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Optical differentiation is crucial for high-speed image processing, but most optical analog spatial differentiators based
on metasurfaces are currently limited to a single type of low-order differentiation operation. We present a dielectric metasur-
face composed of silicon hollow cylinders that leverages electric quadrupole (EQD) and magnetic dipole (MD) resonances
to achieve wavelength-tunable two-dimensional (2D) multi-order differentiation. Specifically, at 1340 nm (MD-dominant),
1140 nm (hybrid EQD–MD), and 1010 nm (EQD-dominant), the metasurface performs second-, fourth-, and sixth-order
differentiations, respectively. The device features a 430-nm bandwidth, a maximum numerical aperture of 0.71, and a
maximum transmittance of 96%, enabling high-quality edge extraction for complex images. We believe this to be the first
integration of wavelength-division multiplexing and multi-order differentiation in a single-layer metasurface, advancing
compact and multifunctional optical computing for applications such as autonomous driving and medical imaging.

Keywords: optical differential calculation, wavelength division multiplexing, dielectric metasurface
PACS: 78.67.Pt, 42.79.Hp, 42.30.Kq, 42.30.Va
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1. Introduction
Optical computing holds significant advantages over elec-

tronic computing, such as high speed, parallel processing, low
power consumption, broad bandwidth, and strong resistance to
interference.[1–3] Optical differentiation,[4,5] a key technology,
can directly perform differentiation in the optical domain, en-
abling rapid edge feature extraction of targets.[6,7] It has great
application value in fields like autonomous driving, medical
imaging, and AR/VR.[8–10]

Traditional optical computing[11] systems mainly use 4F
systems[12,13] composed of double lens groups and spatial fil-
ters. However, the large volume of optical components in
this design results in an oversized system, failing to meet
the demands of modern miniaturized devices.[14] With the
development of metasurface technology, this situation has
been greatly improved. Metasurfaces,[15] with their subwave-
length structural characteristics, offer a promising approach
for compact optical computing systems. Researchers have im-
plemented differentiation functions on metasurface platforms
using various mechanisms, such as surface plasmon polari-
ton resonance,[16–18] half-wave plate interference effects,[19]

and the photonic spin Hall effect.[20,21] Yet, these methods
generally have two limitations: they can only achieve one-
dimensional (1D) or low-order differentiation and struggle to
ensure high-order differentiation performance.

As research has advanced, numerous novel resonance

mechanisms have been applied to the design of metasurface
differentiators, such as guided-mode resonance,[22] toroidal
dipole resonance,[23] magnetic resonance,[24] waveguide grat-
ing modes,[25] and quasi-guided wave states[26–29] in photonic
crystals. While these technologies have achieved 2D second-
order differentiation,[30] they have notable drawbacks: limited
operating wavelength ranges, a single differentiation function
per device, and low numerical aperture causing poor spatial
resolution. These bottlenecks hinder the practical efficiency
and industrialization of current metasurface differentiators.

In this paper, we present an innovative single-layer di-
electric metasurface[31] based on electric quadrupole (EQD)
and magnetic dipole (MD) resonances, achieving wave-
multiplexed[32,33] multi-order differentiation in transmission
mode. The EQD resonance, with its complex field distribu-
tion, offers greater design flexibility, while the MD resonance
enhances energy storage efficiency through low scattering loss
and a high Q-factor.[34] By precisely tuning geometry of sil-
icon hollow cylinders, the metasurface performs 2D second-,
fourth-, and sixth-order differentiations at 1340 nm, 1140 nm,
and 1010 nm, respectively. It has an operating bandwidth of
430 nm, and at the operating wavelength of 1340 nm, the nu-
merical aperture (NA) reaches a maximum value of 0.71, en-
abling a theoretical limit resolution of 1.1 µm. This break-
through paves a new path for optical computing, autonomous
driving, and biomedical imaging.
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2. Simulations and design
Figure 1 illustrates the fundamental operating principle of

the silicon hollow-cylinder metasurface for optical differenti-
ation. A 2D image with the characters “NJUST” serves as the
input signal, modulating the incident plane wave: white ar-
eas permit direct light transmission, while black areas block
it entirely. Upon encountering high-contrast image edges,
significant diffraction occurs, producing large-angle wave-
vector components. By leveraging the nonlocal (wavevector-
dependent) response of a cleverly designed metasurface, the
incident optical field is directly modulated in the spatial fre-
quency domain to achieve specific spatial-domain differential
computation functions. The unit period of the metasurface is
smaller than the operating wavelength, so its field distribu-
tion is concentrated near the units, and the coupling between
units occurs only through near-field interactions. This Green’s
function method[13] directly filters the frequency-domain com-
ponents in real space, eliminating the need for the far-field
Fourier transform process using lenses and thus avoiding re-
liance on a 4F system. The metasurface’s spatial dispersion
properties allow these large-angle components to transmit ef-
ficiently while suppressing small-angle components, perform-
ing spatial differentiation and edge feature extraction on the
input image. Central to this process is the precise control of
the metasurface’s optical transfer function, the detailed design
of which will be elaborated in the subsequent text.

x

y

z

Input Metasurface Output

Fig. 1. Schematic illustration of the edge detection of the 2D optical differ-
entiator using the metasurface.

