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The BCS pairing state has been predicted to be stable in a symmetric binary Bose gas with the intraspecies repulsion
and interspecies attraction. In experiments, the binary Bose gases are generally asymmetric. In this work, we study the
pairing state in a dilute asymmetric binary Bose system with the intraspecies repulsions and interspecies attraction and
show that it is stable in a certain region of the phase space. We find that there always exists a best density ratio for given
total density and coupling constants, where the temperature width of the BCS region is maximized. At the best density
ratio, both components have the almost same ideal BEC temperature. We also found that there are two critical density
ratios where the BCS phase vanishes. The stability of the BCS state against pairing fluctuations is shown by expanding the
Helmholtz free energy of BCS state near the normal state and proving that it is a local minimum point.
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1. Introduction

Conventional superconductivity was successfully ex-
plained by the BCS (Bardeen—Cooper—Schrieffer) pairing the-
ory in 1957.11 Since then, the pairing states in various su-
perconductors and fermionic superfluids have been intensively
studied. After the successful experimental realization of BEC
(Bose-Einstein condensation) in the 22Na and 37Rb system in
1995,1231 ultracold atoms have provided an ideal platform to
explore novel quantum states including the pairing state. By
the Feshbach resonance technique in ultracold atoms, 40! the
interaction between atoms can be tuned by the external mag-
netic field. The BEC-BCS crossover!”"! in Fermi gases has
been successfully achieved in experiment, and the molecular
BEC state was observed.!!~!?] Theoretical studies were also
carried out on the BCS['3-161 and molecular BEC[!7-2! states
of Bose system. In a single-component homogeneous Bose
gas,[1419.20

the repulsive interaction. However, the BCS pairing state with

I the molecular BEC state was found stable with

the attractive interaction was found unstable due to negative
compressibility. In experiments, the heavy three-body loss oc-
curs near the resonance, making it hard to detect these states
in Bose gases.

Binary Bose systems have provided a platform to study

22231 In a binary quantum droplet, the

quantum droplets.!
mean-field energy is negative, but the Lee—Huang—Yang en-
ergy is repulsive and making it stable.[>*?>] The stabil-
ity of phonon excitation is restored due to a higher-order
effect.[*639 In our previous work,!'®! we predicted that the
stable BCS state could exist in a symmetric binary Bose sys-
tem, where the intra-species repulsion overcomes the inter-

species attraction making the system mechanically stable. In
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current experiments, the binary Bose gases have asymmetric
intraspecies interactions. In this work, we study an asymmet-
ric binary Bose system in which the mass, density and intra-
species coupling constants can be all different for the two com-
ponents. In the mean-field approximation, we find that for the
fixed total density and coupling constants, there always ex-
ists a best density ratio of the two components, at which the
temperature width of the BCS region is at maximum, close to
where both components share the same ideal BEC tempera-
ture. Furthermore, we show that the BCS state vanishes at two
critical density ratios. By expansion of the Helmholtz free en-
ergy, we find that the BCS state is always stable compared to
the normal state. The experimental implications are discussed
near the end.

2. Mean-field calculation of BCS state
2.1. General Hamiltonian

We consider a dilute asymmetric binary Bose gas. In the
grand canonical ensemble, the single-particle Hamiltonian is
given by

Hy = Z (i — 1) C,chim (1
ki
where g, = Ii*k? /2m; represents the kinetic energy of the i-
th component, ¢, is the Bose annihilation operator of the i-th
component, and y; is the chemical potential of the i-th compo-
nent.

Under the s-wave approximation, the intra- and inter-

species interactions are contact potential potentials given by

8ii
Hia= Y, S Cite ey Cilex Ciey iy ke 2
i,kikok3
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Hinter = Z g‘/ﬁchIC‘;sz2k3C1kl+k2_k37 3)
ki kyks3

where g;; = 47rh2aii/mi and g2 = 27{7*126112/171,l are the cou-
pling constants of the system, V is the volume and my, is the
reduced mass my = mymy/(my +my). Here, different from
the quantum droplets, we study in the mean-field stable region
where the coupling constants satisfy g1; > 0, g0 >0, g12 <0,
and |g12| < /811822, ensuring a positive mean-field energy
and compressibility.

