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In the last decade, the study of pressure in active matter has attracted growing attention due to its fundamental rel-
evance to nonequilibrium statistical physics. Active matter systems are composed of particles that consume energy to
sustain persistent motion, which are inherently far from equilibrium. These particles can exhibit complex behaviors, in-
cluding motility-induced phase separation, clustering, and anomalous stress distributions, motivating the introduction of
active swim stress and swim pressure. Unlike in passive fluids, pressure in active systems emerges from momentum flux
originating from swim force rather than equilibrium conservative interactions, offering a distinct perspective for understand-
ing their mechanical response. Simple models of active Brownian particles (ABPs) have been employed in theoretical and
simulation studies across both dilute and dense regimes, revealing that pressure is a state function and exhibits a nontrivial
dependence on density. Together with nonequilibrium statistical concepts such as effective temperature and effective adhe-
sion, pressure offers important insight for understanding behaviors in active matter such as sedimentation equilibrium and
motility induced phase separation. Extensions of ABP models beyond their simplest form have underscored the fragility
of the pressure-based equation of state, which can break down under factors such as density-dependent velocity, torque,
complex boundary geometries and interactions. Building on these developments, this review provides a comprehensive
survey of theoretical and experimental advances, with particular emphasis on the microscopic origins of active pressure and

the mechanisms underlying the breakdown of the equation of state.

Keywords: active matter, active pressure, equation of state, active Brownian particles
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1. Introduction

Over the past two decades, active matter has gained
widespread prominence across disciplines such as colloid
science,!?! condensed matter physics,>*' nonequilibrium
thermodynamics, > and self-assembly.[”°! When a system’s
components consume energy from the environment to gener-
ate forces and remain in a nonequilibrium state, it is referred
to as an active matter system.!!*"12l Active matter offers a
paradigm for numerous driven systems within the realm of
soft and living matter, including biological systems such as
bacterial colonies, 3! tissues and cells,'¥ flocks of birds, 3!
schools of fish,[!0!8] bee colonies,[!%2% crowds of human
beings,[>!l and synthesized active matter consisting of vari-
ous types of self-propelling particles, ranging in size from
nanometers to millimeters.?%23]

In active matter systems, the activity of constituent par-
ticles leads to the emergence of active stresses, which act in
addition to the usual equilibrium ones such as nematic or vis-

[4.17.24] For example, in a bacterial colony of E.

cous stresses.
coli, the dynamics are driven by viscous, elastic, and active

stresses, with bacterial hydrodynamic propulsion creating ex-
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tensional flow fields that pull in fluid from the sides and push
it out along the bacterial axis.>>-% In the absence of activity,
the dynamics reduce to nematohydrodynamic behavior of ne-

(271 Following this pathway, it is tempting

matic liquid crystals.
to define the trace of the total nonequilibrium stress tensor as
an effective active pressure.

The physical meaning of such an effective active pressure
intuitively can be understood as the pressure on the bound-
ary to confine active particles in space,[”®?°! analogous to the
kinetic theory of gases, where collisions between molecules
and container walls generate pressure, or similar to the Brow-
nian osmotic pressure generated by molecules or colloidal so-
Iutes in a solution. However, a key feature of active mat-
ter is that it is inherently in a thermodynamic nonequilibrium
state, making its collective behavior impossible to understand

5.39311 Tn equilibrium

using conventional statistical mechanic
systems, pressure is a state function that appears consistently
in the equations of state for gases, liquids, and even solids.
Examples include the ideal gas law, the Van der Waals equa-
tion and the Carnahan—Starling and Hall equations for hard

g [32-34

sphere 1 Pressure attains the same value whether derived
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from microscopic momentum flux, statistical thermodynamics
or hydrodynamics. While some of these definitions are ex-
tended to define pressure in active matter systems, their con-
vergence and the existence of an equation of state are by no
means guaranteed,*®35-37] which renders the understanding
and physical interpretation of pressure in active matter a chal-
lenging problem.

The conceptual understanding of active stresses and ef-
fective pressure is still in early stages, with different per-
spectives developed. Considerable discussion has centered
on the conditions under which active pressure can be re-
garded as a state function — governed by internal momen-
tum flux — and on the circumstances in which this de-
scription breaks down, causing the mechanical pressure on
the confining wall to deviate from that derived from the
bulk. 3338401 Despite these challenges, active pressure re-
mains a valuable concept for understanding collective behav-
iors such as self-assembly, phase separation, or pattern for-

13,14,17,41-43]

mation in active matter systems, | controlling self-

propelled particles,3°! as well as for designing and fabricating
micromachines, (444!

In this paper, we conduct a synthesis review on past stud-
ies of active pressure, exploring the microscopic mechanical
origins especially in active Brownian particles. We start from
the simple ABP model, demonstrating that in this system the
active pressure behaves as a state function and exhibits a non-
trivial dependence on density. As part of the broader effort
to extend equilibrium concepts to nonequilibrium situations
and thereby apply well-known results to complex systems, re-
searchers have sought to explain the active pressure of the sim-
ple ABP model by drawing analogies to pressure in equilib-
rium systems, introducing the concepts of effective tempera-
ture and effective adhesion. Going beyond the simplest ABP
models has revealed that pressure-based equations of state are
highly sensitive and can fail when influenced by factors such
as density-dependent propulsion speeds, torques, and complex
boundary shapes or interactions. Here we trace these develop-
ments, highlight the key mechanisms behind the breakdown
of the equation of state, and discuss how these insights inform
both theoretical modeling and experimental design in active
matter research.

2. Pressure in equilibrium systems
2.1. Pressure in an ideal gas

In the ideal gas, the simplest and most widely used model
in statistical mechanics, the pressure can be shown to arise
from the collective impact of gas particles colliding with the
walls of the container (Fig. 1(a)). These collisions transfer mo-
mentum to the walls, and the frequency and strength of these
collisions are directly related to the thermal energy of the par-
ticles, kg T, where kg is the Boltzmann constant and T is the

absolute temperature. This leads to the well-known expression
for the ideal gas pressure 40

Fq = nkgT, ey

where n = N/V is the number density, with N the total number
of gas molecules and V the volume of the container.

b) Interacting systems c) Statistical mechanics
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Fig. 1. Different definitions of pressure in equilibrium systems. (a) Pressure
in an ideal gas. (b) Virial pressure contributed by intermolecular interac-
tions. (c) Pressure defined based on statistical mechanics. (d) Mechanical
pressure defined as the force per unit area on the confining boundaries or
walls; Py,1 and P, > represent the mechanical pressure on a flat wall and a
curved wall, respectively. The pressure is uniform throughout the system,
such that Py | = Py = Pk (€) Pressure is also defined as the sum of the
trace of the hydrodynamic stress tensor.

