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Physics-informed neural networks (PINNs) have shown considerable promise for performing numerical simulations
in fluid mechanics. They provide mesh-free, end-to-end approaches by embedding physical laws into their loss functions.
However, when addressing complex flow problems, PINNS still face some challenges such as activation saturation and
vanishing gradients in deep network training, leading to slow convergence and insufficient prediction accuracy. We present
physics-informed neural networks incorporating lattice Boltzmann method optimized by tanh robust weight initialization
(T-PINN-LBM) to address these challenges. This approach fuses the mesoscopic lattice Boltzmann model with the au-
tomatic differentiation framework of PINNs. It also implements a tanh robust weight initialization method derived from
fixed point analysis. This model effectively mitigates activation and gradient decay in deep networks, improving conver-
gence speed and data efficiency in multiscale flow simulations. We validate the effectiveness of the model on the classical
arithmetic example of lid-driven cavity flow. Compared to the traditional Xavier initialized PINN and PINN-LBM, T-PINN-
LBM reduces the mean absolute error (MAE) by one order of magnitude at the same network depth and maintains stable
convergence in deeper networks. The results demonstrate that this model can accurately capture complex flow structures
without prior data, providing a new feasible pathway for data-free driven fluid simulation.

Keywords: lattice Boltzmann method, physical-informed neural networks, fluid mechanics, tanh robust weight

initialization
PACS: 07.05.Mh, 02.60.Cb, 02.30.Jr, 84.35.+i
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1. Introduction

Numerical simulation in fluid mechanics fulfills an in-
dispensable role in engineering design, environmental sci-
ence, and fundamental research. Traditional numerical meth-
ods include the finite element method (FEM),[!! finite differ-
ence method (FDM),[? and finite volume method (FVM).B!
These approaches consistently demonstrate robust perfor-
mance across diverse applications. However, they also face
challenges including complex mesh generation, high computa-
tional costs, and difficulties in handling multiphysics coupling.
In recent years, physics-informed neural networks (PINNs)
have emerged as an innovative computational paradigm.!
It integrates physical laws into the loss functions, enabling
mesh-free, end-to-end simulations. This approach not only
handles complex boundary conditions with greater flexibility
but also seamlessly integrates multiphysics problems, offering
new possibilities for research in fluid mechanics. 516!

However, PINNSs still face significant limitations in prac-
tical applications. On one hand, deep neural networks are
prone to issues such as activation function saturation and van-

ishing gradients during training, resulting in slow convergence
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and insufficient prediction accuracy. On the other hand, under
challenging conditions such as high Reynolds number flows,
PINNSs often suffer from stability issues, making it difficult to
accurately capture fine-scale flow features.

Meanwhile, the lattice Boltzmann method (LBM) is
a mesoscopic dynamics-based numerical simulation method
that recovers the macroscopic fluid behavior by solving the
evolution equations of discrete distribution functions.!!”l LBM
is characterized by simple algorithms, high parallelization effi-
ciency, and the straightforward handling of complex boundary
conditions. It has been widely adopted in fluid mechanics ap-
plications, including turbulence simulation, multiphase flow,
and microfluidics. Incorporating PINNs and LBM leverages
the strengths of both methods. On the one hand, PINNs can
directly model the residuals of the physical equations. On the
other hand, LBM provides mesoscopic flow field information
to achieve multi-scale supervision. This kind of PINN-LBM
framework combines physical consistency and computational
efficiency, and is expected to accurately reconstruct complex
flow fields without the need for fine meshing.

Although both PINNs and LBM have witnessed rapid de-
velopment, research on integrating the two is still in its in-
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fancy. Lou er al.'8! applied PINNs to solve the Boltzmann-
BGK equations, which reduced mesh dependence and low-
ered computational cost. Liu er al.l! incorporated the
single-relaxation-time lattice Boltzmann method (SRT-LBM)
with PINNs to address inverse problems in fluid dynam-
ics, which improved the accuracy and computational effi-
ciency and demonstrated the potential for practical applica-
tions. Fang et al.®”! proposed the coupling framework of
immersed boundary-LBM (IB-LBM) and PINNs for fluid-
solid coupling simulation. Currently, most implementations
of PINN-LBM models rely on simulated or experimental data
to assist training in order to mitigate the training instability
caused by insufficient physical residual information. In ad-
dition, there are still challenges in terms of stability and ini-
tialization strategies for network training. In particular, when
the network employs a hyperbolic tangent (tanh) activation
function, the common Xavier initialization often leads to deep
network activation saturation, resulting in gradient vanishing,
which reduces the convergence speed and prediction accuracy.

