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We propose an innovative conservation multi-stage algorithm (CM) based on physics-informed neural networks
(PINNs) to investigate the dynamics of vector solitons governed by Zakharov equation. By ingeniously integrating conser-
vation laws into the multi-stage training algorithm, we enhanced the method’s constraint and physical consistency in solving
nonlinear systems. Numerical simulations of the Zakharov and nonlinear Schrödinger (NLS) equations demonstrated that
our method showed obvious improvements in approximation accuracy, convergence speed, and training efficiency, com-
pared to traditional PINN methods. Moreover, when the parameter representing the speed of sound is sufficiently large,
our method efficiently simulates the approximation from the Zakharov equation to the NLS equation. The approximative
simulation not only confirms the conservation multi-stage algorithm’s applicability in various physical environments but
also highlights its potential in controlling sound wave propagation characteristics to simulate NLS equation behavior.

Keywords: physics-informed neural network, Zakharov equation, nonlinear Schrödinger equation, limit be-
havior
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1. Introduction
The soliton phenomenon has important applications in

various scientific fields such as physics, biology, and commu-
nication science.[1] The Zakharov equation is a key model in
plasma physics, describing the coupled dynamics of Langmuir
waves (high-frequency electron oscillations) and sound waves
(low-frequency ion compressional waves) in a medium.[2]

Moreover, the solution of the Zakharov equation successfully
solves the deep cavity phenomenon observed in laser-target
experiments. The classical Zakharov equation can be repre-
sented as 

1
c2

0

∂ 2n
∂ t2 −∆n = ∇2|ε|2,

i
∂ε

∂ t
+∆ε−nε= 0,

(1)

where ε represents the complex amplitude of the Langmuir
wave, n is the perturbed density of the ion medium, and c0 is
the speed of sound in the medium. In this paper, we consider
the one-dimensional case, where ∆ = ∇2 = ∂ 2/∂x2. There are
important connections between Zakharov equation and nonlin-
ear Schrödinger (NLS) equation, when c0→∞, the solution of
Zakharov equation will approximate to the NLS equation

iεt +εxx + |ε|2ε= 0. (2)

It is well known that equation (2) plays an important role in
mathematical physics. This approximation establishes a theo-
retical framework for exploring the propagation and stability

of plasma waves under various physical conditions and across
different scales. By applying classical methods such as the
inverse scattering method, the Hirota method, Bäcklund and
Darboux transformations, the exact soliton solutions of the
nonlinear Schrödinger equation are obtained, see Refs. [3–5]
and the references therein. Additionaly, in the field of numer-
ical methods for solving PDEs, there are many widely used
methods, such as the finite element method, the finite vol-
ume method, the spectral method, and the finite difference
method, often referred to as traditional numerical methods, see
Refs. [6–9] and the references therein. However, to achieve
higher accuracy, traditional numerical methods often require
sufficiently fine grids of solution domains, which can result in
significant computational costs.[10]

In 2019, Raissi, Perdikaris, and Karniadakis introduced
physics-informed neural networks (PINNs) to overcome the
limitations of conventional numerical approaches. This inno-
vative framework has since emerged as a powerful solution
for addressing physics and engineering problems, especially
in solving complex partial differential equations (PDEs).[11–16]

PINNs incorporates physical laws directly into the neural net-
work’s loss function, optimizing the model learning process
while weakly enforcing physical constraints. Compared to
traditional numerical methods, PINNs avoid high computa-
tional costs and complex grid discretization. They show clear
advantages for both high-dimensional and low-dimensional
problems. For high-dimensional cases, PINNs effectively by-
pass the “curse of dimensionality”. In low-dimensional prob-
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lems, they improve data efficiency, maintain solution consis-
tency, and provide a unified framework for solving both for-
ward and inverse problems.[17] Based on these advantages,
the PINNs methods have also been applied to solve various
types of PDEs, and many variants have also subsequently
emerged.[17–23] Nevertheless, PINNs still have difficulties in
convergence and accuracy, especially for high nonlinearity and
strong coupling dynamics.[24,25]