2.2. Virial pressure due to interactions between particles

For realistic systems, interactions between particles also
contribute to the pressure in the system (Fig. 1(b)), which can
be calculated via the virial theorem.!*”! It provides a founda-
tional route to define pressure in many-body systems from a
microscopic perspective, relating the average force acting be-
tween particles to the macroscopic pressure via the spatial dis-
tribution of particles and their mutual interactions. For a sys-
tem of N particles confined in a volume V in d dimensions, the
pressure can be written as

1
Py = Wzi<j<rij'fij>v )

where fi; and r;; denote the force and relative distance be-
tween two particles i and j, respectively. Here, the dot product
quantifies how pairwise forces contribute to the net momen-
tum exchange and hence to the pressure. This formulation
offers an intuitive way to compute pressure in molecular sim-
ulations. The concept can also be applied to suspensions of
Brownian particles where entropy drives the colloids to spread
out leading to an osmotic pressure analogous to the reasoning

above. 48]

2.3. Statistical definition

In statistical mechanics, macroscopic thermodynamic
quantities can be derived from the microscopic properties of
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the system through the partition function Z, which encodes the

s.1%91 Take canoni-

statistical weight of all possible microstate
cal ensemble as an example. The partition function is defined

as
Z:/e*H(P-,fI)/kBpodq’ 3)

where H(p,q) is the Hamiltonian of the system, p and g rep-
resent momentum and coordinate, respectively. In this case,
pressure can be expressed as a derivative of the partition func-
tion with respect to volume

dlnZ
P@T<8V>TM @)

This expression conveys the fundamental thermodynamic def-
inition of pressure, relating it to changes in the system’s ac-
cessible microstates and entropy with volume (Fig. 1(¢c)), i.e.,
pressure is understood to originate from the volume depen-
dence of the partition function, rather than from a purely me-
chanical or kinetic description.

2.4. Mechanical definition

Generally, pressure is understood as the normal force ex-

erted per unit area on a surface or a wall (Fig. 1(d)BY
F
P=— 5
T &)

where F is the total normal force and A is the total surface area
over which the force is applied.

By explicitly expressing the particle—wall interaction po-
tential @(x), and taking its derivative with respect to the
particle-wall separation x , one obtains the term correspond-

135

ing to the force exerted on the wall. ! Thus, the mechanical

pressure can be defined and computed via
P= / n(x) oy ® (x) dx. (6)
0

This mechanical definition can be proved to be equivalent
to the thermodynamic pressure on the wall for equilibrium
systems.[>> This equation still holds even if the system con-
tains other types of particles (such as solvent molecules), as
long as those particles do not exert any direct force on the wall
(i.e., the wall is semipermeable to them),’*>! in which case the
pressure P is identified as the osmotic pressure. Note that this
mechanical definition remains valid regardless of whether the
system is in equilibrium or not.

2.5. Hydrodynamic definition

In hydrodynamics, pressure arises as a macroscopic, con-
tinuum field that captures the isotropic part of the stress tensor
in a fluid.% The pressure is defined as the sum of the trace of
stress tensor o divided by the dimension d,13!]

1 d
P=—=Y oua. (7
doc:l

Note that it is fundamentally different from the microscopic
virial expression, but connected through coarse-graining.

3. Pressure in active systems

As active matters consume energy from the environment,
they are inherently driven out of equilibrium.['”l The ques-
tion then is how to define pressure in active systems. To
make progress, ABP models have been used in simulations
and theoretical calculations due to their simplicity. It is gen-
erally accepted that pressure in active systems contains two

contributions[28-35-37-52-55]

P= Pp+Pswim- (®)

One is the common pressure experienced in a passive sys-
tem, denoted as F,, and the other is contributed by the self-
propelled motion of particles, known as swim pressure, 8]
Pswim- The passive part of the pressure can be further ex-
pressed as the sum of two terms

By =Pa+Py, ©))

where Py and Py denote the ideal-gas like contribution from
random Brownian motion of particles and the virial contribu-
tion arising from mutual interactions.

In the past decade, various approaches to derive

expressions for pressure in active matter have been
explored. [28-33:37:42,52.53.56,57] Though pressure is a state func-
tion in equilibrium systems, it is far from clear what to expect
in active matter due to its far-from-equilibrium nature. It be-
comes even more complicated in the presence of various con-
fining boundaries,®?! which may alter the spatial distribution
and dynamics of particles. Indeed, it has prompted extensive
discussion whether, and under what conditions, pressure qual-
ifies as a state function, thereby providing an opportunity to
further develop the statistical physics of nonequilibrium sys-

tems.

3.1. Active Brownian particles

Active Brownian particles are a class of models com-
posed of particles that possess self-propulsion.>®! The propul-
sion speed and direction are influenced by noise, friction, and

NECCe o 62

Pu1 = P2 = Ppuik O

Fig. 2. Pressure in ABP model systems. P and Py > are mechanical
pressures at flat and curved walls, respectively. P,k represents bulk
pressure away from boundaries in active system.
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external fields. The particle’s orientation evolves over time,
which can be driven by rotational Brownian motion, determin-
istic torques, or a combination of both. ABPs model “dry”
active systems without hydrodynamic coupling. Our discus-
sion mainly revolves around this model to explore the condi-
tions under which an equation of state holds and the situations
where it breaks down (Fig. 2).

3.2. Irving—Kirkwood formalism for stress tensor

The microscopic definition of the stress tensor in statis-
tical mechanics is commonly formulated using the Irving—
Kirkwood (IK) formalism, first developed in 1950. In this
framework, the stress tensor is defined as the flux of linear
momentum across a surface element, derived from the conser-
vation laws applied at the microscopic scale. It contains con-
tributions from both kinetics and configurations, representing
the momentum transport due to particle motion and interparti-
cle interactions, respectively. The IK stress tensor for a system
of N particles interacting via pairwise forces can be expressed
as

o (T‘,t) = — Zm,-vivlﬁ (T‘ — ’I‘i)

| |
-3 Zr,,-F,,-/O 8(r—ri+Ar;)dA. (10)
i#]

Here, r;; = r; — 7}, m; is the mass of particle i, and Fj; is the
force exerted on particle i by particle j. The first term rep-
resents the momentum carried by the particles. The second
term accounts for the contribution from interparticle forces,
integrated along the line connecting particles i and j, with the
force contribution distributed uniformly over the entire seg-
ment.

