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We theoretically investigate the phase sensitivity of a truncated SU(1,1) interferometer fed with a two-mode coherent
state and employing double-port homodyne detection. On the one hand, we analytically demonstrate that the two-mode
coherent state provides better phase sensitivity than the single-mode coherent state. In addition, we show that the double-
port homodyne detection is a quasi-optimal measurement. For a bright coherent-state input, the sensitivity of this scheme
saturates the phase-sensitivity bound determined by the quantum Fisher information. On the other hand, we quantitatively
illustrate the advantage of double-port homodyne detection over the single-port scheme under ideal conditions and in the
presence of photon loss, respectively. Furthermore, our analysis indicates that the scheme we propose is robust against

photon loss.
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1. Introduction

The important aim of quantum metrology is to achieve
highly precise estimation of an unknown parameter by em-
ploying quantum resources.!!®! Both the Mach-Zehnder in-
terferometer and the SU(1,1) interferometer are widely used
as important setups in quantum metrology. For the Mach-
Zehnder interferometer, one mainly utilizes various nonclas-
sical input states and diverse detection methods to improve

[7-14] [t has been shown

the sensitivity of phase estimation.
that the phase sensitivity of the Mach—Zehnder interferometer
with nonclassical states can beat the quantum standard limit
(SQL), A¢ =1/ VN, where N is the mean photon number
inside the interferometer. On the other hand, in an SU(1,1)
interferometer,!>1%! the beam splitters in the Mach—Zehnder
interferometer are replaced by nonlinear beam splitters, such
as optical parametric amplifiers (OPA) or four-wave mixers.
In such a nonlinear interferometer, entanglement is generated
between the two arms. It has been shown that it can sur-
pass the SQL with two coherent states as inputs via inten-
sity detection.!'”] Consequently, phase estimation within an
SU(1,1) interferometer has been extensively explored in both
theoretical['823] and experimental studies. [>*2°!

However, the SU(1,1) interferometer cannot make full use
of the photons carrying phase information because many pho-
tons are absorbed by the second nonlinear beam splitter. >}
As a consequence, only part of the photons carrying phase
information contribute to the measurement, which limits the
phase sensitivity. To improve phase sensitivity, several mod-

ified SU(1,1) interferometers have been proposed, such as
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nonlinear-linear hybrid interferometers>®?°! and truncated
SU(1,1) interferometers.3%311 As a modified version of the
SU(1,1) interferometer, the truncated SU(1,1) removes the
second OPA, which can be considered as part of the detection
stage. According to the quantum Fisher information (QFI),
this does not alter the fundamental phase sensitivity of the
device because the second OPA does not add information
about the estimated phase. Anderson et al.*!! have consid-
ered a single-mode coherent state as the input of the truncated
SU(1,1) interferometer and studied the phase sensitivity with
double-port homodyne detection. It is known that the input
state of an interferometer plays a crucial role in phase estima-
tion. For an SU(1,1) interferometer with a two-mode coherent
state |¢, 3) as the input, it has been demonstrated that when
the mean photon numbers in the two input ports reach a certain
proportion, the optimal phase sensitivity can be achieved.3?!
In addition, for a coherent state and a squeezed state as the
input, the mean photon numbers in the two input ports also
need to reach a certain proportion to approach the optimal
sensitivity in an SU(1,1) interferometer or a Mach—Zehnder

interferometer. 3233

I Consequently, different from the work in
Ref. [31], here we consider a two-mode coherent state as the
input and implement double-port homodyne detection at the
output ports. Similar to the analyses in Refs. [32,33], we ex-
amine the proportion of the mean photon numbers in the two
input ports required to approach the optimal sensitivity. More-
over, in both ideal and lossy scenarios, we investigate the ad-
vantages of utilizing a two-mode coherent state as the input for

enhancing phase-measurement precision.
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This paper is organized as follows. In Section 2, we
briefly review the model of the truncated SU(1,1) interferom-
eter. Then, by utilizing double-port homodyne measurement
and the quantum Fisher information, we analyze the sensitivity
of the estimated phase in an ideal scenario. In Section 3, con-
sidering that photon loss is inevitable in practical applications,
we investigate the effects of photon loss on phase sensitivity.

