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High-order harmonic generation (HHG) from a ZnO crystal has been investigated theoretically using a two-band
model driven by a few-cycle laser pulse. We observe that harmonics in the cut-off region exhibit periodic frequency shifts
with changes in the carrier envelope phase (CEP) of the laser field. When the CEP of the laser pulse is an integer multiple
of π , the cut-off region is dominated by even-order harmonics rather than odd-order harmonics. To illustrate the physical
mechanism behind the even-order harmonics, we track the trajectories of electrons and holes between two successive half-
cycles by performing time-frequency analysis and applying the recollision model. The results show that the maximum
electron displacement is symmetric between successive half-cycles for odd-order harmonics. In contrast, the half-cycle
symmetry of the maximum displacement is broken in the case of even-order harmonics.
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1. Introduction
High-order harmonic generation (HHG) is a highly non-

linear phenomenon arising from the interaction between in-
tense laser fields and matter. HHG from gases is one of
the main sources for generating soft x-ray attosecond pulses
and can be applied to probe ultrafast electron dynamics with
attosecond time resolution.[1–3] However, the low electron
density in gases results in weak harmonic conversion effi-
ciency, which limits their practical applications. Recently,
HHG from solids has attracted considerable attention due to its
higher conversion efficiency and the possibility of reconstruct-
ing the band structure of semiconductors all-optically.[4–9]

HHG from solids exhibits a range of novel phenomena, in-
cluding the field dependence of maximum photon energy,[4,10]

multiple plateaus in the harmonic spectrum,[11,12] and com-
plex ellipticity dependence.[13,14] Furthermore, various crys-
tals have been used as target materials to generate high-order
harmonics,[15–17] making HHG in solids a hot research topic
in recent years.

The mechanism of HHG in solids can be interpreted in
terms of intraband currents and interband polarization.[5] The
intraband current arises from the motion of electrons or holes
within a single energy band, whereas the interband polariza-
tion is similar to atomic HHG and can be described using a
recollision model.[5,18,19] In this model, HHG from solids in-
volves three steps: (1) an electron is excited vertically from
the top of the valence band (VB) to the conduction band (CB),
creating an electron–hole pair; (2) the electron and hole are

accelerated within their respective bands by the electric field;
(3) the electron recollides with the hole, emitting a harmonic
photon with energy determined by the band gap. Based on this
model, a linear relationship between the cut-off energy of the
harmonics and the electric field intensity can be theoretically
established.[20]

Due to the inversion symmetry of the medium and
the time-translation symmetry of the laser pulse, the har-
monic spectrum of a solid typically contains only odd-order
harmonics.[19–22] In particular, even-order harmonics can-
not be directly generated in ZnO using only a two-band
model.[23–26] Nevertheless, both odd- and even-order har-
monics have been observed experimentally under certain
conditions.[27–29] For example, Liu et al.[27] detected even-
order harmonics from monolayer MoS2, showing that the
anomalous intraband current originating from the Berry cur-
vature is responsible for their generation. Vampa et al.[28] ob-
served even-order harmonics in ZnO driven by a combined
linearly polarized laser field. The addition of a second har-
monic breaks the symmetry of electron trajectories between
successive half-cycles, leading to even-order harmonic gener-
ation. Many theoretical studies have also explored the underly-
ing physics of even-order harmonics.[26,30–32] Jia et al.[26] used
a multiple-band model to illustrate that even-order harmonics
originate from electrons being excited to higher conduction
bands in a stepwise process. Jiang et al.[30,31] highlighted the
role of the transition dipole phase (TDP) and symmetry break-
ing, showing that nonzero TDP in a symmetry-broken solid
leads to even harmonics. Across these investigations, odd-
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and even-order harmonics typically appear alternately across
the harmonic spectrum.[4,26,28–32]

In this work, we investigate HHG from ZnO along the Γ –
M direction driven by a few-cycle laser pulse. We find that
both odd- and even-order harmonics appear when the carrier
envelope phase (CEP) of the laser field is an integer multi-
ple of π , with even-order harmonics dominating the cut-off
region. By analyzing electron trajectories in real space, we
reveal that the asymmetry of electron maximum displacement
between successive half-cycles is responsible for the genera-
tion of even-order harmonics. The paper is organized as fol-
lows: Section 2 describes the theoretical approach, Section 3
presents the simulation results and discussion, and Section 4
concludes the work.

