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SPECIAL TOPIC — Computational programs in complex systems

Identification of vital nodes based on global and
local features in hypergraphs
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Hypergraphs, which encapsulate interactions of higher-order beyond mere pairwise connections, are essential for
representing polyadic relationships within complex systems. Consequently, an increasing number of researchers are focus-
ing on the centrality problem in hypergraphs. Specifically, researchers are tackling the challenge of utilizing higher-order
structures to effectively define centrality metrics. This paper presents a novel approach, LGK, derived from the K-shell
decomposition method, which incorporates both global and local perspectives. Empirical evaluations indicate that the LGK
method provides several advantages, including reduced time complexity and improved accuracy in identifying critical nodes

in hypergraphs.

Keywords: hypergraph, vital nodes, K-shell decomposition, susceptible—infected—recovered (SIR) model

PACS: 89.75.-k, 89.75.Fb, 05.45.—a
DOI: 10.1088/1674-1056/adfefc

1. Introduction

With the rapid development of information technology
and improved data acquisition capabilities, complex networks

U-51 1n such networks, the

have become vital analytical tools.
loss or activation of critical nodes can significantly impact
system stability and operational efficiency. Identifying these
nodes is crucial for effective resource allocation, disease trans-
mission mitigation, and rumor propagation management. [*-121
Consequently, the centrality problem underpins node impor-
tance identification and has become a central focus in complex
network research. Researchers have proposed various central-
ity measures!'3~!”! from both structural and dynamic perspec-
tives to identify vital nodes.

As network complexity and scale expand, the limita-
tions of traditional networks grow increasingly evident. Hy-
pergraphs, capable of representing higher-order interactions
within complex systems, offer significant potential for appli-
cations such as paper collaboration networks, '3 protein inter-
action networks,!1°! and face-to-face interaction networks.[20!
However, existing methods for identifying key nodes in tra-
ditional networks often struggle to effectively capture the true
influence of nodes in hypergraph environments. This difficulty
arises from the unique high-order structure of hypergraphs,
which not only allows for pairwise interactions between nodes
but also facilitates high-order interactions involving multiple
nodes. To overcome these challenges, researchers have pro-
posed a series of key node identification methods that take
high-order structures into account.

In 2013, Kapoor!?!l introduced the concept of hyperde-
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gree, which refers to the number of hyperedges linked to a
given node. In 2015, Vogiatzis er al.?*! extended the tradi-
tional notion of betweenness centrality to hypergraphs to iden-
tify influential groups of a fixed size. Subsequently, in 2019,
Benson!?! introduced the eigenvector centrality as a method
to assess the relative importance of nodes in uniform hyper-
graphs, highlighting the critical role played by a node’s neigh-
bors. In 2022, Kovalenko et al.[>*l developed the notion of
vector centrality by amalgamating eigenvector values of nodes
calculated across various hyperedge cardinalities, thereby pro-
viding a framework for assessing node importance across dif-
fering hyperedge sizes. In 2023, Zeng et al.!*>! proposed a
higher-order enhanced random walk method by designing a
random walk process on a constructed multi-order network
model, effectively mitigating the localization issue inherent in
traditional random walk approaches. In 2025, Piao et al.!*¢]
introduced an improved PangRank algorithm for identifying
influential nodes in directed hypergraphs, leveraging the Jac-
card similarity coefficient to evaluate the proportion of shared
neighbors between nodes.