Finally, we summarize our results in Section 4.

2. Model and phase sensitivity of the truncated
SU(1,1) interferometer

2.1. Model

In the truncated SU(1,1) interferometer, the second OPA
in the conventional SU(1,1) interferometer is removed, as
shown in Fig. 1. The two-mode coherent state evolves into
a two-mode squeezed coherent state via the OPA. The result-
ing state then undergoes a phase shift ¢ on one arm of the in-
terferometer. To model photon loss, we insert fictitious beam
splitters with reflectivities L; and L, (photon-loss rates) into
the two arms of the interferometer. Finally, double-port ho-
modyne detection is performed, in which the photons at each
output port of the interferometer are simultaneously detected.

4
) A )

Pump ora H .2
|IB> b *Lz b, <é}>
v

Fig. 1. Schematic of the double-port homodyne detection in a truncated
SU(1,1) interferometer with two-mode coherent states. Photon loss pro-
cesses in the interferometer are modeled by adding fictitious beam splitters.

OPA is de-
scribed by the two-mode squeezing operator S, (g)
exp(geieéleA?T—ge’ie

In general, the action of the

&l;), where g is the parametric gain
and 0 is the phase. The operators d @" and b (13*) denote
the annihilation (creation) operators associated with modes
a and b of the interferometer, respectively. Here we con-
sider an unknown phase shift applied to the upper arm of
the interferometer, which is described by the unitary operator
U, () =exp [iqué] . Let us first consider a lossless truncated
SU(1,1) interferometer, i.e., L} = L, = 0. Consequently, for
an arbitrary input state pj, propagating through the lossless
interferometer, its output state is

Pout = U4 ()52 (2) pinS3 () U (9). (1)

In the Heisenberg picture, the relations between the output and
input modes of the truncated SU(1,1) interferometer are

A A

a1 = 85(9) U (9)al. (¢)5: ()

= ge'?coshg+ e'®b'sinhg,
$3(8) 07 (9)604 (9) 52 ()
= ¢'%3"sinhg + bhcoshg. )

S
I

For precision phase estimation, the mean photon number
inside the interferometer is an important physical quantity. For
a two-mode coherent state |, 8) with amplitudes o = || eV
and B = |B| ¢!, the mean photon number becomes

(o, BI85 (g) (a"a+57b) S, (g) |ex. B)
(|a|2—|— \[3|2) cosh2g + 2sinh? g
+2|af|cos(y+ ®— 0)sinh2g. 3)

N

When the total input photon number Ny, = o + || is fixed,
the conditions |ot| = |B| and ¥+ @ — 6 = 0 maximize the
mean photon number. Therefore, we set Y = @ = 6 =0 in
the following. From Eq. (3), the SQL becomes

1

(|a|2 + |B|2) cosh2g +2sinh? g +2|of| sinh2g
)

APsqrL =

2.2. Phase sensitivity

In quantum estimation theory, the phase sensitivity of a
measurement scheme is given by

A~

AM

A = TS AN = 5
NFITYER ©

(M?) — <M>2 is its
variance. Phase sensitivity can be improved by reducing AM,
by increasing the slope |9 (M) /9¢

Homodyne detection is a primary tool in experiments. In-

where M is an observable and AM =

, or by optimizing both.

spired by Ref. [31], we define the double-port homodyne ob-

servable as

ia"—ia A

[ — + JR—
V2. V2

where P, (P,) is the phase quadrature. To improve sensitivity,

M=PB,+AP, = (ib" —ib), (6)

we introduce a classical gain factor A multiplying the homo-
dyne signal of mode b before summation.
For the two-mode coherent input, using Eq. (2) we obtain

<M>:\fZSin¢(|a|coshg+\13|sinhg), @)

where we have again set y = @ = 6 =0. When || = || =0,
the signal vanishes, meaning the measurement yields no phase
information. The second moment is

<M2> = 25in2¢)(|oc|coshg+|[3|sinhg)2
—Acos¢ sinh2g+ (1 +),2) (sinh2g+ ;) . ®)

Thus, the phase sensitivity is

\/—/'L cos ¢ sinh2g + (1+A2) (sinh? g+ 1/2)
‘\@cosd)(|(x|coshg+|ﬁ\sinhg)‘ .