2. Method
Since the time-dependent Schrödinger equation (TDSE)

is primarily applied to model solids,[11,33] it cannot fully de-
scribe real solid materials. At present, simulations of laser
interaction with real solids are mainly performed by solving
the semiconductor Bloch equations (SBEs)[19,20,28,34] or us-
ing time-dependent density functional theory (TDDFT).[35,36]

Approaches such as TDSE and TDDFT, however, do not ac-
count for dephasing effects. Therefore, in this work, we em-
ploy SBEs within a two-band model to describe the interaction
between laser pulses and ZnO crystal. Unless stated otherwise,
atomic units are used throughout. The SBEs are given by

ṅm = i ∑
m′ 6=m

Ωmm′πmm′e
iSmm′ + c.c., (1)

π̇mm′ =−
πmm′

T2
+ iΩ∗mm′(nm−nm′)e

−iSmm′

+ i ∑
m′′ /∈{m,m′}

(
Ωm′m′′πmm′′e

iSm′m′′

−Ω
∗
mm′′π

∗
m′m′′e

−iSmm′′
)
, (2)

where nm(𝐾, t) is the population of band m (c for conduc-
tion band, v for valence band), with all electrons initially in
the valence band. Ωmm′(𝐾, t) = 𝐸(t) · 𝑑mm′ [𝐾 +𝐴(t)] is
the polarization strength, where 𝑑mm′ is the transition dipole
moment.[20] The crystal momentum 𝑘 is transformed to a
moving frame via 𝐾 = 𝑘−𝐴(t),[37] shifting the first Bril-
louin zone (BZ) to BZ = BZ−𝐴(t), with the BZ defined as
[−π/a,π/a] and lattice constant a = 5.32 a.u. The classical
action is Smm′(𝐾, t) =

∫ t
−∞

εmm′ [𝐾+𝐴(t ′)]dt ′, where εmm′ =

Em−Em′ is the band energy difference. Following experimen-
tal comparison, the dephasing time is set as T2 = 1.375 fs to
effectively remove anharmonic contributions in the high-order
harmonics.[5,23,25] Different from Ref. [38], the system is not
allowed to exchange energy with phonons of lattice defects in
this work. Thus, T2 = 1.375 fs is adopted to depict the intrinsic
dephasing time of the ZnO crystal.

The intraband and interband harmonic spectra are ob-
tained by Fourier transform of the corresponding currents

Sintra(ω) = ω
2
∣∣∣∣∫ 𝑗intra(t)e−iωtdt

∣∣∣∣2 , (3)

Sinter(ω) = ω
2
∣∣∣∣∫ 𝑗inter(t)e−iωtdt

∣∣∣∣2 . (4)

The ZnO band structure is taken from Refs. [5,20], ob-
tained via ab initio calculations under the local density ap-
proximation, with a bandgap Eg = 0.1213 a.u. (3.3 eV) at the
Γ point. The laser field is linearly polarized along the Γ –M
direction

E(t) = E0 f (t)cos(ω0t +ϕ), f (t) = cos2
(

πt
τ

)
, (5)

where τ is the pulse duration (5 optical cycles), E0 =

0.00342 a.u. (4.1×1011 W/cm2), ω0 = 0.014 a.u. (3253 nm),
and ϕ is the CEP. The peak field is below the Bloch field
Eb = πω0/a ≈ 0.008 a.u., so excitation to higher conduction
bands is neglected.[33]

3. Results and discussion
Figure 1 shows the intraband and interband harmonic

spectra for a laser pulse with ϕ = 0. Odd-order harmonics
dominate below the 24th harmonic due to inversion symmetry
along the Γ –M direction,[19,20,22] while even-order harmonics
(e.g., 24th and 26th) appear near the cut-off region. Solid HHG
originates from intraband and interband currents. Intraband
harmonics arise from Bloch oscillations and a recollision-like
contribution associated with electron–hole polarization. Since
intraband harmonics are weaker than interband ones by about
four orders of magnitude near the cut-off, we focus primarily
on interband harmonics. Unlike previous works where odd-
and even-order harmonics appear alternately across the entire
spectrum,[26–28] in our case, even-order harmonics appear only
near the cut-off. Because the system retains inversion sym-
metry, the phase of 𝑑mm′ is set to zero,[21,39] differing from
scenarios with nonzero transition dipole phase that generate
even-order harmonics.[30,31] The physical mechanism for this
observation warrants further investigation.

