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Biological neurons exhibit a double-membrane structure and perform specialized functions. Replicating the double-
membrane architecture in artificial neurons to mimic biological neuronal functions is a compelling research challenge. In
this study, we propose a multifunctional neural circuit composed of two capacitors, two linear resistors, a phototube cell,
a nonlinear resistor, and a memristor. The phototube and charge-controlled memristor serve as sensors for external light
and electric field signals, respectively. By applying Kirchhoff’s and Helmholtz’s laws, we derive the system’s nonlinear
dynamical equations and energy function. We further investigate the circuit’s dynamics using methods from nonlinear
dynamics. Our results show that the circuit can exhibit both periodic and chaotic patterns under stimulation by external

light and electric fields.
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1. Introduction

Neuron modeling is a key research area in neuroscience
that aims to describe neuronal behavior and network dynam-
ics using mathematical and computational approaches. Var-
ious modeling methods exist, including conductance-based
models, integrate-and-fire models, and rate-based models,
each suited for different research objectives and complex-
ity levels. Based on their complexity and intended appli-
cations, numerous neuron models have been proposed, in-
cluding Hodgkin-Huxley (H-H) model,!! Morris—Lecar (M—
L) model,””! integrate-and-fire (I-F) model,! Hindmarsh—
Rose (H-R) model,/*! Chay model,!> Izhikevich model!®!,
and Chialvo model.”! These models can accurately simulate
the complex dynamical behaviors of biological neurons.

However, it is extremely difficult to explore the collec-
tive dynamics of functional neurons and networks through bi-
ological experiments. From a physics perspective, construct-
ing neuron models with nonlinear circuits offers a promising
research direction. Moreover, neural circuits constructed from
functional electronic components can effectively emulate the
electrophysiological properties of biological neurons. For in-
stance, Liu et al.¥! developed a photocurrent-activated neu-
ral circuit that models retinal phototransduction. Xu et al.l’]
proposed a temperature-sensitive neuron model to characterize
biological neurons’ thermosensitive properties. Guo et al.!'’]
developed an auditory neuron model by incorporating a piezo-
electric ceramic element into a nonlinear circuit to simulate
mammalian cochlear function. Furthermore, incorporating
two functional elements into a neural circuit enables the real-
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ization of multifunctional neuron models. For instance, light-

HI-13] have been devel-

temperature-sensitive neuron models
oped by integrating both a thermistor and a phototube into the
circuit design.

Recently, owing to their unique memory properties,
memristors have been widely employed in neuron and neu-
ral network modeling to emulate synaptic plasticity and bi-

For exam-
14-16)

ological information processing mechanisms.
ple, magnetic flux-controlled memristor neuron models, |

[17

charge-controlled memristive neuron models,!!”! dual mem-

ristor neuron models,!'81%1 memristive membrane neuron
models,20-221 memristive ion channel neuron models, [23-25]
local active memristor neuron models, 20281 memristive neu-
ron networks, [2°-311 memristor map neurons, 234 and mem-
ristive map neuron networks. [33-36)

Although numerous functional neuron models have been
developed, most existing designs are functionally limited and
structurally simplistic, generally exhibiting single-membrane
characteristics that fail to replicate the dual-membrane archi-
tecture of biological neurons accurately. Building upon ex-
isting research on functional neurons and memristive neural
models, this study proposes a novel multifunctional neural
circuit with a dual membrane and systematically investigates
its dynamical characteristics. The main contributions of this
study are summarized as follows:

(1) This paper proposes a bio-inspired double-membrane
neuron structure implemented using a linear resistor coupled
with two capacitors, faithfully replicating the fundamental ar-
chitecture of biological neurons.

(i1) A novel sensing mechanism is developed by integrat-
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ing a phototube with a charge-controlled memristor, enabling
simultaneous detection of external optical signals and electric
field stimuli.

(iii) The system’s Hamilton energy function is analyti-
cally derived using Helmholtz’s theorem, providing theoreti-
cal insights into the circuit’s energy dynamics.

The remainder of this paper is organized as follows: Sec-
tion 2 presents the design of an inductor-free multifunctional
neural circuit. Section 3 investigates the dynamical behaviors
of the proposed neuron model. Finally, Section 4 provides
concluding remarks and discusses potential applications.

2. Model of a multifunctional neural circuit

Figure 1 illustrates our proposed multifunctional nonlin-
ear circuit, designed to replicate the functionality of biological
neurons.

b e e
il

*iNR *iM

VC2 VCZ
e —e E NR M(q)

Fig. 1. A functional neural circuit without inductor.

The proposed circuit in Fig. 1 comprises five functional
branches, collectively emulating key properties of biological
neurons: The optical sensing branch (phototube in series with
resistor R) converts external light stimuli into electrical sig-
nals. The dual-membrane simulation module (branches 2 and
3) employs resistively-coupled capacitors to replicate biolog-
ical membrane dynamics. The nonlinear conversion branch
(nonlinear resistor NR) models electromagnetic field energy
transformation. The electric field detection branch (voltage-
controlled memristor M(q)) captures external electrical stim-
uli.