In order to solve the above problems, this study proposes
the T-PINN-LBM model, which integrates tanh robust weight
initialization based on fixed point analysis (TRWI) into the
PINN-LBM model. The main innovations of this study are
that the limitations of traditional methods are overcome by
combining the advantages of PINNs and LBM, and the ac-
tivation function saturation and gradient decay problems can
be effectively alleviated by using the TRWI method. Specif-
ically, the T-PINN-LBM model uses the physical constraints
of PINNs during the training process to ensure the physical
consistency of the hydrodynamic equations, while the meso-
scopic formulation of LBM is utilized to enhance the model’s
generalization ability, thus enabling effective solution of hy-
drodynamic problems without relying on a large amount of
experimental data. Furthermore, TRWI is implemented across
all hidden layers to ensure that the tanh activation function os-
cillates around nonzero fixed points and avoids saturation re-
gions, thereby substantially alleviating activation and gradient
issues in deep networks and achieving faster convergence and
lower generalization errors, particularly in deep architectures
with limited data. Taking the classical lid-driven cavity flow
as a benchmark case, the T-PINN-LBM model demonstrates
superior accuracy and stability compared to PINNs and PINN-
LBM models with Xavier initialization, especially under high
Reynolds number conditions.

The structure of this paper is as follows. Section 2 elu-
cidates the principles of PINNs and LBM, detailing their in-
tegration within the proposed framework. Section 3 details
the experimental setup and results. T-PINN-LBM is applied
to the lid-driven cavity flow without any simulation data. We
evaluate the robustness of the TRWI method, compare the ac-
curacy of T-PINN-LBM with baseline methods, and assess its

stability at high Reynolds numbers. Section 4 concludes with
a summary and future perspectives.

2. Method
2.1. Lattice Boltzmann method

The Boltzmann equation is the fundamental equation of
kinetics. Since the Boltzmann equation is a complex differen-
tial integral equation, its direct solution is impossible, so many
simplified equations have been proposed, and Boltzmann—
Bhatnagar—Gross—Krook (BGK) is one of the most commonly
used simplified forms of the Boltzmann equation, which is as
follows:?!]

— feq
% + 5 .V f — (frf),

fro= g M

The particle distribution function is denoted as f = f(x,&,1),
where & represents the microscopic velocity and x indicates
the spatial position. The right-hand side is the simplified BGK
collision operator, with 7, representing the relaxation time,
/"4 denoting the nonequilibrium distribution function, and
f¢4 signifying the equilibrium distribution function, typically
characterized by a continuous Maxwell-Boltzmann distribu-

tion function as??!

_ P € —ul?
7= (2RT)2 P [_ 2RT } @

where R is the gas constant, D is the spatial dimension, p is
the density, T is the temperature, and w is the macroscopic
velocity. He and Luo!?*! published a series of articles in
1997, examining the intrinsic relationship between the lattice
Boltzmann equation (LBE) and the Boltzmann equation, and
demonstrating that the LBE can be considered a specialized
discrete formulation of the Boltzmann-BGK model. By dis-
cretizing the microscopic velocity & into a set of lattice ve-
locities eq (@ =0, 1,...,n— 1), the discrete Boltzmann-BGK
equation is derived as!>*!

e eV = (1), G)
where fg is a discrete distribution function and fi is a dis-
crete equilibrium distribution function. Integrating both sides
of Eq. (3) with respect to time yields the LBE, also known as

the standard LBE, and it is represented as!>’!

foc(x+€a5tat+31)_fa(xat):_%(fa_ gtq)a “4)

where T = 77/ §; is the dimensionless relaxation time. Because
there is only one relaxation time 7 in Eq. (4), Eq. (4) is also
known as the single-relaxation-time (SRT) lattice Boltzmann
equation.
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In this study, the D2Q9 discrete velocity model®!l is
used, which is a two-dimensional nine-speed lattice, e, can
be expressed as
(0,0) a=0,
c(cos[(a—1)%] sin[(@—1)5]) a=1,2,3,4, (5
V2¢(cos [2a—1)%] sin[2a—1)%]) a=5,6,7,8,

€En —

where e, represents the direction of velocity discretization,
and ¢ = 0x/dt denotes the lattice velocity, with dx and d¢ be-
ing grid spacing and time step, respectively.