The Bloch oscillation of electrons depends on the vector
potential of the driving pulse, i.e., 𝐾 = 𝑘−𝐴(t). Chang-
ing the CEP of the laser field alters the waveform of the vec-
tor potential, thereby controlling the motion of Bloch elec-
trons and directly modifying their acquired kinetic energy ε

(ε ∝
[
Ab(t)−Ar(t)

]2, where tb and tr denote the birth and rec-
ollision times).[40–43] We further investigate the influence of
CEP on HHG in both the plateau and cut-off regions. Fig-
ure 2(a) shows the CEP dependence of the harmonics in the
plateau region (9th–15th harmonics), where the harmonics ex-
hibit negligible dependence on CEP. In contrast, in the cut-
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off region, the harmonics continuously shift with CEP varia-
tion, as presented in Fig. 2(b), indicating that the generation
of even-order harmonics is highly sensitive to CEP. Such a
distinction between plateau and cut-off regions has also been
observed in topological insulators,[41] where it is attributed to
the ballistic acceleration of Dirac currents in the topological
surface state. As seen in Fig. 2(b), when CEP is a half-integer
multiple of π , odd-order harmonics dominate the cut-off re-
gion. Conversely, even-order harmonics are generated when
CEP is an integer multiple of π . To elucidate the mechanism of
even-order harmonic emission, we focus on trajectory analysis
for the specific case of ϕ = 0, which exhibits clear even-order
harmonics.
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To gain a deeper physical insight into the even-order
harmonics, we present the time-frequency (TF) distribution
of HHG through the Morlet wavelet transformation[44] in
Fig. 3(a). It can be seen that the generation of harmonics oc-
curs mainly at the center of the laser pulse, with two primary
peaks contributing to harmonic generation, marked as P1 and
P2, respectively. For harmonics below the 25th order, the short
trajectories from P1 and P2 contribute together. However, for
harmonics above the 26th order, the emission mainly origi-
nates from a single short trajectory of P1. Moreover, Fig. 3(a)
shows that the temporal separation between these two bursts
increases with harmonic order, resulting in a time delay be-
tween successive subcycles during harmonic emission. In the

harmonic spectra, this gives rise to peaks separated by slightly
less than twice the laser frequency.[40]

In Ref. [40], the instantaneous energy difference was cal-
culated to understand harmonic emission dynamics. The re-
sults indicate that harmonic orders deviate from odd multiples
when the vector potential peaks at the envelope maximum.
Comparing with Fig. 3(a) in Ref. [40], the instantaneous en-
ergy difference agrees with the TF distribution. Furthermore,
the energy difference approximately traces the magnitude of
the vector potential |A(t)|.[45]

Figure 3(a) also illustrates the magnitude of the vector po-
tential |A(t)| (magenta dashed lines), used to trace the instan-
taneous energy difference. A time delay is observed between
each emission path and the vector potential, which arises be-
cause only the Γ point (𝑘 = 0) is considered in TDSE cal-
culations of Ref. [40]. In this work, we investigate HHG in
ZnO crystal by solving the SBEs, considering a fully occupied
valence band (all crystal momenta within the first BZ). Thus,
the mechanism of even-order harmonic generation may differ
from that in Ref. [40]. TF analysis of the Γ channel (not shown
here) also follows the vector field magnitude, consistent with
Ref. [40].

Figure 3(b) depicts the harmonic orders as a function
of birth time and recollision time calculated by the recolli-
sion model derived from a fully occupied VB, consistent with
Refs. [18–20]. Two main peaks, P1 and P2, contribute to HHG,
in agreement with TF analysis from SBEs shown in Fig. 3(a).
Peak P2 does not contribute to harmonics above the 25th or-
der, whereas harmonics below the 25th arise from both P1

and P2. The red dotted line in Fig. 3(b) shows the transient
CB population. The CB population rapidly increases from
t = −0.75 o.c. to t = −0.25 o.c., corresponding to the birth
time of P′1, and recombines at t = −0.25 o.c. to t = 0.25 o.c.
Similarly, from t =−0.25 o.c. to t = 0.15 o.c., the CB popula-
tion rises again, corresponding to the birth of P′2, with recom-
bination from 0.25 o.c. to 0.65 o.c.

To further understand even-order harmonic generation,
we analyze electron trajectories between two successive half-
cycles using the recollision model.[18,19,46] For all harmonic
orders, we set the initial condition at the Γ point (𝑘 = 0).
Figures 4(a1) and 4(a2) show trajectories of the electron and
its associated hole for the 13th harmonic at different birth
times tb. In Fig. 4(a1), the electron–hole pair is created at
tb =−0.35 o.c. (peak P′1 from Fig. 3(b)), with the electron and
hole moving along positive- and negative-X directions, respec-
tively. At tr =−0.05 o.c., the electron recollides with the hole,
emitting a harmonic photon. The maximum displacement of
the electron is around X = 0.85 a.u. In Fig. 4(a2), the pair is
created at tb = 0.15 o.c., recolliding at tr = 0.45 o.c., with max-
imum displacement X = −0.85 a.u. The electron thus moves
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symmetrically in positive- and negative-X directions over suc-
cessive half-cycles. As proposed by Vampa et al.,[47] HHG
can be viewed as an array of interferometers, with each arm
corresponding to electron–hole trajectories generated in subse-
quent half-cycles. Equal electron propagation distances lead to
constructive interference only for odd-order harmonics, here
generating the 13th harmonic.

