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The measurement of the pairing gap is crucial for investigating the physical properties of superconductors or su-
perfluids. We propose a strategy to measure the pairing gap through the dynamical excitations. With the random phase
approximation (RPA), we study the dynamical excitations of a two-dimensional attractive Fermi—Hubbard model by cal-
culating its dynamical structure factor. Two distinct collective modes emerge: a Goldstone phonon mode at transferred
momentum g = [0,0] and a roton mode at ¢ = [, w]. The roton mode exhibits a sharp molecular peak in the low-energy
regime. Notably, the area under the roton molecular peak scales with the square of the pairing gap, which holds even
in three-dimensional and spin—orbit coupled (SOC) optical lattices. This finding suggests an experimental approach to
measure the pairing gap in lattice systems by analyzing the dynamical structure factor at ¢ = 7, 7t].

Keywords: attractive Fermi—Hubbard model, superfluid, dynamical excitations, roton mode, pairing gap mea-
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1. Introduction

The superfluid state of quantum many-body Fermi gases
exhibits a nonzero pairing gap (order parameter) originat-
ing from the Cooper pairing. Developing a convenient
method to measure this pairing gap is essential for un-
derstanding many-body pairing phenomena and dynamical
excitations.  Currently, the pairing gap is primarily ob-
tained by virtue of various excitation processes, such as the
momentum-resolved photo-emission spectroscopy!!? and the
radio-frequency spectroscopy.>=! However, these techniques
encounter significant challenges in systems with complex
band structures.®!!] Notably, the dynamical excitations of-
fer a powerful alternative for probing the pairing correlations.
These excitations are encoded in the dynamical structure fac-
tor, which can be experimentally measured through the two-
photon Bragg spectroscopy.!1>~18]

In continuous Fermi gases, the collective modes are typi-
cally probed at a small transferred momentum q, whereas the
single-particle excitations of the unpaired and paired atoms
emerge at a relatively larger g. Specifically, the excita-
tions of the paired atoms correspond to the bosonic molecu-
lar excitations. In 2008, Vale et al. investigated the single-
particle excitations at large transfer momenta ¢>>kg. They

observed that the molecular scattering peak gains increas-
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ing spectral weights as the interaction is tuned from the
Bardeen—Cooper—Schrieffer (BCS) regime to Bose—Einstein—
Condensate (BEC) regime, a behavior distinct from the atomic

[12] Later, they investigated the Goldstone phonon

scattering.
mode and pair-breaking excitation at small g, revealing an
interaction-induced suppression of the sound speed.!'3! Sub-
sequent work demonstrated that the bosonic molecular excita-
tions are sensitive to variations in the pairing gap.!'#! Biss et
al. experimentally characterized the phonon dispersion across
the BCS-BEC crossover using the Bragg spectroscopy.!!”!
Theoretical studies have extensively explored the dynamical
structure factors of three-dimensional (3D) Fermi gases.!!-%7]
For two-dimensional (2D) superfluid Fermi gases, recent ex-
periments using the two-photon Bragg spectroscopy mea-
sured the dynamical structure factor across the entire in-
teraction strengths.?8! Notably, Vitali et al. used the ex-
act quantum Monte Carlo (QMC) method to investigate the
spectral weight redistribution between the molecular and
atomic excitations.*”! Several theoretical works on other low-
dimensional Fermi gases have investigated the dynamical ex-
citations through the dynamical structure factor. 30311

For the discrete ultracold atomic gases, the optical lat-
tice systems generated by superimposing orthogonal stand-
ing waves provide an ideal platform for simulating crys-

5 13233

talline physic | These systems are well described by the
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Bose—Hubbard or Fermi—Hubbard models.?4*¢ The attrac-
tive Fermi—Hubbard model, in particular, has drawn signifi-
cant theoretical interest due to its relevance to the strongly cor-

5 [47-57] Experimentally, this

related condensed matter system
model has been realized in cold atom systems.>8-631 How-
ever, to date, no experimental measurement of the dynami-
cal structure factor has been reported for 2D optical lattices.
Vitali et al. numerically investigated the dynamical struc-
ture factor of the half-filled attractive Fermi—Hubbard model
on a square optical lattice using the QMC simulations. %4
Their work revealed both the low-energy two collective modes
and higher-energy single-particle excitations along the high-
symmetry Brillouin zone (BZ) directions. However, the rela-
tionship between the roton mode and the pairing gap on an
optical lattice remains unclear.

