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SPECIAL TOPIC — Advanced magnonics

Current-driven inertial domain wall dynamics in ferromagnet
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We investigate the inertial domain wall (DW) dynamics driven by spin-polarized current in ferromagnets. The exact
solutions reveal an upper limit for DW velocity, given by V < 1/y/at. This indicates that damping and inertia become the
key factors in achieving higher DW speeds. For the case of uniaxial anisotropy, we analyze the effects of inertia and current
on DW dynamics. Due to inertia, the DW velocity, width, rotation frequency, and wave number are mutually coupled.
When the DW width varies slightly, the velocity decreases rapidly while the magnetization precession frequency increases
sharply with the inertia term. However, once the rotation frequency exceeds its maximum value, both the DW velocity
and rotation frequency gradually decline. Regarding current-driven dynamics, we identify a critical current j;. that directly
triggers the Walker breakdown. For currents below this threshold j; < ji, the absolute DW velocity increases with current,
whereas it decreases for j; > ji.. During this process, the DW velocity rapidly peaks under current drive, accompanied
by the magnetization rotation frequency nearing its maximum and minimal variation in DW width. These results suggest
that the DW behaves like a classical rigid body, reaching its maximum velocity as it approaches peak rotational speed. For
biaxial anisotropy, we derive analytical solutions. The competition between hard-axis anisotropy and inertia causes the
DW magnetization to lose its spiral structure and rotational symmetry. The inertia effect leads to a slow initial decrease
followed by a rapid increase in DW width, whereas current modulation gradually widens the DW. The analytical solution
also reveals another critical current, jjmax = /@/7/B, which scales with the square root of the inertia-to-damping ratio

and is inversely proportional to the nonadiabatic spin-transfer torque parameter f3.

Keywords: inertial effect, ultrafast magnetism, domain wall dynamics
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1. Introduction

Spin dynamics serves as the cornerstone for advancing
next-generation spintronic and magnetoelectronic technolo-
gies. Pioneering experiments on magnetic materials at sub-
picosecond and femtosecond timescales have revolutionized
our fundamental understanding of ultrafast magnetic phenom-
ena. These landmark studies conclusively established that the
conventional Landau-Lifshitz—Gilbert (LLG) equation, for-
mulated originally for nanosecond-scale spin precession, can
be generalized to include inertial effects through the introduc-
tion of spin nutation dynamics at sub-picosecond and fem-
tosecond timescales.!!'"'?! Building upon this inertial LLG
(ILLG) framework, the research community has developed a
comprehensive theoretical foundation for magnetization nuta-
tion phenomena, encompassing nutation spectroscopy, reso-
nant nutation behavior, inertial spin dynamics, and their con-
nection to quantum Brownian motion. 13-

Magnetic domains, serving as fundamental units for in-
formation storage, have garnered significant attention due
to the ultrafast motion capabilities of magnetic domain
walls (DWs) in next-generation high-speed information stor-

age and processing systems. Current research demon-

TCorresponding author. E-mail: lizd @email.tjut.edu.cn
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strates three primary approaches for DW manipulation: mag-
netic field-driven motion,?*> spin-polarized current-induced
propagation, 2631 and a combination of field-current-driven
motion, 3321 all of which enable DWs to overcome pinning
potentials and propagate through magnetic nanowires. From
a fundamental standpoint, the analytical solutions for DW dy-
namics under various driving mechanisms provide particularly
valuable physical insights. The classical Walker solution!33!
first established an exact description for field-driven DWs in
easy-axis ferromagnets, while Berger’s pioneering work 26271
revealed that spin-polarized currents exert exchange-mediated
forces and introduce novel magnetization torques. 333 Cru-
cially, unlike magnetic fields, spin-polarized currents enable
ultrafast magnetization switching, 3! offering distinct advan-
tages for nanoscale devices, including simplified fabrication
and reproducible high-speed operation. 37381

