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In the field of quantum error mitigation, most current research separately addresses quantum gate noise mitigation and
measurement noise mitigation. However, due to the typically high complexity of measurement noise mitigation methods,
such as those based on estimating response matrices, the overall complexity of noise mitigation schemes increases when
combining measurement noise mitigation with other quantum gate noise mitigation approaches. This paper proposes a
low-complexity quantum error mitigation scheme that jointly mitigates quantum gate and measurement noise, specifically
when measurement noise manifests as an amplitude damping channel. The proposed scheme requires estimating only
three parameters to jointly mitigate both types of noise, whereas the zero-noise extrapolation method enhanced by response
matrix estimation requires estimating at least six parameters under the same conditions.

Keywords: quantum error mitigation, measurement error mitigation, amplitude damping channel, low-
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1. Introduction

Quantum computing is advancing rapidly, with numerous
noteworthy achievements to date. Nevertheless, we are still
in the noisy intermediate-scale quantum (NISQ) era, where
the number of qubits available in practical quantum devices
remains limited.[!! Moreover, these quantum computers are
susceptible to quantum noise during the execution of quan-
tum tasks, leading to computational errors. To address this
issue, many researchers have employed quantum error correc-
tion codes, which utilize ancillary qubits to correct errors in

[2-6] While this approach significantly mit-

the output qubits.
igates errors in quantum states, the overhead of quantum er-
ror correction scales polynomially with the number of output
qubits, making it challenging to implement on current quan-
tum computers with limited qubit counts. ¢3!

Consequently, the field of quantum error mitigation has
emerged as a more practical alternative to quantum error
correction.!”8! Quantum error mitigation involves classical
post-processing of the expectation values obtained from noisy
quantum computers, aiming to bring these values closer to the
ideal, noise-free expectations. Within a certain fault-tolerant
threshold, current quantum computers can execute quantum
circuits with nearly one hundred qubits and yield relatively re-
liable results through quantum error mitigation.

In the realm of quantum error mitigation, the terms “quan-
tum error mitigation” and “quantum noise mitigation” are

often used interchangeably. In practical quantum comput-
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ing, there are two primary sources of noise: quantum gate
noise, arising from the quantum gates in the circuit, and quan-
tum measurement noise. Numerous solutions have been pro-
posed by researchers to mitigate these noises. For quan-
tum gate noise, techniques such as zero-noise extrapolation
(ZNE), probabilistic error cancellation, and matrix product
state methods have been developed.®-13! For quantum mea-
surement noise, approaches including bit-flip strategies, neural
network-based methods, and modeling the measurement pro-
cess as a Pauli channel followed by quantum—classical hybrid
processing have been explored.'*171 Among these methods,
ZNE has become one of the most widely used gate error mit-
igation techniques. The main idea of ZNE is to artificially
amplify the noise strength of a quantum circuit (e.g., through
unitary folding), measure the noisy expectation values under
different noise scaling factors A, and then extrapolate to the
zero-noise limit by fitting these results. Commonly used fitting
functions include linear fitting, polynomial fitting, and expo-
nential fitting. Depending on the choice of fitting function, the
number of parameters to be estimated varies.

However, many existing noise mitigation schemes ad-
dress either quantum gate noise or quantum measurement
noise independently. For instance, the ZNE method specif-
ically targets quantum gate noise by modeling it as a depo-
larizing channel. This technique involves measuring the ex-
pectation values E (A1) of the original quantum circuit under
different noise scaling factors A through unitary folding, and
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then extrapolating to the ideal noise-free expectation value
E (A = 0) via function fitting. Nevertheless, this method does
not account for quantum measurement noise. In practice,
quantum measurement noise remains unchanged regardless of
the number of unitary foldings, which can lead to suboptimal
fitting results when quantum measurement noise is significant.

On the other hand, quantum measurement error mitiga-
tion methods, such as the bit-flip approach, represent the out-
put probability distribution of a quantum computer as a vec-
tor pops. By establishing a relationship between the observed
and ideal probability distributions through a response matrix
A, such that pops = APideal, this method estimates the response
matrix using known basis states and subsequently mitigates er-
rors. While effective, the complexity of this approach grows
exponentially with the number of qubits, making it impractical
for large-scale implementations.