In this paper, we theoretically investigate the doping-
dependent dynamical excitations in 2D Fermi superfluids on
optical lattices across weak to intermediate coupling regimes.
Through detailed analysis of the dynamical structure factor,
the key features of both the collective modes and the single-
particle excitations are demonstrated, particularly focusing on
the roton molecular peak at ¢ = [, 7]. This peak provides
a novel strategy for measuring the pairing gap in doped sys-
tems with the breaking of particle-hole symmetry, namely, the
square of the pairing gap scales linearly with the area under
this peak. Notably, this strategy extends to the SOC Fermi
gases on an optical lattice, where the complex band structure
makes it difficult to directly measure the pairing gap.(®3)

This paper is organized as follows. In Section 2, we use
the equations of motion of the Green’s functions to solve the
2D Fermi—Hubbard model in mean field approximation, and
self-consistently obtain the chemical potential and pairing gap.
In Section 3, we introduce how to calculate the dynamical
structure factor with random phase approximation (RPA). We
display results of dynamical structure factor at half-filling and
compare with the QMC results in Section 4. In Section 5, we
present results when the system is away from half-filling, and
discuss the hopping dependence of the sound speed and the dy-
namical excitations at a transferred momentum q =[x, ]. We
check the doping dependence of dynamical structure factor in
Section 6. Finally we give our conclusions and acknowledg-
ment, and provide some calculation details in Appendix A.

2. Model and Hamiltonian

An attractive Fermi—Hubbard model in 2D square optical
lattices can be described by a Hamiltonian in spatial represen-
tation as follows:

H = —t ZCZGCjO- — ,UZC,TO-CiO'
(ij) i

~vYy.cicicicy, (1)
i

where (ij) means the nearest-neighbor sites on the lattice.
Cfc (Cis) is the creation (annihilation) operator of a particle
with spin ¢, hopping energy ¢ and chemical potential u at
site i. The Hubbard energy U > 0 is the strength of the on-site
two-body attractive interaction. In the following discussions,
U is set to be the unit energy, while the lattice length ag is used
as unit length. Within the mean field theory, the four-operator
interaction Hamiltonian can be dealt into a two-operator one
with the definition of pairing gap A = U <C,~ lCiT>~ The pair-
ing gap A can be chosen to be a real number in the ground
state. Then the above Hamiltonian is displayed into a mean-
field one, whose expression in momentum space reads

Hyr = ZékC;GCkc
ko

2
— Z(A*Cle,kT—i—H.c.H—%, )
k
where &, = —Zti, — 1 and Yy, = (cosky +cosky) /2. The near-
est lattice number satisfies Z = 4 for 2D square lattice.

The above mean-field Hamiltonian can be solved by
the equations of motion of the Green’s functions. Here
we define the diagonal Green’s function G(k,7 — 17') =
—(T+Cio(T)Chs (7)) and off-diagonal one I'f(k,7 — 1) =
—(TTCLCT(T)C,Te (7). The diagonal Green’s function is re-
lated to the normal particle density and the off-diagonal
Green’s function is related to the singlet Cooper pairing in-
formation. Their expressions in momentum and energy repre-
sentation are given by