Interestingly, the coupling between spins and other de-
grees of freedom has been shown to induce effective inertia
in spin dynamics within ferromagnetic materials,[!6-18-39-41]
and experimental evidence has confirmed the existence of nu-
tational spin dynamics in such systems. On femtosecond

timescales, spin inertia'>?*42] must be explicitly taken into
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account. A theoretical framework has been developed to de-
scribe precession self-oscillations in ferromagnetic materials
with spin inertia, where nutation self-oscillations may play
a crucial role in future ultra-high-frequency technologies. [+’]
Moreover, the ILLG equation predicts that inertial effects can
enhance the propagation velocity of field-driven DWs. 44
Despite significant advances in ultrafast spin dynamics
research, investigations into spin inertia remain in their early
stages. In this work, we incorporate inertial effects with spin-

transfer torque!+-2!

to control magnetization dynamics, es-
tablishing a theoretical framework for current-driven DW mo-

tion in ferromagnetic systems.

2. Model

As a model system, we consider a biaxial anisotropic fer-
romagnet with the easy axis (z axis) oriented perpendicular
to the wire axis (x axis). The magnetization dynamics is gov-
erned by the dimensionless ILLG equation incorporating spin-

transfer torque effects!’-8:13.19,20,34,35,40,53,54]

™ = —m X her+ 00 X 1 — jiom

+Bjim x Im+ et (m x i), M

where m is the normalized magnetization, m = M /M,
M is the localized magnetization with M being the satura-
tion magnetization, 7 represents the derivative with respect
to time 7, and the definitions d = d/dx and 9° = 9%/dx*
are adopted, where the time #(7) and space coordinate x are
rescaled by the characteristic time #) = 1/ (yM;) and length
xo = /Jo/ (HoMZ), respectively. Here, y is the gyromag-
netic ratio, Jy is the exchange constant, and L is the vacuum
permeability. The dimensionless effective field is given by
hegr = 82m/8x2 + K3mze; — Kymj ey, with k3 = K3/ (NOMS)’
k1 = K1/ (HoM?), where k; is the easy-axis anisotropy param-
eter, and K is the hard-axis anisotropy parameter. In Eq. (1),
the second term on the right-hand side describes the damping
effect characterized by the Gilbert damping parameter ¢. The
third and fourth terms represent the adiabatic and nonadiabatic
spin-transfer torques, respectively, where j; = J,Pug/(eMs)

34,551 where P is the

denotes the dimensionless current density, |
spin polarization of the current, ug is the Bohr magneton, and
e is the electron charge. The final term accounts for the ef-
fect of magnetization inertia, where 7 is the angular momen-
tum relaxation time that induces spin nutation analogous to the
nutational motion of a symmetric spinning top. Specifically,
within certain energy regimes, the axis of the top undergoes
simultaneous precession about the field direction and oscilla-
tory nutational motion.!”]

In spherical coordinates {e,,eg, ey }, with m = (1,0,0),
we have 1 = Oeg + @ sinOey, and Im = dOeg +sinBdgey.

Substituting these into Eq. (1), we obtain
6+ adsind = sin@ (82¢ - %SinZ(p —/3j13¢>
+2c0s 6 (0009 — athe)
—j100 —atdsinG, 2)
$sinf —ab = %sinZG [((N))z + K34 K cos? ¢ — ard)z]
—3%0+ath — j(sin0d¢ —Ba0), (3)

in which the spatial and temporal parameters 0 and ¢ are de-
fined by m = (sin 0 cos ¢, sin O sin ¢, cos 0). In the subsequent
analysis, we will systematically examine inertial DW dynam-
ics for both uniaxial and biaxial anisotropy cases.