Moreover, in many quantum computing tasks, such as
quantum machine learning, the focus is often on the expecta-
tion values of the outputs rather than the entire probability dis-
tribution. Although mitigating errors in the probability distri-
bution can indirectly address expectation value errors, a more
direct approach to mitigating expectation value errors could
potentially reduce the complexity of the scheme.

Regarding quantum measurement noise, scholars have
identified two primary sources: (i) decay of quantum states,
such as transitions from the |1} state to the |0) state, and (ii)
overlap of probability densities between quantum states, lead-
ing to measurement errors.['®! The second case has been ad-
dressed in the literature by modeling it as a Pauli channel.[!"]
However, the first case aligns more closely with the quantum
amplitude damping channel, which is inherently unidirectional
and irreversible, making it more complex to handle. This pa-
per focuses on analyzing and addressing this specific scenario.

Based on the above discussion, this paper models the
noise generated by quantum circuits as a depolarizing chan-
nel and the noise from quantum measurements as an ampli-
tude damping channel.?°->21 We propose a quantum error mit-
igation scheme that jointly mitigates both quantum gate noise
and quantum measurement noise. This scheme aims to en-
sure that the actual measured noisy expectation values of the
quantum states output by the quantum circuit, after being sub-
jected to these two types of noise, are as close as possible to
the ideal noise-free expectation values. Additionally, since
our scheme directly mitigates errors in the expectation val-
ues, its complexity is lower compared to the ZNE method
enhanced by response matrix estimation, hereafter referred to
as the response matrix-enhanced ZNE method. The so-called
“response matrix-enhanced ZNE method” refers to a hybrid
approach combining ZNE with measurement error mitigation
based on response matrix estimation proposed by the authors

in Ref. [12]. Specifically, our joint mitigation of quantum

gate noise and quantum measurement noise requires only three
parameters, whereas the enhanced ZNE method based on re-
sponse matrix estimation requires at least six parameters.

We conducted comparative experiments with both the
ZNE method and its enhanced version based on response ma-
trix estimation. The results demonstrate that, in the presence
of quantum measurement noise, the ZNE method performs
poorly. While the enhanced ZNE method and our proposed
scheme achieve similar error mitigation effects, our scheme
exhibits lower complexity, highlighting its advantage.

2. The Z-mixed-stated expression of the ampli-
tude damping channel

In this section, we analyze how the expectation values of
quantum states change after passing through the depolarizing
channel and the amplitude damping channel. Since a Pauli-
X measurement can be implemented by applying a Hadamard
gate before a Pauli-Z measurement at the end of a quantum cir-
cuit, and a Pauli-Y measurement can be realized by applying
both a Hadamard gate and an S7 gate before a Pauli-Z mea-
surement, all measurement operators can be decomposed into
a combination of Pauli operators. Therefore, discussing the
problem under Pauli-Z measurement is general and broadly
applicable.

To avoid ambiguity, we first introduce several necessary
conventions. In the following discussion, we consider the evo-
lution of a single qubit, and in the output measurement stage,
we always perform a Pauli-Z measurement on the quantum
state.

First, the mathematical expression of the depolarizing
channel is given by

I
&(p)=pp+(1—-p)5 1)

2
where p denotes the density matrix of the input quantum state,
p is a parameter known as the depolarization rate, and / repre-
sents the identity operator.

The mathematical expression of the amplitude damping
channel is given by

&n(p) = KopK; +KipK], ©)

where p is the density matrix of the input quantum state,

Ky = <(1) \/lofy>’ K = (8 \Oﬁ/) and Y is a parameter
characterizing the channel.

Inspired by Ref. [18] and for the convenience of subse-
quent analysis, we reformulate the original expression of the
amplitude damping channel, namely Eq. (2), into its Z-mixed-
state expression

_ tr(Zp) +2tr(kp)

+
8m(p) - tr(Zp)—Hr(Kp) KOPK() +Z()7 (3)
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tr(Kp) ¥ (00
WKOPKO and x = (O 7)' Af-

ter reformulating the original expression of the quantum am-

where 79 = KlpKl+ —

plitude damping channel into its Z-mixed-state expression, the

advantage lies in the fact that tr(Zzp) = 0. This property al-

lows us to easily derive the relationship between its expecta-

tion value and the ideal value under Pauli-Z measurement.
The proof of tr(Zzp) = 0 is given as follows:

za) = |z (ko] o )|
_ f B tr(kp) i
=tr (Kl ZKip T Z0) £t (kD) Zp) —|—tr(K‘p)KOZK0p) . @