1 (1+&k/Ex 1 -Ek/Eg
Gk == 3
( ,(D) 2( w—Eg + o+ E ’ (a)
A* 1 1
I'(k,0)= — 3b
( 7(0) 2Ey <(J)—Ek (J)—|—Ek.,)7 (3b)

where Ej, = (/&2 +|A|? is the quasiparticle spectrum. The

chemical potential p and pairing gap A are determined by
self-consistently solving the density equation and pairing gap

n = ! (1&9)tanh(Ek),
-~ Ex 2T
1 Ey
1 = ——tanh [ — ). 4
N L 3E, <2T) @

‘We have set Boltzmann constant kg = 1, and will consider a

equation

typical low temperature 7 /U = 0.01 (close to zero) in the fol-
lowing analysis.

Generally, the pairing gap A exhibits an inverse depen-
dence on the hopping strength . We plot A as a function of
t for different particle densities n in Fig. 1. When ¢ is large,
A asymptotically approaches zero, indicating a phase transi-
tion from a superfluid to a normal state. Furthermore, A is
significantly suppressed as n decreases. It should be noted
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that A under the mean-field theory is overestimated com-
pared with the corresponding QMC results.[®*! For example,
at half-filling (n = 1.0) with ¢ /U = 0.25, the mean-field theory
yields A /U = 0.345 while the QMC predicts A /U = 0.1825.
Experimentally, the formation and spatial ordering of non-
local fermion pairs in an attractive Fermi—Hubbard system
are directly observed using two-species degenerate “°K atomic

gases. 03]

AJU

t/U

Fig. 1. Pairing gap A as a function of ¢ for n = 1.0 (black solid line),
n = 0.8 (red dashed line) and n = 0.6 (blue dotted line).

3. Dynamical structure factor and random
phase approximation

In this section, we introduce the main idea of the random
phase approximation (RPA). The RPA provides an approach to
systematically investigate the dynamical excitations by incor-
porating quantum fluctuations beyond the mean-field theory.

In a superfluid system, there are four different densi-
ties, with the normal spin-up/spin-down 7} = <CiT¢CiT>’ fip =
<CZ.ZC,- 1), and the two anomalous densities describing Cooper
pairing i3 = (G;|Cit), fis = <C1'TTC1T¢>" These four densities are
coupled with each other through the finite interaction, where
any perturbation in one density induces the correlated fluctu-
ations in other densities. Within the linear response theory,
the small external perturbation potential V.4 and density fluc-
tuations dn are connected with each other through the full re-
sponse function j, namely, 6n = ¥ Vex.

The mean-field theory neglects the contribution from the
fluctuation term of interaction Hamiltonian, failing to pre-
dict the dynamical excitations in interacting systems. In or-
der to incorporate the quantum fluctuations, %81 the RPA
has been proven to be a reliable method for calculating )
beyond the mean-field level. In a 3D BCS-BEC crossover
Fermi superfluid, the dynamical excitations obtained from
RPA theory even quantitatively agree well with the experi-
mental results.['>21:231 Similarly, the 2D RPA incorporating
the density fluctuations can qualitatively reproduce the corre-
sponding QMC data.®%) These results indicate that the RPA
approach can provide qualitatively reliable predictions for the
dynamical excitations of a 2D lattice Fermi superfluid.

The main idea of the RPA is to treat fluctuation Hamil-
tonian as part of an effective external potential. This theory
establishes the relationship between the full response function
x beyond mean-field level and its mean-field response func-
tion xo,

XO(Qa i(l),,)
14+ x%¢q,iw,) UG’

x(q,io,) = )
Here G = 0y ® 0, is a direct product of unit matrix og and
Pauli matrix o,.