2.1. Exact inertial DW dynamics for uniaxial anisotropy

In this section, we focus specifically on the uniaxial
anisotropy case (k] = 0). The exact analytical solution de-
scribing inertial DW dynamics with spiral configuration is

given by
6 = 2arctan e V1)/A,
¢ = ot —I'x+ ¢o, “4)
where
A
V=" (I —a/A), (5)
(041
1
0=—(aiI" +ay/A), (6)
ay
I'=—-atVo, @)
A =d0\/fo/ (1- foarw?a?), ®)

with o} = 1—|—(X2,a] =—J (I-I-Otﬁ),az:—j] ((X—B),Aoz
1/\/K3, and fy = 1 — atV2. From Egs. (5)—(8), we first re-
cover the DW dynamic properties in fast magnetism, i.e., T =
0, whichgives'=0,A=Ao=1/yx3,V=j1 (1+af) /i,
and ® = —j; (¢ — B)/x3/ 1. These results clearly indicate
that the DW velocity V, DW width A, rotation frequency ,
and wave number I" are mutually independent. However, this
apparent independence does not hold in ultrafast magnetiza-
tion dynamics, where these intrinsic DW parameters are mu-
tually coupled, as evidenced by Eqs. (5)—(8). By decoupling
the four equations we obtain

a

0w=—), 9

140 ®

SR N A \/b2—4ar(a1/a1)2 (10)
20tay ! ’

where f; = \/fo (o + Ot‘le)2 + Ocra% and b; = 1 +
(X‘L'j% (1 + ﬁz) So, from Egs. (7) and (8) we can obtain the an-
alytical form of wave number I" and DW width A with Egs. (9)
and (10), respectively.

Under inertial effects, DW dynamics exhibit novel ex-
citation modes, as demonstrated in Eqs. (9) and (10). First,
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when T — 0, the DW velocity V recovers the conventional fast-
magnetism behavior. Equation (10) reveals an inverse depen-
dence of DW velocity on inertial parameter 7, as illustrated
in Fig. 1(a). Notably, the constraint fy > 0 imposes an up-
per bound on the DW velocity: V < 1/+/ot. This maximum
velocity Viax = 1/+/0T shows an inverse square-root depen-
dence on both inertia and damping parameters, suggesting that
damping, quantified by 1/+/0, becomes the dominant factor in
achieving higher DW propagation speeds. Second, inertial ef-
fects induce non-monotonic variations in both precession fre-
quency |®| and wave number I', displaying characteristic ini-
tial increases followed by decreases, as shown in Figs. 1(b)
and 1(c). While the Dzyaloshinskii—-Moriya interaction (DMI)
is known to stabilize spiral magnetization configurations, !
Eq. (7) demonstrates that inertia alone can excite spiral DW
structures in uniaxial anisotropic ferromagnets,'*! even in the
absence of DMI. Finally, the DW width exhibits an opposite
trend, initially decreasing but then undergoing rapid expan-
sion, as shown in Fig. 1(d).

1.2 —0.1

@ ® )

= 0.6 3 -0.3 ~ 0.15

0.6 3-0.30

—0.55
00 1 3 O.5a0

w A

Fig. 1. The inertial effect on the DW velocity V in (a), frequency ® in
(b), wave number I" in (¢), and DW width A in (d) for the case of uniaxial
ferromagnet. (e)-(h) The corresponding relationships between V and ,
Vand A, w and A, and V and I" at the same moment. The parameters are
o =0.3, B =0.03, k3 =0.35, and j; = 0.8, 1.0, 1.2, which are shown
by the red line, the short black dotted line, and the long blue dotted line,
respectively.

To elucidate the correlation between the intrinsic charac-
teristics of DW dynamics, we present a systematic analysis
in Figs. 1(e)-1(h). Under the action of inertial effects, the
DW velocity exhibits a rapid decrease while the DW width
shows minimal variation with increasing magnetization rota-
tion frequency, as shown in Figs. 1(e) and 1(f). Figures 1(f)
and 1(g) demonstrate that, when the DW width remains nearly
constant, the DW velocity decreases sharply while the magne-
tization precession frequency increases rapidly. Notably, once
the rotation frequency surpasses its maximum value, both the
DW velocity and rotation frequency display a gradual decline,
as shown in Figs. 1(e)-1(g). Figure 1(h) presents the coevo-
lution of DW velocity and wave number, revealing that the

spin wave number induced by magnetization precession first
decreases rapidly and then recovers slowly, providing a clear
manifestation of inertial modulation on the spatial phase.

