ∆̃ =

∂ 2|u|
∂x2

.

By calculating these conditions, we obtain three types of
lumps that correspond to the intervals of k as follows: Bright
lump contains a maximum point (x1,y1) and two minimum
points (x3±,y3±), when k∈ (−∞,−

√
3

2 ]∪ [
√

3
2 ,+∞); Four-petal

lump contains two maximum points (x2±,y2±) and two min-
imum points (x3±,y3±), when k ∈ (−

√
3

2 ,− 1
4

√
2
√

17−2)∪
( 1

4

√
2
√

17−2,
√

3
2 ); Dark lump contains two maximum

points (x2±,y2±) and a minimum point (x1,y1), when k ∈
[− 1

4

√
2
√

17−2, 1
4

√
2
√

17−2]. Now, assuming the param-
eters p1 = 1− 1

2 i, p2 = 7
50 −

1
2 i, the complete resonant solu-

tion comprises a bright rogue lump and a dark rogue lump
together with two breathers. According to the results pre-
sented above, the phase parameters ξ

(0)
11 ,ξ

(0)
21 can be cho-
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sen as three cases, which correspond to the different inter-
action phenomena. If we choose ξ

(0)
11 = 2π,ξ

(0)
21 = −2π , as

shown in Fig. 2, a bright rogue lump appears from the right
breather and moves along the trajectory ( 393t

320 ,
57t
160 ); mean-

while, the dark rogue lump disappears from the breather back-
ground since it is absorbed in the initial state. By calculat-
ing the bright rogue lump, we can obtain a maximum point
( 393t

320 + 1051
6536 ,

57t
160 −

1051
9804 ) and two minimum points ( 393t

320 +
1051
6536 −

7
√

11
128 , 57t

160 −
1051
9804 +

9
√

11
64 ). After that, the bright rogue

lump disappears into the left breather at about t = 10. As
shown in Fig. 3(a), the overlapping part of the blue solid line
(denoting the maximum amplitude of the rogue lump) and
the yellow dashed line (representing the minimum amplitude
of the rogue lump) indicates that there is no rogue lump be-
tween two breathers. In the non-overlapping part, the vibration
continuously occurring in the amplitude curve shows that this

rogue lump changes its amplitude for a short time. Thus, we
do not present its extreme amplitude. Furthermore, if we let
ξ
(0)
11 < ξ

(0)
21 , i.e., ξ

(0)
11 =−2π,ξ

(0)
21 = 2π , there is only the dark

rogue lump in the same breather background but the bright
rogue lump disappears. Similarly, we can obtain a maximum
point ( 3317281503

2106250000 t + 96275
22876 ,−

2956813497
1053125000 t − 96275

34314 ) and a min-

imum point ( 3317281503
2106250000 t + 96275

22876 −
4087
√

1826
70000 ,− 2956813497

1053125000 t −
96275
34314 +

913
√

1826
35000 ). Thus, one can obtain the dark rogue lump

with velocity ( 3317281503
2106250000 t,− 2956813497

1053125000 t), which moves along
the line 1971208998x+1105760501y = 0 and merges into the
other breather. The main part of the dark lump is located
below the plane (also shown in Fig. 3). When one chooses
ξ
(0)
11 = ξ

(0)
21 = 2π , as observed in the third line in Fig. 2, only

two breathers move along the x-direction and show the pro-
cesses of concentration and separation.
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Fig. 3. The extremum amplitudes of rogue lump in the backgrounds of two-breather or two homoclinic orbits correspond to Figs. 2 and 5. Blue solid
lines represent the maximum amplitude of the rogue lumps, while yellow dashed lines represent the minimum amplitude of the rogue lumps.
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Fig. 4. The time evolution of a rogue lump in the background of two homoclinic orbits via parameters: p1 = p∗2 = 1− 1
2 i, ξ

(0)
11 =−ξ

(0)
21 = 2π .