Through calculation, we find that K;{ZKO =Z+ K and
KITZKI = K. Therefore,

tr(Zzg) = tr {Kp - tr(Z;t)r)(J’:It)r)(iq)) (Zz+ K)p]
_ tr(kp)
= tr(kp) — mtr (Zp+xp)
= tr(xp)—tr(xp) =0. ®)

Therefore, in the Z-mixed-state expression of the amplitude
damping channel, the expectation value of the zo term under
the Pauli-Z measurement is zero. Utilizing this property, we
can easily determine how the expectation value of a quan-
tum state changes after passing through the quantum ampli-
tude damping channel

tr(Zp) +2tr (xp)

tr(Zen (p)) =tr (Z ( tr(Zp)+tr(xp)

KopK] + zo> ) . (6)
Using the previously obtained results KgZKo =Z+ K and
tr(Zzp) = 0, we obtain

tr(Ze, (p)) =tr(Zp)+ 2tr (xp). 7

It can be observed that the relationship between the expec-
tation value of a quantum state after passing through the
quantum amplitude damping channel and its ideal expectation
value depends on the quantum state itself, as reflected in the
tr (xp) term. This also suggests that quantum noise mitigation
under the quantum amplitude damping channel may require
estimating certain information about the quantum state itself.

Next, we use the Z-mixed-state expression of the ampli-
tude damping channel to analyze the relationship between the
measured expectation value and the ideal expectation value
when a quantum state first passes through the depolarizing
channel and then through the quantum amplitude damping
channel

tr(Zew (4 () = 1t [me (PP*“ ”)m

w|zeaop) 4260 (-3 )] ®

In Eq. (8), the first term on the right-hand side of the
second equality may be substituted with Eq. (7), yielding
pltr(Zp)+2tr (xp)]. For the second term, the presence of the
identity operator allows straightforward computation. Finally,
we obtain

tr(Zen (£, (p))) = pir(Zp) +2pte (kp) + (1= p)y. ()

P11 P12

If we assume p = (p D
21 P22

> and substitute it into the equa-

tion, we obtain

tr(Zem (€4 (p))) = ptr(Zp) +2pp2y+(1-p)y. (10)

The above equation describes the relationship between the
actual measured expectation value and the ideal expectation
value after a quantum state passes through the depolarizing
channel followed by the quantum amplitude damping chan-
nel. This relationship will guide the design of our subsequent
quantum noise mitigation scheme. It can be observed that the
relationship between the measured expectation value and the
ideal expectation value is a function of three parameters: p,
P22, and 7.

In addition, one may wonder whether the presence of a
dephasing channel affects the results. For a dephasing chan-
nel, the process can be expressed as

e(p) =qp+(1-4q)ZpZ, (11)

where p is the density matrix of the input quantum state, g de-
notes the dephasing probability, and Z is the Pauli-Z operator.
When measuring under the Pauli-Z basis, we obtain

tr(Ze(p)) =uw{Zlgp+ (1 —q)ZpZ]} = ur(Zp). (12)

Since a dephasing channel leaves the expectation values un-
der Pauli-Z measurement unchanged, the measured expecta-
tion value remains identical to the ideal one. Therefore, de-
phasing noise does not influence the analysis, and the proposed
mitigation scheme remains valid in the presence of dephasing
channels.

3. Quantum error mitigation based on the
Z-mixed-state expression of the amplitude
damping channel

As shown in the previous section, there are three param-
eters p, P22, and 7 that need to be estimated. Our subsequent
scheme focuses on estimating these three parameters and is
referred to as the QEM-ZMSEAD scheme.

Before introducing the scheme in detail, we first clarify
the noise modeling adopted in this approach. We begin by
defining the notations to be used.

Assume that the quantum circuit implemented on a real
quantum device is denoted by U, and the initial quantum state
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of a specific circuit is |0), denoted by py. After evolving
through the quantum circuit U, the quantum state becomes p.
The circuit U consists of a sequence of quantum gates, and we
assume that the noise introduced by these gates can be mod-
eled as a depolarizing channel, denoted by g,. After passing
through the depolarizing channel, the state p is transformed
into g, (p).