Recent developments have been made to improve both
the accuracy and convergence rate of the original PINN
method. For instance, the residual-based adaptive refine-
ment (RAR) algorithm[26] enhances the selection of colloca-
tion points by concentrating computational resources on re-
gions with higher error. Similarly, a time-adaptive sampling
algorithm[27] boosts temporal resolution and model efficiency
by adjusting the sampling points dynamically during train-
ing. The GP algorithm[28] addresses the issue of imbalanced
backpropagated gradients by using adaptive weights. Build-
ing upon these advancements,[26–28] the pre-fixed multi-stage
training algorithm[29] was introduced, combining error mea-
surement, adaptive sampling, and adaptive weighting strate-
gies. This method notably enhanced both training efficiency
and model performance. In parallel, researchers have ex-
plored the incorporation of conservation law constraints us-
ing different approaches. For example, Jagtap et al.[30] uti-
lized conservation laws through discrete domain formulations,
while Gurieva et al.[31] incorporated conserved quantity resid-
uals into loss functions for specific equations. A more re-
cent study[32] proposed novel methods for conservation-aware
training. While these methods improve physical consistency,
they mainly focus on static approaches, such as particular dis-
cretization techniques,[30] modifications to loss terms,[31] or
fixed constraints,[33,34] without accounting for dynamic, multi-
stage frameworks.

Based on this, we propose a conservation multi-stage al-
gorithm (CM). This method integrates two established strate-
gies: the multi-stage adaptive framework[29] for dynamic re-
source optimization, and conservation law constraints[33,34] to
enforce physical consistency. The CM algorithm embeds con-
servation laws directly into each training stage, achieving a dy-
namic balance between computational efficiency and physical
constraints. Compared with the work of Mo et al.,[29] which
utilized deep learning to solve vector solitons in coupled NLS
equations, our CM algorithm extends the research scope to
the more complex Zakharov equation. Building on the “two-

stage PINN method based on conserved quantities” proposed
by Lin and Chen,[35] we adopt a multi-stage design to further
optimize training efficiency and scalability. Numerical exper-
iments demonstrate that CM algorithm exhibits improvements
in both accuracy and convergence rate compared to isolated
implementations of multi-stage training or conservation-loss
methods. As far as we know, few studies have explored the ap-
plication of PINNs to simulate the classical Zakharov equation
and its approximation to the NLS equation, see Refs. [36,37].

We conduct numerical simulations for the Zakharov equa-
tion and the NLS equation using the CM algorithm and com-
pare the results obtained by original PINNs, conservation law
constraint algorithm, and pre-fixed multi-stage training algo-
rithm (see A1, A2, A3 in Table 1). The numerical simula-
tions show that our algorithm provides obvious improvements
in terms of accuracy and convergence speed. Moreover, we ex-
plore how the solutions of the Zakharov equation approximate
those of the NLS equation as the speed of sound c0 gradually
increases. The numerical results reveal the dynamic relation-
ship between the solutions under specific physical conditions
and confirm the theoretical predictions in Refs. [38–42]. These
numerical simulations demonstrat that the CM algorithm ef-
fectively reduces errors and accelerates the rate of decline of
the loss function. Additionally, its applicability in exploring
complex physical systems is also highlighted. As far as we
know, there are no results about using the PINN method to
simulate the solution of the Zakharov equation and investigate
how the solution of the Zakharov equation approximates the
solution of the NLS equation as the speed of sound tends to
infinity.

The structure of this paper is as follows: Section 2 intro-
duces the original PINN method and the CM algorithm, and
discusses the key details such as training data and loss func-
tions. Section 3 presents the numerical simulation results of
the Zakharov equation and compares them with other methods.
Section 4 investigates how the solutions of Zakharov equation
approximate those of NLS equation as c0 increases. Section 5
summarizes the main conclusions of the study and proposes
directions for future research.

2. Conservation multi-stage algorithm
In this paper, we consider the focusing Zakharov equation

with initial and Dirichlet boundary conditions as follows:



1
c2

0

∂ 2n
∂ t2 −∆n = ∇2|ε|2, x ∈ [−xL,xL], t ∈ [t0, tT ],

i
∂ε

∂ t
+∆ε−nε= 0, x ∈ [−xL,xL], t ∈ [t0, tT ],

ε(x, t0) = ε0(x),n(x, t0) = n0(x),nt(x, t0) = n1(x), x ∈ [−xL,xL],

ε(xL, t) = n(xL, t) = nt(xL, t) = 0, t ∈ [t0, tT ].

