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High-precision optical frequency measurement serves as a cornerstone of modern science and technology, enabling
advancements in fields ranging from fundamental physics to quantum information technologies. Obtaining precise photon
frequencies, especially in the ultraviolet or even extreme ultraviolet regimes, is a key goal in both light–matter interaction
experiments and engineering applications. High-order harmonic generation (HHG) is an ideal light source for producing
such photons. In this work, we propose an optical temporal interference model (OTIM) that establishes an analogy with
multi-slit Fraunhofer diffraction (MSFD) to manipulate fine-frequency photon generation by exploiting the temporal coher-
ence of HHG processes. Our model provides a unified physical framework for three distinct non-integer HHG generation
schemes: single-pulse, shaped-pulse, and laser pulse train approaches, which correspond to single-MSFD-like, double-
MSFD-like, and multi-MSFD-like processes, respectively. Arbitrary non-integer HHG photons can be obtained using our
scheme. Our approach provides a new perspective for accurately measuring and controlling photon frequencies in fields
such as frequency comb technology, interferometry, and atomic clocks.
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1. Introduction
The highly accurate measurement of optical frequency

has transformed precision metrology and its applications
across a wide range of fields. From the calibration of atomic
clocks to high-resolution spectroscopy and telecommunica-
tions, the ability to measure frequencies with extreme preci-
sion has led to significant technological advancements and a
deeper understanding of fundamental physical principles.[1–6]

As the technology continues to evolve, it is expected to unlock
new possibilities and drive further innovation in science and
industry.[7–10]

So far, the synergy between high-order harmonic gener-
ation (HHG) and highly accurate optical-frequency measure-
ment has driven advancements in both fields and attracted con-
siderable attention.[11–26] HHG is a non-linear optical process
in which intense laser fields interact with a medium, typically
a gas or a crystal, to generate radiation at integer multiples of
the laser frequency. This process produces coherent light span-
ning the extreme ultraviolet to soft x-ray regions while simul-
taneously enabling the generation of attosecond pulses.[27–37]

Explained by the three-step model (ionization, acceleration,
and recombination of electrons), this phenomenon has en-
abled applications in attosecond science, including studies
of real-time electron dynamics, high-resolution spectroscopy,

and imaging in material science and biomedical fields. Despite
challenges in efficiency, phase matching, and scalability, HHG
shows great potential for high-precision metrology and the de-
velopment of robust industrial applications, driven by ongoing
research efforts to enhance its capabilities.[38–46]

Understanding and generating non-integer HHG (also re-
ferred to as HHG sidebands) represents a crucial advancement
in highly accurate optical-frequency measurement and attosec-
ond science, offering significant benefits across diverse sci-
entific and technological domains.[47–53] This capability ex-
tends spectral coverage and provides tunable photon ener-
gies, which are essential for high-resolution spectroscopy and
element-specific probing. In imaging, non-integer HHG en-
hances contrast and resolution, improving techniques such as
phase-contrast imaging. These photons also play a pivotal role
in advanced non-linear optics, facilitating wave mixing and
frequency comb generation, thereby expanding opportunities
in precision metrology and clock synchronization. Fundamen-
tal research in attosecond science and quantum dynamics fur-
ther benefits from improved temporal resolution and enhanced
control over quantum states.[54,55]

The generation of non-integer HHG typically requires
modification of either the driving laser field characteristics or
the interaction conditions to disrupt the strict periodicity of
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the field. This can be achieved through several approaches, in-
cluding spectral amplitude or phase modulation of the driving
laser pulse, or the use of a frequency comb laser source.[56–61]

The latter approach employs a series of equally spaced fre-
quency components to produce a spectrum containing non-
integer HHG.