The numerical calculation of mean-field response func-
tion % is easy to gain, and its expression is given as

X X A3 A
Plaio)= | B B B Ll
1 Xn X33 X3
X X Xy Xis
The dimension of x° demonstrates the coupling situation
among the four density channels. These 16 matrix elements
are obtained through the corresponding density—density corre-
lation functions derived from the previously defined Green’s
functions. Due to all possible symmetries of the system, only
6 of these matrix elements are independent, i.e., x{; = x5,
X?z = 7531 = _7523 = _%24’ Xg)l = ng = 75?4 = 9534’ 9&?1 =
X% = x5 = x5 The symmetry of the matrix is closely related
to the symmetry of the Green’s functions, such as I' (k, ®) =
I' (k,0) =T (k,—®), which leads to %, = x9,, where x{, =
- <TTC'TT(7°, 7)Cy (7, T)CI(’I’/, ‘L")Ci(r’,r’)>. Based on Wick’s
theorem, x\, = —I'"(r — 7/, 71— ¢')['(r' —r,7 — 7). Their
expressions are listed in Appendix A.
The total density response function y,, is defined by x,, =
X11+ X12 + X21 + X22, and its expression is given as

- 20
9 o, = 7
Tn(2 i) x2+Ux ™
where
XA 20U 2x5U
X = 2, 1+x5U —xLU |, (8a)
X3 —XhU 1+ x5U
0 0
X0 = 1+X34U leU (Sb)

—xhU 14+ 25U |

According to the fluctuation—dissipation theory, the density
dynamical structure factor S(q, @) is connected to the imag-
inary part of the density response function J,, by

5(q,0) = Iy (q,i0, > 048),  ©)

where g and @ are respectively the transferred momentum and
energy. O is a small positive number in the numerical calcula-
tion (usually we set 6 = 0.003).
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4. Results at half-filling

We first study the dynamical structure factor of 2D at-
tractive Fermi—Hubbard model at half-filling (n = 1). By an-
alyzing the density dynamical structure factor S(q, ®) under
different transferred momenta g, both the collective excita-
tions and single-particle excitations of Fermi atomic gases
can be obtained. We calculate the energy and momentum
dependencies of S(q,®) and present its spectral weight dis-
tribution along the high-symmetry directions in the BZ for
varying hopping strengths ¢/U, as shown in Fig. 2. In the
low-energy region, S(q, ) displays sharp peaks, signaling the
presence of two gapless collective modes. The first mode,
emerging from g = [0,0], increases nearly linearly with mo-
mentum along both [0,0] — [7,0] and [0,0] — [r,x]. This
behavior is characteristic of a phonon mode originating from
the spontaneously U (1) symmetry breaking of pairing gap (or
order parameter). The slope of this mode at ¢ = [0,0] de-
fines the sound speed. The second mode is the roton mode
appearing near g = [, 7|. Its emergence can be attributed to
a global pseudospin SU(2) symmetry breaking.[%371.721 Ow-
ing to the particle-hole symmetry of the Hamiltonian (1) at
n = 1, the fluctuations of superfluid and charge density wave
(CDW) become degenerate, leading to the appearance of the
gapless roton mode. As the momentum increases, the phonon
mode gradually merges into the single-particle excitations, ac-
quiring a finite expansion width because of the scattering pro-
cesses with the single-particle excitations. The existence of
these two collective modes has been confirmed by the QMC

simulations. [04]
0D _Gm ——1g0-6
| ()| 3{(®) | Bu |
2
2 2 AFa | F
3| 00) (x0) ‘ Wl
1 1
Roton -
0 0 0
6 ©] °’T@
o4 6
~
3
2 % 3 ﬁ
0= 0

0,0 (m0)  (mm)  (0,0)(0,0)  (m0)  (mm)  (0,0)
q q

Fig. 2. Color maps of the dynamical structure factor S(q, @) as func-
tions of transferred energy and momentum along the high-symmetry di-
rections for hopping strength (a) /U = 0.25, (b) 0.4, (¢) 0.7, and (d) 1.0
at half-filling n = 1. The red dashed line marks the dispersion of Eq. The
green dotted line indicates the minimum energy to break a Cooper pair.
Inset in (a): a quarter of the first BZ and three high-symmetry directions
(red arrows).

