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Angular momentum distribution of atomic hydrogen in
excited states under ultra-short laser field
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We investigate the population distribution of excited angular momentum (l) states in the interaction between a hy-
drogen atom and an ultra-short laser pulse. Through numerical solution of the time-dependent Schrödinger equation, we
theoretically investigate the laser-induced oscillations among excited l-states. Temporal evolution analysis reveals dis-
tinctive signatures of both multiphoton excitation and frustrated tunneling ionization processes. Specifically, multiphoton
excitation dominates during the final optical cycle as the laser peak intensity attenuates, thereby critically determining the
final l-states population distribution. We demonstrate that the angular quantum states’ parity effect does not persist, even
for ultra-short pulses with broad frequency bandwidths. The parity effect is also unaffected by laser field asymmetry.

Keywords: ultra-short laser pulses, excited angular momentum states, time-dependent Schrödinger equation,
parity effect
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1. Introduction
In the interaction of the atoms and molecules with a

strong laser field, the existence of excited states was reported
experimentally in the 1990s.[1–3] However, for decades, the
underlying physical mechanism and dynamical evolution of
these excited states remained poorly understood. This was
primarily because the electron dynamics in strong laser field
were predominantly associated with ionization, and the popu-
lation of excited states was considered negligible in compar-
ison. Consequently, excitation processes received limited at-
tention in early studies.

Recently, there were many experiments and theoretical
calculations showing that the population of excited neutral
atoms in a strong laser field is not negligible.[4,5] These obser-
vations caused interest in understanding the underlying mech-
anisms of electron trapping in excited states. For atoms in
a strong laser field, ionization is typically described by two
regimes: multiphoton ionization (MPI) and tunneling ioniza-
tion (TI).[6–8] The regimes are characterized by the Keldysh
parameter γ = (Ip/2Up)

1/2,[9] where Ip denotes the ionization
potential and Up represents the ponderomotive energy of the
laser field. Building on these fundamental ionization regimes,
researchers have proposed two models for the population of
excited states.

When γ � 1, MPI dominates and the electron can be
ionized via the absorption of multiple photons. Within this
regime, the electron can also be resonant excited to ac-
Stark-shifted excited states via multiphoton absorption. Li
et al.[10,11] proposed the channel-closing effect based on the

MPI model through numerical solutions of the time-dependent
Schrödinger equation (TDSE). This effect successfully ex-
plains the periodic dependence of the total excited-state pop-
ulation on laser intensity. Subsequent experiments[12–14] have
confirmed their theoretical simulation results.

For γ � 1, TI becomes important and the electron dy-
namics in a strong laser field can be effectively described by
the classical three-step rescattering model.[15] In this model,
the electron can be first ionized via TI and then accelerated
by the laser field. When the laser field reverses direction, the
electron can be driven back to recollide with its parent ion.
Many strong-field phenomena such as high-order harmonic
generation (HHG), high-energy above-threshold (HATI) and
nonsequential double ionization (NSDI) can be effectively de-
scribed by the three-step model. A common feature of these
phenomena is their dependence on laser ellipticity, which sig-
nificantly affects the recollision probability and, consequently,
their yields. Both theoretical and experimental studies[5,16–19]

have also demonstrated that the population of excited neutral
atoms decreases dramatically with increasing laser ellipticity.
This observation motivated researchers to incorporate the ex-
citation process into the three-step model, and thus the frus-
trated tunneling ionization (FTI) model was proposed.[5,20] In
this model, tunnel-ionized electrons can be recaptured into ex-
cited states when they are driven back to the vicinity of its
parent ion.

The population distribution of the principal quantum
number n is often explained within the TI regime: the most
probable n-state corresponds to an electron orbital radius (r ∝
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n2) matching the classical quiver radius (r = F/ω2) of the
electron in strong laser field characterized by amplitude F and
frequency ω .[5,21] This correspondence between quantum me-
chanical states and classical electron motion helps roughly es-
timate the n-state population in a strong laser field.

The population distribution of angular momentum states
(l-states) has also attracted significant research attention, and
it exhibits a complex dependence on laser parameters.[22–25]

Venzke et al.[22] introduced the parity effect, i.e., the parity
of the angular momentum quantum number l of the occupied
excited states matches the parity of the minimum photon num-
ber required for ionization. However, the parity effect breaks
down for an ultrashort laser pulses due to their broad band-
width. Chetty et al.[23,24] explored the influence of the carrier
envelop phase (CEP) of ultrashort laser pulses on the popula-
tion of excited l-states. Their results demonstrate that the par-
ity effect persists at CEP= 0, and breaks down for CEP= 0.5π

when the laser intensity is sufficiently high to reach the TI
regime. They attributed this breakdown of parity effect to the
spatial asymmetry of laser field, while the detailed physical
mechanism was not fully discussed.