3.3. Swim pressure as the trace of swim stress tensor

The IK formalism provides a well-established framework
for defining the stress tensor in particle-based systems. To de-
scribe stress in active matter, the IK formalism has been further
extended to incorporate nonequilibrium contributions from ac-
tive forces.

To put into account the contribution from persistent
propulsion of active particles, swim stress for overdamped sys-

tems is defined in the spirit of the IK formalism, [28:37]

an

In this case, the force is replaced by the effective self-

Oswim = _n<"'stim>~

propulsion force Fyim,-
While the swim stress provides a tensorial description of

momentum flux, the pressure can be obtained by taking its

trace.’% That is, swim pressure corresponds to the sum of the

diagonal components of the swim stress tensor,

1 4

swim
Y oo

a=1

Pyim = d (12)

This scalar definition of swim pressure as the trace of the
swim stress tensor can also be understood from a comple-
mentary perspective: an extension of the virial theorem.*7]
Swim pressure has been recast in a virial-like form involv-
ing the dot product of the self-propulsion force and particle

position, 53-:60:61]

1y
Peim = Wﬂlﬂbw“m».

i

13)

Here, conservative pairwise forces are replaced by swim
forces, so that the virial theorem remains a useful framework

for interpreting active pressures in nonequilibrium systems. 81

4. Pressure is a state function in specific ABP
models

4.1. Overdamped simple ABP model

To understand the emergence of active stresses and pres-
sure in nonequilibrium systems, researchers have focused on
simple overdamped active Brownian particle (simple ABP)
systems. In this model, active particles evolve via a Langevin
equation of motion

Cri(t) = CUomi (t) + F; + & (1), (14)

where 7;(¢) is the particle location, Uy is the constant swim-
ming speed, n;(f) is the unit vector along the axis of self-
propulsion, { is the friction from the suspending fluid, &; (¢) is
the thermal random force, and F; includes forces on the parti-
cle from pairwise interactions and external fields. The random
force satisfies (&; (1)) =0 and (&; (1) - &;(0)) =2dkgT {6 (7).

4.1.1. Pressure in overdamped simple ABP models

In ABP models, the active swim force on a particle is
Fowim = CUOn(t)' (15)

By substituting Eq. (15) into Eq. (13), the swim pressure be-

comes
Uy N
Pywim = Ccl‘/zi"<ni “Ti). (16)
It has further been shown that Pyyiy, can be expressed as32!
n
Pswim = ECUOU% )

where Uy represents the average particle velocity projected
along its swimming direction at various packing fraction ¢,

1 N
U¢ = NZ<TL,T‘,>

i

(18)

Here, one velocity factor Uy is preserved while the other is
replaced by a density-dependent speed Uy. Here ¢ = nvp,
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the volume fraction in 3d, and ¢ = no), the area fraction in
2d, where v, and o, are the volume and area of a particle,
respectively. Physically, Uy measures how much of the self-
propulsion is preserved in the actual motion of the particles
after accounting for collisions and interactions, which serves
as a key kinetic parameter for swim pressure, 72337601

In the dilute regime, Uy = Uy. The swim pressure given

in Eq. (17) is then reduced to

PO C”Uoz
Swim dDR I’

19)

which has been reported in multiple studies?®3731 for both
two- and three-dimensional systems. In both cases, the pres-
sure introduced by activity is proportional to UO2 (Fig. 3), re-
vealing the fundamental origin of active pressure.

In dense simple ABP systems, the swim pressure is de-
creased because the orientation of the active particles changes
on the timescale Tr such that the particles do not necessarily
reorient when colliding and thus mutually obstruct the active
dynamics. [28:37:92:33,57.60.62] That s, Uy is no longer equal to
Uy, but instead decreases with packing fraction,?”]

Up = Up (1-19). (20)

Here A is a constant parameter, characterizing the slope of
the decrease in average particle propulsion speed with pack-
ing fraction ¢.

By using active microrheology, the leading-order correc-
tion to the swim pressure is found to be a linear decrease with
density!?8! (Fig. 3(a))

P .
SOWIm =1-9. 21

swim

On the other hand, interparticle forces (steric repulsion) have
a positive contribution to the overall pressure, which increases
linearly with the particle density in the leading order. Thus,
the full pressure is obtained as

(fD =1-¢(1-3Per)+0(9?), (22)

swim

where Per = Up/(aDg) is the rotational Peclét number, and a
is the particle radius.

This equation can be understood as an expansion of the
equation of state of active matter in terms of deviations from
the effective ideal gas state. The negative term (the second
term of the right-hand side of the equation) plays a similar
role to the second-virial coefficient of equilibrium colloidal
systems, and when it is negative, it indicates effective attrac-

tive interactions between the active particles. !

[53

In Gompper’s study,®3 the pressure collapses onto a

common curve described by
P
—— =1-x9¢, (23)

swim

with k of order unity. This form can be derived by combining
Egs. (17) and (20), which captures the ideal-gas-like pressure
at low ¢ and the suppression at higher densities, reflecting the
onset of interaction effects in active systems.

The above corrections to the swim pressure/pressure can
well capture the results obtained in various simulations of sim-
ple ABPs in the dense regime, as shown in Fig. 3.