The equilibrium distribution function can be expressed as

(ea-uw)? - —u?|, (©

u)+ 2¢2

3
eq __
@ = Oup |1+ 5 (€au)t 57

where w refers to the fluid velocity, ¢ stands for the lat-
tice speed, and the weighting coefficients @y are wy = 4/9,
0—4 =1/9, ws_g = 1/36. The local macroscopic density p
and the macroscopic fluid velocity u can be expressed as

p= Zfa(xvt)v

pu=Y eafulx,). 7

2.2. Physical-informed neural networks combined with
LBM

This section outlines the integration of LBM into a PINNs
framework to address fluid problems within a mesoscopic con-
text, resulting in the proposed T-PINN-LBM approach. It then
details the boundary conditions, loss function, and optimiza-
tion method employed in the study.

2.2.1. T-PINN-LBM

T-PINN-LBM constructs a mesh-free flow field simula-
tion framework by deeply integrating the physical constraints
of PINNs with the mesoscopic characteristics of LBM. Un-
like standard PINN-LBM architectures, T-PINN-LBM incor-
porates the TRWI method, which significantly enhances the
training stability and convergence efficiency of deep neural
networks.

Physics-informed framework
incorporating LBM

_fa 1 e
[Ra—ﬁﬁ'ea'vf"';(fa_faq)]

[BCS = Ly + L, + LEBC]
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Fig. 1. The framework of T-PINN-LBM.

As illustrated in Fig. 1, the T-PINN-LBM model consists
of two main components: (1) a neural network component,
and (2) a physics-informed component incorporating LBM.
The neural network structure of the T-PINN-LBM model takes
spatial coordinates x and time ¢ as inputs, and employs two
deep neural networks to output approximate equilibrium dis-
tribution function fg and approximate nonequilibrium distri-
bution function f5'9, respectively. Both networks use the hy-
perbolic tangent (tanh) as the activation function and are pa-
rameterized with adjustable depth and width. Their outputs
provide the predicted distribution functions at each spatiotem-
poral input, serving as inputs for the physics-informed residual
computation. To mitigate the vanishing gradient problem com-

monly observed in deep tanh networks, the TRWI method is
integrated into the PINN-LBM framework by initializing the
weights of the neural networks predicting the equilibrium and
nonequilibrium distribution functions, which ensures that the
activation values remain outside the saturation regions of the
tanh function. In contrast, standard PINN-LBM models typ-
ically rely on Xavier initialization, which lacks optimization
for deep tanh networks and often leads to poor convergence
performance when simulating complex flow dynamics.

The physics-informed LBM component of T-PINN-LBM
uses a discrete velocity model (DVM) to incorporate the LBM
physics. It takes the neural network outputs and, according
to Eq. (7), converts the predicted equilibrium and nonequilib-
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rium distribution functions into the macroscopic quantities u,
v, and p. These macroscopic fields are then used to compute
the residuals of the governing equations via automatic differ-
entiation (Autograd), forming the physics-based loss terms.
LBM plays a critical role by linking the neural network’s out-
put to macroscopic quantities via the discrete velocity model,
as shown in Eq. (7). This mesoscopic information introduces
physical consistency, improving the model’s stability, accu-
racy and universality, especially for complex flows. By in-
tegrating LBM, T-PINN-LBM leverages multi-scale supervi-
sion, enabling robust reconstruction of flow fields without re-
quiring extensive training data. The training process iteratively
updates the network weights to minimize these residuals, and
continues until a maximum number of iterations is reached.
The PDE residual is defined using the Eq. (3). It is worth not-
ing that the output dimensionality of the neural networks must
be configured according to the chosen DVM. For example, if
a D2Q9 DVM is used, then the equilibrium and nonequilib-
rium distribution outputs should each have 9 components cor-
responding to the 9 discrete velocity directions. In addition,
if other DVMs are desired, it is sufficient to change the corre-
sponding variables in the residual equation.