However, the aforementioned centrality metrics primarily
assess node importance either from a local, a semi-global or a
global perspective, resulting in a lack of comprehensiveness.
In 2019, Hu et al.’?”! identified critical proteins within the
protein complex hypernetwork by utilizing complex param-
eters, including hyperdegree distribution, degree distribution,
and sub-hypergraph centrality.[*8! Although this approach mit-
igates the limitations of single-parameter assessments by inte-
grating multiple node characteristics, it fails to account for the
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weighting of these parameters, which may lead to potentially
inaccurate evaluations. In 2021, Zhou et al.[*] adapted the
K-shell decomposition method from traditional networks for
application in hypergraphs, proposing an index for identify-
ing critical nodes in hypergraphs. This index integrates hy-
perdegree with the K-shell decomposition value through the
Euclidean distance formula to improve the drawback of insuf-
ficient discrimination when using only K-shell decomposition.
Hu et al.B% introduced an improved method of identifying
vital nodes in 2023, which is based on the entropy method
and extends the K-shell decomposition for hypergraphs. This
method evaluates node influence from both local and global
perspectives, considers the effects of neighbors, and adap-
tively assigns weights to each index through the application
of entropy theory. In the same year, Xie er al.l*! introduced
a hypergraph centrality measure based on the gravity model,
termed gravity-based centrality in hypergraphs (HGC). This
approach evaluates node quality by considering their degrees
and employs higher-order distance to represent the distance
between nodes, based on the principle that objects with greater
mass and closer proximity exert a stronger gravitational influ-
ence. However, while this method enhances recognition accu-
racy, it also significantly increases computational complexity.
In 2024, Wang et al.®?) introduced a method to identify vi-
tal nodes in multilayer hypergraphs, incorporating local, semi-
local, and global perspectives. In 2025, Guo et al.’3! applied
the h-index to the weighted aggregated hypernetwork, inte-
grating it with the K-shell algorithm and hyperdegree metric
to identify vital nodes.

Although existing methods have to some extent alleviated
the limitations caused by relying on a single metric or perspec-
tive, two significant challenges remain. First, in K-shell-based
centrality measures, the differentiated contributions of neigh-
bors located at different K-shell levels to a node’s influence
are often neglected. Second, it remains difficult to simulta-
neously achieve a favorable trade-off between computational
complexity and identification accuracy. Therefore, a critical
open problem in hypergraph-based node importance identifi-
cation is how to effectively integrate nodes and the multi-level
structural features of their neighbors to design a method that
ensures high accuracy while maintaining computational effi-
ciency.

Based on the above research motivations and practical
needs, this paper proposes a novel method for identifying in-
fluential nodes in hypergraph, termed LGK (local-global K-
shell) method, which integrates both global and local struc-
tural features. Specifically, the core innovation of LGK lies
in the introduction of the combination hyperdegree (denoted
as DK), which fuses the node’s own K-shell information with
a weighted contribution of its neighbors across different shell
levels based on their respective participation in hyperedges.

Furthermore, the DK of global perspective is combined with
the hyperdegree of local perspective through Min—Max nor-
malization, ensuring a more balanced contribution to the final
importance score. This results in the LGK index, which more
accurately captures a node’s actual influence in spreading pro-
cesses. Experimental results demonstrate that LGK not only
achieves higher accuracy in identifying vital nodes, but also
exhibits superior computational efficiency.

Notably, transmission dynamics provides a robust theo-
retical framework for the process evaluating the effectiveness
of vital node identification methods. By simulating the spread-
ing process of diseases or information in networks, it assesses
the efficacy of these methods in identifying vital nodes for
controlling or predicting the propagation process. In recent
years, epidemic spreading dynamics**! on high-order net-
works have attracted considerable attention, with researchers
developing various models to simulate both single and inter-
acting epidemic spreading dynamics. In 2018, Suo et al.*3
constructed two SIS-based spreading models that incorporate
distinct transmission strategies: the reactive process and the
contact process. These models integrate both the spreading
strategy and network structure to reflect the diversity of real-
world diffusion scenarios. In 2020, Landry et al .13 investi-
gated epidemic spreading on hypergraphs using the SIS model
framework, emphasizing the impact of network heterogene-
ity on contagion dynamics. In the same year, Ran et al.l*”]
proposed a generalized linear threshold (GLT) model to ad-
dress the shortcomings of the traditional linear threshold (LT)
model in system evolution studies. In 2022, Nie et al.[%]
proposed a competing behavior spreading model grounded in
the s-SIS mechanism, which considers higher-order interac-
tions, population heterogeneity, and homophily effects. In

1391 presented a nonlinear hy-

the same year, St-Onge et al.
pergraph contagion framework, which better adapted to the
complexity of real-world scenarios and yielded more accu-
In 2023,

Zhang et al.'*%! proposed a hyper-SIR rumor spreading model

rate predictions regarding propagation dynamics.

based on hypergraph theory, which captures the influence of
higher-order interactions on rumor dynamics and provides a
more precise representation of the rumor diffusion process.
In 2025, Cui et al.'*!! proposed a single-virus STWS model
based on directed hypergraph by combining direct pathway
and indirect pathway. In the same year, Zhou et al.*?! de-
veloped a susceptible—infected-recovered (SIR) information-
spreading model that incorporates social reinforcement, using
both real and synthetic higher-order networks.