In this work, we employ the optical temporal interfer-
ence model (OTIM) to systematically investigate the physi-
cal mechanisms underlying non-integer HHG through precise
temporal control of laser pulse structures. We examine three
distinct generation schemes: (i) a single trapezoidal-envelope
pulse scheme, which provides a conceptually clear demonstra-
tion of the OTIM framework due to its simple temporal struc-
ture, despite being experimentally challenging to implement;
(ii) a π-phase-modulated shaped-pulse approach that enables
precise spectral control; and (iii) an optical frequency comb
scheme based on laser pulse sequences, capable of generating
well-defined frequency comb structures in the HHG spectrum.

2. Theoretical model

The OTIM fundamentally relies on the temporal coher-
ence of HHG photon emission processes. Our model demon-
strates that precise control over both the temporal intervals
and the multiplicity of HHG photons enables direct manipu-
lation of this quantum-coherent process. Remarkably, the un-
derlying physical mechanism exhibits a profound analogy to
optical multi-slit Fraunhofer diffraction (MSFD). Within the
OTIM framework, we establish that all three temporal control
schemes for non-integer HHG generation share an identical
fundamental physical origin. Moreover, this model provides a
systematic approach for precise spectral control of non-integer
HHG.

Fig. 1. The left panel illustrates Fraunhofer multi-slit diffraction, whereas
the right panel displays the time–frequency analysis of HHG. Here, N rep-
resents the number of slits, and θ denotes the diffraction angle. ∆x1 and
∆x2 denote the slit width and the spacing between adjacent slits, respec-
tively. ∆t1 and ∆t2 represent two emission-burst time windows, while ∆t3
denotes the temporal delay between these emission bursts. A coherent
summation of photons along the time axis (t-axis) in the time–frequency
domain renders this process analogous to Fraunhofer multiple-slit diffrac-
tion.

As illustrated in Fig. 1 (left panel), the system can be
modeled as an N-slit diffraction apparatus. The total optical
wave passing through the slits at an emission angle θ yields
an amplitude given by

A = A0

(
sinα

α

)(
sinNβ

sinβ

)
, (1)

where A0 is the resultant amplitude. The phase terms in
our diffraction model are defined as α = ∆φ1/2 and β =

∆φ2/2, with the fundamental phase differences given by ∆φ1 =

(λ/2π)∆x1 sinθ and ∆φ2 = (λ/2π)∆x2 sinθ . Here, ∆x1 and
∆x2 denote the slit width and the spacing between adjacent
slits, respectively. Thus, ∆φ1 represents the phase difference
between the top and bottom of the slit at the angle θ .

The right panel of Fig. 1 displays the calculated time–
frequency analysis spectrum of the high-harmonic generation
process, obtained through a Gabor transform of the time-
dependent dipole acceleration.[62] The red features correspond
to distinct attosecond photon emission bursts occurring within
two characteristic time intervals, ∆t1 and ∆t2, which are sepa-
rated by a well-defined temporal delay ∆t3.

Following Eq. (1), we express the total HHG amplitude
H(ω) at photon energy ω as the coherent superposition of N
discrete emission events

H(ω) = H0

 sin
(

ω∆t1
2

)
ω∆t1

2

 sin
(

N ω∆t3
2

)
sin
(

ω∆t3
2

)
 . (2)

The interference term sin
(

N ω∆t3
2

)
/sin

(
ω∆t3

2

)
represents the

characteristic multi-slit diffraction factor, which gives rise to a
diffraction pattern in the HHG spectrum characterized by prin-
cipal maxima and secondary maxima. The total number of
secondary maxima G is directly determined by the number of
temporal slits N (i.e., discrete HHG photon emission events),
following the relation:[63]

G = N−2. (3)

Our simulations are based on the widely used strong-field
approximation (SFA) model for HHG (detailed mathematical
expressions for SFA-based HHG can be found in Ref. [64]).
Atomic units are used throughout this work, unless otherwise
mentioned.