An interesting phenomenon is that breather waves trans-

form to line breathers, also called homoclinic orbits, in the

plane if one satisfies the parameter relation p1 = p∗2. This kind

of line breather originates from the oscillation of a plane wave

and decays to the constant background after a period of exis-

tence. Based on this character, we consider the doubly local-

ized wave solution comprising two homoclinic orbits and two

lumps by choosing p1 = 1− 1
2 i,ξ (0)

11 =−ξ
(0)
21 = 2π . In Fig. 4,

a bright lump together with two homoclinic orbits appears and

disappears in the constant background. As time t evolves, a

wave packet appears from the homoclinic orbit background

at time t = −5. The energy of other line waves transfers to

the raised position, which excites a peak (see Fig. 4 at time

t = −4). Then this lump remains unchanged over a short pe-

riod of time from the disappearance of an old homoclinic orbit

to the generation of a new homoclinic orbit. Through a sim-

ple calculation, the maximum and minimum points are given

as ( 393t
320 + 23

16 ,
57t
160 −

1
8 ) and ( 393t

320 + 23
16 −

7
√

11
128 , 57t

160 −
1
8 +

9
√

11
64 ),
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respectively. The maximum amplitude of the lump is approx-
imately 2.2. As time t evolves, vibrations occur around the
lump and the amplitude continues to increase. After that, a
new homoclinic orbit is generated in the plane. Finally, the
lump together with the new homoclinic orbit disappears into
the constant background (see Fig. 4 at times t = 5,10). This
lump possesses the characteristic of a rogue wave in the two-
dimensional physical setting, thus is referred to as the ‘rogue
lump’. In order to better observe the changes in the amplitude

of waves in the resonant collision process, we display six curve
patterns in Fig. 5 with times t = ±5,±4,−1,0 corresponding
to Fig. 4. A homoclinic orbit gradually reduces its vibration
frequency, as time t increases from−5 to 0. In contrast to this,
another new homoclinic orbit arises from the increase of vi-
bration frequency. When time t is large enough, the amplitude
of the line wave tends to that of a plane wave. That is to say,
two homoclinic orbits become plane waves, when time t tends
to ∞.
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Fig. 5. The propagation curves of a rogue lump in the background of two homoclinic orbits correspond to Fig. 4.

4. High-order doubly localized waves in three-
breather/homoclinic orbit backgrounds
In this section, we consider the high-order doubly rational

waves moving in a three-breather or homoclinic orbit back-
ground with K = 2. To this end, we give the corresponding
solutions as follows:

u(x,y, t) =
g(x,y, t)
f (x,y, t)

, (15)

v(x,y, t) = 2L1 ln f (x,y, t), (16)

where the functions g(x,y, t), f (x,y, t) are formulated as

g =

∣∣∣∣∣∣∣
m(1)

11 m(1)
12 m(1)

13

m(1)
21 m(1)

22 m(1)
23

m(1)
31 m(1)

32 m(1)
33

∣∣∣∣∣∣∣ ,

f =

∣∣∣∣∣∣∣
m(0)

11 m(0)
12 m(0)

13

m(0)
21 m(0)

22 m(0)
23

m(0)
31 m(0)

32 m(0)
33

∣∣∣∣∣∣∣ . (17)

This solution involves three phase parameters ξ
(0)
i1 ,(i =

1,2,3), which have a direct effect on the appearance and dis-
appearance of line rogue waves in a breather or homoclinic
orbit background.

If we let pkI = 0, the semi-rational solutions (15)–(17)
show the interaction between line rogue waves and three

breathers. Taking u as an example, we set p1 = 1, p2 =
1
5 −

1
2 i

in solution (15). According to the analysis in Section 2, the
solution comprises at most two line-segment rogue waves and
two dark rogue lumps between three breathers. In order to
better understand these evolution processes, one exhibits three
sets of time evolution of complete resonant collision under
the phase relations ξ

(0)
11 > ξ

(0)
21 > ξ

(0)
31 , ξ

(0)
21 > ξ

(0)
11 > ξ

(0)
31 , and

ξ
(0)
11 > ξ

(0)
31 > ξ

(0)
21 satisfying ξ

(0)
11 ξ

(0)
31 < 0. As shown in Fig. 6,

the first line shows an X-shaped multi-rogue wave emerging
from and merging into the three y-paralleling breather back-
ground for a short period of time. This kind of multi-rogue
wave with finite length is similar to the patterns presented
in the work about two line-segment rogue waves interact-
ing with three dark line solitons for the Davey–Stewartson
I equation.[65] The difference is that the line-segment rogue
waves are constructed in a breather background. In addition,
the line-segment rogue wave is also different from the work of
Ohta,[14] where the intersection of multi-rogue waves with in-
finite length can attain higher amplitude at time t =−1 as well
as lower amplitude surrounding a line wave (see the pattern
in Fig. 2 in Ref. [14]). Subsequently, a completely opposite
phenomenon occurs at time t = 0. They reach their maximum
peaks at time t = 0, and then decay into the background of
three breathers. When we choose ξ

