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This study investigates stochastic resonance (SR) phenomena in bistable coupled networks driven by non-Gaussian
noise. Employing signal-to-noise ratio (SNR) and statistical complexity as quantitative metrics, we characterize the SR
behavior. First, the dimensionality of a coupled network system is reduced via the mean field theory. Subsequently, we
derive closed-form analytical expressions of SNR by the path integral method, the slaving principle and the two-state
model theory. Numerical simulations are used to validate the consistency between SR features identified through statistical
complexity and those obtained via SNR calculations, thereby corroborating the reliability of our analytical framework. Both
theoretical and numerical results conclusively demonstrate the occurrence of SR in the network system. Parametric analyses
further elucidate the modulation of SR characteristics by three critical factors: non-Gaussian noise intensity parameters,
noise correlation timescale and inter-node coupling strength. Finally, we explore the system’s size resonance properties.

Keywords: non-Gaussian noise, bistable coupled network systems, statistical complexity measure, stochastic

resonance
PACS: 05.10.Gg, 05.40.—a

DOI: 10.1088/1674-1056/adfef7

1. Introduction

In nature, the connections between things are often in-
tertwined, forming an intricate network structure. Therefore,
one-dimensional systems with a single variable can no longer
meet the current research demands. In order to understand the
complex network behavior between various things more thor-
oughly, researchers have gradually shifted their research focus
to complex network systems.['=*! In previous studies, Gaus-
sian noise has been extensively investigated, leading to a series
of significant results.>~8! For example, Pikovsky et al. inves-
tigated an ensemble of coupled nonlinear oscillators driven by
Gaussian white noise and found that the effect of system size
resonance essentially relies on the presence of noise.>! In ad-
dition, Holder et al. studied the stochastic Kuramoto model for
phase oscillators coupled on a network, and the results showed
that additive Gaussian noise acting on a more tightly coupled
population allowed for improving synchronization of the other
population.[®! With the development of research, people find
that the noise sources are usually non-Gaussian distributed
in biological, neural and physical systems, so non-Gaussian
noise has a very important research value.®-'!! In particular,
Gong et al. numerically researched stochastic complex net-
works with non-Gaussian noise and showed that it optimized
the spiking activity of random complex networks.[”! In addi-
tion, the stochastic resonance (SR) phenomenon of nonlinear
dynamical systems in the presence of non-Gaussian noise has
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also garnered the attention of researchers.

SR phenomenon was first proposed by Benzi and his
coworkers in 1981, when they studied dynamical systems
driven by periodic forcing and random perturbation.!'?]
Since then, the SR phenomenon has attracted wide atten-
tion and found extensive applications in the fields of sci-
ence and technology, such as artificial intelligence, '*! energy

14-16 17,18

I fault diagnosis,!!”-'8! biological systems, ']

20,21

harvesting, !
and neural networks.[20-211 At the same time, several meth-
ods have been proposed for quantifying the SR behav-

ior, such as linear-response theory,[22'23]

spectral power
amplification!?*?3] and signal-to-noise ratio (SNR).[?%?71 For
example, Krawiecki et al. proposed the majority vote model
on scale-free networks and after studying the spectral power
amplification of the model they found a maximum as a func-
tion of the internal noise intensity for a broad range of
the model’s parameters, which confirmed the occurrence of
SR.[?>] Wang and He derived analytically the expression of
SNR in asymmetric bistable coupled network systems excited
by Gaussian colored noise, and they further demonstrated
the occurrence of SR phenomenon in the systems.?*! More-
over, in 2009, statistical complexity measures were proposed
as a new approach to study the SR phenomena in nonlin-
ear dynamical systems./?®! Recently, the dynamical properties
of stochastic systems using the statistical complexity method
were researched widely.>=3?! For example, He et al. used sta-
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tistical complexity and Shannon entropy to study the dynam-
ical complexity of bistable systems, and verified the accuracy
of statistical complexity method using SNR. 2930

Based on the above discussions, it can be concluded that
research results using statistical complexity are still relatively
rare. In this paper, we study the SR phenomenon of a bistable
coupled network system excited by non-Gaussian noise and
periodic signals. In Section 2, the system is reduced and ap-
proximated to obtain the corresponding Langevin equation.
After that, the adiabatic approximation theory is applied to
obtain the SNR of the system. The theoretical knowledge of
statistical complexity is introduced in Section 3. In Section 4,
we introduce the calculation method of statistical complexity.
The SR phenomenon is studied with the help of the statistical
complexity approach and SNR expression and the size reso-
nance of the system is analyzed. The results of this paper are
summarized in Section 5.