2.2.2. Tanh robust weight initialization method

To alleviate the activation/gradient decay problem preva-
lent in deep tanh networks, the TRWI method proposed by Lee

et al.1?]

is employed. This method improves the efficiency of
signal propagation by controlling the distribution of weights to
ensure that the activation values do not enter the saturation re-
gion. Specifically, the initialization weights follow a Gaussian

distribution as
Wy=Dy+ Zy, (8)

where Dy is a diagonal matrix with ones on the diagonal and
zeros in the off-diagonal positions, ensuring a uniform distri-
bution of the weights. Z, represents a Gaussian noise matrix,
with its elements following the N (0,62) distribution, where
o denotes the standard deviation of the noise. The standard
deviation is related to the number of layers and nodes in the
network as follows:

o

VN

where Ny;_; denotes the number of neurons in the preceding

O, =

(€))

layer, and « is a constant typically set to 0.085. With this ap-
proach, the network can achieve faster convergence and higher
stability without additional normalization, especially in the
case of deeper networks and limited data.

2.2.3. Loss functions and optimization methods

In addressing hydrodynamic problems, assuming known
initial and boundary conditions as well as governing equations,

the physical constraints of LBM are enforced during training
via minimization of the following loss function:

L:LEq+LIC+LBCa
—1Ne—1
LEq—*Z Z |Ra (x),1; { )
elx 0 j=0
-1

1
Llc*ﬁ Z |¢NNeq x/70)7¢* (xjﬂo)yzv
J=

1 Mozl

Lnc = 3 L [ (a17) — 07 (a1

2
N , (10)

where Ry (x,f) is the residual corresponding to the control
equation, which can be calculated by Eq. (3). The constructed
residuals are calculated as

3fa

Ra = o

ea-Vi+ lf (fa—fa'), @=0,1,...,8. (11)

In addition, Lgg, Lic, and Lgc denote the loss functions
of the residuals, initial conditions, and boundary conditions
of T-PINN-LBM. Specifically, ¢ represents the macroscopic
variables (u, v, and p), while @yn,, and ¢* denote the outputs
of NNy and the prescribed initial and boundary conditions,
respectively. N, N; and N, refer to the number of training
data points for the control equations, initial conditions, and
boundary conditions, respectively. Furthermore, as shown in
Fig. 1, Lgc in the T-PINN-LBM framework also consists of
three terms. L. enforces prescribed macroscopic density
and velocity, Lz, constrains the non-equilibrium distribution
function for incoming directions, and Lg,. ensures that out-
going distributions satisfy the steady-state Boltzmann-BGK
equation.

During the training process of the neural network model,
two distinct optimizers, Adam!?®! and L-BFGS, *7! are intro-
duced, both effective in minimizing the loss function and up-
dating model parameters. To accelerate the training process,
a combination of Adam and L-BFGS optimizers is utilized in
the training phase. During the initial training phase, the Adam
optimizer is employed until the loss falls below a predefined
threshold; subsequently, optimization proceeds with L-BFGS
This
strategy leverages the complementary strengths of both opti-

for up to the specified maximum number of iterations.

mizers to enhance model convergence.

3. Results and analysis

In this section, the proposed T-PINN-LBM model is eval-
uated using the classical lid-driven cavity flow benchmark
problem in fluid dynamics. We first assess the performance
of the proposed tanh-based weight initialization under varying
network sizes. Then, using a high-fidelity reference solution as

a baseline, we compare the accuracy of T-PINN-LBM against
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the vanilla PINN and the baseline PINN-LBM method. Fi-
nally, we test the stability of T-PINN-LBM for flows at higher
Reynolds numbers, where the vanilla PINN often fails.

3.1. Verification of the robustness of TRWI

As depicted in Fig. 2, the computational domain for the
lid-driven cavity flow is defined as a unit square [0, 1] x [0, 1].
No-slip velocity boundary conditions are imposed on the three
stationary walls, while the top lid translates in the x-direction
at a constant velocity (u = 1). The governing equations are
shown below:

du Jv

x oy O

du, du_ dp 1 (%

"ox v(?y_ dx Re\odx? oy?)’

dv  dv_ dp 1 [(d% 9%v
o e (Rt ap) 2

where the boundary condition for the pressure p is a direc-
tional derivative of O for all 4 walls, the boundary conditions
for the vertical velocity v are all 0, and the boundary condi-
tion for the horizontal velocity u is O for both the left and right
lower walls and 1 for the upper wall; the Reynolds number
Re = Lu/u = 100 characterizes the flow, where L is the length
of the cavity and u is the shear viscosity of the fluid.