@ 3
<& Per Walls PB ---Eq.(3) A
s %4700 ¥ 4 o o
N
So3s{ 10 ¢ © o
Q 1 [ ] o
S oosjor o o
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~~ 0.25{¢0.01 > o
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0.2 B < < a.- o g o
=) -~ 0 8 o
350.15 8 ?
N 01 0.08 I
N W
_-¥
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E 0 (0’ 0.05 0.1
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(b) 006 ‘ : o
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g P 2y g
7 0.03 <O o080 A
] A ab -
fe ’ o ()/80 () <>
a o0 £
0.02 A & |
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Fig. 3. The dependence of simple ABPs’ pressure on packing fraction. (a) The
swim pressure and Brownian pressure at different Per with periodic boundary
conditions (PB) and walls. The solid black line corresponds to a linear in-
crease of pressure with packing fraction. The dashed curve is the dilute theory
expression. Reused with permission from Ref. [28]. Copyright (2014) by the
American Physical Society. (b) Total pressure calculated from the IK formula
(magenta triangles) and with the force on the walls (magenta circles). Pres-
sure following an active ideal gas law (magenta dashed line), passive pressure
from pairwise interactions (measured in simulation, black diamonds; theory,
black dash-dot line) and the swim pressure (simulation, blue squares; theory,
blue dot line) are also presented. Reused with permission from Ref. [37].
Copyright (2014) by the Royal Society of Chemistry. (c) Swim pressure at
various Per (9.8, purple; 29.5, olive; 44.3, green; 59.0, blue; and 295.0, red).
Reproduced from Ref. [53]. ©The Royal Society of Chemistry, CC BY 3.0.

4.1.2. Effective temperature in the dilute regime

The relationship between swim pressure and density in
dilute situation has been explored in active colloidal suspen-
sions through sedimentation experiments.!>®! To further char-
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acterize the thermodynamic properties of such self-propelled
systems, a method based on the equilibrium fluctuation—
dissipation theorem has been proposed for defining an effec-
tive temperature. %! Félix Ginot and his colleagues designed
the experimental setup shown in the inset of Fig. 4(a). They
tilted the system by a small angle 6 along the z direction
to form a continuous two-dimensional monolayer of gold-
platinum Janus microspheres immersed in a hydrogen perox-
ide bath at the bottom of the observation chamber, establish-
ing varying packing fractions along the z axis by balancing
the osmotic pressure with the gravitational potential. The sim-
ulation results also agree well with the experimental results
(Fig. 4(b)). In the long-time limit of the ABP dynamics, the
particles can be regarded as diffusing with an activity-induced
effective diffusion coefficient,!®3! Doy = U2 1R /d.

Fig. 4. Sedimentation equilibrium of self-propelled particles in exper-
iments and simulations. (a) Sedimentation profiles of phoretic gold—
platinum Janus colloids; activities increase from left to right. (b) Sim-
ulation snapshots for self-propelled hard disks under gravity; activities
increase from left to right. Reproduced from Ref. [56], ©Félix Ginot,
published by APS, CC BY 3.0.

In dilute situations, the steady-state distribution in the
gravitational potential follows a Boltzmann distribution ther-
malized at T,

(24)

P (z) o< exp {— mgzsme} ,

kg Terr

which defines an effective temperature.

Moreover, it has also been shown experimentally that in
dilute suspensions an effective Stokes—Einstein relation can be
established, ! i.e., kg Tefr/{ = Degr, which implies kg7 o =
UO2 TR /d. The swim pressure of dilute simple ABPs, as shown
in Eq. (19), thus can be expressed in the form of an ideal gas
law, with temperature replaced by an effective temperature:

Powim = nkgTegr. (25)

A similar conclusion has been obtained by Solon ef al. in a
simulated system. (33

The relation between the effective temperature Ty and
the self-propulsion can be easily derived,’®°7! which can be
expressed as a function of the translational Péclet number
(Pes = aUy/Dy),

T, 2
L (1+9Pe§) . (26)

This theoretical prediction can well capture the experimental
results obtained in self-propelled Janus colloids, as shown in
Fig. 5.
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Fig. 5. Effective temperature 7. as a function of translational Péclet
number Pes measured in experimental systems. (a) Self-propelled Pt/Au
Janus colloids in HyO, solution. Reproduced from Ref. [56], ©F¢élix
Ginot, published by APS, CC BY 3.0. (b) Self-driven Pt/PS Janus col-
loids in H,O; solution. Reused with permission from Ref. [67], Copy-
right (2010) by the American Physical Society. In both studies, exper-
imental results (symbols) are directly compared with theoretical pre-
dictions (dashed line), which exhibit a quadratic scaling relation. Both
studies demonstrate quantitative agreement with theoretical predictions
across a broad range of activity strengths.

Overall, experimental and simulation studies collectively
indicate that, in the dilute limit, systems composed of sim-
ple ABPs exhibit behaviors analogous to those of an ideal
gas. In particular, these studies show that such active sys-
tems can be effectively described using the concept of an
activity-dependent effective temperature T.g, which captures
how self-propulsion modifies their thermodynamic and me-
chanical properties compared to equilibrium systems. Under
dilute and weak activity conditions, this analogy allows re-
searchers to employ familiar equilibrium statistical mechani-
cal tools. However, beyond this regime, significant deviations
are expected, as shown by Baek et al 1981 where the absence
of a Boltzmann distribution defies the application of such equi-
librium concepts.

It is worth noting that if the Brownian motion of the par-
ticles stemming from the thermal agitation of the active col-
loids is much stronger than the active contributions, the con-
tributions of the effective active pressure will be hidden in the

(28] The impor-

thermal equilibrium dynamics of the colloids.
tance of the thermal contributions is typically measured with
the translational Peclét number Pe;. Measurements are more
precise for Peg above 10, since the thermal agitation cannot be
turned off in experiments, this is a crucial factor for experi-

mental design.

4.1.3. Effective adhesion at finite densities

The existence of swim pressure has been explicitly con-
firmed in a suspension of self-propelled Janus colloids sub-
ject to an acoustic confinement of size much larger than the

(991 These self-propelled particles swim

colloids themselves.
via self-diffusiophoresis!’! in a hydrogen peroxide solution.
Adding a harmonic force k(7 (t) — r¢) leads to a balance be-
tween the active and the confinement forces, where k is the

spring constant of acoustic confinement, 7 (¢) is the particle
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position at time . Upon sudden release, the system exhib-
ited a “crystal explosion” (Fig. 6(a)), reflecting the tendency
of active particles to escape in the absence of confinement.
This observation directly illustrates the physical origin of the
swim pressure, which is the mechanical pressure exerted by
active particles as a result of their self-propulsion.?%21 Fur-
thermore, the pressure decreases with increasing trap stiffness
k (Fig. 6(b)). The strong trap reduces the “moment arm”, de-
fined as the path length that active particles travel before re-
orienting. Such confinement thus results in a decreased swim
pressure. At finite densities, particle obstructions and colli-
sional slow-down effects effectively shorten the moment arm,
leading to a further decrease in the swim pressure as the den-
sity increases.