In this paper, we focus on the excitation process to dif-
ferent l-states in the interaction between a hydrogen atom
and ultrashort laser field. We explore the population distribu-
tions of excited l-states for different laser intensities and CEPs.
This study aims to identify the dominant excitation mechanism
governing the l-state population and find out the role of laser
field asymmetry in determining l-state distributions as well as
the parity effect.

2. Theoretical methods

We calculate the evolution of the wavepacket in a strong
laser field by carrying out the numerical solution of the TDSE
(in atomic units)

i
∂

∂ t
ψ(𝑟, t) = (Ĥ0 + ĤI)ψ(𝑟, t), (1)

where Ĥ0 is the field-free Hamiltonian and ĤI is the interaction
part given in the length gauge. In the dipole approximation,

ĤI =−𝐸L · r f (t)cos(ωt +ϕ), (2)

where the envelope of the laser pulse, f (t), is chosen to be
sine-square form with a few optical cycles (o.c.) duration. EL

is the amplitude and ϕ is the CEP of laser field. ω is the fre-
quency and is fixed to be 0.057 a.u. corresponding to a 800 nm
laser field.

Linearly polarized laser pulses are considered through-
out the investigation, thus we only need to consider the m = 0
component of the magnetic quantum number of the atom.

The time-dependent wave function is expanded with Legen-
dre polynomials in the θ coordinate as

ψ(ri,x j, t) =
L

∑
l=0

cl(t)Rl(ri)Pl(x j), x j = cosθ j, (3)

and the radial function Rl(r) is expanded using a discrete vari-
able representation (DVR) basis set associated with Legendre
polynomials.[26–28] The time-dependent coefficients cl(t) are
obtained initially by diagonalizing the field-free Hamiltonian
and then calculated using the split-operator method.[29] For
numerical implementation, we expand the wave functions with
3500 DVR points for rmax = 1500 a.u. and 120 partial waves
to ensure convergence of the results.

3. Results and discussion
We begin by examining the excited-states population dis-

tribution for laser intensity IL = 1.4× 1014 W/cm2 with dif-
ferent CEPs ϕ . For ϕ = 0, the electron predominantly occu-
pies the l = 4 excited state as shown in Fig. 1(a). The sec-
ondary population maximum is l = 2, consistent with the par-
ity effect.[22,24] A more detailed analysis in Fig. 1(b) reveals
the (5,4) state as the most populated. However, the parity ef-
fect is not always evident and the occupation of the excited
states is more complex when the CEP changes, as shown in
Figs. 1(c)–1(e). These simulation results are consistent with
the work of Chetty et al.,[24] who attributed the breakdown
of the parity effect to the asymmetry of the laser field. For
ϕ = 0.5π when the laser field is the most asymmetric, the elec-
tron is predominantly trapped in the (6,5) state. The electron
can be excited to l = 4 and 5 states without following the parity
effect, as shown in Fig. 1(a).

To further investigate the influence of laser field asymme-
try on the distribution of excited l-states, we then make more
calculations for different laser intensities focusing on ϕ = 0
and 0.5π . Our results reveal that even at ϕ = 0, the parity ef-
fect is not consistently observed as the laser intensity varies,
as shown in Fig. 2(a). In addition, the electron population dis-
tribution for ϕ = 0.5π (Fig. 2(b)) consistently shows broader
l-state occupation compared to ϕ = 0, regardless of whether
the system is in the MPI or TI regime. How different CEPs
influence l-state population distributions and the underlying
electron dynamics is the key issue we aim to address next.