2.2. Mean-field approximation
The inter-species attraction leads to pairing, the order pa-
rameter A in the BCS state is defined as
812
A=22Y(cirer k). “)
V
Without losing generality, we set A to be a negative real num-
ber, because it is always possible to make it real by a gauge
transformation. In the mean-field approximation, the interac-
tion terms are given by

Hipga = Z <ZgiiniZC,TkCik — giin?V>, @)
%

1
o A’
Hiper = A Z (6”6024c +h.c.) -V (glznlnz + >
k g2
+812y, (nlc‘;kczrc +n2C]1LkC1k) ; (6)
%

where n; is the density of the i-th component. The mean-field
Hamiltonian can be written as

H =Y BjHyBj+Es, (7)
k
_(e—n A

where B}, = (CLWCz—k), W = u; — 2gin; + gian3—; is the
shifted chemical potential of the i-th component, and

Eg = —Z(Ezk—.uﬁ)
k
A? 2 2
-V fglz+gl1n1+g22n2+glzn1nz .

The Hamiltonian Eq. (7) can be diagonalized by a general Bo-
goliubov transformation det(Hy — Ex0;) = 0 and the quasi-
particle excitation spectra are given by

(&1 — 1) — (€2 — 145)

Eipr = £ 5

(1 — 1) + (€26 — 5)

* 2

2
] -4, 9

equations (7) and (9) are consistent with the symmetric
case.!% The order parameter satisfies |A| < \/u[ 1}, consis-
tent with the symmetric case, |A| < |u’].'%] Nevertheless, the

excitation spectra are no longer degenerated in the asymmetric
system due to the difference in &, — /.

The order parameter A and the particle densities can be
determined from the following self-consistent equations:

1
nlzﬁ ) {(Z-i-l)flk-i-(l’:—l) (f2k+l):|7 (10)
("’“4) (f1k+1>+(2:+1)f2k], (11

1
17 % { Ak
T —12[10‘ +f +1)—1] (12)
2nha;,  V o |24k the T2k 2e ]

where Nk = €k — W, Mk = (M +M2k) /2, A = \/NE — A2,
& = h°k? /4my, and fi, = 1/(ePEix —1) stands for the Bose
distribution of quasi-particles on the i-th branch where f§ =
1/kgT. In Eq. (12), we have included the renormalization re-
lationship of the coupling constant

1 my 1

g? - 27'Ch2a12 B 2V A &k

As we have pointed out, '] the BCS state exists between
two critical temperatures in the symmetric case. The BCS-
normal phase transition takes place at the upper critical tem-
perature where A = 0 and Ej, = €, — [.Ll-’ . At the lower critical
temperature, the energy gap in the excitation spectrum van-
ishes Ejp = 0 and the system turns into a mixture of atom con-
densate and BCS pairs. In the asymmetric system, the BCS
phase only exists in certain region of the T-n; /n; plane for
the fixed total density n = nj +n, as discussed in the next sec-
tion. In general, the two excitation branches are both gapped
in the BCS region, which means Ejx—o > 0. The upper bound-
ary of the BCS phase locates at A = 0 where the normal-
BCS phase transition takes place. The lower boundary of the
BCS phase is reached when one excitation branch is gapless,
Eix—o = 0, where there is no energy cost to turn atoms into
the condensate, and the order parameter satisfies the condition

A= —\/up;.