(3)
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Building on these theoretical results, we now shift our fo-
cus to solving the Zakharov equation numerically. We begin
by briefly reviewing the original PINN method for solving the
Zakharov equation. Subsequently, we introduce our proposed
conservation multi-stage algorithm, designed to enhance both
the efficiency and accuracy of the original PINN method.

2.1. Physics-informed neural networks for solving Za-
kharov equation

By combining deep learning knowledge with physical
prior knowledge, a PINN model can be constructed for numer-
ical simulation of soliton solutions of the Zakharov equation.

Define a fully connected neural network with n layers
fθ (x, t), where the inputs are spatial and temporal coordinates,
and the outputs are predicted physical quantities, such as the
function values at specific coordinates. The parameters of the
neural network Θ = {w,b} are updated based on the gradient
information from the loss function using backpropagation. Let
xi represent the output of the i-th layer of the neural network,
with ni neurons in the i-th layer. The transformation from layer
i−1 to layer i can be represented as

xi = σ(wixi−1 +bi), i = 1, . . . ,n, (4)

where wi ∈ 𝑅ni+1×ni represents the weight matrix of the i-th
layer, bi is a vector of length ni representing the bias term, and
σ is the nonlinear activation function.

Here, ε(x, t)= (εreal,εimag) is a complex-valued function,
where εreal represents the real part, and εimag represents the
imaginary part. For Eq. (1), a corresponding separation can be
performed, transforming it into the following form:

∂εreal

∂ t
−∆εimag +nεimag = 0,

∂εimag

∂ t
+∆εreal−nεreal = 0,

1
c0

∂ 2n
∂ t2 −∆n = ∇2|ε|2,

(5)

where |ε|2 = ε2
real +ε2

imag. Thus, the physical constraint infor-
mation of the Zakharov equation can be defined as follows:

freal =
∂εreal

∂ t
−∆εimag +nεimag,

fimag =
∂εimag

∂ t
+∆εreal−nεreal,

g =
1
c0

∂ 2n
∂ t2 −∆n−∇2|ε|2.

(6)

To simulate the dynamical behavior of soliton solutions
in the Zakharov equation, the neural network needs to be
trained to minimize the loss function to better satisfy the initial
and boundary conditions, as well as the physical constraints.
Specifically, the loss function can be defined as

loss = lossic + lossbc + lossf, (7)

with

lossic =
1

N0

N0

∑
i=1

[(
ε
(i)
real(x

i
0, t0)−εi

real,0

)2

+
(
ε
(i)
imag(x

i
0, t0)−εi

imag,0

)2

+
(

n(i)(xi
0, t0)−ni

0

)2 ]
, (8)

lossbc =
1

Nb

Nb

∑
i=1

[(
ε
(i)
real(x

i
L, ti)

)2

+
(
ε
(i)
imag(x

i
L, ti)

)2
+
(

n(i)(xi
L, ti)

)2 ]
, (9)

lossf =
1
Nf

Nf

∑
i=1

[(
f (i)real(x

i
f, tf)

)2

+
(

f (i)imag(x
i
f, tf)

)2
+
(

g(i)(xi
f, tf)

)2 ]
, (10)

where N0, Nb, and Nf represent the numbers of initial points,
boundary points, and collocation points, respectively. The

terms
{(

xi
0, t

i
0,ε

i
real,0,ε

i
imag,0,n

i
0

)}N0

i=1
represents the initial

data. The term
{
(±xL, t i

b)
}Nb

i=1 represents the boundary data,

which can be randomly sampled. The term
{
(xi

f, t
i
f)
}Nf

i=1 rep-
resents the collocation points. These points are sampled from
the computational domain, often using Latin Hypercube Sam-
pling (LHS). Equations (8) and (9) define the losses for the
initial and boundary data. Equation (10) penalizes the collo-
cation points to satisfy the Zakharov equation. The network
utilizes the residual loss to penalize deviations from the gov-
erning physical equations. This process ensures the solution
remains both valid and accurate within the computational do-
main.

2.2. Improved PINN by conservation multi-stage algo-
rithm

When simulating the solutions of the Zakharov equation,
the original PINN method often faces issues with poor approx-
imation accuracy and slow training speed. To address these
challenges, we propose the CM algorithm to ensure that the
model not only approximates the data well during training, but
also satisfies the conservation laws of the physical system.

In the preset multi-stage training strategy, we first divide
the entire domain into n subdomains Ωk (k = 1,2, . . . ,n), and
perform staged training to ensure that computational resources
are focused on the most critical regions in each stage, thereby
improving training efficiency and approximation accuracy.