This section presents experimental results demonstrat-
ing that the TRWI method provides greater robustness than
the Xavier initialization method across various network sizes,
while also achieving improved data efficiency. Feed-forward
neural networks of different depths and widths were con-
structed and their training performance evaluated within the
PINN-LBM framework. Specifically, networks with 5, 10,
20, 30, 40, 50, 60, and 80 hidden layers were tested, utiliz-
ing 4, 8, 16, 32, or 64 neurons per layer for each configura-
tion. In total, this yielded 40 distinct network configurations.
For each configuration, the PINN-LBM model was trained to

convergence using either the Xavier initialization method or
the TRWI method, with the final training loss recorded. All
models were trained using the Adam optimizer with a learn-
ing rate of 0.001 for 5000 iterations, using a training dataset
of 1000 boundary points and 10000 interior collocation points
randomly sampled across the domain.

(0,1) u=1,v=0 (1,1)

— m— m— — S— — S— S— s—

Fluid of unit density
(p=1)

[€&——No slip wallg=——>
(u=0,v=0)

(Q50) (1:0)

Fig. 2. Schematic diagram of square-cavity flow showing domain and
boundary conditions.

Table 1 summarizes the PINN-LBM training loss for dif-
ferent network depths and widths using the Xavier initializa-
tion method and TRWI method. Each row corresponds to a
different number of hidden layers, and each pair of columns
compares Xavier initialization and TWRI for a given number
of neurons per layer. As shown in Table 1, the Xavier ini-
tialization method tends to produce higher losses as the depth
of the network increases. In many cases, it either diverges or
yields large errors for very deep networks. In contrast, the
TRWI method consistently achieves much lower loss even for
very deep networks. In fact, for every tested network config-
uration, the TRWI method reached the lowest loss, indicat-
ing superior robustness. Notably, the proposed method elimi-
nates the need for extensive hyperparameter tuning and addi-
tional regularization that the Xavier-initialized networks often
require to train deep architectures.

Table 1. PINN-LBM loss for FFNNs with varying neurons and layers using the Xavier initialization method and the TRWI method.

4 neurons 5 10 20 30 40 50 60 80
Xavier 4.15%x107! 6.28x1072 6.09%x1072 5.53%x1072 4.16x107! 4.88%x107! 5.00x107! 5.00x1071
TRWI 861x10°2 423x10°2 354x10°2 297x10°2 310x102 324x10%2 733x10°2 7.28x102

8 neurons 5 10 20 30 40 50 60 80
Xavier 2.30%x10~! 8.67x1072 5.47x1072 4.48x107! 5.58x1072 5.00x107! 6.91x1072 5.99%1072
TRWI 714%x10°2  533x10°2  251x102 454x10°2 1.87x102 389x102 344x10°2 325x102

16 neurons 5 10 20 30 40 50 60 80
Xavier 4.44%1072 3.87x1072 4.28x1072 4.83x1072 4.42x1072 5.47x1072 5.00x107! 5.00x1071
TRWI 1.01x1072  824x103 619x103 714x103 623x103 798x103 754x103 7.49x10°3

32 neurons 5 10 20 30 40 50 60 80
Xavier 6.14x1072 5.03%x1072 4.13x1072 5.59% 1072 4.96x10~! 4.81x1072 5.00x107! 5.00%x107!
TRWI 997x103 831x103 601x103 684x103 519x103 6.08x103 587x103 592x1073

64 neurons 5 10 20 30 40 50 60 80
Xavier 4.96x1072 4.61x1072 4.16x1072 5.65%x1072 4.87x1072 5.00x10~! 5.00x10~! 5.98x1072
TRWI 597x103  524x103  4.03x103 478x103  426x103  497x103  4.06x103 379x103
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it is evident that PINN-
LBM with TRWI method outperforms the Xavier initialization
method for all tested network configurations. In many cases,

From the results in Table 1,

PINN-LBM with Xavier initialization method struggles as the
network becomes deeper. The loss increases or even fails to
decrease, indicated by the entries around 5.00x10~! which
In contrast, the TRWI
method achieves consistently low losses for deep networks, in-

suggest stagnation at a high value.

dicating stable convergence. This demonstrates the robustness
of the TRWI method in enabling training of very deep PINNs
models. It effectively removes the additional computational
overhead and hyperparameter tuning that would otherwise be
required to train deep networks with the Xavier initialization
method.