3. Results and discussion
3.1. Single trapezoidal envelope pulse case

We first validate the OTIM framework by simulating
HHG driven by a single trapezoidal pulse. As noted earlier,
this trapezoidal profile is primarily a mathematical construct,
offering a straightforward case for demonstrating OTIM. In
Fig. 2(b), we present the HHG spectra generated by a trape-
zoidal envelope pulse (red line in Fig. 2(a)) and a Gaussian
envelope pulse (blue dotted line in Fig. 2(a)) interacting with a
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He atom. The two pulses share similar laser parameters: both
have amplitudes of 0.092 (corresponding to 3×1014 W/cm2)
and wavelengths of 800 nm (corresponding to a laser fre-
quency of ω0 = 0.057). The Gaussian envelope pulse has a full
width at half maximum (FWHM) duration of 8 optical cycles
(o.c.), while the trapezoidal pulse consists of a 1-cycle linear
ramp-up, a 5-cycle plateau, and a 1-cycle linear ramp-down.

For HHG driven by a trapezoidal pulse, we observe
seven sidebands between adjacent odd-order peaks in the high-
energy region near the spectral cutoff. In contrast, such side-
bands do not appear in the HHG spectrum produced by a
Gaussian pulse. This difference originates from the distinct
envelope structures: the trapezoidal electric field maintains a
highly regular periodic structure with stable peak intensities,

whereas the Gaussian envelope lacks this degree of temporal
uniformity. Therefore, we can approximate ∆t1 = ∆t3 = π/ω0

in Eq. (2), leading to the HHG amplitude at photon energy ω

driven by a trapezoidal pulse

H(ω) = H0
sin
(Nπ

2 ·M
)(

ω∆t3
2

) , N,M ∈ Z+. (4)

Here, M = ω/ω0 represents the harmonic order. Furthermore,
when M is even, N ·M/2 always yields an integer, leading to
H = 0. Consequently, even-order harmonics vanish. In con-
trast, when the harmonic order is odd, constructive interfer-
ence occurs, explaining the exclusive presence of odd-order
harmonic peaks in the HHG spectrum.
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Fig. 2. (a) The red solid line and blue dashed line correspond to trapezoidal and Gaussian envelope laser pulses, respectively, both with a peak
intensity of 0.092 a.u. and a central wavelength of 800 nm. The Gaussian pulse has a FWHM duration of 8 optical cycles (o.c.), whereas the
trapezoidal pulse features a 1-cycle linear ramp-up, a 5-cycle constant-intensity plateau, and a 1-cycle linear ramp-down. (b) The red solid line
and blue dashed line show the HHG spectra produced by the two laser fields shown in panel (a). A zoomed-in view between the 56th and
62nd harmonic orders reveals sidebands between adjacent odd-order peaks in the HHG spectrum generated by the trapezoidal pulse. (c) Time–
frequency analysis of HHG produced by the trapezoidal laser field. The white box indicates the emission time corresponding to the zoomed-in
harmonic spectrum shown in panel (b).
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Fig. 3. (a) Time–frequency analysis of HHG generated by a trapezoidal laser field with a 3-cycle constant-intensity plateau. (b) Corresponding
HHG spectra in the 56th–62nd harmonic-order range (white box region in panel (a)). (c) Time–frequency analysis of HHG generated by a
trapezoidal laser field with a 4-cycle constant-intensity plateau. (d) Corresponding HHG spectra in the 56th–62nd harmonic-order range (white
box region in panel (c)).
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As shown in Fig. 2(c), the time–frequency analysis of
the HHG spectra generated by the trapezoidal laser field
[Fig. 2(a)] reveals nine temporal slits, as indicated by the
white box. According to Eq. (3), this configuration should
produce seven sidebands between consecutive odd-order har-
monic peaks. Consistent with this theoretical prediction, these
sidebands are clearly observed in Fig. 2(b).