Most of the existing models are extensions based on the
classical SIS or SIR frameworks. Among them, the SIR model
explicitly defines three epidemiological states — susceptible,
infected, and recovered — making it particularly suitable for
simulating realistic contagion processes such as disease or in-
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formation diffusion. Furthermore, nonlinear variant of the SIR
model possesses theoretical and practical advantages over the
linear counterpart. Specifically, nonlinear contagion models
account for complex propagation characteristics induced by
multi-body interactions, such as superspreading events or so-
cial reinforcement, thereby aligning more closely with real-
world spreading scenarios. Moreover, such models are capable
of producing richer dynamical behaviors, including discontin-
uous phase transitions and bistability, that better capture the
diversity of outcomes observed in real contagion processes.
Consequently, in this study, we utilize the SIR nonlinear prop-
agation model as a framework for evaluating the influence of
nodes in hypergraphs.

The subsequent sections of this paper are structured as
follows. Section 2 provides an overview of key concepts and
baseline methods. Section 3 describes the LGK method in de-
tail. Section 4 presents the experimental findings and their
subsequent analysis. Finally, Section 5 offers a concise sum-
mary of the conclusions of the study. Table 1 lists some key
symbols and definitions used in this paper.

Table 1. Notations and definitions.

Notation Definition
N The number of nodes
M The number of hyperedges
ki The degree of v;
Sm The maximum cardinality
HDC Hyperdegree centrality
CC Closeness centrality
BC Betweenness centrality
kf The metric in Ref. [29]
GI The metric in Ref. [29]
HGC The method in Ref. [31]
LGK The method introduced in this paper
Nl{ (vi) The combination hyperdegree introduced in this paper
ks(vi) The k-shell decomposition value of v;
(i, j) The higher-order distance introduced in Ref. [31]
B(h,i)  The probability of a node being infected in the SIR model
Y The probability of node recovery in the SIR model
€ The network efficiency of hypergraph H

2. Preliminaries
2.1. Hypergraph

Hypergraphs, as a generalization of traditional graphs, al-
low edges to connect multiple nodes simultaneously. This
characteristic significantly enhances their capacity to repre-
sent complex scenarios more effectively. The notion of hyper-
graphs was initially introduced by Berge in the 1960s.[4344]
A hypergraph, denoted as H, consists of two components:
the node set V = {vi,v,,...,vy} and the hyperedge set E =
{e1,e2,...,en}. Each element e; (where 1 < j < M) in E is
characterized as a nonempty subset of V, referred to as a hy-
peredge. When each nonempty subset in £ contains exactly

two nodes, H simplifies to a traditional graph, thereby illus-
trating that traditional graphs represent a specific instance of
hypergraphs.

Figure 1 illustrates a fundamental example of a hy-
pergraph. The node set of the hypergraph is V =
{vi,v2,v3,v4,vs5,v6,v7}, and the hyperedge set is E =
{e1,e2,e3,e4}. Specifically, e; = {vi,v2}, ez = {va,v3,va},
e3 = {V47V57V6}, and €4 = {V17V67V7}.

Fig. 1. A simple hypergraph with 7 nodes and 4 hyperedges.

2.2. Baseline methods

Taking into account both complexity and accuracy com-
prehensively, we have selected five baseline methods, includ-
ing the hyperdegree centrality, the closeness centrality, the
betweenness centrality, the gravity-based centrality in hyper-
graphs, the kg metric, and the GI metric, which will be intro-
duced in this section.

2.2.1. Hyperdegree centrality (HDC)

Hyperdegree centrality!>!] is a direct measure of the num-
ber of hyperedges involved by nodes in a hypergraph. The
HDC score of v; can be obtained by

M
HDC(V,‘) = Zbﬁ’ (1)
j=1

where bj; denotes an element in the incidence matrix of the
hypergraph, and it illustrates the connection situation between
the node v; and the hyperedge e;.