2. Bistable coupled network system

Now, we consider an N-dimensional bistable coupled net-
work system!*3 driven by non-Gaussian noise and periodic
signal, which is governed by the following stochastic differen-
tial equation:

dx-

e —x +— Z xj—x;)+ 0 (1) +S(1), 1)
where the model is composed of N interacting bistable os-
cillators, each of x; represents a single degree of freedom.
6 denotes coupling constant for interaction between the os-
cillators, and N is the number of elements in the ensemble.
S(t) = Acos(t) denotes a periodic signal with the ampli-
tude A and the frequency . The stochastic term 7; (¢) is
non-Gaussian noise with intensity D and correlation time 7
satisfied statistical properties

dni 1 d

1
ar T cdn, Ve (mi) + e (1), 2)

where

2
n?
D%,

the parameter g denotes the extent to which non-Gaussian

Vq(ni):%hl [H—;(q—

noise moves away from the Gaussian distribution. g (¢) is
Gaussian white noise, which satisfies properties (g; (r)) = 0,
and (& (t)€;(s)) = 2D&;;6 (t —s). 8 (-) is the impulse func-
tion, and non-Gaussian noise 17;(¢) satisfies the following

equation:
(i (1)) =0,
<ni(f)nj(f)>=5ijﬁ, g € (—,5/3), 3)
(ni()m; (1)) = oo, €[5/3,3).

Next, we simplify model (1) to a low-dimensional system. We
define the mean field and the k-order ﬂuctuatlon moments of

N Z i (1) =X ()]

Applying the mean- ﬁeld theory (341 and Ito lemmal®>! to

x; in the system are X = &, ): Xi, My (t) =

Eq. (1), the simplified stochastic differential equations are as

follows:
X = X—M3;—3MX —3M X>— X3+ (1) +S(t), (4)
% = ~My2 —3M1 X + (1-3X2 - 0) My
+ (M3 +3M2X) My
D 1
+M 1 & (1) + 53 (k—1) (1 - N) My, (5)
where 1) (1) = N)an() E(t) = an()+m() n(t)

and & () are non- Gaussmn noises W1th 1nten51ty D, satisfying
statistical properties (1 (1)) =0, (& (1)) =0,

ey 1< (=50,
200\ (5 39)
B ge (53,
200N (5 39)
0= { )

Due to the non-Markovian properties of the network sys-
tem, the non-Gaussian noises in Eqgs. (4) and (5) are approxi-
mated as equivalent Gaussian colored noises by using the path
integral approach.*®! The non-Markov process can be written

as
dn@) _ 11
dt - Teffn (t)+ Teffr(t)’ (6)
de() _ Lo, 1
P Teffé(tH Teﬁs(t% ©)

where the variables I" (¢) and € (¢) are zero-mean Gaussian
white noise terms with intensity Degr, and statistical prop-
erties of noise terms are characterized by (I' (1) (t')) =
a5 (1), (e (1) = 28 (1 -

2(2— - o
5<_32> 7, and the noise intensity is Degr =

t'). The noise corre-

lation time iS Teff =

( i ) ’D.

Applying the unified colored-noise approximation
method®”! to treat the colored noises of Eqgs. (6) and (7),
the simplified systems (4) and (5) can be given as

—1 —1

. T.q T .

X=—F —cX)+—"L_—T(), 8
e et ®

M —1 —1

e 70 o ram— S—7 O

ko 1y —kd' (X) ktg —k2d' (X)

here the parameters ¢(X) and d(X) can be further ex-
pressed as ¢(X) = X — M3 — 3XM, — 3M 1 X*> — X3 +5(¢),
d(X) =M+ (1 —3X2%— G)Mk + (M3 +3MxX )My —
3Mir X + 555 (k—1) (1— %)My
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The nonlinear terms in Eqgs. (8) and (9) are simplified

according to the equivalent nonlinearization method.*® Let
-1
Tog

71
f(x) = % gX) = ﬁ, and the approximate
Togr —¢'(X) —kd'(X)
model is obtained by Taylor- expandlng atX =0as
)'(:llc(X)+llF(t), (10)
M, 1
Tk:d(X)+Ee(t), (11)

—1
with [} = e“ o
-

To oszrcome the difficulty of a large number of cou-

pled oscillators, define the cumulants of fluctuation as K, =
M,-Y}Z; %Kn,kMk. At n > 3, all cumulants K,, ex-

actly vanish, so assuming n = 2, the stochastic differential
equation for X and K, are