It should be emphasized that in our noise modeling, the
noise from all quantum gates in the circuit — both single-qubit
and multi-qubit gates — is treated as an effective overall de-
polarizing channel. In this sense, the depolarizing parameter
p captures the collective effect of the entire quantum circuit
rather than individual gates. This treatment allows us to derive
and analyze the ZMSEAD-based mitigation scheme in a uni-
fied manner while keeping the parameter estimation procedure
simple and low in complexity.

In the quantum measurement stage, measurement noise
may occur, leading to state relaxation, i.e., the quantum state
may collapse from |1) to |0). This behavior is physically anal-
ogous to that of the amplitude damping channel, and we thus
model it using a quantum amplitude damping channel, de-
noted by &,. The final measured quantum state is denoted
by €, (€,(p)), and the actual measured expectation value is
denoted by tr(Zg,, (¢, (p)))-

Figure 1 illustrates the overall noise modeling. Next, we
introduce the detailed procedure of the proposed scheme, as
illustrated in steps 1 to 3 of Fig. 1.

o Y PTEER
10— @ | 10— @
L] L]
] S U
ag il 1
[0)—__ | - [0)—___|
The model of noise Step 1
=i s G
11— . - @ 10)— =3
B [ 1
i il 1 i et
11)— [0)— |
Step 2 Step 3

Fig. 1. Quantum noise model assumptions and the steps of QEM-
ZMSEAD method.

Step 1 involves constructing a modified quantum circuit
for estimating the gate noise parameter p in the original circuit
U, as well as the measurement noise parameter . This recon-
structed circuit, denoted as U™, retains all the two-qubit gates
from the original circuit U while discarding all single-qubit
gates.

In real quantum hardware, the noise introduced by single-
qubit gates is typically negligible compared to that from two-
qubit gates, particularly CNOT gates. Therefore, we assume
that the noise level in the reconstructed circuit U* closely ap-
proximates that of the original circuit U."?! This observation

was also noted by the authors in Ref. [12], where it was stated
that

e(p)=pp+(1—p) L

X (13)

I
e (p)=p'p+(1-p) 3, (14)
p*=p. (15)

In other words, the depolarizing noise parameters induced by
gate operations in both circuits are nearly identical, and we can
approximately treat them as equal.

We then prepare the quantum state py as the input state
and evolve it through the reconstructed circuit U*, followed
by measurement. Since the initial state is |0), and U* con-
sists solely of CNOT gates — which only flip the target qubit
when the control qubit is in the |1) state — the initial state |0)
should remain unchanged after passing through the circuit U*.
Therefore, the quantum state after evolution is still pg.

The resulting measured expectation value is denoted as

<Z>0 = tr(Z&u (&4 (o)) - (16)

Since pg = , and the element at the py, position is 0,

10
00
substituting into Eq. (10) yields

(@) = tr(Zem (& (po))) = p"tr(Zpo) + (1= p*)y. (A7)

Given that we deliberately use pg as the input state, its ideal
measurement expectation value is 1.
Eq. (17) leads to

Substituting this into

(Zog=p+(1-=p)7. (18)

This equation contains two unknown variables, which cannot
be solved directly. In the next step, we construct another equa-
tion to resolve these variables.

Step 2 involves constructing a second modified quantum
circuit, denoted as U™*, for estimating the same gate noise pa-
rameter p and measurement noise parameter y. The structure
of U** is similar to that of U*; it also preserves all the CNOT
gates from the original circuit U but differs in that the input
quantum state is changed from |0) to |1). Moreover, an IFX
gate (a conditional Pauli-X gate ensuring the |1) output) is ap-
pended at the end of the circuit.

We now elaborate on the rationale behind this design. In
step 1, because the circuit was composed entirely of CNOT
gates and the input state consisted entirely of |0), the output
state theoretically remains unchanged after passing through
the circuit U*, i.e., it remains |0), and no additional opera-
tions are required. This is due to the fact that a CNOT gate
only flips the target qubit when the control qubit is in the |1)
state.

However, in the current case, where the input state is
[1), the output state after passing through an all-CNOT circuit
could potentially change, it may become either |0) or |1), de-
pending on the number and arrangement of the CNOT gates.
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Hence, we introduce the IFX gate to ensure that the output
state remains |1).