2.3. Numerical results

So far binary quantum droplets have been realized in two
systems, °K—°K and 2*Na-3"Rb mixtures. We study the
BCS states in both dilute systems with experimentally feasi-
ble parameters. In the symmetric case, the BCS phase exists
above the ideal BEC temperature. Here we first numerically
determine the boundaries of the BCS phases in these two sys-
tems for the fixed total density and coupling constants. As
shown in Fig. 1(a), in the binary *K gas, the normal-BCS
transition temperature is at maximum when the two compo-
nents have the same density, nj/n, = 1, where n = n; +np

27283 gp? noo\2/3
mykp (c(3/2)) '

and

T, =
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The lower boundary of the BCS state is rather flat. In contrast,
for the 2>Na—87Rb mixture, the normal-BCS transition temper-
ature is a monotonous function of n; /ny as shown in Fig. 1(b).
In both cases, the temperature width of the BCS phase has
a maximum as a function of the density ratio n;/ny for the
fixed total density and interactions, as shown in Figs. 2(a)
and 2(b) where |naj,| = —1.20 x 1075, This best density ra-
tio is close to ny/ny = (mz/ m1)3/ 2 Fora single component
Bose gas, the ideal BEC-transition temperature is given by
T = 21h*n?3 /mkg §?/3 (3/2), where n is the density of par-
ticle numbers. Therefore, the best density ratio corresponds to
the ratio where the two components share the same ideal BEC

temperature.
T T T T
1.0416 - (a) 39K—39K system .
1.0414 B
§ 1.0412 1 .
& 1.0410} i
B Upper boundary i
1.0408 --- Lower boundary
1.0406 - S
1 1 1 1 1
090 095 1.00 1.05 1.10
na/ny
T T T T
(b) 25Na(n1)—8"Rb(ns) system
0.640 i
&
E 0.630 .
Upper boundary
0.620} --- Lower boundary

I I I I
7.00 7.50 8.00 8.50
'rLg/TLl

Fig. 1. The normal-BCS transition temperate (upper boundary) and
BCS-mixture transition temperature (lower boundary) versus the ratio
of particle number density n; /n; in ¥K-*K and *Na-3"Rb systems,
numerically calculated at ‘na?z} =—1.20x 1073, for the fixed total den-
sity n and coupling constants.

s 7(5) 39K 39K system ‘ i 61(b) ‘Zf‘Na(nl‘ 787Rb‘(n2) system
= $
I 6 =}
= Z
s 4l 3
& g
2ol &

0.9 1.0 1.1 7.6 7.‘5 8.‘0 8.‘5
na/ny na/mny
Fig. 2. The width of BCS region AT /Tg,, versus the ratio of particle number
density 15 /ny in ¥K-¥*K and 2*Na—87Rb systems, numerically calculated at
|na%2‘ = —1.20 x 1073, for the fixed total density n and coupling constants.
At two critical density ratios, the upper and lower bound-
aries of the BCS phase overlap and terminate, which corre-

sponds to the condition /ujp, =0, with uj = A =0 at one

side and ) = A = 0 at the other side. At the critical point
uﬁ = 0, equations (10) and (11) recover the equation for the
normal state,

m 3/2 5

1 . !
w=(gpmim) Lo
where Liz/, (x) is the polylogarithmic function defined by
Lis (z) = Y, Z*/k*. The right-hand side of Eq. (12) is ap-
proximately given by

—my  83mymy 1> (14)
27th2a12 N 8[3h4 —2m1u{'

Therefore, the density ratio of this critical point is given by

" ("12)3/2 Haa () (15)
n mj Li3/2 (1)
where
4xl/3 my +mo 2 a3 2/3

mimy Ligg (1)

In the dilute region, equations (15) and (16) can be expanded

in terms of the gas parameter na‘fz, and this critical density

ratio is approximately given by

n (mz)3/2 | 271475 (my 4 mo) (na3,)""

n \m 12 (32 32\ 23
mz/ <m2/ +m2/ ) L13§2 (1)

In the same way, the other critical density ratio can be obtained

.(17)

analytically,

m <m2)3/2 271476 (my +my) (nad,) ">
o \my 273
A R e R 1

In Fig. 1(a), these critical density ratios are np /n; = 0.890 and

.(18)

na/n; = 1.110, consistent with the expansion results ny /n| =
0.913 and ny/n; = 1.087 from Egs. (17) and (18). Similarly,
the numerical boundaries in Fig. 1(b) are ny/n; = 6.702 and
ny/n; = 8.832, close to the analytical results from Eq. (17)
and Eq. (18) np/n; = 6.990 and ny /n; = 8.444.