Given that the energy levels are significantly altered by
the ac-Stark-shift, it is hard to accurately track the tempo-
ral population oscillation of a specific quantum state in the
presence of strong laser field. Therefore, we instead analyze
the temporal evolution of a specific angular momentum state.
Since the time-dependent wave function is expanded in terms
of Legendre polynomials here, we can conveniently obtain the
temporal oscillation of electron partial waves with fixed l. Fig-
ure 3 presents the temporal oscillations of the l = 2,3,4,5
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states for ϕ = 0 and 0.5π . These simulation results focus on
the l-state distribution of the entire electron wave packet rather
than a specific quantum state. Because the photon absorption
or emission processes can be more effectively characterized
by l, this representation can provide clearer insight into the
fundamental excitation mechanisms of the electron in a strong
laser field.
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Fig. 1. (a) The CEP ϕ-dependent population distribution of the excited
l-states for atomic hydrogen at the end of the 4 o.c. 800 nm laser pulse at
fixed intensity IL = 1.4×1014 W/cm2. The corresponding distribution
as a function of the principal quantum number n (horizontal axis) and
the angular quantum number l (vertical axis) is shown in (b) for ϕ = 0,
(c) for ϕ = 0.25π , (d) for ϕ = 0.5π and (e) for ϕ = 0.75π .
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Fig. 2. Normalized probability distributions of excited l-states across
laser intensities for two CEPs: (a) ϕ = 0 and (b) ϕ = 0.5π .

For ϕ = 0 in Fig. 3(a), during the first optical cycle in the

rising part of the laser field, the laser intensity is insufficient to
excite the electron to l ≥ 2 states. As the field peak intensity
increases (−0.75 o.c. < t < 0, labeled ‘1’), the electrons are
gradually excited to higher l-states through photon absorption.
This behavior is consistent with the MPI model. Following
this, the population of the l-states begins to oscillate (labeled
‘2’). We attribute this oscillation to the recollision process,
i.e., electrons ionized in the previous half optical cycle may be
driven back to the parent ionic core, inducing rapid population
transfer between adjacent states. This recollision-mediated ex-
citation mechanism is in accordance with the FTI model.
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Fig. 3. The temporal evolution of the l-state population for (a) ϕ = 0
and (b) ϕ = 0.5π . The brown dashed line indicates the variation of the
absolute value of the laser field (divided by 32 for clearer visualization
of its magnitude). The laser parameters are the same as those in Fig. 1.

As the population of recaptured electrons increases with
the increasing laser peak intensity, the oscillation between l-
states becomes more pronounced. During 0.25 o.c. < t <
1.25 o.c., electronic states with opposite parity exhibit anti-
phase oscillations by exchanging photons. However, this phe-
nomenon diminishes before the laser field terminates. In the
subsequent decreasing part of the laser field (1.25 o.c. < t <
1.75 o.c.), the probability of the returning electron decreases,
and the FTI model is no longer applicable. The l-state electron
distribution reverts to exhibit multiphoton excitation charac-
teristics, where electrons progressively occupy higher l-states
through sequential photon absorption (labeled ‘3’). During
this process, the electron is progressively excited to l = 4.
Then the laser peak intensity is too weak to excite the elec-
tron to l = 5 and the dominance of the l = 4 state continues
until the end of the laser pulse.

Compared to the case of ϕ = 0, the electric field is shifted
by 0.25 o.c. for ϕ = 0.5π . The l-state temporal evolution
exhibits similar characteristics to those observed for ϕ = 0
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when t < 1.0 o.c., i.e., the electron is first multiphoton ex-
cited and then undergoes FTI to high l states. As stated above,
it is not possible to determine which l state dominates at this
moment. The key differences emerge in subsequent interac-
tions. During 1 o.c. < t < 1.5 o.c., the l-state population
again exhibits multiphoton excitation behavior, allowing the
electron to absorb photons and be excited to the l = 5 state.
This occurs at higher laser peak intensity compared to the case
when 1.25 o.c. < t < 1.75 o.c. for ϕ = 0, and the l = 4 and
5 states are both excited. Because these two states have rel-
atively longer lifetimes, fewer transitions are observable be-
tween them, and the advantages of l = 4 and 5 states are both
maintained until the end of the laser pulse. As a result, the
electron occupies broader l states for ϕ = 0.5π as shown in
Fig. 1(a).

As previously discussed, both MPI and FTI play signifi-
cant roles in the population distribution of excited states. In
particular, the shape of the laser pulse near the end of the
laser field is crucial in determining the final l-states popula-
tion. When the CEP shifts by π , the spatial distribution of the
laser electric field is inverted, while the temporal evolution of
the laser intensity remains unchanged. Consequently, the pop-
ulations of the excited states remain nearly identical. So, the
population distribution of the excited states oscillates periodi-
cally with a period of π , as illustrated in Fig. 1(a). However, it
remains uncertain whether the spatial asymmetry of the laser
field significantly influences the population distribution of ex-
cited states and the parity effect from the preceding discus-
sions.