Similar features are observed in Fig. 3. Figure 3(a) dis-
plays the time–frequency analysis for a trapezoidal pulse fea-
turing a 3-cycle plateau region, where five temporal slits ap-
pear near the cutoff region, as marked by the white box. Con-
sistent with this observation, three well-resolved sidebands
emerge in the corresponding HHG spectrum. Figure 3(c)
presents analogous results for a 4-cycle plateau pulse, showing
seven temporal slits near the cutoff region and five associated
sidebands. These results further demonstrate the universality
of the OTIM model.

3.2. Shaped-pulse case

Non-integer HHG from trapezoidal laser pulses can be
analyzed using a single-MSFD-like model. Next, we extend
this approach to a double-MSFD-like model. The red curve
in Fig. 4(a) represents a π-phase-shaped pulse generated by
manipulating an input Gaussian envelope pulse (blue curve
in Fig. 4(a)). The input Gaussian envelope pulse has a cen-
tral wavelength of 800 nm, a peak field strength of 0.092 a.u.,
and a full width at half maximum (FWHM) of 2 o.c. Experi-
mentally, such π-phase-shaped pulses can be generated using
a liquid crystal spatial light modulator (SLM).[65,66] Mathe-
matically, the shaped pulse in the frequency domain, Ẽout(ω),
is obtained by applying a spectral phase modulation to the in-
put Gaussian pulse, Ẽout(ω) = Ẽin(ω)e iφ(ω), where the phase
function φ(ω) is defined as the following piecewise function

φ(ω) =

{
0, ω < ω0,

π, ω ≥ ω0.
(5)

Here, ω0 represents the central frequency of the input pulse.
The π-phase-shaped pulse in the time domain, Eout(t), is
then obtained through an inverse Fourier transform of the
frequency-domain field: Eout(t) = IFFT(Ẽout).

Figure 4(a) shows that the time-domain shaped pulse
Eout(t) exhibits a characteristic double-peak structure, with
peaks centered at t = ±1.21 o.c. The corresponding HHG
spectrum, shown in Fig. 4(b), displays pronounced sideband
features near the cutoff region. In the following analysis, we
employ our theoretical model to quantitatively explain the ori-
gin of these HHG sideband structures.

In this scenario, each peak of the shaped pulse Eout(t) acts
as a temporal slit, with the two slits separated by a time inter-
val ∆t4, analogous to the opaque spacing in an optical double-
MSFD experiment. Consequently, the HHG signals from these
two temporal slits interfere, yielding the total HHG signal

H(ω) = Hd−0 +Hd−1 e iω∆t4 , (6)

where Hd−0 and Hd−1 represent the HHG signals from the first
and second temporal slits, respectively. Given the identical
nature of the two laser peaks, we can approximate Hd−0 =

Hd−1 = b. The resulting total HHG signal intensity is there-
fore

|H(ω)|2 = 2b2 [1+ cos(ω∆t4)] . (7)

From Eq. (7), it is straightforward to observe that the
HHG signal exhibits a peak–valley structure, with peak po-
sitions ωd given by ωd =

2kπ

∆t4
, where k ∈ Z. Consequently, the

sideband spacing (∆Ed) in the double-MSFD-like scenario is
∆Ed = 2π

∆t4
. If we express ∆Ed in units of ω0 (analogous to

HHG orders), the non-integer HHG order becomes

∆N =
∆Ed

ω0
=

1
∆T

, (8)

where ∆T is ∆t4 normalized by the optical cycle.
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Fig. 4. (a) Temporal profile of a π-phase-shaped laser pulse (red solid line), exhibiting a characteristic double-peak structure. The pulse is
generated from an input pulse (blue solid line) with a central wavelength of 800 nm, a peak field strength of 0.092 a.u., and a FWHM of 2 o.c. (b)
HHG spectrum produced by the shaped pulse shown in panel (a), revealing distinct and equidistant peaks in the high-energy region, confirming
the formation of a harmonic frequency comb.
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reduction in the optical frequency comb spacing (∆N), although the rate of this decrease gradually slows. (b) Comparison between the real ∆T
and the theoretically calculated ∆T . The excellent agreement validates the accuracy of our theoretical model.