In real space, performing a 2D n-th order differentiation
on the input optical field physically means executing n-th or-
der partial differentiation operations along the x and y direc-
tions respectively and then superimposing the results, with the
mathematical expression as follows:[35]

𝐸out(x,y) =
(

∂ n

∂xn +
∂ n

∂yn

)
𝐸in(x,y), (1)

where 𝐸out(x,y) denotes the output optical field after differen-
tiation, and ∂ n/∂xn and ∂ n/∂yn represent the n-th order partial
derivatives in the x and y directions, respectively.

In the Fourier domain, for any function f (x,y), the
Fourier transform of its n-th order partial derivative satisfies

ℱ
{

∂ n f (x,y)
∂xn

}
= (ikx)

n · f̃ (kx,ky), (2)

ℱ
{

∂ n f (x,y)
∂yn

}
= (iky)n · f̃ (kx,ky), (3)

where ℱ {·} denotes the 2D Fourier transform, f̃ (kx,ky)

is the frequency–domain representation of f (x,y), kx =

(2π/λ )sinθ cosφ and ky = (2π/λ )sinθ sinφ are the in-plane
wave vectors, λ is the wavelength, θ is the incident angle, φ

is the azimuthal angle, and i is the imaginary unit.
By performing the Fourier transform on both sides of

Eq. (1) and combining it with the linearity of the Fourier trans-
form, we can obtain

Eout(kx,ky) = ℱ
{

∂ nEin(x,y)
∂xn +

∂ nEin(x,y)
∂yn

}
. (4)

Substituting the derivative transformation properties of
Eqs. (2) and (3), equation (4) can be rewritten as

Eout(kx,ky) = [(ikx)
n +(iky)

n] ·Ein(kx,ky). (5)

The optical transfer function (OTF) is the ratio of the out-
put optical field to the input optical field in the frequency do-
main; thus, from Eq. (5), we have

H(kx,ky) =
Eout(kx,ky)

Ein(kx,ky)
= (ikx)

n +(iky)
n. (6)

For isotropic differentiation, the OTF should depend only
on the magnitude of the in-plane wave vector and be indepen-
dent of the azimuthal angle φ . Therefore, the OTF for isotropic
n-th order differentiation is finally expressed as[36]

H(kxy) = (ikxy)
n, (7)

where kxy = k sinθ , k is the incident wave vector, and θ is
the angle of incidence of the light wave. This implies that the
transmittance of the metasurface should be zero at normal inci-
dence, and the transmittance should increase as the incidence
angle changes from normal to oblique, with the transmittance
increasing as the angle of incidence increases.

Our target metasurface is designed to remove low-
frequency components in k-space and allow high-frequency
components to be transmitted according to the rules mentioned
above, thereby exhibiting high-pass filtering capabilities. To
design such a metasurface, we carried out numerical studies
using the finite-difference time-domain (FDTD) method. The
metasurface consists of silicon hollow cylinders on a glass
substrate. The silicon hollow cylinders have an outer diame-
ter D of 400 nm, an inner diameter d of 124 nm, a height H of
450 nm, and the unit cell has a period P of 600 nm, as shown in
Fig. 2(a). We calculated the transmission spectrum response of
the metasurface under normal incidence for the near-infrared
spectral range from 900 nm to 1600 nm, with p-polarized in-
cident light, as shown in Fig. 2(b). It can be observed that
the transmission is below 0.1 for the wavelength range from
970 nm to 1400 nm, with near-zero transmission at the reso-
nant wavelengths of 1010 nm, 1140 nm, and 1340 nm. To un-
derstand the nature of the resonances at different wavelengths,
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we performed an analysis using multipole decomposition tech-
niques, and the results are shown in Fig. 2(c). It can be clearly
seen that at the resonant wavelength of 1010 nm, the electric
quadrupole (EQD) resonance dominates. As the wavelength
increases, this resonance mode gradually weakens, while the

magnetic dipole (MD) resonance gradually strengthens. At the
resonant wavelength of 1140 nm, a mixed resonance of electric
quadrupole resonance (EQD) and magnetic dipole resonance
(MD) appears, and at the resonant wavelength of 1340 nm, the
magnetic dipole resonance (MD) dominates.
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Fig. 2. Parameters and resonance characteristics of the silicon hollow cylinder metasurface. (a) Schematic diagram of the silicon hollow
cylinder unit cell. (b) Transmission spectrum of the metasurface for p-polarized light, with the red dashed line indicating the T = 0.1 threshold.
(c) Multipole decomposition of the metasurface. (d) Electromagnetic field distributions at the resonant wavelengths of 1010 nm and 1340 nm.