In addition to final losses, the data efficiency of the two
initialization methods was evaluated. Specifically, the reduc-
tion in mean absolute error (MAE) was analyzed as a function
of increasing collocation points. A representative deep neu-
ral network, comprising 40 hidden layers with 32 neurons per
layer, was employed to model a particularly complex config-
uration. Figure 3 plots the MAE of the trained models using
the Xavier initialization method and the TRWI method against
the number of collocation points used in training. Each model
was trained with the Adam optimizer for 400 iterations, and
the MAE was averaged over 5 independent runs. As shown
in Fig. 3, the MAE achieved with the TRWI method is signifi-
cantly lower than that with the Xavier initialization method for
various numbers of collocation points. Notably, as the num-

Reference u

1.00
0.69
0.38
0.08
-0.23

00 0.2 04 0.6 0.8 1.0

Predicted u

1.01
0.71
0.41
0.11
-0.19

OO 0.2 04 06 0.8 1.0

Reference v Predlcted v

0'00.0 02 04 0.6 0.8 1.0 0.0 02 04 0.6 08 1.0
x T

(a) Reference (b) PINN

1.0 0.25 1.0 0.19
0.8 0.06 0.8 ' 0.05
0.6 0.6
0.13 > 0.10 >
0.4 041
02 031 -0.24
050 0.0 -0.39

ber of collocation points increases beyond about 5000, the gap
in MAE between the two methods becomes even more pro-
nounced. This indicates that the TRWI method not only stabi-
lizes training for deep networks but also makes more efficient
use of training data to achieve higher accuracy.

0.01

= PINN-LBM
£

()

3

2

= 0.10

S

12

)

< [—— Xavier
F TRWI
<

=
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Fig. 3. Mean absolute error for models using Xavier initialization and
TRWI with different numbers of configuration points.

3.2. Validation of the accuracy of the T-PINN-LBM model

Next, the accuracy of the T-PINN-LBM model is vali-
dated on the lid-driven cavity flow and compared with base-
line methods. A network architecture of 6 hidden layers with
60 neurons per layer is selected for all models in this compar-
ison. All models were trained utilizing the Adam optimizer
(learning rate 0.001) over 80000 iterations to achieve conver-
gence. The training dataset comprised 1000 boundary points
and 20000 interior collocation points. Boundary points were
generated through random sampling of 1000 points along each
of the four boundaries, while interior points were randomly
sampled across the computational domain. No simulation data

or reference solution data are used during training.
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Fig. 4. At Re = 100: from left to right, these figures depict (a) the reference solution, the predicted solutions of (b) PINN, (c) PINN-LBM, and

(d) T-PINN-LBM of the lid-driven cavity flow.

Figures 46 illustrate the comparative results of the
PINN, PINN-LBM, and T-PINN-LBM models against the ref-
erence solution for the lid-driven cavity flow. These figures
present various visualizations of the flow field, such as the
reference solution, predicted solutions from different models,
pointwise absolute error distributions, and representative ve-

locity profiles. In particular, figure 4 shows the contour plots
of the velocity field for the reference solution and the predic-
tions by each model; figure 5 shows the contour plots of the
absolute error for each model; and figure 6 compares the hor-
izontal and vertical centerline velocity profiles of each model
with the reference solution.
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Fig. 5. At Re = 100: from left to right, these figures depict the absolute error between the predicted solutions of (a) PINN, (b) PINN-LBM, and

(c) T-PINN-LBM and the reference solution of the lid-driven cavity flow.
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Fig. 6. Comparison of the velocity slices of PINN, PINN-LBM and
T-PINN-LBM with the reference solution at position (a) x = 0.5 and
(b)y=0.5.

After training, the overall relative L2 error of each model
is computed with respect to the reference solution. In this ex-
periment, the resulting relative errors were PINN 1.19x 1071,
PINN-LBM 1.01x10~!, T-PINN-LBM 1.45x10~2. Thus, T-
PINN-LBM achieves a dramatically lower error compared to
PINN and PINN-LBM. This corresponds to roughly an 88%
reduction in error relative to PINN-LBM, highlighting the ef-
fectiveness of the proposed initialization method and frame-
work. While T-PINN-LBM achieves higher accuracy than
PINN, its computational efficiency is impacted by the added

complexity of LBM and deeper architectures, potentially in-
creasing training time. However, TRWI improves convergence
speed by stabilizing gradient propagation, partially offsetting
this cost. Compared to the vanilla PINN, T-PINN-LBM re-
quires more computational resources per iteration but achieves
lower errors with fewer iterations in deep networks. Future
work will focus on optimizing the model structure and training
algorithms to enhance efficiency, potentially through adaptive
sampling or parallelization. Furthermore, comparative exper-
iments across various network architectures are conducted to
assess the consistency of these results, as detailed in Table 2.