To verify this relationship, we systematically adjusted
the FWHM of the input Gaussian pulse to 2 o.c., 4 o.c.,
6 o.c., 8 o.c., and 10 o.c., which generated π-phase-shaped
laser pulses with corresponding real ∆T values of 2.42 o.c.,
4.45 o.c., 6.45 o.c., 8.43 o.c., and 10.4 o.c., respectively. Fig-
ure 5(a) presents the resulting HHG spectra of these shaped
pulses. As predicted by our model, the observed ∆N decreases
with increasing ∆T , confirming the inverse relationship be-
tween these two parameters.

To further validate our model, Fig. 5(b) compares the real
∆T values with those calculated using our model (Eq. (8))
based on the ∆N extracted from the HHG spectra. The blue
circles in Fig. 5(b), representing the actual pulse ∆T values,
show excellent agreement with the predictions of our model
(red diamond line). This strong correspondence not only con-
firms the validity of our model but also suggests a practical
approach for experimentally generating non-integer HHG.

It should be noted that the deviation between the calcu-
lated and real ∆T values increases with pulse width. This dis-
crepancy primarily stems from two factors: the non-uniform
intensity distribution of HHG sidebands and the distortion
of sideband spacing caused by degraded spectral resolution.
These effects become especially significant for long pulses,
thereby limiting the accuracy of ∆T extraction in this regime.

3.3. Optical frequency comb case

The optical frequency comb technique provides an alter-
native approach for generating non-integer HHG. Within our
multi-MSFD-like framework, these phenomena can be fun-
damentally explained. In this scheme, a laser emits phase-
coherent, equally spaced frequency components (the “comb”).
When interacting with a target medium (e.g., gas atoms), this
periodic structure induces harmonic emission at non-integer
multiples of the fundamental frequency. The phase coher-
ence of the frequency comb ensures constructive interference
at specific frequencies, thereby generating well-defined side-
bands around the primary harmonics. This mechanism enables

precise spectral control in HHG, with the sideband spacing
governed by the comb repetition frequency.

The total HHG signal generated by the interaction be-
tween the target and an optical frequency comb pulse consist-
ing of K separated IR pulses can be expressed as

H(ω) = H0 +H1 e iω∆t5 +H2 e i2ω∆t5 + · · ·

+HK−1 e i(K−1)ω∆t5 , (9)

where ∆t5 represents the time delay between two adjacent
IR pulses. Each term corresponds to the resultant amplitude
from a single IR pulse, representing a single-MSFD-like HHG
emission. Assuming equal amplitudes for all emission clusters
(i.e., H0 = H1 = H2 = · · · = HK−1 = c), the total HHG signal
simplifies to

H(ω) = c
K

∑
S=1

e i(S−1)ω∆t5 . (10)

By substituting ω∆t5 = ω

ω0
ω0∆t5 = 2πN∆T , where N is the

HHG order, we obtain

H(ω) = c
K

∑
S=1

e i2π(S−1)N∆T . (11)

Consistent with our previous analysis, the relationship be-
tween ∆N and ∆T remains

∆N =
1

∆T
. (12)

This result demonstrates that for HHG generated by an optical
frequency comb laser, the sideband spacing ∆N in the HHG
spectrum is inversely proportional to the time delay between
neighboring IR pulses.

A careful re-examination of Eq. (11) reveals that the con-
structive interference condition occurs when each phase fac-
tor e i(S−1)N∆T in the summation ∑

K
S=1 e i(S−1)N∆T equals unity.