In the dilute limit na%2 — 0, as shown from Egs. (17)
and (18), the BCS region shrinks towards the point ny/n; =
(my/ m1)3/ 2. where the two components share the same ideal
BEC temperature. Therefore, the best density ratio lies near
the density ratio np/n; = (mg/m1)3/2. In Fig. 2(a), this best
density ratio is np/n; = (mz/m1)3/2 = 1; in Fig. 2(b), it is
ny/ny = 7.672, near the point ny/ny = (my/m;)>* = 7.357.
This condition could be helpful for searching the BCS region
in experimental and numerical setups. Furthermore, we nu-
merically calculate the best density ratio ny/n; and the cor-
responding width of the BCS region AT /Ty, as functions of
the interspecies coupling constant. As shown in Figs. 3(a) and
(3(b)), the temperature width of the BCS region increase sig-
nificantly as the interaction strength increases. In contrast, in

046701-3
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Figs. 1(a) and 1(b), the interspecies interaction is rather weak,
1/(n/2)"3a;y = —55, and the temperature width of the BCS
region is small. The BCS region of the system would be more
easily detected in experiments with strong interactions, but in
practice near the resonance the three-body loss is severe.

2.0 2.0
(a) PK—3K system 8.4 (b) #Na(n;)—5"Rb(n,) system / 1.6

iy
[

AT/Tg, (1072)
nz/m
o
=}

1.5

—
=

1.0

na/mny

AT/Tgn, (1072)

0.5

©
o

| 0
—60 —50 —40 —30 —20 —10
1/(n/2)Paiz

. 0
7EGO —-50 —40 —30 —20 —10

1/(n/2)3a12

Fig. 3. The best density ratio n /n; and width of BCS region T /Tg,, versus

the gas parameter (na?2 / 2)71/ ? in 3K-9K and 2Na-¥"Rb systems. The
red solid line represents the density ratio ny /n; leading to max width of BCS
region and is a constantly n, /n; = 1 in Fig. 3(a). The blue dashed line marks
the max width of BCS region calculated under the best density ratio. The
width significantly increases with the coupling constant.

3. Stability of BCS state

To study stability of the BCS state against the normal
state at temperature above the BEC temperature, we follow
Landau’s theory of phase transition to show its free energy
is a local minimum point compared to the normal state. We
consider the Helmholtz free energy in the canonical ensemble
(F) = (H —TS) where the densities n; and n; are fixed. The
free energy of the BCS state is given by

F = Xk:Ek,-fik +Zk: (Eak — Mok)

—ksT Y [(fie + D)In(fir +1) = fir In ()]
Ko
A? 2 2
+) wNi—v (glz +guny +gnm +g12n1n2) , (19)

where N, = &1, — u! and N, = (Mg + Nok)/2. To compare
the free energy between BCS state and normal state, we de-
note Ol; = U; — Wi, where O represents the quantity taken in
the normal state. We expand the free energy up to the forth
order of the pairing order parameter A near the normal state.
Therefore, the expanded energy spectrum is

A? SmppA? A*
Mo Mo 8Miko

OEjl, = 0N, —

and 61 = —O4;. Any term of the order higher than the
quadratic order of 8y; is omitted and we will show Su; ~ A?
in the latter. After the substitution, the expansion of the