During the training process, at each stage k, a set of col-
location points {xi

j, t
i
j}

Nf
j=1 is selected from the entire domain

based on the distance to the initial points {xi
0, t

i
0}

N0
i=1. Using

the collocation points {xi
j, t

i
j}

Nf
j=1 to generate n small subsets{

Sk =
{
(xi

k, t
i
k)
} k

n Nf
j=1 |k = 1, . . . ,n

}
, such that

Sk−1 ⊆ Sk, k = 2, . . . ,n, (11)
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1
k−1

n Nf

k−1
n Nf

∑
j=1

dis(x j
f , t

j
f )<

1
k
n Nf

k
n Nf

∑
j=1

dis(x j
f , t

j
f ),

k = 2, . . . ,n, (12)

where

dis(x j
f , t

j
f ) = min

i=1,...,N0
‖(x j

f , t
j
f )− (xi

0, t
i
0)‖2

2,

j = 1, . . . ,Nf. (13)

Equations (11)–(13) mean that the sample point set at each
stage contains all sample points from the previous stage. Ad-
ditionally, the sampling region gradually expands. This ap-
proach enables the model to progressively approximate the so-
lution across the entire domain.

We add a conservation loss term lossc

lossc =
1

Nc

Nc

∑
j=1

(
∂C(x j

f , t
j
f )

∂ t
+∇ ·F(x j

f , t
j
f )

)2

, (14)

to ensure the physical consistency of the model during train-
ing. C(xi

j, t
i
j) represents the conserved quantity at the colloca-

tion points (x j
f , t

j
f ).

∂C
∂ t denotes the time derivative of C, and

∇ ·F represents the divergence of the flux F . Nc is the number
of collocation points. lossc balances the discrepancy between
the conserved quantity at each collocation point and its theo-
retical value.

The complete diagram of the CM algorithm is shown in
Figs. 1 and 2(a). For each k-th stage (k = 1, . . . ,n), the PINN
model solve the Zakharov equation within the subset Sk (like
the blue points in Fig. 2(b)). Once the model’s loss within the
Sk drops below the threshold ε or exceeds the maximun itera-
tions M, we select Nk collocation points (like the red points in
Fig. 2(b)) from Sk to get the pre-fixed points Pk = {(x j

k, t
j
k )}

Nk
j=1,

which minimize the model’s loss as Eq. (10). The number of
fixed points per stage Nk, is determined by evenly distribut-
ing the total number of collocation points Nf across n training
stages Nk ≈ Nf/n. The trained model subsequently use these
pre-fixed points {(x j

k, t
j
k )}

Nk
j=1 to predict {ε j

real,k,ε
j
imag,k,n

j
k}

Nk
j=1,

and add a new enhanced fixed term in the loss function as

lossp =
1

Nk

Nk

∑
i=1

(∣∣∣εreal(xk
i , t

k
i )− εreal

∣∣∣2
+
∣∣∣εimag(xk

i , t
k
i )− εimag

∣∣∣2 + ∣∣∣n(xk
i , t

k
i )−n

∣∣∣2). (15)

Initial, boundary, and consevation condition

σ σ σ

σ σσ

σσσx

t

ε

n

Hidden

layer 1

Hidden

layer 2

Output

layer

Hidden

layer n

Input

layer

Net{w↪b}

Minimize
{W↪b}

Zakharov

i

Loss

PDE

IC

BC

Conservation

Fig. 1. The CM algorithm of Zakharov equation.
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Fig. 2. Panel (a) presents the flow diagram of the CM algorithm. Panel (b) illustrates example distributions of collocation points and pre-fixed points across
various training stages.

Moreover, to address the gradient propagation issues aris-

ing from the imbalance among different loss terms during

training, we introduce an adaptive weighting strategy.[28] With

this method, the overall loss function is re-defined as

Loss = lossf +
4

∑
i=1

λilossi, (16)
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where λ1, λ2, λ3, λ4 are the adaptive weights, loss1 = lossic,
loss2 = lossbc, loss3 = lossp, loss4 = lossc. The Loss not only
helps the model to accurately fit the data but also ensures com-
pliance with physical conservation laws. In addition, the adap-
tive weighting mechanism dynamically adjusts during train-
ing to address the gradient imbalances between different loss
terms, thus optimizing the model’s training efficiency and pre-
dictive accuracy. The detailed process is presented in Algo-
rithm 1.