The progressive increase of the index (S−1) from 0 to K−1
introduces strong sensitivity to small deviations: for given N
and ∆T satisfying constructive interference, even a small de-
viation dN becomes magnified as (S− 1)dN∆T grows with
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increasing S. This effect is particularly pronounced for large
S, where the accumulated phase shift causes the exponential
term to deviate substantially from unity. As the number of
contributing pulses (K) increases, the summation exhibits en-
hanced sensitivity to small deviations, leading to rapid ampli-
tude decay away from the exact constructive interference con-
ditions. Consequently, systems with larger numbers of pulses
exhibit sharper roll-off of harmonic intensity near maxima,
more pronounced peak narrowing in the HHG spectrum, and
enhanced spectral resolution in the optical frequency comb.

Numerical simulation results are shown in Fig. 6. Fig-
ure 6(a) illustrates three optical frequency comb pulse config-
urations consisting of 2, 4, and 8 Gaussian sub-pulses, respec-
tively. Each sub-pulse features a peak intensity of 0.092 a.u.,
a central wavelength of 800 nm, and a pulse duration of 2 o.c.
(FWHM). The sub-pulses are equally spaced with a fixed tem-
poral separation of 8 o.c. (denoted as ∆T = 8 o.c. in our theo-

retical model).

As shown in Fig. 6(b), the HHG spectra produced by
these pulse sequences exhibit well-defined optical frequency
comb structures with a characteristic sideband spacing of
∆N = 0.125. This value shows exact agreement with the the-
oretical prediction from Eq. (12). Notably, the value of ∆N
remains constant across all pulse configurations, independent
of the total number of sub-pulses, further validating the uni-
versality of Eq. (12).

Furthermore, the spectral linewidth of the comb teeth
progressively narrows as the number of sub-pulses increases.
Physically, this linewidth reduction corresponds to the increas-
ing number of harmonic emission clusters (S) participating in
the generation process. The observed spectral sharpening ef-
fect quantitatively matches the behavior predicted by our anal-
ysis of Eq. (11).
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As shown in Fig. 7(a), we employ an optical frequency
comb pulse consisting of eight sub-pulses with a temporal sep-
aration of ∆T = 10 o.c. The laser parameters of each sub-pulse
are identical to those in Fig. 6(a). The corresponding HHG
spectrum is displayed in Fig. 7(b), exhibiting a harmonic or-
der spacing of ∆N = 0.1. This value precisely matches 1/10,
in full agreement with the theoretical prediction of Eq. (12).
These results demonstrate that our model not only accurately
predicts the peak spacing in the HHG spectrum but also pro-
vides a coherent explanation for the observed variations in
spectral bandwidth.

4. Conclusion

In summary, we propose a novel optical temporal inter-
ference model (OTIM) for understanding and controlling non-
integer high-harmonic generation (HHG). By drawing an anal-
ogy with the multi-slit Fraunhofer diffraction (MSFD) prin-
ciple, this model unifies the physical mechanisms underly-
ing three distinct non-integer HHG generation schemes: the
single-pulse scheme corresponds to a single-slit-like MSFD
process, the pulse-shaping scheme to a double-slit-like MSFD
process, and the optical frequency comb scheme to a multi-
slit-like MSFD process. The model not only successfully pre-
dicts the emergence of sidebands in HHG spectra but also
establishes a quantitative relationship between the temporal
characteristics of driving laser pulses and the resulting non-
integer HHG spectra, providing a powerful tool for precise
control of non-integer HHG.

Compared to existing models, the OTIM possesses dis-
tinct advantages: rooted in classical geometric optics princi-
ples, it provides a more intuitive and physically clear inter-
pretation of HHG spectral features. This capability signifi-
cantly enhances our understanding of non-integer HHG mech-
anisms. Notably, the model can explain the bandwidth char-
acteristics of optical frequency combs and precisely calculate
the comb-tooth spacing. Unlike conventional methods that
employ long pulse trains to generate frequency combs, our
approach achieves similar comb structures using a single π-
phase-modulated Gaussian pulse. Using this model, we can
accurately design shaped pulses to generate optical frequency
combs with specific tooth spacing, offering a novel approach
to producing custom optical comb structures.
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