In the high-energy regime, the dynamical excitations are
dominated by the single-particle continuum band arising from
the pair-breaking effect. The energy required to break Cooper
pairs at a certain transferred momentum q, given by Ey 4 +

E}, is determined by the quasiparticle spectrum Eg. This pair-
breaking process generates a continuous excitation band, with
its minimum energy threshold min[Ex4 + Ex] marked by a
green dotted line in Fig. 2(b). This horizontal green line corre-
sponds to the transferred energy @ = 2A, representing the min-
imum pair-breaking threshold and providing an experimental
strategy for measuring the pairing gap. However, this mea-
surement strategy becomes unreliable in systems with com-
plex band structures (e.g., under SOC), where the threshold
varies with g. As evident in Fig. 2, increasing ¢ shifts the
threshold toward the low energies due to the suppression of
the pairing gap. Furthermore, compared with the RPA results,
the QMC simulations reveal that the upper single-particle exci-
tation branch has significantly lower energy, highlighting the
RPA’s limitations in strong interacting systems. To address
this, we introduce the quasiparticle coherent weight Zg[74-77]
and a normal-state full Green’s function incorporating many-
body interaction: g(k,®) =1/(w — &, — X(k, ®)), where the
self-energy X(k,w) is decoupled as X(k,m) = X.(k,0) +
X, (k,®). The Zp is defined as Z; ' (k, ®) = 1 — Z,(k, ®).
Under the static limit approximation, Zp = Zp(k = kp,® = 0)
by taking the Fermi momentum k = kp, simplifies the full
Green’s function to g(k, ) = Zg /(0 — Zp&r) = Zp/ (0 — &),
where Ek = Zr&y, is the renormalized energy spectrum. For
the non-interacting systems, Zg = 1. Increasing the interac-
tion strength reduces Z, lowering the upper branch energy. In
superfluids, Zg also suppresses the pairing gap, explaining the
smaller pairing gap observed in QMC compared with the RPA
results. In this paper, we do not discuss the effect of Zp.

The band width of the single-particle excitations W in-
creases with the hopping term ¢, specifically, W = 8¢. Along
[0,0] — [&,m] direction, S(g,®) exhibits a distinct upper
boundary, marked by the blue arrow in panel (b), described
by

E, =Wsin(q/2) = 8rsin(q/2). (10)

The lower contour, marked by the black arrow in panel (b), is
obtained as

Eq = 1.83sin(q). (11)

The red-dashed line represents the dispersion of E4q. Phys-
ically, Eq does not correspond to a collective mode but is
analogous to the 1D lower boundary of Eg = 4tsin(q) at
U = 0.19979 In the Heisenberg model, E4 corresponds to
the des Cloizeaux—Pearson (dCP) dispersion.[’”) Here, due
to the pairing gap, the prefactor is reduced to 1.83, yielding
Eq = 1.83sin(q). Notably, E4(q) exhibits double periodicity
compared with E,. Both E, and Eq4 arise from the single-
particle excitations, which can be understood by #Awgg =
Ekrq — Ek. Along [0,0] — [m, 7], this simplifies to hogq =
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8tsin(k +q/2)sin(g/2). When sin(k+ q/2) = 1, the max-
imum excitation occurs, yielding iwgs* = 8tsin(g/2) = Eu.
At n = 1, the Fermi momentum kg = /2. When k = kg, the
excitation energy reduces as imgq = 4t sin(q) = Eq.