X = 1| [X—K3—3K:X 3K X*— X+ S (1) + 1L (1), (12)
K

—K4 —3K3 —
2 o

3K:X + (1-3X* - 0) K>
D 1 1
+53(1—N>+Ze() (13)

—1
with [} = £(0) = ,elffl

. (12) and (13) are appr0x1mated and simplified us-

To obtain an analytical formula,

ing Gau551an approximation®! and slaving principle. The

Langevin equation can be described as follows:
X=-UX)+4LTl (t)+1S(1), (14)

where the double-well potential U(X)=—41X?+ 21, X* has

va/b, X, = —\/a/b and an unstable

two stable states X; =

state X3 = 0, with
1
1 1 , 12D ]2
=1+-(0-1)—=[(6-1)"+——
a=1430-1-3 @02 525 ]
1
1 3 12D 172
=——+-(6-1 — 1)
b 2+2(6 )[(9 )+5 3]

The Fokker—Planck equation can be derived from Langevin
equation (14), which has the following form:

w _ ,jx (AX)p(X,0))

+533 (B(X)p(X,1)), (15)

A(X)=1A(X) =1 [aX —bX> +Acos (at)],

_ _ 2D,
BX)=BBX)=01 Neff.

Let % =0, and integrate with

(16)

(X) = Nex [_‘D]
P =P = " De/N |

where the generalized potential function is

Detty g (x) - /A(X)dx

D=1

Under the adiabatic limit,*°! the output SNR of the sys-
tem can be expressed as
A2 12 2872

SNR = AN

NI p (—a’N/4bDerr) . 17)
eff

3. Statistical complexity measure

Shannon entropy describes the uncertainty of a physical
process through probability distribution P = {p;,i=1,...,n}
and is one of the classical information theoretic measures. It
is defined by the form

Zp,ln i), (18)

of the normalized Shannon entropy

S[P]

Smax

H[P|= , (19)

where Smax = S[P:]
{1/n,...,

functional form as follows:

= Inn, the uniform distribution P, =
1/n}. The statistical complexity measure takes the

C[P]=H[P]-Q[P], (20)
and Q[P] is given as

Q[P]=Qo-J[P.F], 2n
JIP. R = {S[(P+F)/2| - S[P]/2=S[F]/2}, (22)

where Qg is a normalization constant.

4. Stochastic resonance

In this section, SNR, statistical complexity, and normal-
ized Shannon entropy are applied to study SR phenomenon
of an N-dimensional bistable coupled network system under
the excitation of non-Gaussian noises. We employ the second-
order Runge—Kutta algorithm to solve the response of coupled
network system. The Bandt—Pompe algorithm is used to cal-
culate the probability distribution of the consecutive residence

time interval series.

4.1. Occurrence of stochastic resonance

The plots of statistical complexity measure, normalized
Shannon entropy, and SNR under noise intensity D are pre-
sented in Fig. 1. It is shown in Fig. 1(a) that the curve of statis-
tical complexity enhances to a maximum value and then grad-
ually decreases, which indicates that the symbol of SR phe-

nomenon is generated. According to the definition of statisti-
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cal complexity, it can be seen that the degree of intricate pat-
terns of bistable coupled network system gradually strength-
ens with the increase of noise intensity and reaches a maxi-
mum degree. Subsequently, it will become weaker as noise
intensity D increases further. Correspondingly, in Fig. 1(b),
with the increment of noise intensity D, the curve of normal-
ized Shannon entropy decreases at first, and then increases.
The non-monotonic curve of normalized Shannon entropy in-
dicates that the motion of the coupled network system reaches
some degree of order, and then this state is destroyed. Fur-
thermore, in order to better show the results of statistical com-

plexity and normalized Shannon entropy curve, SNR is given
in Fig. 1(c). The SNR has a maximum value with the increase
of noise intensity D, presenting the non-monotonic structure.
This phenomenon is a typical characteristic of SR, indicating
that SR phenomenon has occurred in the system. By compar-
ing these figures, the trends of statistical complexity curve and
the normalized Shannon entropy curve are approximately con-
sistent with the SNR curve. It is also shown in Figs. 1(a) and
1(b) that each curve has a smaller peak, which indicates the

presence of some subtle SRs.