2.2.2. Closeness centrality (CC)

(431 highlights a node’s accessi-

The closeness centrality
bility to other nodes in a hypergraph. A higher closeness cen-
trality indicates a greater efficiency in information dissemina-

tion. The CC value of v; can be obtained by
n—1
Yisidij

where d;; denotes the shortest distance between v; and v;.

CC(vi) = @

2.2.3. Betweenness centrality (BC)

The betweenness centrality??! is a global metric indicat-
ing the significance of a node as a “bridge”. The BC value of

108904-3
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v; can be obtained by

gkj(vi)
1<j<k<N 8kj
e
BC(vj) = TNN-D) 3)
2

where g;; denotes the number of shortest paths between v; and
v, and g j(v;) represents the number of these paths that incor-
porate v;.

2.2.4. Gravity-based centrality in hypergraphs (HGC)

B1 s derived

The gravity-based centrality in hypergraphs
from the gravity model, which posits that nodes with higher
degrees and shorter distances exhibit stronger mutual attrac-
tion. The HGC score of v; can be obtained by

HGC(v;) = Y ki ky (4)

L (i)
i#j

where k; and k; denote the degrees of v; and v;, respectively,

which can be obtained based on the adjacency matrix, and

d"(i, j) represents the higher-order distance between v; and

vj, and its specific formulation is as follows:

o Sm dv i, :
)=}, L)) )
§=
where d; (i, j) denotes the s-distance between v; and v;. When
v; and v; are adjacent, dy (i, j) equals 1; otherwise, it equals
d¢(g,q) + 1. The d¢(g,q)*! denotes the s-distance between

ey and e,, where v; and v; belong to e, and e, respectively.

2.2.5. Based on K-shell decomposition — k¢ and Gl

The k41?°) integrates the k, with the hyperdegree. The k¢
value of v; can be obtained by

K(v7) = \/HDC2 (1) + K2 (v,). ©)

The GIPY! integrates the k, values of both individual
nodes and their neighbors. The GI score of v; can be obtained
by

GI(v;) = ks(vi) + Z ks(v;), @)

VjEF (V,‘)
where I'(v;) represents the set of neighbors of node v;.

2.3. Hypergraph contagion model and network efficiency
2.3.1. SIR nonlinear propagation model

In the SIR nonlinear propagation model, a node can exist
in one of three distinct states: susceptible (S), infected (I), or
recovered (R). The infection process is detailed below.

1. Initialization. Select a subset of nodes as the initial
I-state nodes.

2. Contagion. At each time step, the S-state node linked
solely to one hyperedge becomes infected with a probability
B (h,i), defined as follows:

B(h,i) = e i, 8)

where x is an adjustable parameter, while / represents the car-
dinality of the hyperedge, and i represents the number of I-
state nodes in the hyperedge. Note that ¢ = A(h). In this
paper, we deliberately selected the infection rate function in-
dependent of 4 in order to emphasize the impact of the nonlin-
earity.

3. Recovery. At each time step, the I-state nodes recover
to the R-state with a probability y independently.

4. Termination. Repeat steps 2 and 3 until there are no
remaining I-state nodes in the hypergraph.

Figure 2 illustrates the SIR spreading process. In a hy-
peredge with cardinality A4, if i nodes (where i < h) are in the
I-state, then each of the remaining (h — i) S-state nodes in the
hyperedge is infected with a probability f(h,i). For S-state
nodes linked to multiple hyperedges, their total probability of
becoming infected equals the cumulative sum of the infection
probabilities from each hyperedge they are linked to. Further-
more, [-state nodes transition back to the R-state with a prob-
ability 7.

® Infected Recovered

® Susceptible

Fig. 2. SIR nonlinear propagation model in hypergraph. The S-state node
(blue circles) becomes infected with a probability Y Bi(h,i), and the I-
state node (red circles) recovers with a probability y. Take the topmost
node, which becomes infected with a probability B (3,1) + 52(3,2).