5. Results away from half filling

Doping modifies the particle density and shifts the Fermi
energy, thereby significantly impacting the dynamical exci-
tations. The particle density is given by n = 1 — §, where
denotes the doping concentration. We analyze the energy and
momentum dependencies of S(g, ®) at n = 0.8 (away from the

0.6
@) 5 (b)
2
U,
o y & ||
3 s g
1
0 - 0 honon — 0
9
6 () (d)
6
S 4
~
3
2 3
ﬁ ~
0

04
(0,0)  (m0) (mm)  (0,0) (0,0)  (m,0) (mm)  (0,0)
q q
Fig. 3. S(q, w) along the high-symmetry directions for (a) /U = 0.25,
(b) 0.4, (c) 0.7, and (d) 1.0 at n = 0.8. Panel (b) shows Ejy splitting into

Uq4 and Dy (blue dotted lines) induced by doping.

half-filling). In Fig. 3, we present the contour plots of S(q, ®)
along the high-symmetry directions in the BZ for varying hop-
ping strengths. Three key differences emerge when comparing
n = 0.8 with the half-filling, namely, the molecular excitations
at ¢ = [r, 7], the split of Eg4, and the doping-dependent vari-
ation of the sound speed. These differences are elaborated in
the following three subsections.

5.1. Molecular excitations at ¢ = 7, ] and its related pair-

ing gap

Compared with Fig. 2, the roton mode minimum at [7, 7]
moves above the zero energy when n = 0.8. Away from the
half-filling, the particle—hole symmetry of the system is bro-
ken, resulting in opening a gap in this roton mode. In op-
tical lattices, this gapped roton mode remains well separated
from the single-particle excitation band and is interpreted as
the molecular Cooper-pair excitations here.!”!l To show this
clearly, Fig. 4 displays S(q,®) as a function of @ for vary-
ing ¢, with insets highlighting the atomic excitation regime.
Obviously, S(g,®) exhibits two distinct features. First, a
sharp low-energy peak corresponds to the excitation of the
bosonic molecules from a molecular condensate. Second, a
broad high-energy single-particle excitation band arises from
the atomic (particle-hole) excitations. As ¢ increases (U de-
creases), the weight of the molecular peak decreases while the
atomic excitation band increases quickly.

250
(a) 0 M\Iolecular excitaion (b) 1.0

200 5 ) o r 0.5F
’? Atomic excitaion
& 1507 Yo 1T % 3 r I T S S
IT w/U w/U
= 100 F
@ 50L Molecular excitation - Rg(;tpon

0 1 1 L 1 1
250
(C) 1.0 (d) 1.0
5 20 051 r 0.5} M
5 )
< L 0 . . . L R
£ 150 0 1 2 3 R R S R
Il w/U w/U
= 100 F
5
50 IAN L
0 A . . ! . . A

0 0.1 0.2 0.3 0.4
w/U

05 0 0.1 0.2 0.3 0.4 0.5

Fig. 4. S(q = [n, 7], ) as a function of ® for the hopping strengths (a) /U = 0.25, (b) 0.4, (c) 0.5, and (d) 0.7 at n = 0.8. Insets magnify the

atomic excitation regime.

The spectral weight of the molecular peak can be quan-
tified by integrating its intensity over frequency, yielding the
peak area Apeax. In Fig. 5, we plot Apeqx (pink dotted line) as a
function of the hopping strength ¢, compared with the square
of the pairing gap A? (green solid line). Our results reveal that

Apeak has almost the same ¢ dependence as A2. Both quan-
tities exhibit particularly large values at small ¢ and decrease
gradually as ¢ increases from the intermediate to the weak cou-
pling regime. This correlation indicates that A? governs the
molecular excitation at ¢ = [, 7], suggesting that A can be
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experimentally measured by detecting S(q = [&, 7], ®). It is
worth noticing that this measurement method is universal. For
3D cubic optical lattices, our calculations confirm that Ape,
at the roton mode q = [x, 7, 7t] remains proportional to A2,
demonstrating dimensional independence. Furthermore, this
method extends to the SOC Fermi systems, where conven-
tional methods for measuring A are hindered by the complex

band structures. [0
2 L
a,
< 1 {0.05 3
PR
0L L 0

0.2 0.4 0.6 0.8 1.0
t/U

Fig. 5. The area of the molecular peak Apeax (pink dotted line) and
the square of the pairing gap A2 (green solid line) as a function of ¢ at
n=0..