Figures 4(b1) and 4(b2) show electron trajectories for

the 15th harmonic. The maximum displacements are X =

1.23 a.u. and X =−1.23 a.u., symmetric over successive half-

cycles. Compared with the 13th harmonic, the electron gains

more energy due to the longer displacement, and the symmetry

ensures the generation of the 15th harmonic.
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Figures 4(c1) and 4(c2) illustrate the trajectories of the
electron and associated hole for the 24th harmonic between
two successive half-cycles. From Fig. 4(c1), the electron–hole
pair is created at tb = −0.40 o.c. (peak P′1 in Fig. 3(b)). The
electron recollides with its associated hole at tr = 0.08 o.c.,
with a maximum displacement of X = 3.52 a.u. From
Fig. 4(c2), the electron–hole pair is created at tb = 0.09 o.c.
(peak P′2 in Fig. 3(b)) and recollides at tr = 0.66 o.c., with a
maximum displacement X = −5.17 a.u. in the negative-X di-
rection. The asymmetry of maximum displacement between
two successive half-cycles leads to constructive interference
for even-order harmonics, e.g., the 24th harmonic, following
Eq. (33) in Ref. [47]. Figure 4(d) shows the trajectory of the
26th harmonic, where the electron moves only in the positive-
X direction with a maximum displacement of X = 4.93 a.u.,
confirming that even-order harmonics originate from asym-
metric electron trajectories.
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To further elucidate the HHG dynamics, we analyze elec-
tron and hole trajectories in 𝑘-space using the recollision
model.[18] Figures 5(a) and 5(b) depict the 𝑘-space trajecto-
ries for the 13th harmonic, corresponding to birth times in
Figs. 4(a1) and 4(a2). In Fig. 5(a), the electron–hole pair is
created at 𝑘 = 0 (green point), then undergoes Bloch oscil-
lation driven by the laser pulse. At t = t ′, the electron and
hole pass through 𝑘 = 0 (red point) and finally recollide at
𝑘=−0.12 a.u. (orange point). In Fig. 5(b), the electron recol-
lides at 𝑘= 0.12 a.u. (orange point). For odd-order harmonics,
the crystal momentum of recollision is symmetric about the Γ

point.
Figure 5(c) shows the 𝑘-space trajectory for the 26th har-

monic (birth times in Fig. 4(d)). Only a single trajectory con-
tributes, with recollision at 𝑘 = −0.35 a.u. (pink point), re-
sulting in loss of half-cycle symmetry for even-order harmon-
ics. Figure 5(d) presents the band gap between CB and VB

in 𝑘-space. The two orange points correspond to the band
gap at 𝑘 = −0.12 a.u. and 𝑘 = 0.12 a.u. (energy ∼ 4.35 eV,
13th harmonic), while the pink point represents the band gap
at 𝑘 =−0.35 a.u. (energy ∼ 9.91 eV, 26th harmonic).

4. Conclusion
In summary, we investigated the HHG from ZnO crys-

tal within the framework of a two-band model. By tuning the
CEP of the incident pulse, we observed even-order harmon-
ics in the cut-off region when the CEP is integer multiples of
π . To investigate the electron dynamics of harmonic genera-
tion, we analyzed the electron trajectories in real space using
the recollision model. It is demonstrated that the even-order
harmonic generation is a consequence of the asymmetry of the
maximum displacement of the electron between two succes-
sive half-cycles. We also analyzed the recollision dynamics of
the electron–hole pair in the 𝑘-space. The results show that the
crystal momentum when the electron recollides with its asso-
ciated hole is symmetric about the Γ point for odd-order har-
monics, while it is asymmetric for even-order harmonics. We
expect that our results will contribute to further exploration
and understanding of the physical mechanisms of solid HHG.
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C R, Brabec T, Klug D D and Corkum P B 2015 Phys. Rev. Lett. 115
193603

[10] Ikemachi T, Shinohara Y, Sato T, Yumoto J, Kuwata-Gonokami M and
Ishikawa K L 2017 Phys. Rev. A 95 043416 2020 Chin. Phys. B 29
104206

[11] Wu M X, Ghimire S, Reis D A, Schafer K J and Gaarde M B 2015
Phys. Rev. A 91 043839

[12] Yu C, Iravani H and Madesen L B 2020 Phys. Rev. A 102 033105
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