(i) Efficiency analysis By reducing the number of neural
network layers, the CM algorithm significantly shortens train-
ing time while maintaining good learning capabilities. Com-
bined with the pre-fixed multi-stage strategy, the algorithm fo-

cuses computational resources on key regions, avoiding un-
necessary computation time and maintaining high training ef-
ficiency even in large-scale domains. Although efficiency may
slightly decrease as the computational domain expands, over-
all efficiency remains high. Detailed data can be found in Sec-
tion 3, Table 2, Figs. 3 and 4.

(ii) Accuracy analysis The CM algorithm incorporates
conservation laws as physical constraints, which speeds up ini-
tial convergence and ensures the solution remains physically
consistent during training. It also improves accuracy by ad-
justing the weights of the loss function terms, prioritizing the
components that most influence the solution. For more details,
refer to Section 3, Table 2, Figs. 3 and 4.

Algorithm 1: Conservation multi-stage algorithm
Initialize: Initialize a PINN model φθ (x, t) with parameters θ and the weights of loss terms λi for i = 1,2,3,4.
Input: Collocation points {(xf

j, t
f
j)}

Nf
j=1, divided into subsets S1, . . . ,Sn. Pre-fixed points E1 = /0.

for k = 1 to n do
for iteration = 1 to M do

Compute lossf by Eq. (10) with Sk .
Compute lossic, lossbc by Eqs. (8) and (9) with initial and boundary data.
Compute conservation loss lossc by Eq. (14).
Compute lossp by Eq. (15)
Compute adaptive weights λ̂i by

λ̂i =
maxθ (|∇θ lossf|)
|∇θ lossi |

, i = 1,2,3,4

where |∇θ loss| denotes the mean of |∇θ loss| with respect to parameters θ .
Update the weights λi using a moving average of the form

λi = (1−α)λi +αλ̂i.

Compute total loss by Eq. (16).
Update the model parameters θ via optimizer.

if loss < µ then
break

end if
end for
Select Nk pre-fixed points Ek+1 from Sk which contribute the smallest lossf computed by Eq. (10).

end for
Recommended hyper-parameter values: α = 0.9, Nk = 0.8 · k

n ·Nf.

3. Numerical simulation of Zakharov equation
This section presents the numerical simulation results of

Zakharov equation, evaluates the performance of the CM al-
gorithm, and compares it with A1, A2, and A3 listed in Ta-
ble 1. Specifically, we focus on the stability and consistency of
the solutions under different initial conditions. Furthermore,

this analysis lays the foundation for the upcoming numeri-
cal simulations of the NLS equation and the exploration of
the limit behavior between the two equations. In subsequent
sections, we will examine how the solutions of the Zakharov
equation asymptotically approximate those of the NLS equa-
tion as c0→ ∞.

Table 1. Algorithms considered in the numerical studies presented in Section 3.

Algorithm Description

A1 Original PINN: Original formulation of physics-informed neural networks.

A2 Conservation law: Incorporate conservation laws into the loss function

A3 Pre-fixed multi-stage algorithm: Multi-stage adaptive training.

A4 Conservation multi-stage algorithm (Subsection 2.2): Combine the strategies of A2 and A3.

The Zakharov equation is complex and sensitive to initial

conditions, so maintaining stability is important. To test the re-

liability of the solutions and the algorithm, we performed sev-

eral experiments with different initial parameters. The model

with the lowest loss value in each experiment was chosen as

the final solution. We assessed the algorithm’s overall perfor-

mance by averaging the results of all experiments. The hyper-

bolic tangent (tanh) function was used as the activation func-
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tion in the simulations. Python 3.7 and PyTorch 1.8.1 were
used to maintain consistency in the experiments. The code is
available at https://github.com/DSJ414/CM-algorithm.

The soliton solution of Eq. (3) is given in the form

ε= Asech(B(x− ct− x0)) e i( c
2 x+Dt+θ), (17)

n =−A2 sech2 (B(x− ct− x0)) , (18)

where the parameters are defined as

A = m/
√

2
(
1− c2/c2

0
)
,

B = m/
(
2
(
1− c2/c2

0
))

,

D = c2/4−m2/
(

4
(
1− c2/c2

0
)2
)
.