Implementing the IFX gate in practice is straightforward.
It involves preparing a small number of quantum states and
performing repeated measurements. If the measured expecta-
tion value is greater than zero, it indicates that the input state
|1) has likely been flipped to |0) due to the action of multi-
ple CNOT gates, because the ideal measurement expectation
of |0) is 1. In this case, we append a Pauli-X gate to flip the
state from |0) back to |1).

This process assumes that the magnitude of measurement
noise is not excessively large, that is, not strong enough to de-
grade most of the |1) states in the circuit into |0).

Conversely, if the expectation value is less than zero, we
do not apply any further operations, since the output state is
likely already |1), whose ideal measurement expectation value
is —1.

After ensuring that the output remains |1), we proceed
with the measurement, and the obtained expectation value is

(2)1 = tr (Zeg (&4 (P1))) - (19)
Substituting into Eq. (14), we obtain
(2 = ptr(Zp1) +2ptr(kp1) + (1—p) 7. (20

Since the ideal measurement expectation value of |1) is —1,
substituting this into the equation above yields

(Z1=-p+(1+p)y. (1)

By solving Egs. (18) and (21) simultaneously, we obtain

y= ot 22)
=55

In this way, we complete the estimation of the parameters p
and 7. In the next step, we design a procedure to estimate the
parameter p).

Step 3 involves constructing a reconstruction quantum
circuit to estimate partial parameters of the output quantum
state p. This circuit is identical to U itself, and the output ex-
pectation value is measured based on a linear combination of
the identity operator and the Pauli-Z operator. Specifically, we
employ the observable %, where Z is the Pauli-Z operator
and I denotes the identity operator. In practice, the implemen-
tation of this operator is straightforward. When performing
measurements with respect to I, its outcome is always 1, as

tr(Ip) =tr(p) =1. 24)

Therefore, the measurement with respect to % can be eas-
ily realized via a standard Pauli-Z measurement followed by
simple arithmetic.

Suppose the quantum circuit outputs a quantum state p =

(Pu P12

P21 P22
and the amplitude damping channel, the resulting density ma-

) . After undergoing both the depolarizing channel

trix becomes
*] *)

o , (25
*3<1y>2<1m+p(1—y)pzz> *

where the asterisks * denote elements that are irrelevant to the

p=enteulo)) =

current analysis, as will be clarified shortly.
1-Z
Now, we apply the operator 5= for measurement. The
outcome of this measurement is given by

-z -z

-z _ (00
2 01
element of p*. This explains why we denoted the other ele-

Since , it effectively extracts the bottom-right

ments with *: they do not contribute to the measurement re-
sult. Thus, we have

1-z\ _(1-p(1-p)
(57) +

) > p(1—=7)p2n. 27)

Here, the left-hand side corresponds to the experimentally ob-
tained value, while the parameters p and 7y on the right-hand
side have already been estimated. Therefore, the only un-
known in this equation is pyp, which can now be solved.

Once the parameters p, 7, and py, have all been estimated,
noise mitigation can be performed according to Eq. (14). The
final noise mitigation expression is given by

<Z> unmitigated — 2pyp2n — (1 — P) Y

Z)mitigated = ;o (28)
<>m1t1gate p

where (Z)unmitigaied denotes the raw expectation value obtained
from measuring the noisy quantum circuit U, and p, ¥, and p»;
are the previously estimated noise parameters.

4. Numerical experiments

In this section, we present numerical experiments to ver-
ify the effectiveness of the proposed QEM-ZMSEAD method.
All simulations are carried out using the Pennylane quan-
tum computing platform. To evaluate the performance of the
method, we employ a Trotter-step quantum circuit as the test
circuit, as illustrated in Fig. 2.[23-24]

|0) —| Autoo) —=4= -
10y — Rut6) R R0 —H A e
10) —| rea 58 S~
M, BT

Fig. 2. A Trotter step quantum circuit.
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For baseline comparisons, we consider two widely
the ZNE method and the response
matrix-enhanced ZNE method. To facilitate more intuitive vi-

adopted approaches:

sualization, the expectation value is directly used as the evalu-
ation metric in this section.

We simulate the Trotter-step quantum circuit in Penny-
lane and incorporate quantum noise as defined in Egs. (1) and
(2).

First, we fix the depolarizing channel parameter at p = 0.9
and the amplitude damping channel parameter at y = 0.2. Un-
der these noise settings, we compare the performance of our
proposed method with that of the ZNE method. For the ZNE
baseline, we adopt an exponential fitting variant, using the
noise scaling factors A = {1,3}.