A¢ = ®
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Optimizing the gain factor yields
A = tanh2g. (10)

In the lossless case, the gain factor depends solely on the
OPA gain. From Eq. (10), A increases with g and remains
below 1 for all finite g, approaching 1 when g > 1. There-
fore, the gain factor improves sensitivity mainly for small g,
while for g > 1 its effect becomes negligible. According to
Eq. (9), the optimal phase is ¢ = 0 for double-port homo-
dyne detection. Moreover, when the input photon number
Nin = |at|*+ | B is constrained, the optimal condition for sen-
sitivity is |&t| = | B|cothg. Thus, compared with the truncated
SU(1,1) interferometer using a single-mode coherent input, ']
the two-mode coherent state further improves phase sensitiv-
ity.

For comparison, the phase sensitivity of a conventional
SU(1,1) interferometer using single-port homodyne detection
(13,1) on the arm where the phase shift occurs is

\/2(1 —cos¢)sinh® gcosh® g +1/2
) ‘\@costp coshg (Ja|coshg + |B]|sinhg) .

A‘7’|SU(1.1 (1

Again, the optimal ratio is || = |B]|cothg. Equation (11) dif-
fers from Eq. (16) in Ref. [32] because the phase is distributed
on a different arm when detection is performed on the same
arm. A comparison shows that single-port detection on the
phase-shift arm leads to better sensitivity, providing a useful
perspective for practical homodyne implementations.

In Fig. 2, we compare the sensitivities of double-port and
single-port homodyne detection. The double-port scheme sur-
passes the SQL around ¢ = 0 and achieves better sensitivity
than the single-port method at the optimal working point. This
improvement arises because the single-port measurement uses
only one quadrature and therefore loses part of the phase in-
formation. Moreover, based on classical Fisher information,
Zhong et al.'** also showed that the double-port scheme is
superior in interferometric phase estimation.

Y \V
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Fig. 2. For || = |B| = 12 and g = 0.6, the phase sensitivity as a function
of the estimated phase ¢. Sensitivities are shown for two configurations:
double-port homodyne detection (M, black line) and single-port homo-
dyne detection (P, orange dot-dashed line). The upper blue dashed line
denotes the SQL, while the lower blue dashed line represents the HL.

The ultimate limit of the phase sensitivity is given by the
quantum Cramér-Rao bound (QCRB), defined by A@qcrp =
1/+/F. When the estimated phase shift ¢ appears in the upper
arm, as shown in Fig. 1, the QFI is given by !

F = (Ja]*+|B|*) (coshdg+ 1) +2 (|ae|* — |B|*) cosh2g
+2|a||B]| sinh4g + sinh® 2g. (12)

Similarly, under the constraint on the input photon number,
the maximum QFTI is achieved when |a| = |B|cothg. By per-
forming numerical analysis, we compare Eq. (9) with Eq. (12)
at the optimal working point ¢ = 0. The phase sensitivity of
this scheme can saturate the QCRB in the limit of |or| > 1
(or equivalently |B|> > 1), as shown in Fig. 3. Thus, the
double-port homodyne detection constitutes a quasi-optimal
measurement for the two-mode coherent input in this bright-
input limit.
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Fig. 3. For |B| =1 and g = 1.2, the phase sensitivity as a function of

|c| at the optimal working point ¢ = 0. The black line denotes the phase

sensitivity of the double-port homodyne detection, while the lower red
dashed line represents the QCRB.