(@) o0sec 1sec 4 sec 12 sec

a
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Fig. 6. Crystal explosion experiment. (a) Experimental observa-
tion of an active crystal rapidly expanding after acoustic trap re-
leased, showing a transition from a dense cluster to a diffusive steady
state. (b) Swim pressure of Janus particles under different confinement
strengths (@ = UpTr /Rc), where Rc = Uy /k is the trap size. Red and
blue dots show experimental and simulation results, and black lines are
theoretical predictions. Reproduced from Ref. [69] under CC BY 4.0.

At high particle density, an effective attractive inter-
action or adhesion emerges between active particles, from
which an effective adhesion strength could be extracted.
Based on this, a unique scaling law relating activity to self-
propulsion was identified in both sedimentation experiments
and simulations.[>® At finite densities, both experimental and
numerical results show that the functional form of the equation
of state changes continuously with increasing activity. This
change cannot be fully explained by introducing an effective
temperature as in Subsection 3.1.2, highlighting the limita-
tions of this approach in describing active systems.

The behavior of the active system was effectively mapped
onto the Baxter model,[”!! which describes an equilibrium
fluid with adhesive interactions. In this model, particle inter-
actions are described by a square-well potential consisting of
a hard-core repulsion at short distances and a narrow attractive

well just beyond the particle diameter. The attractive interac-
tion is short-ranged, and its strength is quantified by a dimen-
sionless adhesion parameter A. The pressure—density relation
can then be expanded as

Z= L bt 007 1O (0%).

= 2
nkB T ( 7)

The first two virial coefficients are known analytically,!”?! with
by =2-A, by=3% — A+ 3A>—0.122A3. That is, when
A increases, the pressure changes from the monotonic hard-
particle behavior to a nonmonotonic density dependence for
A > 2 as the initial slope given by b; then becomes negative.
The effective adhesion A increases with self-propulsion as a

function of effective temperature (Fig. 7)

A~ VTe/T. (28)

-
o
=
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Fig. 7. Adhesive parameter A as a function of Tes/Tp. Scaling rela-
tion of A ~ /Tus/Tp was revealed in both experiments (circles) and
simulations (squares). Solid lines indicate the expected slope of 1/2
with different prefactors. Reproduced from Ref. [56]. ©2015 American
Physical Society, CC BY 3.0.

The pressure in active systems remains describable by an
equation of state even after introducing the effective adhesion
parameter A. This indicates that the incorporation of effective
adhesive interactions among active particles does not compro-
mise the thermodynamic consistency of the system. Instead,
it expands the applicability of the equation of state, enabling
it to account for more complex phenomena such as clustering
and motility-induced phase separation.

4.1.4. Motility induced phase separation

In ABP systems, phase separation into dilute and dense
regions can occur even in the absence of apparent attractive
interactions.>73>-73 For example, motility induced phase sep-
aration (MIPS) arises from accumulation of self-propelled par-
ticles in regions where they move more slowly.!”®! The slow
down may happen through direct collisions!’*7>771 or density-
dependent propulsion speed such as quorum sensing.!’8-8%]

In the ABP system, the coexistence of dilute and
dense phases depends on the Peclét number and particle
densities.!7#7383] For low Peg and finite ¢, a bimodal distri-
bution of the packing fraction is obtained, indicating phase

coexistence of an active gas and a cluster phase.!>-77-84]
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Such phase coexistence behavior can be explained to a
large extent by making an analogy to passive particles with
attractive interactions. The Baxter model for adhesive par-
ticles can be used to understand the phase behavior in ABP
systems observed in simulations and experiments by using ef-
fective adhesion.[®! Moreover, the non-monotonic behavior in
Eq. (22) has been reproduced in simulations, where the total
pressure at ¢ = 0.6 is lower than that at ¢ = 0.3 for a value of
Per =~ 0.03, i.e., when the second term on the right-hand side

of Eq. (22) is negative.?®!

3.60.83.85] on the pressure behavior of

Systematic studies!
spherical ABPs undergoing MIPS — particularly regarding
the applicability of an equation of state to such nonequilib-
rium transitions — have revealed that the liquid-gas phase
coexistence and transition in ABP systems resemble equilib-
rium first-order phase transitions, characterized by a flat pres-
sure plateau between the coexisting phases. It suggests that
pressure equalization occurs once nucleation has taken place.
When nucleation is suppressed (e.g., in open systems with-
out walls), the system remains in a metastable homogeneous

e.1%9 In this case, no Maxwell construction applies, and

stat
the large structural differences between the coexisting phases
lead to a high nucleation barrier.[°*83] Nevertheless, the ef-
fective active pressure can be determined by bulk correlators,
showing that the pressure is not determined by the interac-
tions with the walls, similar to that in equilibrium systems.
Additionally, the interfacial tension between the two phases
is very large (compared to equilibrium systems) and nega-
tive, which would imply an energy reward if the interface is
increased.® These findings underscore the fundamental dif-
ferences between MIPS in active systems and phase separa-
tion in equilibrium fluids, especially in the role of interfacial
contributions and the breakdown of classical thermodynamic
constructs such as the Maxwell construction. They empha-
size the need for further theoretical and experimental studies
to clarify how boundary conditions, interfacial properties, and
nucleation dynamics jointly shape the phase behavior of active
matter.

4.2. Underdamped simple ABP model

To extend the applicability of active pressure theories to
mesoscopic and macroscopic regimes, it is necessary to ac-
count for inertial effects in active particle models. The under-
damped simple ABP model introduces finite mass m into the
description of torque-free, spherical, self-propelled particles,
thereby in the general case retaining both translational and ro-
tational inertia in the particle dynamics.

The translational and rotational motion is governed by the
Langevin equation with inertia

miti (1) = =L (1) + CUoni (1) + Fi + & (1) . (29)

10;(t) = —Cr6; (1) + &R (1), (30)

where [ is the moment of inertia of a particle, £r; is white
noise associated with rotation. This underdamped case allows
for the analysis of stress generation under finite inertia. Com-
pared to the overdamped case, the underdamped model cap-
tures key physical phenomena such as delayed reorientation,
finite response times, and the emergence of Reynolds stress,
all of which significantly affect the definition and measure-
ment of active pressure.