In the Trotter-step quantum circuit, the rotation angle of
the R, gates is fixed at —0.2, while the rotation angle of the
R, gates varies from O to 3 in increments of 0.2. All rota-
tion parameters are expressed in radians. For example, a value
such as 0.4 denotes 0.4 radians rather than 0.4x. Through-
out all experiments in this work, the rotation gate angles are
consistently specified in radians. This configuration results in
16 distinct Trotter-step circuits, each producing a unique ideal
expectation value. The number of measurement shots is set to
1000, and a Pauli-Z measurement is applied to the final qubit.

For each configuration, 30 independent experimental runs
are conducted, yielding a total of 1440 data points. In all fig-
ures presented in this section, the vertical axis labeled “Value”
represents the measured expectation value of the quantum
state, which is computed as

Nox 14Ny x (1)

) (29)
Nshots

where Ny and N; denote the numbers of measurement out-
comes in the |0) and |1) states, respectively, and Ngpes is the
total number of measurement shots. The experimental results
are illustrated in Fig. 3.

1.01 Ideal
—4+— Unmitigated
0.5 N —+— ZMSEAD
e g ZNE
I 01 k)
> LN
—0.5 ‘\ —
—1.0 1\*"9
0 0.6 1.2 1.8 2.4 3.0

Rotation angles

Fig. 3. Experimental results of Trotter step quantum circuits with differ-
ent rotation angles.

From Fig. 3, it can be observed that the expectation val-
ues mitigated using the QEM-ZMSEAD method closely align
with the ideal values, with deviations attributable primarily
to experimental precision. When the quantum measurement

noise is modeled as a quantum amplitude damping channel
and the rotation angle of the R, gate is near zero, the ideal
quantum state contains a large |0) component. Since |0) is
unaffected by amplitude damping, the quantum state is effec-
tively influenced only by the depolarizing gate noise. There-
fore, under such conditions, the ZNE method remains effective
for noise mitigation, as shown in the cases with rotation angles
of 0, 0.2, and 0.4 in Fig. 3.

However, as the R, gate angle increases, the ideal quan-
tum state evolves and gradually contains more |1) compo-
nents, which are affected by the amplitude damping channel.
In such cases, the |1) state may decay to |0), potentially result-
ing in measured expectation values exceeding the ideal values.
Consequently, the unmitigated results may lie above the ideal
expectation curve. Since the ZNE method does not account
for quantum measurement noise, its mitigation performance
deteriorates under these circumstances.

Next, we fix the rotation angle of the R, gate to 7, so that
the ideal expectation value of the Trotter step circuit becomes
—1, which facilitates subsequent analysis. We vary the quan-
tum measurement noise parameter Y in the amplitude damping
channel to values of 0, 0.1, 0.3, and 0.5. For each case, we
apply both the QEM-ZMSEAD and ZNE methods for noise
mitigation. Each scenario is repeated 30 times, resulting in
360 data points in total. The results are shown in Fig. 4.

0 t Ideal
—4— Unmitigated
—0.29 4 zmseap
g —0.4 ZNE
2 0.6
—~1.0 i $ —3
0 0.1 0.3 0.5
ol

Fig. 4. Experimental results under different noise parameters.

From Fig. 4, it is evident that the QEM-ZMSEAD method
effectively mitigates both gate and measurement noise. In
contrast, the ZNE method loses stability and becomes inef-
fective as the measurement noise increases. When y = 0.5,
and the ideal expectation value is —1, the extrapolated result
from ZNE approaches 0, exhibiting a significant deviation and
becoming nearly indistinguishable from the unmitigated out-
come. This indicates the failure of the ZNE method in such a
complex noise environment.

The previous experiments have focused on comparisons
with the standard ZNE method. We now compare the QEM-
ZMSEAD method with the response matrix-enhanced zero-
noise extrapolation method. The experimental circuit remains
a 4-qubit Trotter step circuit with the R, gate angle again set
to 7, implying an ideal expectation value of —1 for the circuit,
which aids in performance comparison.
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We introduce amplitude damping noise in the measure-
ment process with Y = 0.2, and depolarizing gate noise with
p = 0.9 remains unchanged. Each method is evaluated over
30 trials, and the experimental results are presented in Fig. 5.