5.2. The split of Eg

Doping also significantly modifies the atomic excitations.
Compared with the half-filling case in Fig. 2, the boundary
Ej4 splits into two distinct branches upon doping. To elucidate
this effect, we calculate S(q = [7/2,7/2], ®) as a function of
o for varying doping concentrations at t/U = 0.4 in Fig. 6.

0.6

n=1.0

0.4F

[7/2, 7/2],w)

0.2

S(q

w/U

Fig. 6. S(q = [n/2,n/2],w) as a function of @ for n = 1.0 (black
solid line), n = 0.8 (red dashed line), and n = 0.6 (blue dotted line)
att/U =0.4.

In the low-energy region, a sharp peak emerges as a sig-
nature of collective mode excitations, while a broader higher-
energy band corresponds to the atomic excitations. Atn = 1.0
(red solid line), a characteristic peak at @/U = 1.83 (marked
by a black arrow) corresponds to Eg. However, for n = 0.8
(red dashed line) and 0.6 (blue dotted line), E4 splits into
two branches: Uy and D4, which also exist in the normal
state. This splitting is not induced by the interaction term
Hip = — Y1 (A*CrC_gy +H.c.) in Eq. (1). Moreover, as dop-
ing increases, the energy gap between Uy and Dy increases.
Along [0,0] — [m,x], the Fermi momentum is kp = /2 at
n = 1.0 and decreases with doping, thereby altering the single-
particle excitation spectrum.

5.3. Hopping dependence of sound speed

The sound speed of the Goldstone phonon mode is de-
fined by its low-energy dispersion in the limit @ — 0 and
q — 0, ¢s = ®/|q|. The sound speed depends sensitively on
the interaction strength, parameterized by ¢ /U. Figure 7 plots
¢ as a function of ¢, revealing that ¢y decreases with decreas-
ing ¢ from the intermediate to the weak coupling regimes. This
trend is qualitatively consistent with experimental observation
in Li Fermi gases.!!*?8] The qualitative behavior of ¢ can be
understood through its proportionality to the root-mean-square

Fermi velocity <V12;> which will be introduced in Fig. 9.

1.00
0.751
E 0.50
=
0.25¢ 03
08 06 04 02
t/U
0 1 )
0.8 0.6 0.4 0.2

t/U

Fig. 7. Sound speed c; as a function of ¢ at n = 0.8. Inset: <v}2;> Versus t.

6. Doping dependence of the dynamical struc-
ture factor

Here we discuss the interplay between dynamical exci-
tations and the doping concentration in the Hubbard model.
Figure 8 displays S(q, ®) along the high-symmetry directions
of the BZ for (a) n = 0.6 and (b) n = 0.4 with /U = 0.4.
Our results reveal two key doping-dependent features: the
molecular peak at ¢ = [, ] moves to the higher energy, en-
larging the roton gap; the sound speed exhibits a pronounced
doping dependence. To clarify this, we plot ¢; as a func-
tion of n in Fig. 9(a). Our results show that the sound
speed exhibits a non-monotonic doping dependence. It ini-
tially increases and then decreases as n increases. This be-
havior can be qualitatively understood within a weak interac-
tion theory,[”3] where ¢, is closely related to the root-mean-
square Fermi velocity, ¢; = \/<v12:> [1—UN(0)]/2, with N(0)
denoting the density of states (DOS) at the Fermi energy. The
DOS is computed as N(0) = (2)~2 [ d?k8 (&), and is pro-
portional to the Fermi surface length or n. The Fermi ve-

locity vp = &/ ak|k:[kpx7kp‘.] is evaluated at the Fermi wave
vector determined by ék:[kaka] = 0, with kg, 4 and A ob-
tained self-consistently for a given n (see Eq. (4)). We com-
pute the averaged squared Fermi velocity <v12;> = N%ka v%,
where the sum runs over Ny = 120 points along the Fermi sur-