(0)
21 =−ξ

(0)
31 = 3π,ξ

(0)
11 = 0

in the semi-rational solutions, we show the mixed-type line
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rogue wave comprising a half of a multi-line rogue wave and
a line-segment rogue wave (see times t = −0.5,0 in Fig. 6).
The multi-line rogue wave is located between the right two
breathers, which is the right half of the multi-line rogue wave
in the first line. The left line-segment rogue wave is an x-
paralleling line wave. If we let ξ

(0)
11 =−ξ

(0)
21 = 3π,ξ

(0)
31 =−2π

in solution (15), there is also a mixed-type rogue wave, which
evolves into a parabola-shaped rogue wave (see times t =−1,
0, and 1 in Fig. 4 in Ref. [14]) and a line-segment rogue wave.
The parabola-shaped rogue wave originates from a lump. This
mixed-type rogue wave is different from the wave displayed
in the second line of Fig. 6 and has a similar wave curve to
the high-order rational rogue wave solution except for a finite
length (see Fig. 4 in Ref. [14]), thus is referred to as the high-
order line-segment rogue wave.

If we let pkI 6= 0, the semi-rational solutions (15)–(17)
show the interaction between the second-order lumps and
three breathers. The phase parameters ξ

(0)
i1 , (i = 1,2,3) can

be chosen as different values. For instance, when the phase
parameter relation is chosen as: ξ

(0)
11 = −ξ

(0)
31 = 3π,ξ

(0)
21 = 0,

two rogue lumps A1,A2 appear from the leftmost breather then
gradually move to the intermediate breather wave for a short
time (see time t = −5, −3, 0 in Fig. 7). These two rogue
lumps A1,A2 fuse into the intermediate breather at time t = 0.
As time t evolves, two new rogue lumps as well as an old
rogue lump appear from the intermediate breather (see time
t = −3,−5). Two new rogue lumps A3,A4 move towards

the rightmost breather until absorbed by the latter, while the
rogue lump A2 disappears into the intermediate breather. In
the whole process, there exist two complete resonant colli-
sions between two rogue lumps and two breathers, which are
different from the complete resonant interaction (see Fig. 10
in Ref. [66]). Figure 10 displays a complete resonant colli-
sion between the two rogue lumps and the bottom and top
breathers, that is to say, the interaction of two rogue lumps
and the intermediate breather is an elastic collision. A simi-
lar phenomenon can be seen from the complete resonant col-
lision between two rogue lumps and three dark line solitons
(see Fig. 5 in Ref. [65]). When the phase parameter relation is
chosen as: ξ

(0)
11 = −ξ

(0)
31 = 3π,ξ

(0)
21 = −2π in solutions (15),

there exist a second-order rogue lump and a dark rogue lump
in the background of three breathers. As shown in Fig. 8, the
second-order rogue lump comprising two rogue lumps A1,A2

appears from the leftmost breather and happens to gather be-
fore coming into contact with the intermediate breather. After
that, the rogue lump A1 fuses into the intermediate breather
and the rogue lump A2 passes through it, meanwhile a new
dark rogue lump B appears from the latter and moves to the
rightmost breather. Finally, all these rogue lumps disappear
into the rightmost breather. In the stage of input and output,
there is no rogue lump. Furthermore, there exist other com-
plete resonant collisions between the second-order rogue lump
and three breathers, when the phase parameter relations are
chosen as other types.
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Fig. 6. The time evolution of multi-rogue wave, mixed-type wave of multi-rogue wave and line-segment rogue wave, and high-order rogue wave of parabola-
shaped rogue waves and line-segment rogue wave in a three-breather background via parameters: p1 = 1, p2 = 1