We systematically investigate the impact of spin-
polarized current on inertial DW dynamics in uniaxial
anisotropic ferromagnets. For the non-inertial case (7 = 0),
both the DW velocity V = j; (1+ af3) /oy and rotation fre-
quency @ = —j; (& — f8) /%3/ 0y exhibit linear proportional-
ity to the current density j;, as indicated by the red curves in
Figs. 2(a) and 2(b). Remarkably, introducing inertia (7 # 0)
reveals a critical current density jic = 1/\/at(1+B2) =
Vmax/+/ 1 + B2 that triggers the current-induced Walker break-
down. This establishes a fundamental relationship between
the maximum DW velocity and the driving current in uni-
axial anisotropic systems, where the critical DW velocity is
Ve = Vinax-
plays distinct dynamic regimes: below this critical threshold

As demonstrated in Fig. 2(a), the system dis-

J1 < Jjic, the absolute DW velocity increases monotonically
with current, whereas above the threshold j; > j, the veloc-
ity decreases with increasing current.

10 10
(@) 08 (®) 0.0 (©) (d)
N 5 3 —0.7 [ 015 < 5 /
0
—1.4 e
0 0
0 5 10 0 5 10 0 5 10 0 5 10
J1 g J1 I
2.7 2.7 0.2 2.7
(e) (f) (8) )
> 11 > 11 3 —-0.7 =11
0576 —o7 02 %% 5 10~ 5 10 %2005 0.15 0.3
w A A I

Fig. 2. The effect of external current on the DW velocity V in (a), fre-
quency o in (b), wave number I in (c), and DW width A in (d) for the
case of a uniaxial ferromagnet. Curves for 7 =0, 0.5, 1.0 are shown by
the red line, the short black dotted line, and the long blue dotted line,
respectively. (e)-(h) The corresponding relationships between V and w,
Vand A, @ and A, and V and I" at the same moment, where curves for
7=0.5 and 1.0 are shown by the short black dotted line and the long blue
dotted line, respectively. The other parameters are o = 0.2, § = 0.05, and
K3 = 0.2.

When inertia is absent (T = 0), the wave number I" van-
ishes while the DW width reduces to A9 = 1/,/x3, as indi-
cated by the red lines in Figs. 2(c) and 2(d). Notably, both the
rotation frequency and wave number exhibit a rapid initial in-
crease with current before gradually saturating, as illustrated
in Figs. 2(b) and 2(c). Meanwhile, the current effectively
modulates both I' and A, with Figs. 2(c) and 2(d) showing
a characteristic trend where the DW width first decreases and
then increases again. This behavior is further confirmed in the
large-current limit, where the DW velocity approaches V — 0,
the frequency tends to |®| — 1/ (y/aTAy), and I' — 1/A,.
Particularly intriguing is the result that under these conditions,
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the rotational velocity @/I" of magnetization exactly matches
the DW velocity V, with both converging to 1/1/a7.

We now clarify the intrinsic relationships among V, o,
I', and A, as depicted in Figs. 2(e)-2(h). Under the ultrafast
magnetics mechanism, the DW velocity rapidly accelerates to
its maximum value when driven by the spin-polarized current,
while the magnetization rotation frequency simultaneously ap-
proaches its peak value with minimal variation in DW width,
as shown in Figs. 2(e)-2(g). This behavior suggests that the
DW resembles a classical rigid body, reaching its maximum
translational velocity when its rotational speed peaks. During
this propagation process, the wave number I exhibits a non-
monotonic variation, i.e., initially increasing and then decreas-
ing, as shown in Fig. 2(h). This clearly demonstrates the dual
role of spin-polarized current in both exciting and modulating
the spin wave density (see supplementary material video 1 of
DW dynamics).