Table 2. Relative error comparison of the lid-driven cavity across vari-
ous network structures and models.

Network structure PINN PINN-LBM T-PINN-LBM
20 units & 2 hidden layers 4.53x107!  6.47x107"  7.42x 1072
40 units & 2 hidden layers 4.46x10~'  5.34x107!  6.65x 1072
60 units & 2 hidden layers 4.43x10~!  4.84x10~"  6.99 x 102
80 units & 2 hidden layers 4.44x10~!  2.53x10~"  6.17 x 1072
20 units & 4 hidden layers 3.02x10~!  5.11x10""  6.43x 1072
40 units & 4 hidden layers 2.31x10~"  3.14x107!  5.02x 1072
60 units & 4 hidden layers 1.28x10~!  1.73x10~"  2.06 x 102
80 units & 4 hidden layers 1.19x10~!  9.86x1072  2.10 x 102
20 units & 6 hidden layers 3.06x10~!  4.09x10~"  3.04 x 102
40 units & 6 hidden layers 1.24x10~'  257x10~!  1.88 x 1072
60 units & 6 hidden layers 1.19x10~!  1.01x10~"  1.45x 1072
80 units & 6 hidden layers 1.15x10!  9.34x1072  1.50 x 102
20 units & 8 hidden layers 1.60x10~! 1.76x10~"  2.95x 102
40 units & 8 hidden layers 1.28x10~'  9.89x1072  2.12x 1072
60 units & 8 hidden layers 1.25x10~!  9.34x1072  2.96 x 102
80 units & 8 hidden layers 9.79x1072  7.54x1072  1.72x 1072

To further quantify performance, Table 2 lists the relative
error of the lid-driven cavity flow solution for different net-
work sizes and for the three models. Each row in Table 2 cor-

responds to a specific network architecture. The architecture
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is defined by the number of neurons per layer and the number
of hidden layers. It can be seen that across all tested con-
figurations, T-PINN-LBM consistently yields the lowest error,
often by a wide margin. For smaller networks (e.g., 2 hid-
den layers), the performance of PINN-LBM may not surpass
that of PINNs. This is likely due to the limited representa-
tional capacity and the added complexity of the LBM module,
which cannot be effectively leveraged with such shallow ar-
chitectures. However, as network size increases, PINN-LBM
generally outperforms PINN, and T-PINN-LBM outperforms
both in all cases, demonstrating strong performance and ro-
bustness in every scenario. Typically, T-PINN-LBM achieves
an order-of-magnitude improvement in accuracy over PINN
for comparable network sizes. These results underline that the
proposed framework not only improves accuracy for a given
model size, but also scales well with larger network architec-
tures.

Figure 7, which presents the data from Table 2, demon-
strates that the T-PINN-LBM model consistently outperforms
both the PINN and PINN-LBM models across all evalu-
ated network architectures. Typically, T-PINN-LBM achieves
about an order of magnitude lower error than PINN for a
given network size. Furthermore, figure 7 shows that PINN-
LBM can be less effective for relatively small networks, and
in some cases it even performs worse than PINN. This sug-
gests that without proper initialization or sufficient capacity,
the added complexity of LBM component might not pay off.
However, with TRWI method, T-PINN-LBM consistently de-
livers strong accuracy and robustness in all cases, and the per-
formance gap widens as the network complexity increases.
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Fig. 7. Visualization of the relative error comparison for the lid-driven
cavity across different network structures and models.

3.3. Validation of the stability of the T-PINN-LBM model
for high Reynolds number problems

Previous literature indicates that the vanilla PINN frame-
work struggles to address the benchmark problem for
Reynolds numbers (Re) exceeding 100, with certain enhanced
PINN variants maintaining accuracy and stability only for
moderate Reynolds numbers (e.g., Re < 500).1282°1 This sec-
tion evaluates the performance of the T-PINN-LBM model in
simulating high Reynolds number cavity flows, comparing its
efficacy against that of the vanilla PINN in these regimes.

Experiments are conducted for lid-driven cavity flow at
increasing Reynolds numbers. The same neural network con-
figuration as before is used, and the PINN and T-PINN-LBM
models are trained using the Adam optimizer. For each case,
the governing PDE residual and boundary conditions are en-
forced at 20000 random interior points and 2000 uniform
boundary points. Following training, the relative L2 error of
the solution was assessed on a refined 500 x 500 grid span-
ning the computational domain.