2.3.2. Network efficiency

The spreading model elucidates the significance of a
node based on its dynamic characteristics, while network ef-
ficiency functions as an indicator of a node’s functional sig-
nificance. Network efficiency is a quantitative measure that
assesses the efficacy of transmission within a network, posit-
ing that transmission becomes less efficient as the distance
between nodes increases. In hypergraphs, the transmission
efficiency between hyperedges is converted into the trans-
mission efficiency among nodes in ordinary graphs by con-
structing a line graph, thereby enabling the computation of

311 Considering that transmission ef-

transmission efficiency.
ficiency between hyperedges increases with the number of
shared nodes, the hypergraph network efficiency is defined as
the cumulative sum € to capture the aggregate impact of over-

laps of size s on overall network resilience. It is calculated as
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follows:
€ = Z Y 2 )
’ s=1 eg,eq€E;s |Eﬁ|(‘EY| - 1) 'dﬁ(gaq)’
874

where E; = {en : |em| > s} represents a set of hyperedges
that include a minimum of s nodes, and d¢(g,q) is the s-
distance!*! between eg and ¢;.

3. Proposed method

In this section, we propose an innovative approach for
identifying critical nodes in hypergraphs, termed the LGK
method. This method is based on the K-shell decomposition
and integrates both global and local perspectives.

3.1. K-shell decomposition in hypergraphs

The K-shell decomposition!#®! is a widely utilized tech-
nique in network analysis for assessing the structural signif-
icance of nodes. It decomposes the network into hierarchi-
cal layers, or shells, grouping nodes with similar connectivity
patterns. The concept of k, for hypergraphs extends the K-
shell decomposition approach applied to traditional networks,
thereby enabling the evaluation of the positional importance
of nodes in a hypergraph.

Fig. 3. K-shell decomposition diagram of hypergraph.

The computation of the k; value involves a series of sys-
tematic steps. Initially, nodes with a hyperdegree of 1 and hy-
peredges with a cardinality of 1 are removed. This procedure

is repeated until no such nodes remain. Each eliminated node
is subsequently assigned a k; value of 1. The process is then
repeated to exclude all nodes with a hyperdegree of 2, along
with hyperedges of cardinality 1, resulting in the assignment
of a kg value of 2 to all nodes removed during this phase. This
iterative process continues until every node in the hypergraph
has been assigned a k; value. A higher k; value of a node
indicates a more central position in the hypergraph. It is note-
worthy that a node located at the center of a hypergraph may
also possess a relatively low hyperdegree. The K-shell decom-
position diagram of the hypergraph is presented in Fig. 3.

3.2. LGK method

Essentially, a node’s significance is not only related to the
value of k;, but also to the state of its neighboring nodes. Thus,
we define a combination hyperdegree DK of node v; as

K
DK (v;) = ks(vi) Y (j X N (v,)) : (10)
j=1
where K represents maximum value of &, N}{(v,-) repre-
sents the number of hyperedges participated by v;’s neighbors
whose k; value is j.

The combination hyperdegree based on K-shell decom-
position serves as a global metric. To assess node impor-
tance comprehensively, we further integrate this global metric
with the most fundamental local metric hyperdegree. Conse-
quently, the definition of the vital node centrality metric LGK
is

LGK (v;) = HDC" (v;) + DK" (v;). (11)

Significantly, HDC"(v;) represents the Min—-Max normalized
value of the hyperdegree HDC(v;), while DK"(v;) denotes the
Min-Max normalized value of DK(v;). Both of these metrics
enhance the comparability of the data.

This method emphasizes that the importance of a node is
not solely associated with its core position but also with the
core positions of its neighbors and the numbers of hyperedges
involved in neighbors with different values of k;.

3.3. Example description

In order to demonstrate advantages of the LGK, we con-
sider a simple example of hypergraphs in Fig. 3. Figure 3(a)
contains 18 nodes and 15 hyperedges, while Fig. 3(b) includes
23 nodes and 15 hyperedges.