Helmholtz free energy is given by

-V 1 BNiro
5F—A2[+200th< )
812 2 ki 2

-1 b A?
x ( + 772’“ - )] (20)
2Miko - 2N 8Mino

The relationship between d; and A could be obtained by ex-
panding Egs. (10) and (11) because the densities are fixed in
the canonical ensemble, leading to Su; = A;A?, where

1 (fk10+fk10 1) frio ]
3 t5 )5,
2N 2Mk0

2 2
Yk frio 7

Zk|:
A=

2y

and fr0 = —B frieP k0.
After substituting o ; in Eq. (20), the expansion could be
concisely expressed as

SF = a'A* + B/ A%, (22)
where
Bnixo
th
oo |V <2
g 24 2Mko

, 1 A1 +A; 1
=2 <f'k°+ 2> < ang, 8n,§o) '

At the upper boundary where A = 0, from Eq. (12), we
have o’ = 0. As the shifted chemical potential of normal
state [}, decreases when the temperature decreases, the sta-
bility condition o < 0 is satisfied. The other stability condi-
tion of the BCS state is 3’ > 0. To show that it is also satis-
fied, we consider the dilute limit and take the approximation
fiko =~ 1/BMNiro and f1;0 ~ 1/BN3,- In this way, we obtain the
expression for 8,

B(y)m

£ (23)

B'~——5<,
Brndky

where Y = m; /m; and

w-(s025(3) (5 ()
SR (;) , o

1
fl(Y)—‘/m7

A+ A +AA/Y)]+1

fZ(Y) = 2 ) (26)
(1+ V=9 2)
£) = Ly -
VN2 (1409 2)
(1+7) (3+\/(1+y)/2>
fa(y) = . 27)

(1+\/(1+y)/2)3
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In the dilute limit, the coefficient 8’ is is proportional B(¥y)
which is determined by the mass ratio y. Equation (23) re-

covers the result f/ = 5 in the symmetric case.!!% As
0

T
shown in Fig. 4, the function B () satisfies B(y) = B(%,) and
its minimum is given by B(1) = 1. Therefore , we prove that in
the BCS state the stability condition 8’ > 0 holds in the dilute

limit and the free energy is always located at a local minimum.

B(v)

1.05

1.00

Fig. 4. The coefficient B () as a function of y. The bottom point of the
curve lies at y= 1.

4. Discussion and conclusion

In experiment, the energy spectra of the binary Bose
gas could be detected by modern energy-resolved tools on

ultracold atoms such as RF spectroscopy !

and Bragg
spectroscopy.??! The current difficulty in experiments is that
the small gas parameter, na®> ~ 107%, makes the temperature
width of BCS region rather small, of the order of 1073 T,,.
To make the state more detectable, the interactions need to
be strengthened, but so far it is restricted by the three-body
loss.[>! When temperature is below the lower boundary of the
BCS phase, the system probably enters into a BCS-BEC mix-
ture state as in the symmetric case,!'® which can be explored
in future works.

In conclusion, we show that BCS state exists in a dilute
asymmetric binary Bose gas with the intra-species repulsions
and inter-species attraction. It is mechanically stable in the
mean-field stable region when the inter-species attraction is
weaker than the geometric means of the intra-species repul-
sions. We obtain the quasi-particle energy spectra of the asym-
metric binary Bose system in the BCS state, which are gen-
erally non-degenerate, different from the symmetric system.
Another difference is the phase diagram where the BCS phase
only exists in certain region of the T-n;/n; plane. For the
coupling constants and total density, we show there exists a
best density ratio where the temperature width of BCS region
is maximized, near the ratio where two components share the
same ideal BEC-transition temperature. The width of BCS re-
gion increases with the interspecies attraction. We find that at

two critical density ratios the BCS phase vanishes. We obtain
an approximate expression for the two critical density ratios,
which converges to the best density ratio in the dilute limit.
We also use Landau’s phase-transition theory to investigate the
stability of BCS phase and find it has lower free energy than
the normal state.
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