0.04 1.000 0.20
(a) (b) ()
2 0.03 0.996 0.15
g &
< o
2. 0.02 2 0.992 Z 0.10
g =
3 5]
O 0.01 0.988 0.05
0 0.984 ol
0.1 0.3 0.5 0.7 0.1 0.3 0.5 0.7 0 02 04 06 0.8
D D D

Fig. 1. (a) Statistical complexity, (b) normalized Shannon entropy and (c) SNR as a function of noise intensity D with A =0.15, 6 =4, ¢ =0.9,

7=0.1,N=2.

4.2. Effects of parameters

In this section, the effects of non-Gaussian noise, sys-
tem parameters and periodic signals on SR behavior of N-
dimensional bistable coupled network models are discussed.

Further studies are carried out to explain the effect of
non-Gaussian noise parameter g on SR phenomenon in Fig. 2.
With the increase of noise intensity D, each statistical com-
plexity curve has a maximum in Fig. 2(a), which illustrates
the occurrence of SR. Additionally, we also observe that the
peak values of statistical complexity curves increase as non-
Gaussian noise parameter g increases. The peak positions shift
to the left of the horizontal axis. That is, the increase of non-
Gaussian parameter g can lead to the strengthening of SR be-
havior of coupled network system. Conversely, the peak val-

ues of normalized Shannon entropy curves decrease gradually
with increasing non-Gaussian noise parameter g in Fig. 2(b).
It is also seen that the peak locations of normalized Shannon
entropy shift to the left side of the axis. It can also be seen
that the non-Gaussian parameter g significantly influences SR
phenomenon. In addition, in Fig. 2(c), as noise intensity D
increases gradually from 0.02 to 0.8, each curve of SNR ex-
hibits a non-monotonic evolutionary trend for different non-
Gaussian parameters ¢, indicating that the system exhibits SR
phenomenon. Furthermore, the peak values of SNR curves in-
crease with increasing non-Gaussian noise parameter g, and
the peak positions shift to left of the axis. By comparing the
above conclusions, we can find that these simulation conclu-
sions are consistent with theoretical SNR results.

0.04 1.000
(c)
5, 0.03 0.995
B
72 0.02 % 0.990
=}
§ &
——q=0.9
0.01 0.985 ——q=1.0
—~—qg=1.1
0.980 =
%-1 0.3 0.5 0.7 0.1 0.3 0.5 0.7 00 0.2 0.4 0.6 0.8
D D D

Fig. 2. (a) Statistical complexity, (b) normalized Shannon entropy, and (c) SNR as a function of noise intensity D with different values of

non-Gaussian noise parameter g withA =0.15,0 =4, 7=0.1, N =2.

The variations of statistical complexity, normalized Shan-
non entropy and SNR curves with noise intensity D for dif-
ferent non-Gaussian noise correlation time 7 are discussed in

Fig. 3. The curves of statistical complexity and normalized

Shannon entropy are plotted versus noise intensity D for dif-
ferent values of 7 in Figs. 3(a) and 3(b). It is found that a single
peak of each statistical complexity curve or each normalized

Shannon entropy curve demonstrates the occurrence of SR. As
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the value of 7 increases, the maximum of statistical complex-
ity curve rises, whereas the peak value of normalized Shannon
entropy decreases. Obviously, one can see that the peak loca-
tions exhibit deviation towards the left side of the axis. That s,
increasing the correlation time 7 can enhance SR behavior of
system. In addition, SNR as a function of noise intensity D is
presented in Fig. 3(c). Each SNR curve has a peak with an op-
timal noise intensity D, which is considered to characterize the
phenomenon of SR structure. Moreover, the maximum value
of SNR curve increases as the correlation time 7 increases, and
the peak positions shifts slightly to the left of axis. It is easy
to conclude that SR phenomenon is enhanced by increasing
noise correlation time 7.

In Fig. 4, the curves of statistical complexity, normalized
Shannon entropy, and SNR are demonstrated as a function of
non-Gaussian noise intensity D for different coupling constant
6. On the one hand, these curves of statistical complexity and
normalized Shannon entropy are non-monotonic in Figs. 4(a)
and 4(b). The maximum value of the statistical complexity
curve reaches the highest point and then falls while increas-
ing 6. Obviously, the trends of normalized Shannon entropy