To gain an intuitive understanding of the resonant behav-
ior of the silicon hollow cylinder metasurface, we analyzed the
electromagnetic field distributions in the x–y and x–z planes
of the unit cell at the resonant wavelengths of 1010 nm and
1340 nm under normal incidence, as shown in Fig. 2(d). At
1010 nm, the electric field (E) distribution in the x–y plane ex-
hibits a typical quadrupole symmetry, with four high-intensity
regions along the x and y axes, consistent with the character-
istics of electric quadrupole (EQD) resonance. At 1340 nm,
the magnetic field (M) distribution in the x–y plane shows two
high-intensity regions along the y axis, which are significantly
enhanced and dominant, aligning with the features of magnetic
dipole (MD) resonance. These results confirm that the primary
multipolar contributors to the resonance effects are EQD and
MD resonances.

3. Methods
To determine the precise dependence of the transmission

on the incidence angle of the silicon hollow cylinder meta-
surface under p-polarization, we calculated the transmission
spectra and phase relationships of the metasurface at the res-
onant wavelength of 1340 nm for incidence angles ranging

from −45∘ to 45∘, as shown in Figs. 3(a) and 3(d). The trans-
mission (black solid line) increases significantly with the in-
cidence angle, resembling a parabolic shape. Meanwhile, the
phase of the metasurface remains largely stable (with fluctua-
tions between 0 and 0.5 rad) across different oblique incidence
angles from −45∘ to 45∘, providing the necessary conditions
for second-order differentiation. Notably, the maximum inci-
dence angle reaches 45∘, corresponding to a numerical aper-
ture (NA) of approximately 0.71. This bandwidth allows for
an edge detection theoretical limit resolution as high as 1.1 µm
(0.61 ·λ/NA), equivalent to 0.86λ ). At θ = ±45∘, the max-
imum transmission is about 96%. Such a large NA and high
transmittance help obtain extra information about the incident
light field, enabling high spatial resolution beyond the wave-
length scale. For comparison, the ideal transfer function for
second-order differentiation (red dashed line) is also provided,
and the two results are nearly identical.

To verify the capability of the metasurface for implement-
ing 2D second-order differentiation under p-polarized light,
we characterized the transmission characteristics and phase of
the incident light at a wavelength of 1340 nm across different
azimuthal angles, with the results presented in Figs. 3(e) and
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3(h).
The transmission optical transfer function (OTF) in

Fig. 3(e) shows that across all tested azimuthal angles, the
transmittance remains close to 0 at small incident angles
and gradually approaches 100% as the incident angle in-
creases. This frequency-selective property suppresses the low-
frequency components of the incident light while enabling the
transmission of high-frequency components within the inci-
dent angle range of −45∘ to 45∘, thus providing support for
2D second-order differential operations. Notably, there are
partial deviations in transmission amplitude between the di-

agonal directions and the x- and y-directions; however, these
deviations do not impair the differential operation capability,
as detailed in the subsequent image calculation results. In
addition, the transmitted phase results in Fig. 3(h) indicate
that within the designed incident angle range, the transmitted
phase exhibits minimal variation for all in-plane wave vectors.
This stable phase response, combined with the aforementioned
frequency-selective transmission property, confirms that the
silicon hollow-cylinder metasurface meets the requirements
for implementing 2D second-order differentiation under p-
polarized light at a wavelength of 1340 nm.
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Fig. 3. The 1D and 2D optical transfer functions (OTFs) and phase distributions of the silicon hollow cylinder metasurface. (a) OTF along the x-direction at
1340 nm for the metasurface (black solid line) and the ideal second-order differentiation (red dashed line). (b) OTF along the x-direction at 1140 nm for the
metasurface and the ideal fourth-order differentiation. (c) OTF along the x-direction at 1010 nm for the metasurface and the ideal sixth-order differentiation.
(d) Phase distribution along the x-direction at 1340 nm for the metasurface and the ideal case. (e)–(g) 2D OTFs at 1340 nm, 1140 nm, and 1010 nm. (h) 2D
phase distribution at 1340 nm.