Finally, Egs. (7)-(10) reveal that DW motion is also in-
fluenced by the parameters o, 8, and k3. The DW velocity
is independent of k3, while the precession frequency, wave
number, and width increase monotonically with x3. To il-
lustrate the dependence of DW motion on o and 3 more
clearly, we present the results in Fig. 3. Within the experi-
mentally relevant parameter range, damping suppresses DW
velocity, whereas spin-transfer torque enhances it, as shown
in Figs. 3(a) and 3(e). In addition, damping leads to non-
monotonic variations in the precession frequency, wave num-
ber, and width (Figs. 3(b)-3(d)), while spin-transfer torque
produces monotonic changes in these quantities (Figs. 3(f)—

3(h)).

1.0 0 0.08 1.9

(a) (b) (c) (d)
= 0.6 3 0.2& ~ 0.04 <1 1.7%
0.2 —0.4 9 1.5
0.2 06 1.0 02 06 1.0 2 06 1.0 0.2 06 1.0
1.0 —0.05 0.03 1.64
(e) (€3] (g) (h)

~ 0.02 < 1.61

i
\

/S

—0.25
0'60 0.05 0.10 0'200 0.05 0.10 0'010 0.05 0.10 1'580 0.05 0.10

8 8 B B

Fig. 3. (a)—(d) The effect of damping on the DW velocity V, frequency
o, wave number I', and DW width A, with parameter § = 0.03. (e)-
(h) The effect of anisotropy on V, w, I', and A, with parameter ¢ = 0.3.
The other parameters are k3 = 0.35, T=0.5, and j; = 0.8, 1.0, which are
shown by the red line and the short black dotted line, respectively.

2.2. Inertial effect on DW dynamics for biaxial anisotropy

We now investigate inertial effects on DW dynamics in
biaxial anisotropy ferromagnets (k; # 0), where the exact in-

ertial DW solution takes the form

¢ = jarcsin(2a3/A), (11
6 = 2arctan e ¥ V/4 (12)
with parameters
V=jB/a, (13)
A=/fo/ (s + K1 cos?9), (14)

where

a3 = az/((XKl),

cos” ¢ = [(1 *agKl/fo)

:t\/(l —a%Kl/f())z —4a§K3/f0} /2,

and the parameter fj is defined in the previous section.

Equation (14) gives two distinct solutions corresponding
to the “+” cases in cos’¢. To clarify this dichotomy, we
first consider j; = 0 (a3 = 0), where the static equilibrium
DW solutions from Egs. (11) and (12) yield ¢9 = 0,7 (i.e.,
cos ¢ = £1). In this case, the “+” branch corresponds to the
minimum-energy configuration — the stable static DW solu-
tion (¢ = 0,7, 6 = 2arctan e/ 4y, while the “—" branch cor-
responds to a saddle point (¢ = 71/2,37/2, 6 = 2arctan e*/2),
representing an unstable magnetic state. In the following, we
restrict our analysis to the stable “+” solution.

Because of the competition between hard-axis anisotropy
and inertia, spiral magnetization structures in DWs vanish
(I' = 0). While inertia tends to favor spiral configurations
(lower-energy magnetic states), the hard-axis anisotropy en-
forces higher-energy alignments, ultimately suppressing spi-
rals. As a result, the magnetization becomes pinned, and its
rotational dynamics disappear (@ = 0).

In biaxial anisotropy ferromagnets, Eq. (13) shows that
the DW velocity is directly proportional to the current j; and
controlled by both the nonadiabatic spin-transfer torque pa-
rameter 3 and the damping constant ¢. Figure 4(a) shows that
increasing the inertial factor 7 leads to an initial slow decrease
of DW width, followed by a rapid expansion. By contrast,
spin-polarized current broadens the DW width, as illustrated
in Fig. 3(b).

The natural constraint

2
(1—a3ki/fo)” —4asks/fo >0
defines a critical current window j; — < ji < ji4, where
E_

(1—[3/a),/1+a1:a2263’

with & = /i T K — /K3 and o = —B/ (& — B).

In addition, the condition fy > 0 sets the maximum DW

Jix ==

velocity

Vinax = 1/Var,
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which scales inversely with the square roots of both inertia
and damping. Remarkably, in this regime the damping factor
a becomes the dominant parameter governing DW mobility
through its 1/1/a dependence. When V approaches Vinax, the
maximum driving current reaches

|j1max| = V& /T/B,

which exactly coincides with the asymptotic limit |j; 4| —
y/o/t/B at large T (see supplementary material video 2 of
DW dynamics).