curves are opposite. The locations of the peaks first move
in the direction of increasing noise intensity and then move
slightly in the direction of decreasing noise intensity. This in-
dicates that the larger 6 will suppress SR phenomenon. On the
other hand, in Fig. 4(c), for any value of 0, the curves of SNR
consistently exhibit a non-monotonous structure as noise in-
tensity D increases and SR behavior is present. The SNR peak
increases first and then decreases when the value of coupling
constant 6 increases from 2.1 to 6.9. Namely, selecting the ap-
propriate coupling constant 6 can promote SR phenomenon.
Figure 5 displays the curves of statistical complexity, nor-
malized Shannon entropy, and SNR against noise intensity D
at varying periodic signal amplitude A. Note that the curves of
statistical complexity, normalized Shannon entropy, and SNR
first increase rapidly and then decrease when noise intensity D
increases, which reveals SR behavior. Moreover, under higher
signal amplitude levels, the peaks of statistical complexity and
SNR curves exhibit rapid growth, and the curves of normalized
Shannon entropy present a contrasting pattern. These phenom-
ena show that SR behavior is enhanced by larger periodic sig-

nal amplitude A.

0.012 1.000
0.010
. 0.999
2 0.008 o
3 5 0.998
2 0.006 £
=}
S 0.004 @ 0.997
0.002 0.996

0
0.1

Fig. 3. (a) Statistical complexity, (b) normalized Shannon entropy, and (c) SNR as a function of noise intensity D with different values of noise

0.3

0.5 0.7
D

0.995

0.

correlation time 7 with A =0.08,0 =4,¢ =09, N =2.

e
4

1 0.3 0.5
D

0.016 1.000
0.999
z 0.012 .. 0.998
5 5 0.997
2. 0.008 =
g & 0.996
o} 0.995 0=21
0.004 0=40
0.994 0=6.9
0 )
0.1 0.3 0.5 0.7 0993 7 0.3 0.5 0.7

Fig. 4. (a) Statistical complexity, (b) normalized Shannon entropy, and (c) SNR as a function of noise intensity D with different values of

D

coupling constant 8 withA =0.1,¢=0.9,7=02, N =2.

0.2 0.4 0.6 0.8
D

0.2 0.4 0.6 0.8
D

0.05 1.000
@) ——A=0.05
< 0.995
g >
& 2 0.990
z
s &
[o}
o) —~A=0.05
0.985 AT 010
~A=0.15
) 0.980
1 0.3 0.5 0.7 0.1 0.3 0.5 0.7 02 04 06 0.8
D D D

Fig. 5. (a) Statistical complexity, (b) normalized Shannon entropy, and (c) SNR as a function of noise intensity D with different values of

periodic signal amplitude A with 7=0.2,0 =4,¢=09, N =3.
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4.3. Robustness

Next, we will discuss the influences of embedding dimen-
sion and residence time interval series length on the robustness
of the numerical results. Clearly, the values of the complex-
ity measure curves depend on the length of the residence time
interval series as shown in Fig. 6(a). The shapes of the three
curves show no significant change and maintain their bimodal
structure under different series lengths. Moreover, the curves
of the statistical complexity measures versus noise intensity
D are given with different values of embedding dimension d
in Fig. 6(b). It can easily be seen that these curves show small
variations in shape, but all produce SR. In conclusion, the sim-
ulation results are robust with respect to the value of length M
and d. This phenomenon indicates that when the condition
M > d holds true, the length M of the residence time interval
sequence does not affect the occurrence of SR phenomenon in
the system, and it can also prove the robustness of the Bandt—
Pompe algorithm.[4"]

0.08 T v :
—e— M= 5000
—=— M=10000 1

—v— M=100000 |

(a)

0.07r
0.06
0.05}
0.04}
0.03f

Complexity

0.02}
0.01}

0 . . . . . .
01 02 03 04 05 06 07 038

0.05

0.04}

0.031

Complexity

0.02f

0.01f

01 02 03 04 05 06 07 038
D

Fig. 6. Statistical complexity as a function of the noise intensity with
different (a) residence time interval series length M and (b) embedding
dimensiond withA =0.2,7=0.2,0=4,g=09,N=2.

4.4. System size resonance

In this section, the effects of different system parame-
ters on size resonance are addressed by choosing parameters
as 0 =4.
then decreases with system size N, confirming the occurrence
of SR phenomenon. In Figs. 7(a) and 7(d), the curve peaks
rise sharply with the increase of non-Gaussian parameter g and

In Fig. 7, each SNR curve initially increases and

noise intensity D, respectively, while the peak positions shift
toward the direction of larger size parameter N. This indicates
that increasing both non-Gaussian parameter ¢ and noise in-
tensity D induces the emergence of SR at larger system size N.