4.2.1. Swim—Reynolds pressure compensation in dilute
regime

In the case of confining harmonic walls, application of the
virial theorem shows that the swim pressure can be expressed

86]
N m*Ug 1
Byim = = ——2 | ——— 31
L2 s (1+w0%2>’ Gl

as!

where @y is the characteristic frequency of oscillation, St =
(m/&)/7 is the translational Stokes number, and 7 is the per-
sistence time. Specifically, when wyT < 1, the swim pressure
initially increases with 7. However, when the persistence time
T exceeds a critical value (i.e., T > 1/ay), the swim pressure
starts to decrease. From the equation, it can be seen that when
St is large, the inertial effects of the particle become significant
such that they cannot quickly respond to the propulsion force,
leading to a lag in its direction.®”) Tt is discussed in Ref. [87]
that the inertial lag between particle orientation and direction
of movement reduces the correlation (r Fyyiy) between the
“momentum arm” 7 and the swim force {Uyn (), which ex-
plicitly depends on the particle orientation. This effect is cap-
tured by the rotational Stokes number Stg = (m/{)/tr, which
measures the ratio between inertial relaxation time and rota-
tional diffusion time. The swim stress diminishes as
1

Powim = nksﬂm,

(32)

where kT denotes swim “energy scale”, defined in three di-
mensions as kT = (U3 R /6. Although the swim pressure is
reduced by the inertia effects, inertia introduces an additional
kinetic stress (Reynolds stress) term, consisting of the Brow-
nian osmotic stress and a contribution stemming from self-
propulsion which depends on Stg.

28tr
1+ 2SIR.

Interestingly, the decrease in swim stress is exactly compen-

Prey = nkpT + nks T (33)

sated by the increase in kinetic stress (Reynolds stress)
Powim +PRey = n(kBT'f'ksTs) s (34

so that the total pressure remains invariant with respect to in-
ertia in dilute systems. This compensation indicates that the
equation of state still holds for underdamped ABPs in the
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dilute regime, despite the redistribution of momentum flux
among different stress contributions.

Furthermore, a conceptual revision of the swim stress for-
mulation has revealed deeper insights into the distinction be-
tween local and global pressure definitions in underdamped

models.[®8

1 Early studies on overdamped ABPs concluded that
the bulk pressure of ideal active particles is equivalent to that
of passive gases, as the swim stress was thought to vanish in
the bulk,®”! which led to the belief that active pressure arises
solely from particle-wall interactions. However, this conclu-
sion does not hold in general condition, such as in the pres-
ence of interia. The conventional formulation of swim stress
vanishes locally and thus fails to capture internal momentum
transfer. In contrast, the inertial-based formulation gives a fi-
nite local swim stress, which aligns with previous discussions

in Ref. [89].

4.2.2. Modified EOS at finite concentration

At finite concentrations, the total pressure of active sys-
tems can still be described by a modified mechanical pressure
theory, provided that both the Reynolds stress and interpar-
ticle interaction pressure are explicitly included.¥”-%°1 In the
high-density regime, active particles exhibit pronounced phase
separation and self-assembly behaviors, and their mechanical
response becomes increasingly complex. Simulations reveal
that both the swim pressure and Reynolds pressure decrease
with increasing particle volume fraction ¢, primarily due to
frequent collisions that limit self-propulsion and reduce the
correlation in particle motion. Specifically, the swim pressure
exhibits a concentration dependence

Powim = nkSTSl]—i—d)ZStiz' (35)
Meanwhile, the Reynolds pressure follows a similar form
Prey = 1k T, 100 | T (36)
1+ 1/(28tR)
The sum is obtained as
Poim + Prey = nkg T +nksTy (1 — ¢ — ¢7) . (37)

Notably, the sum of swim and Reynolds pressures, i.e., the
total active pressure, remains independent of the Stokes num-
ber Str at fixed Péclet number, but exhibits a strong depen-
dence on concentration ¢. In addition, repulsive interactions
between particles introduce a non-negligible interparticle (col-
lisional) pressure, which increases monotonically with ¢ and
contributes to the stabilization of the system.

Therefore, these results highlight the crucial role of in-
ertia in capturing the true contribution of active forces to the
system’s internal stress, and further demonstrate that the pres-
sure in underdamped simple ABPs obeys an equation of state.

5. Pressure is not a state function in generic ac-
tive systems

The validity of an equation of state in underdamped ac-
tive matter systems is highly sensitive to system details. In di-
lute spherical active Brownian particle systems without torque,
previous studies have shown that pressure remains a state func-
tion even when particle inertia is finite.!®”-891 While the equa-
tion of state may hold for simple, dilute, and torque-free ABPs,

it does not apply to more complex active systems. [33-40:90.91]

5.1. Torque between particles

Interparticle alignment torque is one of the most exten-

171 A key mecha-

sively studied interactions in active matter.
nism breaking the equation of state in active matter is to in-
troduce torque between particles via non-central, anisotropic
interactions. 3]

The orientation of each ABP evolves under an aligning
torque generated by neighboring particles, with strength set
by the rotational mobility.?>! This torque depends explicitly
on the relative positions and orientations of particles, making
the interaction anisotropic and non-central. As a result, the
particle distribution becomes sensitive to the wall potential,
and the mechanical pressure depends not only on bulk vari-
ables but also on the microscopic details of the alignment rule
and boundary geometry.

For example, in the visual perception model of Bechinger

(92 particles sense neighbors within a finite visual cone

et al.,
and adjust propulsion speed according to the perceived den-
sity. This anisotropic sensing induces an effective alignment
torque, which becomes non-reciprocal for asymmetric cones
(a < m). As a result, mechanical pressure depends on the
specific interaction rule and boundary geometry, rather than
solely on bulk variables. Simulations confirm that for asym-
metric vision, steady-state pressure varies with cone aperture
and cannot be inferred from bulk measurements, demonstrat-
ing that torque-mediated reorientation fundamentally disrupts

the equation of state in active matter.