Here, x0 represents the initial position of the wave packet at
t = 0, and θ denotes the initial phase. The primary control
parameters are m and c, where c represents the propagation
speed of the soliton. From conditions (17) and (18), we obtain
the limiting condition c2/c2

0 < 1. This implies that the speed
of the soliton must be less than c0, indicating that the soliton is
subsonic. The term A2 represents the depth of the density de-
pression, and 1/B represents the width of the depression. The
depth and width of the depression are inversely proportional,
meaning that a deeper depression corresponds to a narrower
width. Furthermore, the local mass conservation law provides
an essential constraint for the dynamics of the soliton. It is
given by

∂t

(
1
2
|ε|2
)
+∂x

[
εreal

∂εimag

∂x
−εimag

∂εreal

∂x

]
= 0, (19)

where εreal and εimag denote the real and imaginary parts of
ε, respectively. This equation ensures that the total mass of

the system is conserved during the propagation of the soliton,
reflecting the physical consistency of the model.[43]

In practice, physical experiments involving high-cost and
complex setups make numerical simulations a feasible alter-
native to expensive physical experiments. In this study, we
attempt to adopt the CM algorithm to simulate experimental
values and model Langmuir wave solutions.

In this study, we use a fully connected neural network
with 2 hidden layers, each containing 30 neurons, to perform
numerical simulations. The network parameters θ = (w,b) are
initialized with Xavier initialization for w and zeros for b. The
training dataset consists of N0 = 300 initial points, Nb = 300
boundary points, and Nf = 3000 collocation points. The initial
conditions can be obtained from Eqs. (17) and (18) at t = 0,
and the boundary conditions are zero at x =±15. To improve
training efficiency and model accuracy, we divide the compu-
tational domain into 5 parts, meaning that the CM algorithm
consists of 5 training stages. At each stage, we select 80%
of the collocation points from the previous stage’s colloca-
tion point set. The number of fixed points at each stage is
defined as N j = 0.8Nf/5 = 480, j = 1, . . . ,5, increasing as the
stage progresses. This progressive training approach allows
the model to gradually adapt to the characteristics of the entire
computational domain. At each training stage, in addition to
the standard loss terms (initial condition loss, boundary condi-
tion loss, and collocation point loss), we also incorporate the
conservation loss term lossc to ensure that the model outputs
satisfy the corresponding conservation laws.
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Fig. 3. Solutions of the Zakharov equation using the CM algorithm with parameters m = 1, c = 1/2, x0 = 0, θ = 0. Panel (a) presents the
three-dimensional (3D) evolution plots for variables ε and n over time t and spatial position x, illustrating the dynamic evolution and spatial
distribution respectively. Panel (b) shows the comparison of predicted and exact solutions for ε and n at t = 0, where the exact solutions are
depicted in blue lines and the predictions in dashed red lines. Panel (c) displays the density maps for ε and n, with the color bars indicating the
range of values for each variable.

We set a minimum loss threshold of µ = 1× 10−6 for
each training phase and defined the maximum number of iter-
ations per phase as M2 = 2000. This ensures the training stops
once the accuracy requirement is met or the iteration limit is

reached. We also included the conservation constraint term in
the loss function, optimizing it with other loss terms to align
the training with physical principles. The CM algorithm cap-
tures the dynamic behavior of the solution to Eq. (3), as shown
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in Figs. 3 and 4.
In the experiments, we set the parameters m = 1, c = 1/2,

x0 = 0, and θ = 0. Figure 3 shows the simulation results of the
CM algorithm. In panel (a), 3D images of ε(x, t) and n(x, t)
are displayed. ε(x, t) evolves with energy concentration in the
central region, while n(x, t) shows wave amplitude attenuation
in the same area. Panel (b) compares the predicted solutions
of ε and n with the actual solutions at t = 0. The predicted
solutions (in red) are close to the actual solutions (in blue),
showing that the CM algorithm effectively captures the solu-

tion’s behavior. Panel (c) presents density plots of ε and n,
showing their wave dynamics over time, especially in the cen-
tral region. Figure 4 compares the absolute errors between the
original PINNs and the CM algorithm. The CM algorithm has
better accuracy, with the original model showing larger errors
in the central region, which grow over time. In contrast, the
CM algorithm reduces these errors, showing clear improve-
ment in dynamic conditions. Tables 2 and 3 show the rela-
tive errors, computation time, and relative errors of conserved
quantities for the four algorithms under the same conditions.
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Fig. 4. (a) The errors of the two variables ε and n trained by the original PINN method for solving the Zakharov equation, where the error of
ε is calculated as the sum of the errors ‖εreal‖+‖εimag‖. The error of ε is shown on the left, and the error of n is shown on the right. (b) The
errors of the two variables ε and n trained by the CM algorithm for solving the Zakharov equation, where the error of ε is calculated as the sum
of the errors ‖εreal‖+‖εimag‖. The error of ε is shown on the left, and the error of n is shown on the right.