In Fig. 3(a), nodes 1 and 3 have equal k; values 1, which
implies that their levels of importance are indistinguishable.
At this point, when applying the k¢ index, it is noted that
k(1) = V26 > k4(3) = V/2, thereby indicating that node 1
is deemed more significant than node 3. For nodes 2 and 3,
the equality k%(2) = k9(3) suggests that the k¢ index alone
is insufficient for assessing their relative importance. In this
context, the GI index can be further examined, revealing that
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GI(2) =2 < GI(3) = 5, which substantiates the assertion that
node 3 holds greater significance than node 2. However, when
considering the GI for nodes 3 and 5 in Fig. 3(b), the rela-
tionship GI(3) = 10 > GI(5) = 8 contradicts the established
understanding that node 5 is more important than node 3. This
inconsistency can be illustrated through the example of a paper
collaboration network, where author 3 has co-authored only
one paper with eight collaborators, predominantly from the 1-
shell, whereas author 5 has participated in three papers with
collaborators across the 1-shell, 2-shell, and 3-shell.

In the following analysis, we compute the LGK values
for nodes 1, 2, 3, 4 and 5 in Fig. 3(b). The primary compu-
tations are the DK values as follows: DK(1) =1 x (1 x4+
2x2+4+3x5)=23, DK(2) =5, DK(3) = 16, DK(4) = 81,
DK(5) = 19, DKjax = 81, and DKy, = 2. Then, the LGK
values are LGK(1) = 1421/79, LGK(2) = 3/79, LGK(3) =
14/79, LGK(5) = 1/2+17/79, and LGK(4) =3/4+ 1. As
a result, the importance ranking of the nodes is LGK(4) >
LGK(1) > LGK(5) > LGK(3) > LGK(2), which aligns with
the observed reality.

3.4. Algorithm description and complexity analysis

The algorithm of the LGK is given in Algorithm 1.
Specifically, lines 3—4 obtain the k; value of all nodes by K-
shell decomposition; lines 5-7 and 8—15 calculate the hyper-
degrees of all nodes and DK values of all nodes by Eqgs. (1)
and (8), respectively; lines 1620 calculate the LGK values of
all nodes by Eq. (9).

Algorithm 1 LGK algorithm
1: Input: Hypergraph H = (V,E)
: Output: Node influence ranking list: {LGK(v;) | vi € V}
: Initialize ks(v;) <~ O forall v; € V.
: Compute k, values using K-shell decomposition.
:forallv; €V do
Compute HDC(v;).
: end for
:forallv, €V do
Initialize sum < 0;
10: for j=1to K do
11: Compute Nl{(v,-).
12: sum <— sum+ j X le(v;).
13:  end for
14: Compute DK (v;) < kg(v;) x sum.
15: end for
16: Normalize HDC(v;) values to get HDC".
17: Normalize DK(v;) values to get DK".
18: for all v; € V do
19:  Compute LGK(v;) +— HDC"(v;) +DK"(v;).
20: end for
21: Sort the list {LGK(v;) | vi € V} in descending order.
22: return The ranking list of nodes.

Consider a hypergraph H = (V,E) with N nodes. The
average hyperdegree is denoted as (k) and the average cardi-
nality is represented as (s). The time complexity of the LGK

method is obtained as follows: The complexity of computing
kg of all nodes in the hypergraph is O(N x (k)).
plexity of computing DK is O(N x (k) x (s)). The complexity

The com-

of hyperdegree normalization and DK normalization is O(N).
Therefore, the time complexity of LGK is O(N x (k) + N x
(k) x (s)) = O(N x (k) x (s)).

Significantly, in most cases, (k) and (s) are always much
smaller than N. As a result, the LGK method exhibits low time
complexity, making it appropriate for application in large-
scale hypergraphs.

4. Experiment
4.1. Dataset

The datasets utilized in this research include senate-

cat-edge-madison-restaurant-reviews, [43]
[47]

committees, 47!

cat-edge-vegas-bars-reviews, [43]
[49]

house-committees,
cat-edge-music-blues-reviews, and cat-edge-algebra-
questions.[*8] These datasets are sourced from real world and
are accessible at https://www.cs.cornell.edu/arb/data/. Hyper-
graphs have been constructed based on these datasets. The
fundamental information of these hypergraphs is presented in
Table 2.