1.15 1.7
(a) (b)
1.10 1.5
< 1.05 <1.3
1.00 1.1
0'950 290 580 0'90 0.39 0.78
T J1

Fig. 4. The variation of DW width A as a function of the inertia parameter
T and the external current j; for the biaxial ferromagnet. (a) Parameters
are @ = 0.3, f =0.03, x; = 0.9, k3 =0.2, and j; = 0.5. (b) Parameters
are oo = 0.3,  =0.03, k1 =0.95, k3 =0.1,and T = 5.

3. Conclusion

Through our investigation of ultrafast magnetic phenom-
ena, we have elucidated the fundamental characteristics of
domain wall (DW) dynamics in both uniaxial and biaxial
anisotropic ferromagnets under the combined influence of in-
ertial effects and spin-transfer torque. By employing phys-
ically justified assumptions, we derived two exact analytical
solutions for DW motion. These solutions demonstrate the ex-
istence of an intrinsic upper limit for DW velocity and reveal
that the damping parameter, rather than other factors, emerges
as the dominant determinant for achieving higher DW speeds.

In uniaxial anisotropic systems, we show that inertial ef-
fects induce coupled dynamics among DW velocity, width, ro-
tation frequency, and wave number, while these quantities vary
independently in the absence of inertia. Remarkably, the DW
velocity can decrease rapidly while the magnetization preces-
sion frequency increases sharply, even with minimal variation
in DW width. Beyond a threshold rotation frequency, both the
velocity and frequency gradually decay. Under spin-polarized
current driving, inertial DW dynamics exhibits several novel
features. Most notably, we identify a critical current value
that triggers current-induced Walker breakdown. When the ap-
plied current deviates from this critical value (either below or
above), the system displays either positive or negative mobil-
ity. A particularly intriguing observation is that DW velocity

can rapidly saturate to its maximum value under current driv-
ing, accompanied by near-simultaneous saturation of the mag-
netization rotation frequency with negligible change in wall
width. This behavior suggests quasi-rigid-body motion, where
translational velocity peaks precisely when rotational velocity
reaches its maximum.

In biaxial anisotropic systems, the competition between
hard-axis anisotropy and inertia leads to the disappearance of
spiral magnetization structures and rotational characteristics in
DWs. The DW width exhibits a non-monotonic dependence
on the inertial parameter 7, initially decreasing slowly before
undergoing rapid expansion. Conversely, current injection in-
duces progressive broadening of the DW width. Our analysis
reveals a critical current density

jlmax =V (X/T/ﬁ7

demonstrating square-root dependence on the inertia—damping
ratio o/ T and inverse proportionality to the nonadiabatic spin-
transfer torque parameter 3. This finding naturally raises the
important question of experimental control of inertia.

Recent studies suggest that the angular momentum relax-
ation time 7 can be optically modulated>®>7! or controlled via

38591 techniques, with measured values reaching 72 ps

x-rayl
in CoFeB systems. ') Notably, the interplay between inertial
effects and spin-polarized currents enables dynamic control of
both spatial phase profiles and spin-wave densities, thereby
offering precise manipulation of DW dynamics. To apply the
theoretical model and results presented in this work for tar-
geted prediction, we adopt the material parameters of NiFe:
a=0.1,7y=2.21x10° A/(m-s), pp =47 x 1077 N/A2, Jy =
1.3x 1071 J/m, My = 8 x 10° A/m, and K3 = 2.0 x 10° J/m?.
Therefore, the characteristic time, length, and velocity are
obtained as 7o = 5.66 x 10712 s, xg = 4.02 x 10~° m, and
vo = xo/tp = 710.83 m/s, respectively. We further obtain the
maximum speed vimax = 3198.74 m/s at T = 0.5. These results
establish a theoretical framework for spintronic device appli-
cations while creating new opportunities for achieving ultra-
fast magnetization reversal.
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