face. We plot y/(v#) as a function of n in Fig. 9(b). It is

shown that 4/ <v12:> has qualitative agreement with the doping
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dependence of c,. At half-filling, vp exhibits strong anisotropy
across the BZ. As n decreases, the Fermi surface contracts,
reducing the vg anisotropy and aligning the system’s physical
properties with those of continuum Fermi gases. In the low-
momentum region, the cosine function can be expanded as
cosk a2 1 —k?/2, yielding that the energy spectrum of the op-
tical lattice can be approximated as &, ~ Zz(k2 + kf) —tZ—u,
which matches the continuum form &, = (k2 + kf) /(2m) — .

Moreover, as n — 0, N(0) — 0, and the sound speed simpli-
fies to ¢y = <v12:> /2, consistent with ideal continuum Fermi

gases.

@|>°

14 ‘

N (b)

Il v

w/U

0 . .
(0,0) (m,0) (m,m) (0,0)

Fig. 8. Color maps of S(q,®) for (a) n = 0.6 and (b) n = 0.4 with
t/U=04.
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Fig. 9. (a) ¢s and (b) 4/ <v12;> as functions of n forz/U = 0.4 (solid line),
0.5 (dashed line), and 0.7 (dotted line). Inset to (a): the corresponding
A as a function of n.

7. Summary

In conclusion, the doping and hopping dependencies of
the dynamical structure factor in the 2D attractive Fermi—

Hubbard model were investigated using RPA theory. Two
collective modes emerge: the phonon mode at small trans-
ferred momenta and the roton mode at transferred momentum
q = [, 7] regime. The roton mode corresponds to Cooper pair
molecular excitations. First, the area of the molecular excita-
tion peak at ¢ = [&, ] scales with the square of the pairing gap
at fixed doping. This observation motivates a universal strat-
egy for measuring the pairing gap, being applicable to both
2D/3D and SOC optical lattices. While this result is obtained
from the weak coupling to the intermediate coupling regime
within the RPA, we conjecture that it remains valid even for
strong interactions. Because this strategy does not depend
on dimension and SOC interaction. Furthermore, the relation
between the roton mode and the pairing gap is confirmed by
both Zhang’s theory and Dyke et al.’s Bragg experiments. It is
also essential to verify this strategy beyond the RPA. Second,
the atomic excitation peak splits into two branches when the
system deviates from half-filling, with the splitting magnitude
increasing with doping. Third, at a given doping, the sound
speed is suppressed by interaction strength and governed by
the root-mean-square Fermi velocity.
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Perceptually uniform color maps (‘lajolla’) are used in
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Appendix A

The mean-field response function }° of 2D interacting
Fermi atoms in a square optical lattice is numerically calcu-
lated, and all 6 independent matrices elements of xo are

20 = 72 [1+ §k§k+q:| {0
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The corresponding functions in above equations F,ilg Flg,

3

F,ifg are defined as

where

F) = A(k.q,im,) ~ B(k,q.im,),
F® =C(k,q.i®,) — D(k,q,io,),
F) = A(k.q.i0,) + B(k,q,io,),
FY = C(k,q,i0,) +D(k, q,iw,), (A1)
. f(Ek) = f(Ek+q)
A(kaq; la)n) - iwn + (Ek 7Ek+q)7
. f(Ek)— f(Ekiq)
B(k7qa 1wn) - la)n _ (Ek: _Ek:+q)7
. 1= f(Ek) = f(Ex+q)
C(kaqalwn) - _ (Ek+Ek+q) )
. 1= f(Ex)— f(Eksq)
D(k’qalwn)* iwn+(Ek+Ek:+q) 9 (AZ)

f(Eg) and f(Eg4q) are Fermi distributions.
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