Table 2. Some basic information of six hypergraphs. N, M, (k), hdmax,

and hdp;i, represent the number of nodes, the number of hyperedges,

the average hyperdegree, the maximum hyperdegree, and the minimum
hyperdegree, respectively.

Hypergraph N M (k) hdmax hdin
Senate 282 315 19.1773 63 1
Restaurant 565 601 8.1434 59 1
House 1290 341 9.1806 44 1
Bar 1234 1198 9.6151 147 1
Music 1106 694 9.4928 127 1
Algebra 423 1268 19.5319 375 1

4.2. Correlation

The Pearson correlation coefficient serves as a quantita-
tive indicator for assessing the linear relationship between two
variables, with possible values spanning from —1 to 1. The
strength of the association increases as the absolute value ap-
proaches 1. In this section, we utilize the Pearson correlation
coefficient®% to analyze the relationships among seven meth-
ods utilized for the identification of vital nodes.

The resulting correlation matrix is illustrated in Fig. 4.
Among the hypergraphs analyzed, the results produced by k‘sj,
LGK, and HGC show a strong correlation, while the outcomes
generated by HDC, BC, and CC also show a robust correlation
among themselves. However, the correlation between the first
group of methods and the latter is comparatively weak. It is
noteworthy that, despite the LGK and HGC methods focusing
on different dimensions, specifically, the former on the com-
plexity of hypergraph structure and the latter on node distance,
there exists a significant correlation between them.
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Fig. 4. The correlation matrices of seven methods in six hypergraphs. A deeper color signifies a higher Pearson correlation coefficient.
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Fig. 5. Network loss efficiency of seven centrality metrics in six hypergraphs.
4.3. Network efficiency quantification this focus, we designed a network loss efficiency experiment.

Network loss efficiency refers to the efficiency lost by a Specifically, we treated the top 1, 2, 3, 4 and 5 nodes as ini-

network following the removal of certain nodes along with tial failure seeds — removing each set of nodes together with

their associated edges. The importance of removing nodes can ~ their incident hyperedges — and then measured the resulting

be judged by the magnitude of network loss efficiency. The network loss efficiency.

network loss efficiency of a hypergraph can be denoted as Ae. Figure 5 presents comparative experiment results of seven
In many real-world applications, one is often concerned  methods in six distinct hypergraphs. The X-axis denotes the

only with the most influential, top-ranked nodes. To capture = number of nodes initially removed, while the Y-axis measures
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the resulting network loss efficiency — a higher value reflect-
ing a greater deterioration of network integrity and, hence,
the relative importance of the removed node subset. Overall,
the LGK method demonstrates remarkably consistent perfor-
mance across six different types of hypernetworks. In nearly
all scenarios, the network efficiency loss caused by remov-
ing critical nodes continuously increases with the number of
nodes removed, exhibiting a steady upward trend without sig-
nificant fluctuations or declines. This result underscores the
consistency, reliability, and robustness of the LGK method in
identifying critical nodes. Comprehensively observing results
from all networks, the LGK method consistently induces a
higher network efficiency loss when removing a small num-
ber of top-ranked nodes. In most hypernetworks, LGK signif-
icantly outperforms traditional approaches such as HD, CC,
BC, and kY, and is comparable or superior to more computa-
tionally complex methods like GI and HGC. These findings
indicate that the LGK method achieves higher precision and
effectiveness in identifying the most critical nodes, highlight-
ing its advantage of integrating structural characteristics from
both the nodes themselves and their neighborhoods. Notably,
when a few nodes (the top 1-3 nodes) are removed, LGK gen-
erally exhibits a pronounced advantage, further validating its
broad applicability in practical scenarios.

4.4. Node spreading influence quantification

To assess the ability of the LGK method on node spread-
ing influence, we perform numerical simulations of SIR
spreading dynamics, utilizing the LGK method alongside six
additional methods.

It is widely recognized that decision-makers tend to pri-
oritize the highest-ranked nodes. Accordingly, the top 1/20 of
nodes, as determined by each baseline method and the LGK
method, are designated as the initial I-state nodes, while the
remaining nodes are classified as the S-state nodes.