In Figs. 7(b) and 7(c), the peak position of each curve remains
invariant with modifying the parameter values, indicating that
the increases of correlation time 7T and signal amplitude A do
not alter the system size N required for SR to occur.

0.25 0.12

(@) 09 ® Y a
0.20 ——q=1.0 0.10 . 7=0.3
—-—gq=11 0.08 - 7=0.4
= 0.15 '
o}
z Z 0.06
0.10 n
0.04
0.05 0.02
0 0
0 5 10 15 20 5 10 15 20
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Fig. 7. SNR as a function of the system size N. (a) SNR with differ-
ent values of non-Gaussian noise parameter ¢ with A = 0.15, T = 0.1,
D = 0.3. (b) SNR with different values of noise correlation time 7 with
A =0.08,¢g=0.9, D=0.3. (c) SNR with different values of periodic
signal amplitude A with 7=0.2, ¢ = 0.9, D = 0.4. (d) SNR with differ-
ent values of noise intensity D with A =0.05, 7=0.3, ¢ =0.9.

The curves of SNR versus system size N for varying cou-
pling constant 6 are investigated in Fig. 8. We choose the
range of coupling constant 6 from 2.1 to 6.9. The shape of
each SNR curve shows a non-monotonic structure, represent-
ing the appearance of SR phenomenon. In addition, the cou-
pling constant 0 increases, and the SNR peak first increases
and then decreases. The position of SNR peak shifts toward
the right and then toward the left. It shows that the selec-
tion of an appropriate coupling constant can promote the phe-
nomenon of size resonance.
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Fig. 8. SNR as a function of noise intensity D with different values of
coupling constant 8 with t=0.2,A=0.1,¢=0.9,D=0.3.

5. Conclusions

To summarize, we investigate the SR problem of coupled
network systems under the excitation of non-Gaussian noise.
Since the systems are N-dimensional, the mean field theory
is first used to decrease its dimensionality. Due to the non-
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Markov nature of non-Gaussian noise, the path integral ap-
proach is used for the approximation. Thereafter, the Langevin
equation corresponding to the system is obtained by applying
the principle of unified colored noise approximation theory,
equivalent nonlinearization method, and Gaussian approxi-
mation. Finally, SNR is derived by employing the Fokker—
Planck equation under two-state model theory. By analyzing
the impacts of non-Gaussian parameters, system parameters,
and periodic signal on SNR and verifying numerically statis-
tical complexity method, we draw the following conclusions.
Moreover, we observe that the non-monotonic structures of
SNR and statistical complexity reveal the occurrence of SR be-
havior. Notably, the larger non-Gaussian parameter and noise
correlation time can promote SR behavior, the system is more
likely to experience SR when the appropriate coupling con-
stant is closer to 4, and increasing periodic signal amplitude
will enhance the SR phenomenon of the system. In addition,
the robustness of the simulated results is shown by changing
the embedding dimension and residence time interval series
length in the Bandt—Pompe algorithm.

In addition, the size resonance of the system is analyzed,
and it is found that the increases of non-Gaussian parameter
and noise intensity cause the generation of SR for larger sys-
tem sizes. The larger values of noise correlation time and pe-
riodic signal amplitude will not change the system size where
SR phenomenon occurs, and selecting an appropriate coupling
constant can promote the size resonance phenomenon.

Appendix A

The BP algorithm was selected as the preferred method
for obtaining the probability distribution because it better in-
corporates the time causality of the underlying system. The
detailed description of the BP method is as follows:

Given a one-dimensional time series {xs:s=1,..., M}
with embedding dimension d > 1, the “ordinal pattern” of or-
der d generated by

(S) = (¥s—(a—1)sXs—(d—2)»+ - s X5—1,%5) (A1)

is considered. To each time s, a d-dimensional vector from the
given time series at times s — (d —1),...,s — 1,s is assigned.
By the “ordinal pattern” of order d depended on the time s, the
permutation & = (rg,r1,...,74—1) of (0,1,...,d — 1) is defined
as

XS—rg_y S XS—ry_n S e S XS—r; S XS—rg- (Az)

In order to obtain a unique result, BP considered that
ri <ri—y if xo_p, = x5, ,. Thus, for all d! possible permu-
tations 7 of order d, the corresponding probability distribution

of “ordinal patterns” is expressed by
p(m)=#{s:s <Y, (s) has type 7} /T, (A3)

where I’ = M —d + 1, and the symbol # represents “number”.
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