Table 2. The comparisons of different algorithms (error metrics).

Algorithm εreal (relative L2 error) εimag (relative L2 error) n (relative L2 error)

A1 1.4282 1.9556 1.7092
A2 1.6176×10−1 2.7202 1.3253
A3 7.0024×10−3 3.6723×10−2 8.5469×10−2

A4 3.3723×10−3 1.4005×10−2 3.1218×10−2

For model parameter optimization, we used the L-BFGS
optimizer.[44] When adding 0.5% white noise to the initial data
and boundary conditions, the results closely resemble those in
Fig. 3. This confirms that the high-frequency–low-frequency
coupled soliton remains stable under small perturbations. It
also shows that such coupled solitons can be observed in real
physical systems, extending beyond specific exact solutions.

Table 3. The comparisons of different algorithms (time and conserva-
tion error).

Algorithm Time (s) Conservation error

A1 1014.32 –
A2 1014.32 3.3241×10−5

A3 743.49 –
A4 321.38 2.4400×10−7

4. Limit behavior from Zakharov equation to
NLS equation
In this section, we first explore the NLS equation through

numerical simulations to verify the practical performance of
our method in handling typical nonlinear wave problems. Sub-
sequently, we focus on the limit behavior from Zakharov equa-
tion to NLS equation as c0 → ∞. This part of study not only
demonstrates the theoretical applicability of the CM algorithm

but also provides a practical numerical tool for analyzing wave
behaviors in complex nonlinear systems.

4.1. Numerical simulation of the solution to the NLS equa-
tion

Among the various applications of quantum mechanics,
the NLS equation plays a particularly important role in ex-
plaining and predicting soliton wave phenomena.[45–49] Soli-
ton solutions are a special class of solutions to this wave equa-
tion, demonstrating how stable localized wave packets can
form in a nonlinear medium.[47] Our study investigates the fol-
lowing NLS equation:

iεt +εxx + |ε|2ε= 0, (20)

where one of the solutions of Eq. (20) is as follows:

ε =
m√

2
sech

(m
2
(x− ct− x0)

)
×exp

[
i
(

c
2

x+
(

c2

4
− m2

4

)
t +θ

)]
. (21)

The NLS equation also satisfies the mass conservation law as
the Zakharov equation, see Eq. (19).
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Fig. 5. Comparisons of solutions for NLS equation using both original PINNs method and the CM algorithm. (a) Intensity profiles at t = 0
showing the actual soliton and its approximation by the CM algorithm. (b) Error distribution maps for the original PINNs method and the CM
algorithm, illustrating the regions of high and low errors in simulating the NLS equation. (c) Evolution over time, displayed as density plots
with x on the horizontal axis and t on the vertical; color intensity represents the magnitude of ε, with separate plots for the CM algorithm and
original PINNs method.

In the experiments, we set the following parameters as
m = 1, c = 1/2, x0 = 0, and θ = 0. To ensure fair compar-
isons, both of the CM algorithm and traditional PINNs were
implemented with an identical simplified network (2 hidden
layers, 30 neurons per layer). The results are shown in the
following Fig. 5.

Figure 5(a) shows the intensity profile at t = 0, compar-
ing the actual soliton solution with the approximation from
the CM algorithm. The CM algorithm closely approximates
the actual solution, particularly in the central region, where
the predicted peak value is nearly identical to the actual value.
Figure 5(b) presents the error distribution maps for both the
original PINNs model and the CM algorithm. In the central re-
gion of the soliton, the CM algorithm shows a very small error,
almost negligible, while the original model has larger errors in
the same region. As the soliton propagates, the errors in the
original model grow. The discrepancy arises because the CM
algorithm accurately captures soliton gradient features even in
a simplified network with 2 hidden layers. In contrast, tradi-
tional PINNs rely on deep architectures. They need stacked
layers to fit steep soliton profiles. Shallow network architec-
tures limit their ability to fit gradients in such networks. Fig-
ure 5(c) shows how the solution evolves over time in density
plots for both models. The CM algorithm captures the prop-
agation features of the soliton more effectively, especially in
the central region, where the soliton’s energy remains concen-
trated and stable.