5.2. Density-dependent propulsion

For confined quorum sensing particles (Fig. 8(a)), i.e., a
speed reduction according to the local swimmer density as is
the case for some bacteria, destroys the equation of state!3!
(Fig. 8(c)).
sensing interactions, the propulsion speed U(p) depends ex-

For active Brownian particles with quorum-

plicitly on the coarse-grained local density p(r). By applying
It calculus to the density field y(r, 8), the mechanical pres-
sure can be expressed in a microscopic form

B ¢ o _ P+
P = ..+D—R A dX<axU(P) |:U(P) 2
o ”A”ll(ng) —Doaxﬁ?l] , (38)
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where 711, denotes the nth angular moment of the microscopic
distribution function, characterizing the orientational order of
active particles at position r. #; measures the local polar-
ization (the first orientational moment), and 71, represents
nematic-like order. P represents the instantaneous local den-
sity at position r. This exact expression shows that P is de-
termined not only by bulk variables such as ng and the aver-
age propulsion speed, but also by spatial variations of U (p)
near boundaries, the density gradient d,U (p) and the exter-
nal potential gradient d,V. The coupling between motility
and local density modifies the momentum flux at the walls,
thereby breaking the equation of state in systems with density-
dependent propulsion.
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(d) Non-interacting elliptic ABPs

Fig. 8. Failure in the existence of an equation of state. (a)—(b) Pressure
as a function of particle density in quorum-sensing and aligning ABPs, re-
spectively. In the quorum-sensing system, the propulsion speed of parti-
cles decreases with the local density. The aligning system is composed of
non-interacting elliptical ABPs. (c)—(d) Steady-state configurations of 10000
ABPs in a 200 x 50 cavity divided by a mobile asymmetric harmonic wall
(A =1 on the left, A = 4 on the right, where A denotes the stiffness of the
asymmetric harmonic wall). A spontaneous compression of the right half of
the system indicates that the measured pressure depends on wall properties
and that no well-defined equation of state exists for this system. Reused with
permission from Ref. [35]. Copyright (2015) by the Springer Nature.

It is worth noting that, unlike the Uy discussed in Subsec-
tion 3.1.1 which reflects the microscopic statistical configura-
tion of the system but is not itself a measure of environmental
sensing or interaction. In contrast, quorum sensing is an in-
teraction mechanism widely observed in biological and active
matter systems, in which particles detect and respond to local
density via chemical signaling. This process modifies dynam-
ical parameters such as propulsion speed U(p) or rotational

diffusivity Dr(p), thereby indirectly affecting swim pressure.

5.3. Boundary-induced effects
5.3.1. Stiffness of the boundary

Boundary dependence of the effective active pressure
can be further emphasized®! by demonstrating that the stiff-
ness of the confining wall affects the measured active pres-

sure. In their model, particles interacting with soft versus stiff
walls produce distinct steady-state pressures, even when bulk
properties remain unchanged (Fig. 9(a)). Wall deformation
changes the local wall normal, altering particle-boundary mo-
mentum exchange. For anisotropic particles this acts as an ex-
ternal torque, while for spherical particles it induces reorienta-
tion through geometry, leading in both cases to a wall-stiffness
dependence of active pressure.
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Fig. 9. Effect of wall stiffness on the motion of a mobile partition in ac-
tive dumbbell systems. (a) Simulation box confined by two fixed walls in the
x direction with a mobile wall separating dumbbells into two compartments.
(b) The time evolution of the mobile wall position was tracked under three wall
stiffness combinations. Shown inset is the final configuration for ki, = 0.4 and
kr = 4. Results were averaged over five runs with different initial dumbbell
distributions. Reproduced from Ref. [91] (2021) under Creative Commons
CC BY 4.0 license.

As shown in the figure, different wall stiffness values al-
ter displacement of the wall accordingly (Fig. 9(b)). This be-
havior confirms that the measured pressure is not determined
solely by bulk variables and that boundary mechanics can play
an important role in stress generation. Their results provide
direct evidence that, in active systems, the coupling between
particle dynamics and boundary properties constitutes a gen-
uine mechanism for the breakdown of the equation of state.

5.3.2. Alignment interaction between particle and wall

If torque is present when particles interact with bound-
aries, the pressure becomes boundary-dependent,®*! and the
EOS fails.[*%] This is clearly demonstrated by simulations of
active elliptical particles confined in two chambers, 3! shown
in Fig. 8(d). Specifically, the effective pressure in a noninter-
acting Brownian active particle system confined by two walls
along the x-direction exerting forces —VV (x) with a wall po-
tential V (x) can be expressed as

_nUglw Uplrmr

2 ¢

where (g is the rotational friction coefficient, P (x,0) is the

/dx/dGF (x,8)sin 6P (x,0), (39)

probability distribution of finding a particle at distance x from
the wall and angle 6 to the wall.

The I'(x, 0) is an external torque, e.g., in order to model
wall alignment of bacteria.!®! It becomes obvious now that
if I'(x,0) = 0, the active swim pressure given earlier is re-
covered. However, if I" (x,0) # 0, the pressure explicitly de-
pends on the wall potential and thus an equation of state is
violated. More intuitively, for non-interacting elliptical ABPs
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(with torque present) (Fig. 8(d)) and aligning ABPs (Fig. 8(b)),
the concept of an EOS fails.

Further, Marc Joyeux e al.!”"! extend this perspective by
analyzing underdamped self-propelled dumbbells confined in
a two-dimensional chamber separated by a mobile wall. This
model incorporates finite inertia and breaks the torque-free
condition due to the asymmetric geometry of the dumbbells.
The dumbbells exert asymmetric pressure on the mobile wall,
causing it to shift from the center. In the overdamped limit,
this displacement vanishes and the pressure distribution be-
comes symmetric. However, in the low-damping regime, the
pressure response becomes more intricate and even exhibits
non-monotonic behavior with respect to the damping coeffi-
cient. At low density and weak damping, resonant recollisions
of high-angular-momentum particles near the wall lead to os-
cillatory pressure variations, which cannot be captured by an
effective equation of state.

5.3.3. Boundary geometry

In the strong confinement limit, where the container size
is smaller than the particle persistence length, active particles
are almost entirely localized at the boundary, and their den-
sity and pressure profiles are directly dictated by the bound-
ary geometry.[**?3 For smooth convex boundaries, the steady-
state density is proportional to the local curvature, leading to
pronounced accumulation in high-curvature regions. Based on
these findings, many simulations avoid such corner-trapping
effects by choosing confinement geometries with rounded cor-
ners when setting up the simulation box.[°%-%6!