5 −
1
2 i, the first line: ξ

(0)
11 = −ξ

(0)
21 = 3π ,

ξ
(0)
31 = 0, the second line: ξ

(0)
21 =−ξ

(0)
31 = 3π , ξ

(0)
11 = 0, the third line: ξ

(0)
11 =−ξ

(0)
21 = 3π , ξ

(0)
31 =−2π .
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Fig. 9. The time evolution of high-order rogue lumps in a homoclinic orbit background via parameters: p1 = p∗2 = 1− 1
2 i, ξ
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Next, we choose the parameter values p1 = p∗2 = 1− 1
2 i

in the semi-rational solutions (15). The multi-breathers trans-
form into the homoclinic orbits under the choice of this kind
of phase parameters. That is to say, the semi-rational solutions
show the interaction of doubly localized lumps with multiple
homoclinic orbits. As shown in Fig. 9, when the phase param-

eter relation is chosen as: ξ
(0)
11 = −ξ

(0)
31 = 2π,ξ

(0)
21 = 0, only

a second-order doubly localized lump comprising two rogue

lumps A1 and A2 emerges and disappears amidst three ho-

moclinic orbits Hi, i = 1,2,3. We observe that a homoclinic

orbit H1 first emerges from the constant background. Then,
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the homoclinic orbit H1 reduces its amplitude and intensity,
and generates a protrusion in a local area. At time t = −3,
the protrusion excites two rogue lumps A1 and A2. Later, the
homoclinic orbit H1 disappears from the constant background
for a very short time. As time t evolves, the homoclinic or-
bit H2 appears and attains its highest amplitude at time t = 0,
then quickly decays into the constant background. Meanwhile,
two rogue lumps keep moving forward. Finally, the homo-
clinic orbit H3 emerges, and two rogue lumps merge into it
and subsequently vanish together with it into the background
(see time t = 6,10). During this time evolution process, two
rogue lumps and three homoclinic orbits exist for a very short

time. As shown in Fig. 10, when the phase parameter rela-

tion is chosen as: ξ
(0)
11 =−ξ

(0)
21 = 2π,ξ

(0)
31 = 0, the homoclinic

orbit H1 first appears from the constant background. Then a

rogue lump A1 moves along the positive x-direction, and a

rogue lump A(1)
2 moves along the negative x-direction. An-

other rogue lump A(2)
2 appears from the background, follow-

ing the rogue lump A1, and together with the homoclinic or-

bit H2 disappears from the constant background. Then two

rogue lumps A(1)
2 ,A(2)

2 exist in the background. Finally, the

two rogue lumps are absorbed by the homoclinic orbit H3, and

together with it decay into the constant background.
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Fig. 10. The time evolution of high-order rogue lumps in a homoclinic orbit background via parameters: p1 = p∗2 = 1− 1
2 i, ξ
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5. Conclusion
This paper systematically investigates the (2+1)-

dimensional Maccari system using Hirota’s bilinear method
and the KP hierarchy reduction method. We build upon the
results in Ref. [60], which only focused on partial resonant
collisions between rational waves and one breather. We an-
alyze the doubly localized behaviors of rogue lumps or line-
segment rogue waves in multi-breather and homoclinic orbit
backgrounds. Specifically, we examine a second-order com-
plete resonant solution comprising two rational waves with a
phase difference, which do not occur simultaneously, and two
breathers or homoclinic orbits. In a two-breather background,
we observe a rogue lump emerging from one breather and
disappearing into the other breather momentarily. However,
in a homoclinic orbit background, we observe a different phe-
nomenon where the rogue lump appears, followed by the first
homoclinic orbit, and maintains its state for a period of time
before the second homoclinic orbit appears. Eventually, the
rogue lump, together with the second homoclinic orbit, de-
cays to the constant background. Furthermore, the third-order
doubly localized wave solution demonstrates the presence of
high-order rational waves in three breathers and homoclinic
orbit backgrounds, which becomes more complex due to the

inclusion of three phase parameters. In addition to the theoret-
ical findings presented in this work, the potential experimental
realization of the doubly localized waves, such as rogue lumps
and line-segment rogue waves, can be performed. These struc-
tures may be experimentally observable in physical systems
described by the (2+1)-dimensional nonlinear system.
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