—0.6
]
= 0.8
3 —
>

—1.0

—1.2

Ideal ZMSEAD Enhanced ZNE Unmitigated
Method

Fig. 5. Experimental results for comparing with enhanced ZNE.

The results show that the QEM-ZMSEAD method
achieves noise mitigation performance comparable to that of
the response matrix-enhanced ZNE method. By increasing the
number of fitting points in ZNE, the two methods can achieve
near-identical performance within the margin of error. How-
ever, it is noteworthy that the expectation value obtained from
the enhanced ZNE method falls below —1, which is theoreti-
cally infeasible. In practice, the prediction range can always
be constrained, but in this study, we do not apply such con-
straints to better evaluate the raw mitigation capabilities of
each method in terms of the deviation from the ideal value.

Similarly, while QEM-ZMSEAD could also include out-
put range constraints in practical applications, this paper fo-
cuses on assessing its original experimental performance with-
out additional restrictions.

Finally, we apply the QEM-ZMSEAD method to a quan-
tum machine learning task under noisy conditions to evaluate
its performance enhancement. The chosen task involves opti-
mizing the expectation value of a quantum circuit’s output to
converge to —1 through parameter updates, a common objec-
tive in classification tasks. Here, the loss function is defined
as

L(6) = [(0|u(6)!Z,U(8)[0) — (~1)], (30)

where Z; denotes the Pauli-Z measurement on the first qubit,
|0) represents the initial ground state, and U (0) is the param-
eterized quantum circuit with 0 being the rotation gate param-
eters.

In the noise simulation, we introduce a quantum ampli-
tude damping channel with parameter ¥ = 0.2 to model mea-
surement noise and a depolarizing channel with parameter
p = 0.9 to account for gate noise, while keeping all other con-
ditions unchanged.

The experiment was repeated five times, and the corre-
sponding loss curves are shown in Fig. 6.

In the figure, the shaded region represents the range of all
possible outcomes, while the solid curve indicates the average

result. Without any error mitigation, the loss curve exhibits
unstable fluctuations and fails to converge. In contrast, after
applying QEM-ZMSEAD, the loss curve demonstrates signifi-
cantly improved convergence, highlighting the practical utility
of our method in realistic noisy quantum computations.

= QEM-ZMSEAD - Unmitigated

0.75
wn
g 0.50
—

0.25

0 \____,M
25 50 75 100
Iterations

Fig. 6. Curves of the loss function with and without error mitigation.

5. Complexity analysis

This subsection primarily discusses and compares the
complexity of the QEM-ZMSEAD scheme and the complex-
ity of the ZNE method enhanced by the estimated response
matrix approach. To facilitate a comparison under consistent
conditions, the analysis is conducted based on a single-qubit
scenario. In the case of one qubit, the complexity of the ZNE
method enhanced by the estimated response matrix approach
consists of two components: the number of computational pa-
rameters required for the estimated response matrix method
and the number of parameters to be estimated for the ZNE
method itself. Regarding the computational parameter count
of the estimated response matrix method, the number of re-
sponse matrix parameters amounts to 2 X 2 = 4 parameters.
For gate noise mitigation, the ZNE method requires at least
two parameters for linear fitting, and more typically three or
more when fitting with exponential or polynomial functions
for better mitigation performance. Specifically, in the case of
a single qubit, the response matrix method has a dimension of
2 x 2 requiring the estimation of 2 x 2 = 4 parameters. For
ZNE, even the simplest linear fitting function f(A) = aA +b
requires estimating two additional parameters a and b. There-
fore, the response matrix-enhanced ZNE method requires at
least 4 + 2 = 6 parameters. If higher-order polynomial fitting
functions are used in ZNE, the number of parameters to be
estimated can increase further.

In summary, the enhanced ZNE method requires at least
six parameters, and more than eight are often needed for ef-
fective noise suppression. In contrast, the QEM-ZMSEAD
method can jointly mitigate both gate and measurement noise
by estimating only three parameters, demonstrating its lower
complexity.

The reason QEM-ZMSEAD can achieve effective noise
mitigation with such low complexity is that it is based on the
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ZMSEAD expression, which extracts key noise characteristics
through careful analysis of the quantum noise model. This in-
sight enables the design of an efficient mitigation strategy that
significantly reduces overall complexity.
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