Figure 6 illustrates the transmission curves for the first
5 time steps with time ¢ depicted on the horizontal axis and
the total proportions of infected and recovered nodes shown
on the vertical axis. The curves are differentiated by color
to represent various methods for identifying vital nodes, with
the red curve corresponding to the LGK method. It is evident
that across all networks, the curves associated with the LGK
method exhibit the steepest ascent and are positioned at the
highest levels in the majority of hypergraphs. Consequently,
the vital nodes identified by the LGK method have a more
rapid and extensive influence on other nodes, thereby indicat-
ing their superior effectiveness in terms of spreading influence
among nodes.
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Fig. 6. Spreading curves of the top 1/20 ranked nodes according to seven methods in six hypergraphs.

4.5. Differentiation

In evaluating the performance of the LGK method, it is
essential to employ an approach that not only accurately iden-
tifies nodes of significant influence but also effectively dif-
ferentiates among all nodes. This differentiation is essential

for a comprehensive understanding of the network’s structure
and dynamic characteristics. In the differentiation experiment,
the effectiveness of a method is demonstrated by quantifying
the number of nodes that receive identical scores from that

method. Specifically, a high number of nodes with the same
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score suggests a limited capacity to differentiate node influ-
ence.

The experimental results are illustrated in Fig. 7, where
the red nodes indicate the ranking distribution obtained by the
LGK method. As depicted in the figure, the majority of red

nodes are positioned towards the lower end of the ranking,
nearly forming a straight line. This observation indicates a
low ranking overlap rate obtained by the LGK method, thereby
suggesting that it possesses a strong ability to distinguish crit-
ical nodes in the network.
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Fig. 7. Ranking frequency distribution obtained by seven methods in six hypergraphs.
Table 3. Comparison of the advantages and disadvantages of the seven methods.
Index Perspective Advantage Disadvantage
HDC local Simple and straightforward, high computa- Fails to capture the relative positions of the
tional efficiency nodes in global network structure
CC global Reflects reachability efficiency High computational complexity, ineffective
in networks containing multiple discon-
nected components
BC global Captures shortest paths, global influence High computational complexity, sensitive to
network changes
HGC global Incorporates degree and higher-order dis- High computational complexity, unsuitable
tance, more accurate for large-scale networks
k¢ global + local Incorporates degree and core position, suit- Fails to fully consider the detailed structural
able for large-scale networks characteristics of the node neighborhood
GI global Considers the core positions of both the node Fails to distinct the specific impacts of neigh-
and its neighbors bors in different K-shell levels
LGK global + local Considers both the core position of nodes Compared with purely local indexs, the cal-

and the specific impacts of neighbors in dif-
ferent K-shell levels, achieves a balance be-
tween precision and time complexity

culation is more complex

5. Conclusion and prospect

In this study, we introduce an innovative method for the
identification of vital nodes in hypergraphs, termed the LGK
method. This method is grounded in K-shell decomposition
and effectively integrates both global and local perspectives,
while also maintaining a relatively low time complexity.

We evaluate the efficacy of the LGK method across four
dimensions: correlation, network loss efficiency, spreading in-

fluence, and differences, employing six real-world hypernet-
work datasets for our analysis. The results obtained from the
experiments suggest that, from the perspective of functional
importance, the failure of top-ranked nodes identified by LGK
will lead to a considerable increase in the network loss effi-
ciency. Furthermore, from the perspective of dynamic proper-
ties, vital nodes identified by the LGK method exhibit a more

significant spreading influence.
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Consequently, the LGK method effectively reduces time
complexity while maintaining a comparatively high level of
accuracy, making it suitable for application in large-scale hy-
pergraphs. However, existing studies’®!) have shown that cen-
trality measures based solely on network structure often fail to
accurately predict the effectiveness of information spreading
in real-world settings. This is because actual diffusion pro-
cesses are significantly influenced by individual-level behav-
ioral attributes, such as influence and susceptibility. There-
fore, future research could focus on integrating individual be-
havioral characteristics with structural information to enhance
the identification of influential nodes in hypergraphs.

Program availability

The source code is openly available in Science Data Bank
at https://www.doi.org/10.57760/sciencedb.j00113.00247.
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