3. Analysis of robustness regarding photon loss

In practical applications, photon loss is inevitable and af-
fects the attainable phase sensitivity. In the following, we in-
vestigate the effects of photon loss on the phase sensitivity.
As shown in Fig. 1, the process of photon loss can be mod-
eled by inserting a fictitious beam splitter with reflectivity L
(photon-loss rate), where a signal input beam and a vacuum
state are injected into the two input ports of the fictitious beam
splitter.[3234.36:37] Pagsing through the fictitious beam split-
ters, the mode transformation of the field operators is given
by @ =/1—Lia++/Liéand b' = /T —Lyb+\/Lod. There-
fore, for a lossy scenario, the operator relationship between
the input and output modes of the interferometer reads

ay=+/1—Liae'?coshg++/1—Lb"e'?sinhg+/Lé,
by = /1 —Lybcoshg++/1—L,a"sinhg++Lrd. (13)

Then, for the two-mode coherent state as the input, we obtain

~

(ML) = /2(1 —Ly) sin¢ (Jot|coshg+ |B|sinhg). (14)

014205-3
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Further, we calculate

Combining Eqgs. (14) and (15), we obtain the phase sensitivity

2
(M7)=2(1—Ly)(acoshg+p sinhg)zsinzq)—i-(l—Ll)sinh2g+%+lz(l—Lz) sinh? g—A+/(1—L1)(1—Ly) cos ¢ sinh2g+%. (15)
\/—), (1—Ly)(1—Ly)cos ¢ sinh2g 4 (14142 — L; — A2Ly)sinh® g + (1 +A2) /2
. (16)

A¢|L:

To obtain the optimal phase sensitivity, the classical gain fac-
tor A is found to be

(1 —Ly)(1—Ly) sinh2g

17
cosh2g — 2L, sinh? g an

Equation (17) indicates that, in the presence of loss, the factor
A depends not only on the parametric gain g of the OPA but
also on the photon-loss rates.

As previously pointed out, the phase sensitivity in the
ideal scenario can beat the SQL when the estimated phase ap-
proaches zero. In the following, we investigate the impact of
the photon-loss rates in both arms of the interferometer on the
phase sensitivity. In particular, we analyze the maximal tol-
erable loss before the phase sensitivity drops below the SQL.
For the lossy truncated SU(1,1) interferometer with double-
port homodyne detection, the contour lines of the phase sen-
sitivity as a function of the photon-loss rates L; and L, at the
optimal working point are shown in Fig. 4. The phase sensitiv-
ities in the lower-left region and within the SQL boundary in
Fig. 4 can surpass the SQL. For a given input photon number

‘\/2(1 “Li)cosé (|a|coshg + |ﬁ|sinhg)‘

‘| @|? +| B/, both the phase sensitivity and the maximal tolera-
ble loss can be enhanced by increasing the proportion of pho-
tons sent into the upper arm of the interferometer, up to the
point |ot|/|B] = cothg. When |o| > |B]|cothg, although the
maximal tolerable loss can still be increased by raising |ct|?,
the phase sensitivity becomes worse, as shown in Fig. 4(c).
In addition, Fig. 4 shows that photon loss L in the upper arm,
where the estimated phase is encoded, has a stronger impact on
phase sensitivity. On the other hand, for a fixed input-photon
proportion ||?/|B|?, combining Egs. (4) and (16), our nu-
merical results indicate that the maximal tolerable loss does
not depend on the total input photon number.

In Fig. 5, we show the dependence of the maximal tolera-
ble loss on the gain parameter of the OPA. The maximal toler-
able loss L in the lower arm decreases as the gain parameter
increases, whereas the maximal tolerable loss L; in the upper
arm increases slightly with increasing gain. Furthermore, for
fixed photon-loss rates, the phase sensitivity improves as the
gain parameter increases, as shown in Fig. 5.

1.0F

1.0} 1.0F

0.8+
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0.8+

] 0.6

o
05 ~
0.4
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[0]3;

0.2

0.4

06 08 1.0
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Fig. 4. For a given input photon number |ct|* 4 |B|* = 1000 and g = 0.6, the contour lines of the phase sensitivity as a function of the photon
lossy rates L, and L, at the optimal working point for different ratios of ||/ |B]. (a) ||/ |B] = 1/3; (b) |at| /|B| = cothg; (c) |at|* = 1000,
B |2 = 0. The phase sensitivities in the lower-left region within the blue dashed SQL line can beat the SQL.
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Fig. 5. For |a| = |B| = 30, the contour lines of the phase sensitivity as a function of the photon lossy rates L; and L, at the optimal working
point for different parametric gains of the OPA. (a) g = 0.6; (b) g = 1.2. The phase sensitivities in the lower-left region within the blue dashed