Overall, the CM algorithm shows clear advantages in the
numerical simulation of solitons, especially in predicting the
initial wave packet and accurately modeling its evolution over
time. Compared to the original PINNs method, the CM algo-

rithm achieves higher accuracy in high-energy regions. By
using a multi-stage training strategy and conservation con-
straints, the CM algorithm maintains good accuracy even with
fewer training samples. The original PINNs method, on the
other hand, has limitations under the same training settings,
especially regarding error accumulation over time, which af-
fects the overall representation of soliton behavior. Therefore,
the CM algorithm is more reliable and robust when simulating
complex systems like solitons.

4.2. Numerical simulation from Zakharov equation to
NLS equation

When the speed of sound c0→∞ in Eq. (1), the influence
of the low-frequency sound waves diminishes, and the system
dynamics simplify to

n =−|ε|2. (22)

Substituting this relation into the Zakharov equation (1), the
NLS equation is derived

iεt +εxx + |ε|2ε= 0. (23)

This approximation indicates that the Zakharov equation
serves as a generalized form of the NLS equation, while the
NLS equation accurately captures the high-frequency behav-
ior of the system in the high sound-speed limit. Specific theo-
retical proofs can be found in Refs. [38–42].

In previous numerical experiments, we verified that the
CM algorithm can accurately capture the solutions of both
equations, with predictions closely matching their exact so-
lutions. In the following, we analyze the variation trends of
the solutions by comparing the predicted solutions of the Za-
kharov equation and the NLS equation as c0 increases, further
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revealing the intrinsic connection and unification between the

two equations in the high sound speed limit.

Figure 6 illustrates the process by which the solution

of Zakharov equation gradually approximates the solution of

NLS equation as c0 increases. Figure 6(a) compares the pre-

dicted solutions of Zakharov equation for different values of c0

with the solution of NLS equation. When c0 = 1, the solution

of Zakharov equation shows a noticeable deviation from that

of NLS equation. However, as c0 increases (e.g., c0 = 10), the

solutions of the two equations converge and eventually almost

completely overlap. Figure 6(b) shows the distribution of the

differences between the predicted solutions of Zakharov equa-

tion and NLS equation as c0 increases. It can be observed

that as c0 increases, the difference gradually decreases, and

at c0 = 10, the difference approximates to zero, indicating that

the solutions of the two equations are numerically almost iden-

tical.
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Fig. 6. Comparisons of numerical simulations between the Zakharov equa-
tion and the NLS equation. (a) Comparisons of the numerical simulation
results of Zakharov equation and NLS equation under different parameter
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solutions of Zakharov equation under different c0 values. (b) Absolute error
of the numerical solutions of Zakharov equation and NLS equation under
different c0 values.

These results validate the theoretical properties of the Za-

kharov equation under limiting conditions. They also quantify,

through difference analysis, the dynamic process by which its

solution approximates that of the NLS equation. This analysis

shows the intrinsic connections between the two equations and

highlights the efficiency and applicability of the CM algorithm
in solving complex nonlinear wave problems.

5. Conclusion
This study proposes a conservation multi-stage (CM) al-

gorithm, which incorporates conservation laws[33,34] into the
multi-stage training process.[29] Using this algorithm, we nu-
merically simulated the Zakharov equation and the NLS equa-
tion, verifying that as c0 becomes sufficiently large, the so-
lution of Zakharov equation gradually approximates that of
NLS equation. This study reveals the intrinsic connection be-
tween these two equations and demonstrates the effectiveness
of the CM algorithm in solving complex nonlinear problems.
Finally, by comparing with methods A1, A2, and A3, the ad-
vantages of the CM algorithm are highlighted.

Although our focus is on the soliton solutions of the Za-
kharov equation, the proposed algorithm can also be extended
to solve other types of solutions and complex coupled systems.
Extending the CM algorithm to other nonlinear equations, ex-
ploring its computational efficiency in high-dimensional sys-
tems, and optimizing related strategies will be the focus of our
future research.
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