1.00

0.10

—e— PINN
—— T-PINN-LBM

Relative L2 error

0 1000 2000 3000 4000
Re

Fig. 8. Solving for prediction errors in the lid-driven cavity flow with
different Re.

Figures 8—12 show the results for various Reynolds num-
bers. Figure 8§ summarizes the prediction error of the vanilla
PINNs and T-PINN-LBM models at different Re. Figures 9—
12 show qualitative comparisons of the flow field predictions
with the reference solution at different Reynolds numbers
(500, 1000, 2500, and 4000). Each of Figs. 9-12 includes the
reference solution and the predictions by PINN and T-PINN-
LBM for the given Re, allowing visual assessment of accuracy
and stability.

The results demonstrate a stark contrast in performance.
For Reynolds numbers beyond a certain threshold (Re = 250),
the vanilla PINN fails to obtain correct solutions. It either di-
verges or predicts unphysical flow patterns. In contrast, T-
PINN-LBM is able to produce accurate solutions even for
Re as high as 4000. This is a significant finding, as it in-
dicates that the proposed PINN-LBM framework, augmented
with TRWI, can solve much more challenging fluid dynamics
problems than the vanilla PINN. The ability to handle higher
Reynolds numbers means that T-PINN-LBM can tackle more
complex and realistic engineering flow problems, which are
often characterized by high inertia and nonlinearity. In Fig. §,
one can see that the error of the vanilla PINN increases dra-
matically or the solution fails altogether as Re increases above
250, whereas the error of T-PINN-LBM remains low and the
method continues to converge for Re up to 4000. Figures 9—
12 further illustrate that the predictions of the vanilla PINN at
high Re are incorrect. In many cases, the model fails to cap-
ture even the basic flow structures. In contrast, the predictions
of T-PINN-LBM closely match the reference solution, even at
Re = 4000.
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Fig. 9. At Re = 500: comparison of predicted values of (a) the reference solution, (b) PINN, and (c) T-PINN-LBM.
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Fig. 10. At Re = 1000: comparison of predicted values of (a) the reference solution, (b) PINN, and (c) T-PINN-LBM.
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Fig. 11. At Re = 2500: comparison of predicted values of (a) the reference solution, (b) PINN, and (c) T-PINN-LBM.
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Fig. 12. At Re = 4000: comparison of predicted values of (a) the reference solution, (b) PINN, and (c) T-PINN-LBM.

These findings highlight the enhanced stability and accu-
racy of our method in regimes where the vanilla PINN strug-
gles. The improvements can be attributed to the combination
of LBM’s strength in handling fluid advection and turbulence
and the robust training provided by TRWI. This synergy en-
ables the neural network-based solver to maintain stability and
accuracy in solving PDEs at high Reynolds numbers, greatly
extending the applicability of PINNs to more complex fluid
dynamics problems.

4. Conclusions

In this paper, we presented the T-PINN-LBM model,
which achieves superior accuracy and robustness compared to
the vanilla PINN and PINN-LBM approaches for steady flow
simulations without any data-driven supervision. By introduc-
ing TRWI method grounded in fixed-point analysis, we signif-
icantly improved gradient propagation and activation distribu-
tion in deep and wide neural networks, enabling stable con-
vergence and low error across different network scales. Ex-
periments on the lid-driven cavity flow demonstrated that, rel-
ative to Xavier initialization, T-PINN-LBM reduced the rel-
ative error by about 88% in this benchmark case. Further-
more, T-PINN-LBM was shown to successfully handle flows
at Reynolds numbers up to 4000, a regime where the vanilla
PINN failed to produce correct solutions.

The proposed model accurately captures complex flow
structures without requiring any prior simulation or experi-
mental data, thus providing a new viable path for data-free
fluid simulation. We expect that this approach can be extended
to more complex scenarios. To address unsteady flows, partic-
ularly at high Reynolds numbers where transient effects are
significant, we plan to extend the T-PINN-LBM model in fu-
ture work by incorporating time-dependent governing equa-

tions. This will enable the simulation of transient flows at high
Reynolds numbers. Additionally, we aim to explore the appli-
cation of the TRWI method to three-dimensional and multi-
phase flow problems, integrating adaptive activation functions
and dynamic sampling strategies to further enhance the effi-
ciency and accuracy of physics-informed fluid simulations in
the absence of data.

Program availability
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at https://doi.org/10.57760/sciencedb.28294.
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