In polygonal geometries, where curvature is zero along
edges and infinite at corners, particles become trapped at cor-
ners, producing sharp density peaks whose magnitude scales
with the corner opening angle, while edges host almost no
particles.’°! Although the theory is quantitatively most accu-
rate for smoothly curved boundaries, it nonetheless qualita-
tively captures both the corner-trapping effect and the overall
curvature dependence across a broad range of parameters. 7]
These results highlight that tailoring the curvature distribution
of the confining boundary provides a direct route to control
density and pressure patterns in active systems.[°394]

Taken together, these studies outline a coherent under-
standing of the conditions under which the equation of state
fails in active systems. Factors such as torque arising from
particle reorientation, interactions with structured boundaries,
or external fields can disrupt the state function character of
pressure. Similarly, density-dependent motility and collision-
induced slow-down modify momentum transport in ways that
are absent in equilibrium fluids, further undermining the appli-
cability of a universal equation of state. The specific form of
this breakdown is determined by the origin of torque, the den-
sity dependence of propulsion, the nature of particle dynam-
ics (run-and-tumble or Brownian), and the imposed boundary

conditions. Recognizing the interplay among these mecha-
nisms is essential for capturing the diversity of active pressure
phenomena and for assessing the prospects of a general ther-
modynamic framework for active matter.

5.3.4. Experimental evidence of boundary effect

To measure the pressure in active matter systems, Junot
and his colleagues placed self-propelled and passive isotropic
disks on a two-dimensional vibrated plate, with a deformable
chain consisting of jointed beads (acting as a membrane) sep-
arating the two sides. As the disks move, they exert forces on
the chain, causing measurable deformations, which serve as a
proxy for mechanical pressure (see Fig. 10).

Fig. 10. Mechanical response of an active—passive mixture across a
flexible membrane. Left: Stable configuration with more passive parti-
cles on the left balancing fewer active disks on the right. Right: Mem-
brane deformation under equal partitioning of active disks, indicating
mechanical instability. Reused with permission from Ref. [98]. Copy-
right (2017) by the American Physical Society.

In one of the configurations, passive and active disks were
placed on opposite sides of the chain. By adjusting the num-
ber of disks on each side, the stresses exerted on the two sides
of the membrane can be balanced such that the effective pres-
sure on both sides is equal, indicated by the chain aligning
into a straight line. However, replacing the chain with a dif-
ferent dynamical response, such as changing the bead size, the
given balance is broken, which requires to readjust the densi-
ties on both sides, demonstrating the sensitivity of active pres-
sure to the probe’s microscopic features. When both sides con-
tained self-propelled disks, mechanical equilibrium could only
be achieved under specific conditions — when the number
of disks on both sides was equal — resulting in an S-shaped
chain. In all other configurations, the measured pressure was
found to be dependent on the chain’s dynamic properties, such
as its relaxation time and responsiveness to particle collisions.

Although the chain-particle interactions in Ref. [98] are
torque-free by construction, the S-shaped membrane instabil-
ity does not necessarily imply torque-induced pressure differ-
ences. Instead, it may arise from curvature-dependent particle
accumulation, similar to the wall curvature effects discussed
in Ref. [94]. Meanwhile, for vibration-driven polar disks, the
propulsive force is coupled with their orientational dynamics,
which also contributes to the failure of EOS in this experiment.

Note that the experiment does not directly measure the
bulk pressure, nor does it confirm its equivalence to the me-
chanical wall pressure. This result does not harm the concept
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of an equation of state for active matter with pressure as a state
variable, but shows that this effective pressure does not neces-
sarily equal the average wall force. This represents a signif-
icant research gap, calling for new experimental designs that
can simultaneously access both bulk and boundary pressure in
active matter systems.

6. Summary and perspective

This review has presented a comprehensive summary of
recent theoretical and experimental progress in understanding
active pressure, with particular emphasis on active Brownian
particles. From the definition of swim stress in dilute suspen-
sions to the breakdown of the equation of state in systems
dominated by torques or inertial effects, we have discussed
the current understanding of how nonequilibrium momentum
flux translates into mechanical pressure. While significant
advances have been made in elucidating microscopic mech-
anisms such as confinement effects, interparticle interactions,
and boundary influences, general principles governing active
pressure remain elusive.

Several key questions are yet to be fully resolved. For in-
stance, to what extent can pressure in active systems be treated
as a state function? Is it possible to develop a unified theo-
retical framework that reconciles boundary-sensitive pressures
observed experimentally with bulk momentum flux-based de-
scriptions from simulations? Recent studies suggest that the
local pressure in active systems should exclude the swim pres-
sure, with the self-propulsion force regarded as an external

force generated by the surrounding environment.[37.89:99:1001

Sun et al. 11

recently established a more general intrinsic
pressure framework and showed that it can recover mechani-
cal equilibrium even in complex dry active systems with align-
ment, quorum sensing, and communication, which could po-
tentially help for a unified mechanical description of active
matter.

Additionally, the roles of torque interactions and bound-
ary geometry in disrupting or preserving an equation of
state continue to be actively investigated, particularly in sys-
tems with inhomogeneous particle accumulation or phase
coexistence. [>-33:40.73-75.90.911 Experimental challenges further
complicate this issue, as the measurement of swim pressure
is often obscured by thermal noise!*®°! or influenced by the
specific properties of measurement techniques, hindering di-
rect comparisons between theory and experiments.

A yet different kind of effective pressure resulting from
activity is observed in chiral active systems, i.e., systems con-
sisting of active units showing not translational, but rotational

motion in a common direction. 192

! Therein, an effective pres-
sure arises, which is proportional to a transport coefficient pe-
culiar to chiral active systems called odd viscosity. The pres-

sure points in the direction of emergent vorticity gradients,

leading to correlations between vorticity and density.[!%3] To
what extent this effective pressure bears similarities to the ac-
tive pressure concept presented in this review is still an open
question.

Despite these complexities, active pressure has demon-
strated considerable potential for practical applications. Re-
cent studies have shown that active pressure is more than an
abstract theoretical concept, which can also be a functional and
controllable mechanical resource. Examples range from en-
abling directed cargo transport via topological edge currents to
harnessing nonequilibrium stress fluctuations for energy con-
version in microscale engines.!'® Looking forward, estab-
lishing clearer connections among local stress distributions,
particle-level interactions, and collective emergent behaviors
will be critical for fully realizing the technological potential of
active pressure in areas such as soft robotics, synthetic materi-
als design, and bio-inspired micromachines.
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