To derive the circuit equations, the current in the fourth
branch (nonlinear resistor NR) is approximated as follows:

1 V3
NR=——(V—=— |. 1
INR p( 3V02) (1)

Here, p denotes the resistance, V the voltage, and V| the
reverse cutoff voltage. The memristor in the fifth branch

(voltage-controlled memristor M(q)) is defined by

1 d
Vi = M(q)iy = —cscq-iv, L =dg+iy, ()
ky dr

where iy; represents the current, V), the voltage, ¢ the charge,
and d and ky; are parameters. The current in the first branch
(phototube in series with resistor R) is calculated as
. W=V
[ ,

R

3

where i denotes the current, Rg the resistor, and V and V,, the
voltages. Applying Kirchhoff’s law, the circuit equations for
the multifunctional neural circuit are given by

3
Ve, Ve, —Ve 1 Ve ). .
C L= 22 Ly — vy — =L —k v,
" R +p C a7 iNrR — kprsin(q) Ve,
CdeCZ Ve, — Ve, N /A —vcz’

dt R Rs

d .
d—ct] =dq+kysin(q)Ve, .

To facilitate dynamical analysis, we introduce the follow-
ing dimensionless transformations for the variables and pa-
rameters in Eq. (4):

VC1 VC2 q t
X=—H V=7 i==, V=
Vo Vo 1Yo pC,
C R R VLR
a:727 [)):*v Y=75> Us= P ) )
C p Ry RVy

k=C1V0, b ZkMR, c :Rdcl.

Therefore, the dynamical system described by Eq. (4) can
be represented in normalized form as

3
jf:_:a[y—x—f—[i(x—é)—bxsin(kz)],

dy

— =x—(1 5 6
ap = (Y +u ©)
92 _ o(cz+ brsin(kz)

-_— = C. X .

dr Z 4

Since the charge-controlled memristor in the fifth branch
can capture the external electric field, the dynamic equations
in Eq. (4) can also be expressed as

% W [y—X-f—ﬁ <x_’§) _bxsin(kz)] :

d

d—i:x—(]—l-)/)y-f—uw 7
dz :

P = ot(cz+ bxsin(kz)) + Sext,

where Sex; denotes the external electric field. Furthermore, the
physical field energies of the multifunctional neural circuit are
calculated by

— CVC2 1 CVC22 qVC 1
2 2 2

As a result, the dimensionless Hamilton energy in Eq. (8)

®)

is
w ¥y oaz

H= =— —. 9
C]VOZ 206+2+206 ©)

090503-2



Chin. Phys. B 34, 090503 (2025)

It is known from Helmholtz’s theorem that the energy
function satisfies

(—ay— acx)%—+(x+z/2)a—+(acz+2acx oH =0,

dH x
T {a [2y—x+ﬁ (x—3> bxsin(kz) —cx]}

(10)
(2L
+ (abxsin(kz) —2acx)£

= VHTFy(x,y,2).

3. Dynamical behaviors of a multifunctional
neural circuit

Dynamical behaviors of the multifunctional neural circuit
are analyzed through nonlinear dynamics methods. First, we
investigate how external light signals modulate the system’s
dynamics. Parameters in Eq. (6) are set as f =2, y=0.1,
a=1,b=0.5,k=1,and c = —0.5. The light stimulus is mod-
eled as us = Acos(0.87). Using initial conditions (x = 0.01,
y = 0.1, z = 0.01), Fig. 2 presents the bifurcation diagram
(BD) and largest Lyapunov exponent (LLE) versus varying
amplitude A.

2.1 0.1

(b) ™
2.0 0 AV‘ )
1.9 —0.1
=
a& 1.8 = -0.2
1.7 —0.3
1.6 —0.4
1.5 —0.5
2.0 E .6 . 3. 3. 2.0 23 26 29 32 35
A

Fig. 2. BD and LLE for different A. For (a) BD under A € [2,3.5]; (b)
LLE under A € [2,3.5].

Figure 2 demonstrates that modulating the amplitude pa-
rameter A can induce both periodic and chaotic patterns in the
multifunctional neural circuit. In nonlinear dynamical sys-
tems, these distinct oscillation modes exhibit characteristic
evolutionary trajectories and energy distribution profiles. Fur-
thermore, Fig. 3 compares the temporal evolution of the state
variable x and Hamiltonian energy H for different values of A,

highlighting their amplitude-dependent behaviors.
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Fig. 3. The x and H by changing A. For (a) and (b) A = 2 (periodic); (c)
and (d) A = 2.75 (chaotic).

Figure 3 reveals distinct energy distribution patterns be-
tween different oscillation modes: periodic states exhibit
higher mean energy values (H), while chaotic regimes show
significantly lower (H). Furthermore, for the specific case
of ug = 2.75¢0s(0.87), we examine the frequency-dependent
dynamics through BD and LLE. Figure 4 presents the corre-

sponding BD and LLE as functions of driving frequency f.
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Fig. 4. BD and LLE by changing . For (a) BD under f € [0.6,1]; (b) LLE
under f € [0.6,1].