We also calculated the transmission spectra of the meta-
surface at the resonant wavelength of 1140 nm for incidence
angles ranging from −20∘ to 20∘, as shown in Figs. 3(b) and
3(f). We can see that the transmission curve almost perfectly
matches the ideal transfer function for fourth-order differenti-
ation (red dashed line). The maximum incidence angle here
is 18∘, corresponding to a numerical aperture (NA) of approx-
imately 0.31. At θ = ±18∘, the maximum transmittance is
about 95%. At this point, the metasurface’s 2D spatial disper-
sion transmission remains insensitive to the azimuth angles in
the x and y directions. This shows that the silicon hollow cylin-
der metasurface can perform 2D fourth-order differentiation at
the working wavelength of 1140 nm.

Similarly, we calculated the transmission spectra of the
metasurface at the resonant wavelength of 1010 nm for inci-
dence angles between −15∘ and 15∘, as displayed in Figs. 3(c)
and 3(g). The transmission curve here almost exactly matches
the ideal transfer function for sixth-order differentiation (red
dashed line). The maximum incidence angle is 10∘, with a
corresponding NA of around 0.17. At θ = ±11∘, the maxi-
mum transmission is approximately 92%. Moreover, the 2D
spatial dispersion transmission of the metasurface now shows

an almost circular contour, indicating insensitivity to the az-
imuth. Thus, the silicon hollow cylinder metasurface is capa-
ble of performing 2D sixth-order differentiation at the working
wavelength of 1010 nm.

4. Results
To verify the edge extraction capability of the silicon

hollow-cylinder metasurface’s differential operation, we used
input images with three vertical and horizontal stripes (see
Figs. 4(a) and 4(i)). The intensity plots along the black dashed
lines are shown in Figs. 4(e) and 4(m). The differential imag-
ing results at the three resonant wavelengths are presented in
Figs. 4(b)–4(d) and 4(j)–4(l), with insets showing magnified
views of the framed regions. Figures 4(f)–4(h) and 4(n)–
4(p) display the intensity distributions corresponding to the
red, blue, and green dashed lines. At all three working wave-
lengths, the vertical and horizontal stripe edges are clearly cap-
tured, confirming the metasurface’s broadband edge-detection
ability. Notably, at 1340 nm, the first edge-line intensity dis-
tribution in Fig. 4(f) shows two closely spaced peaks at the
edge. This typically represents the second-order differential
process and aligns with the optical transfer function conclu-
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sion in Fig. 3(a).
When the operating wavelength was set to 1140 nm,

as shown in the magnified view of the blue boxed area in
Fig. 4(c), multiple white fine stripes appeared at the edges.
Figure 4(g) shows the first-edge-line intensity distribution, dis-
playing four closely spaced peaks. This represents the typical
characteristics of fourth-order differentiation and is consistent
with our Fig. 3(b) conclusion on the fourth-order differential
optical transfer function. At 1010 nm, the edges in Fig. 4(d)
showed even more white fine stripes. The first edge-line in-
tensity distribution in Fig. 4(h) revealed six closely spaced
peaks, indicative of sixth-order differentiation, aligning with
the Fig. 3(c) conclusion on the sixth-order differential opti-

cal transfer function. These phenomena were also observed
in the vertical stripe outputs. In summary, our silicon hollow
cylinder metasurface performed different-order high-order dif-
ferential operations at 1340 nm, 1140 nm, and 1010 nm,
achieving wavelength-division multiplexing. Here, we focus
on the specific characteristics of three operating wavelengths:
1340 nm, 1140 nm, and 1010 nm. However, we have also cal-
culated the optical transfer functions and image differentiation
results for numerous other wavelengths, with details provided
in the supplementary materials. This confirms that our meta-
surface can achieve high-performance high-order differential
computation capabilities across nearly the entire broad operat-
ing range of 970 nm–1400 nm.
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(b)–(d), (f)–(h) Output images of vertical stripes and intensity plots along the horizontal red, blue, and green dashed lines at 1340 nm, 1140 nm, and
1010 nm. (i), (m) Input images of three horizontal stripes and intensity plots along the vertical black dashed lines. (j)–(l), (n)–(p) Output images of
horizontal stripes and intensity plots along the vertical red, blue, and green dashed lines at 1340 nm, 1140 nm, and 1010 nm. Insets in (b)–(d), (j)–(l)
show magnified views of the framed regions, and insets in panels (f)–(h), (n)–(p) show intensity distributions of the first edge lines.