SQL line can beat the SQL.
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Since the lengths of the two arms are close in a practi-
cal scenario, for simplicity we impose that the two arms have

identical photon loss rates, i.e., L; = Ly = L. Then the optimal
phase sensitivity reads

\/—l (1—L)cos¢sinh2g+ (1+A2) (1 —L)sinh? g+ (1 +212) /2
’\/2(1 —L)cos¢ (|oe|coshg + |B\Sinhg)‘

with A = (1 — L)sinh2g/ (cosh 2¢ —2L sinh? g). Naturally, when L = 0, i.e., in the ideal scenario, Eq. (18) reduces to Eq. (10) as

expected. In the limit of L = 1, where the inputs are completely lost, we have <Mg> — <ML>2 = 1/2, which matches the variance

AL = , (18)

of a vacuum state that carries no information on the estimated phase. Similarly, for the conventional SU(1,1) interferometer, we

can obtain the phase sensitivity with the single-port homodyne detection under symmetric photon losses (L; = L, = L), i.e.,

\/2(1 —L) (1 —cos @) cosh® gsinh® g + Lsinh® g+ 1/2

A¢|SU(1,1),L =

Particularly, in the case of L = 50%, according to Egs. (18)
and (19) we have

A|i=05 = Ad|su(1,1),.-05
\/2(1 — cos ¢) cosh? gsinh® g 4 sinh® g 4 1
~ V2|cos¢coshg(|or|coshg+ |B|sinhg)]

(20)

Equation (20) indicates that the phase sensitivity of the double-
port homodyne detection is equal to that of the single-port one
in the case of L = 50%.

0.14F
0.12} lof =8l=12, g=16
0.10F

5 o.08f
0.06F
0.04f  SQL .
0.02 /f’/

ols . . . . .
0 02 04 06 1,08 1.0

Fig. 6. For || = |B| = 12 and g = 0.6, the phase sensitivity as a function
of the photon lossy rate at the optimal working point ¢ = 0. Sensitiv-
ity is shown for two configurations: double-port homodyne detection (M,
black line) and single-port homodyne detection (P, orange dot-dashed
line). The upper blue dashed line denotes the SQL, while the lower blue
dashed line represents the HL.

In the symmetric photon loss scenario, the phase sensi-
tivity can still approach the SQL as the loss approaches 50%,
as shown in Fig. 6. In addition, the double-port homodyne
detection provides better phase sensitivity than the single-
port homodyne detection except at L = 50%. In the case
of L = 50%, the phase sensitivities obtained by the double-
port and single-port homodyne detections are identical, cor-
responding to Eq. (20). It should be pointed out that when
L > 50%, the phase sensitivities of both the double-port and
single-port homodyne detection schemes do not surpass the

SQL.

/2(1—L)|cos¢coshg (|ot|coshg +|B]sinhg)|

19)

‘4. Conclusion

In summary, we have investigated the phase estimation
performance of the truncated SU(1,1) interferometer with a
two-mode coherent state |, B) in both ideal and lossy scenar-
ios. We focus on the double-port homodyne detection scheme,
in which the photons at each output port of the interferome-
ter are simultaneously detected. Our results show that, com-
pared with injecting a single-mode coherent state and a vac-
uum state, using a two-mode coherent state yields better phase
sensitivity under the constraint of a fixed total mean input pho-
ton number. At the optimal working point ¢ = 0, the phase
sensitivity of our scheme can saturate the QCRB when the
coherent amplitude satisfies || > 1 (or [B]> > 1). In ad-
dition, for a given total input photon number, the condition
|| = |B]|cothg is optimal for achieving both improved phase
sensitivity and a tighter QCRB.

On the other hand, in the presence of photon loss, our re-
sults indicate that homodyne detection remains robust. The
double-port homodyne detection consistently provides better
phase sensitivity than the single-port scheme in both ideal and
lossy scenarios. Moreover, based on currently available ex-
perimental techniques, our scheme is feasible for achieving
phase sensitivities that saturate the QCRB with a bright-seeded
SU(1,1) interferometer.
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