To further investigate this behavior, we extended the laser
duration from 4 o.c. to 4.5 o.c., corresponding to an addi-
tional 0.25 o.c. extension in turn-on and turn-off of the laser
pulse. In such variations, the asymmetry of the laser field is
preserved for a fixed CEP, while the envelope profile of the
final optical cycle is altered. The temporal evolution of the
l-states for ϕ = 0 and 0.5π is illustrated in Fig. 4. Com-
pared with Fig. 3, the l-state evolvement remains almost un-
changed for ϕ = 0 when t < 1.0 o.c. and for ϕ = 0.5π when
t < 1.25 o.c.. However, significant differences emerge during
the final optical cycle. As the laser envelope decreases more
slowly, the corresponding laser peak intensity at the same time
is higher than that of the 4 o.c. duration. Multiphoton ex-
citation happens later (1.75 o.c.) for ϕ = 0.5π than that for
laser duration of 4 o.c. (t = 1.25 o.c.), as shown in Fig. 4(b).
So, the oscillations between states cannot persist for long. Af-
ter the electrons being sequentially excited to the l = 5 state,
its advantage persists until the pulse terminates. This results
in a clear occupation of the highest l = 5 state, satisfying the
conditions for the parity effect. Therefore, the final l-state dis-
tribution resembles that observed for a 4 o.c. pulse with ϕ = 0
discussed before, where the parity effect is also clearly present.
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Fig. 4. The temporal evolution of the population of l-states for (a) ϕ = 0
and (b) ϕ = 0.5π . The brown dashed line indicates the variation of the
absolute value of the laser field. Compared to Fig. 3, the laser duration
is extended from 4.0 o.c. to 4.5 o.c.

For ϕ = 0, the influence of increased laser duration on
the population distribution of excited l-states is primarily ob-
served when t > 1.5 o.c. The electron no longer exhibits a
monotonic excitation process toward higher l-states, but in-
stead continues to oscillate between adjacent states due to the
higher laser peak intensity associated with the extended laser
duration as shown in Fig. 4(a). At t = 1.5 o.c., the laser field
reaches its peak again but remains sufficiently strong to mo-
tivate state transitions. The l = 2 and l = 3 populations ex-
hibit anti-phase oscillations indicating laser-driven transitions
between these states. As a result, the second most populated
state shifts from l = 2 (for 4 o.c. laser duration) to l = 3, which
is adjacent to the highest occupied state l = 4. Consequently,
the parity effect is no longer observed.
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 0
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Fig. 5. The ϕ-dependent probability distribution of excited l-states. Com-
pared to Fig. 1, the laser duration is extended from 4 o.c. to 4.5 o.c.

Figure 5 is the ϕ-dependent probability distribution of ex-
cited l-states for a laser duration of 4.5 o.c., which maintains
its characteristic π-periodic dependence on the CEP. However,
extending the laser duration by 0.5 o.c. induces significant
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modifications compared to Fig. 1. Here the electron popula-
tion becomes concentrated in states of specific parity when ϕ

is around 0.5π , similar to the ϕ = 0 case with 4.0 o.c. laser
duration. Conversely, the parity effect for ϕ = 0 (4 o.c.) dis-
appears when the laser duration is increased by 0.5 o.c. even
though the laser duration extension preserves the field’s sym-
metry properties.

These results reveal that pulse duration can serve as an
independent control parameter to modulate the parity effect,
independent of the field’s inherent symmetry properties. After
all, strong-field phenomena such as terahertz generation and
above-threshold ionization asymmetries, which are known to
be sensitive to field asymmetry, remain nearly unchanged with
the 0.5 o.c. pulse duration extension. Based on these obser-
vations, we challenge the prevailing view that the wide band-
width of the ultrashort laser pulse and its spatial asymmetry
are the key parameters governing both the broad l-state distri-
bution and the disappearance of parity effects in Refs. [22,24].

4. Conclusions
In this paper, we have explored the dynamics of elec-

trons in atomic hydrogen excited to various l-states by ultra-
short laser pulses. Our analysis reveals that the evolving
laser envelope exposes the electron to varying peak intensi-
ties, which alters the excitation mechanism. At relatively weak
peak intensities, electrons are multiphoton excited to higher l-
excited states. At higher peak intensities, electrons experience
a rescattering process that induces strong oscillations between
excited states, consistent with the FTI model. The coexistence
of multiphoton and FTI processes complicates the determina-
tion of the dominant electron excitation mechanism in strong
laser field.

Our computational simulations reveal that multiphoton
excitation dominates during the final cycle of the laser field.
At this stage, the envelope shape of the laser pulse becomes
the primary factor determining the final l-state population dis-
tribution, rather than the bandwidth or the spatial asymmetry
of the laser field.
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