To further validate the high performance of our silicon

hollow-cylinder metasurface for 2D edge extraction, we in-

put a complex 2D image of Nanjing University of Science

and Technology’s emblem (Fig. 5(a)). Featuring line, arc, and

circular edges, this image serves as an effective testbed for

evaluating the metasurface’s processing capability. The out-

put images obtained after processing by the metasurface at

1340 nm, 1140 nm, and 1010 nm (Figs. 5(b)–5(d)) exhibit

clear, high-contrast edge details. All element edges are suc-

cessfully extracted with uniformity, confirming the suitability

of the metasurface’s 2D optical transfer function for process-

ing complex 2D structures (consistent with the characteristics

presented in Figs. 3(e)–3(g)). Notably, the insets in Figs. 5(b)–

5(d) reveal increasing edge stripe complexity at the character
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“1953”, which confirms that the metasurface implements dis-
tinct orders of differential operations at these three resonant
wavelengths.

(a) (b)

(c) (d)

Fig. 5. (a) 2D input image of Nanjing University of Science and Technology’s
emblem. (b) Output image at 1340 nm. (c) Output image at 1140 nm. (d) Out-
put image at 1010 nm. Insets in panels (b)–(d) show magnified views of the
framed regions.

To the best of our knowledge, no one has previously pro-
posed a metasurface that performs different-order differentia-
tion using wavelength-division multiplexing. Spatial differen-

tiation is one of the basic mathematical operations. Perform-
ing different-order differentiation with a single optical element
is significant for optical analog signal processing. More cru-
cially, the combination of multi-order differentiation enables
a Taylor series expansion of the electromagnetic field. That
is, optical analog computing may soon perform a Taylor series
expansion of the input optical field’s wave function.

Most of the previous work focused on second-order dif-
ferentiation at single-wavelength or narrow spectral ranges
and often overlooked the need for higher-order differentiation.
By contrast, this work demonstrates second-order, fourth-
order, and sixth-order 2D differentiations within a broad op-
erational wavelength band from 970 nm to 1400 nm (span-
ning 430 nm). Here, we take the three wavelengths discussed
above (1340 nm, 1140 nm, and 1010 nm) as examples. De-
tailed information on other wavelengths within the spectral
range of 970 nm–1400 nm, as well as the correspondence be-
tween wavelengths and differential orders, can be found in the
supplementary materials Fig. S1 and Table S1. Wavelength-
division multiplexing (WDM) of higher-order differentiation
is achieved. Specific data for each differentiation order are
summarized in Table 1.

Table 1. Comparison between this work and others.

Ref. Order of differentiation Applicable wavelength Resonance mode NA

[37] second order 1488.3 nm quasi-BICs 0.08

[38] second order 630 nm ED 0.37

[30] second order 1040–1088 nm (48 nm) MD 0.5

[23] second order 1100–1210 nm (110 nm) TD 0.4

[9] second order 1400–1600 nm (200 nm) ED and MD 0.34

[35] second order 1490 nm, 1560 nm N.M. 0.34, 0.25

[39] second order 652 nm, 689 nm MD, ED 0.17

This work
second order

970–1400 nm (430 nm)
MD 0.71

fourth order EQD and MD 0.31

sixth order EQD 0.17

5. Conclusion
This study introduces a single-layer dielectric metasur-

face calculator based on wavelength division multiplexing. By
tuning the resonance of silicon hollow cylinders, it performs
multi-order optical differentiation in transmission mode. With
a 430 nm bandwidth and a maximum NA of 0.7, it achieves
second-, fourth-, and sixth-order differentiations at 1340 nm,
1140 nm, and 1010 nm, respectively. Multipole decomposi-
tion reveals that at shorter wavelengths (1010 nm), higher-
order differentiation is dominated by electric quadrupole
(EQD) resonance; at longer wavelengths (1340 nm), mag-
netic dipole (MD) resonance supports lower-order differen-
tiation with low loss; and at mid-wavelengths (1140 nm), a
hybrid EQD–MD resonance enables fourth-order differenti-

ation. This wavelength-dependent behavior allows the de-

vice to dynamically switch differentiation orders via wave-

length division multiplexing, overcoming the functional lim-

itations of traditional metasurfaces. The metasurface also ex-

hibits high-pass filtering within the incidence angle range. Its

transmission and phase distributions closely match those of an

ideal differentiator. It successfully extracts edges from verti-

cal/horizontal stripes and complex 2D images. By integrating

wavelength division multiplexing with multi-order differenti-

ation in a single metasurface layer, this research paves the way

for miniaturized and multifunctional optical computing sys-

tems, showing great potential in autonomous driving, biomed-

ical imaging, and optical signal processing.
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