Consistent with the findings in Fig. 2, both periodic and
chaotic patterns emerge in the multifunctional neural circuit
when varying the frequency parameter f. Figure 5 further il-
lustrates this frequency-dependent behavior by comparing the
temporal evolution of state variable x and Hamiltonian energy
H across different f values.

b)11

@ 3 (b) 0 (H) = 2.8610
2 7
g = 5
3
—2 -1
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(0) 2.1 (d) 3 (H)_3.3241
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0.7 3
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Fig. 5. Evolution of x and H for different f. For (a) and (b) f = 0.79
(chaotic); (c) and (d) f =1 (periodic).

Figure 5 demonstrates that chaotic modes in the mul-
tifunctional neural circuit exhibit significantly lower mean
Hamiltonian energy (H) compared to periodic modes.

Furthermore, we investigate the influence of external
electric fields on the circuit dynamics. Maintaining the pre-
vious parameters and initial conditions and photic stimulation
is set as us = 2.75¢c0s(0.87), Fig. 6 presents the BD and LLE
for the case where external electrical field intensity Sex; equals
conductance G.

(a) 2.5 ) 01
2.0 - P ddtitie
e
1.5 01
1.0
3 2 02
£ 05 =
0 —0.3
—0.5 —0.4
~1.0 . —05
0 0.01 0.02 0.03 0.04 0.05 0 0.01 0.02 0.03 0.04 0.05
G G

Fig. 6. Evolution of BD and LLE for different G. For (a) BD under
G € [0,0.05]; (b) LLE under G € [0,0.05].
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Figure 6 reveals that lower external electric field intensi-
ties (Sext) induce chaotic dynamics in the multifunctional neu-
ral circuit. As Sex¢ increases, the system undergoes a transi-
tion from chaotic to periodic patterns, demonstrating effec-
tive chaos suppression through field modulation. Figure 7 fur-
ther characterizes this transition by showing the corresponding
evolution of state variable x and Hamiltonian energy H with
varying conductance G.

(a) 3 (b) 12 (H) = 2.6856

8 1 =
-1

6
4
2
0
-2

-2
200 250 300 350 400 450 500 200 250 300 350 400 450 500
T T

© o (@) 12

0 (H) =3.4985
—0.6 8
6
8 —1.2 Ty
—1.8 2
0
—2.4 —2

200 250 300 350 400 450 500 200 250 300 350 400 450 500

Fig. 7. The x and H by changing G. For (a) and (b) G = 0.006 (chaotic);
(c) and (d) G = 0.045 (periodic).

Similar to the results in Figs. 3 and 5, chaotic patterns in
the multifunctional neural circuit exhibit lower mean Hamil-
tonian energy (H), whereas periodic modes show higher (H).
Figure 8 shows the dynamical response under external electric
field stimulation Sex; = Bcos(0.47), consistent with the previ-
ous findings. Figure 8 demonstrates that periodic electric field
stimulation (Sex; = Bcos(0.47)) can induce both chaotic and
periodic dynamical modes in the multifunctional neural cir-
cuit. Complementing these results, Fig. 9 presents the time
evolution of state variables and corresponding Hamiltonian
energy under different field amplitudes B.

(a) 2.5 (b) 0.1
2.0 \ | e
L5 s -0.1

g 1.0 i : 2

& =2 -0.3

& 05 =

0

—0.5

—-0.5 o

1.0 —0.7
0.110 0.114 0.118 0.122 0.126 0.110 0.114 0.118 0.122 0.126
B B

Fig. 8. Evolution of BD and LLE for different B. For (a) BD under
B €[0.11,0.126]; (b) LLE under B € [0.11,0.126).
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Fig. 9. Evolution of x and H for different B. For (a) and (b) B=0.1156
(chaotic); (c) and (d) B = 0.124 (periodic).

Figure 9 demonstrates that chaotic states in the multifunc-
tional neural circuit exhibit significantly lower mean Hamilto-
nian energy (H) compared to periodic states.

In summary, the functional neuron circuits designed using
functional electronic components can effectively simulate the
electrical activities of real biological neurons. External sig-
nals can be effectively detected by functional electronic com-
ponents. This research provides a theoretical basis for devel-
oping intelligence in artificial neural networks.

4. Conclusion

This work presents a novel multifunctional neural circuit
comprising two capacitors, two linear resistors, a phototube,
a nonlinear resistor, and a charge-controlled memristor. Using
Kirchhoff’s and Helmholtz’s laws, we derived the complete set
of circuit equations, dynamic equations, and energy functions
of the system. Through comprehensive nonlinear analysis, we
demonstrated that the circuit can generate both periodic and
chaotic states in response to external light and electric field
stimuli. Chaotic states exhibit significantly lower mean Hamil-
tonian energy (H) on average compared to periodic modes.
The circuit exhibits high sensitivity to both optical and elec-
trical inputs. The design can be effectively extended to con-
struct functional neural networks for studying coupled neuron
dynamics. In future work, we plan to develop additional mul-
tifunctional neuron models, implement hardware versions of
these models, and explore practical applications of neural net-
works in engineering.
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