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As an important quantum cryptanalysis algorithm, Kuperberg’s algorithm efficiently addresses the dihedral hidden
subgroup problem with sub-exponential acceleration. However, when dealing with large numbers, the algorithm demands
a deeper quantum circuit depth, rendering its implementation on current quantum devices prone to noise interference and
thereby significantly reducing its efficiency. To mitigate this challenge, this paper proposes a distributed Kuperberg’s
algorithm. It decomposes the original function into sub-functions which can be executed on different nodes in parallel. The
implementation of these sub-functions necessitates a shallower quantum circuit depth and a reduced number of qubits when
contrasted with the execution of the original function. Furthermore, the proposed algorithm can be directly generalized to
an arbitrary number of nodes by adjusting the quantity of input qubits. The utilization of multi-node parallel processing
makes the proposed algorithm a linear enhancement in query complexity relative to the original algorithm. To validate the
feasibility and demonstrate the superiority of our algorithm, experiments are conducted on the Qiskit platform.
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1. Introduction
Quantum computing is universally acknowledged as a

potential technology for solving computational problems that
are intractable for classical computing.[1–4] However, current
quantum devices, such as noisy intermediate-scale quantum
(NISQ) devices, face some critical constraints: limited qubit
count, finite coherence durations, noise-induced error accumu-
lation, and so on.[5] These constraints render the practical de-
ployment of quantum algorithms exceedingly challenging.[6]

Nevertheless, distributed quantum computing (DQC)[7–10] has
emerged as a promising framework to circumvent NISQ-era
limitations. Multiple small-to-medium quantum processors
interconnect to collaboratively execute tasks, overcoming the
computational limitations of individual devices. Within this
framework, distributed quantum algorithms represent a piv-
otal research point due to their inherent advantage of proactive
adaptation to distributed environments.

In 2021, Avron et al.[11] proposed a distributed quantum
computing architecture through function decomposition. They
accomplish distributed implementations of algorithms such as
Deutsch–Jozsa, Simon, and Grover. This architecture reduced
single-node circuit depth and qubit requirements when func-
tions comply with specific computational paradigms. How-
ever, its constrained node scalability and absence of post-
decomposition optimization mechanisms lead to performance
deterioration.

In 2022, Tan et al.[12] advanced a refined function decom-

position scheme facilitating arbitrary-scale node expansion
within distributed quantum computing architectures. By im-
plementing this framework in the Simon’s algorithm with sort-
ing multi-node computational outputs, their work achieved ex-
ponential acceleration relative to Avron’s distributed Simon’s
algorithm. In the following, Qiu et al.[13] leveraged Tan’s
function decomposition framework integrated with quantum
counting techniques to develop a distributed Grover’s algo-
rithm. This methodology reduced qubit resource requirements
while achieving linear query complexity advantages. In short,
the aforementioned algorithms achieved enhanced scalability
and performance through optimized function decomposition
and post-processing of computation results.

Kuperberg’s algorithm[14] is a quantum algorithm of
subexponential query complexity for the dihedral hidden sub-
group problem and hidden shift problem. However, its practi-
cal implementation demands deep quantum circuits and a large
number of qubits, limiting its applicability on near-term de-
vices. Inspired by the above algorithms, we propose a dis-
tributed Kuperberg’s algorithm. The algorithm decomposes
the injective function into subfunctions, enabling parallel ex-
ecution across nodes. We develop a 2-node distributed algo-
rithm and extend it to t nodes, where t is arbitrary and can
be adaptively adjusted based on practical requirements. No-
tably, the implementation of subfunctions on each node fea-
tures shallower circuit depth, which enhances the algorithm’s
noise resistance. Furthermore, due to the parallel execution
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of tasks by multiple nodes, our algorithm reduces the query
complexity from 2O(

√
n) to 2O(

√
n−t) with 2t distributed nodes

(n is the number of bits of hidden information). Experiments
on the Qiskit platform demonstrate a reduction in single-node
quantum circuit depth relative to the original Kuperberg’s al-
gorithm. In addition, an improvement in measurement success
rates confirms the algorithm’s practical viability.

The remainder of this paper is organized as follows. Sec-
tion 2 briefly reviews the Kuperberg’s algorithm. Section 3
presents the distributed Kuperberg’s algorithm and its details.
Section 4 provides experiments to prove the feasibility of the
algorithm. In Section 5 we conclude with a summary.

2. Review of Kuperberg’s algorithm
Kuperberg’s algorithm[14] is a quantum algorithm for

solving the hidden shift problem, particularly over the dihedral
group DN . This problem is formally characterized as a gener-
alization of the hidden subgroup problem within a non-abelian
group,and it is connected to certain non-standard discrete log-

arithm problems. Compared to Ref. [15], this algorithm has a
subexponential time complexity O(2

√
n), showing significant

quantum advantages in dealing with such non-abelian group
problems. Therefore, the algorithm is a potential threat to
some non-abelian group (lattice-based) cryptosystems and has
important application value in quantum cryptanalysis.[16]

In the following, we present a concise exposition of Ku-
perberg’s algorithm. Define two injective functions f ,g : ZN→
R, where ZN is an additive group of integers and R is the output
set. Then f (x) = g(x+a) is satisfied for any x ∈ ZN . The goal
of Kuperberg’s algorithm is to determine the shift a by per-
forming a minimum number of queries to oracles, which can
efficiently query the values of functions f and g as follows:

|b〉|x〉|y〉 o→

{
|0〉|x〉|y⊕ f (x)〉, if b = 0,
|1〉|x〉|y⊕g(x)〉, if b = 1.

(1)

The detailed steps of Kuperberg’s algorithm are formally out-
lined in Algorithm 1.

In particular, Kuperberg’s sieve method (Step 6) crucially
reduces query complexity to sub-exponential. In summary, a
large number of quantum states with identical final d

√
n−1e

bits are generated, then two of these states are selected to per-
form a controlled combination operation. The resulting com-
posite states then serve as inputs for subsequent iterations of
the process. Once a number of states is achieved, states with
identical last 2d

√
n−1e bits are selected and subjected to fur-

ther combination procedures. This iteration persists until a

target quantum state is synthesized. The first bit of the tar-
get quantum state is uncertain, while all remaining bits are 0.
Remarkably, a single execution of Algorithm 1 suffices to de-
terministically recover the least significant bit a0 of a. Then,
the full reconstruction of the bit string a is achieved by re-
cursively applying the algorithm with appropriately redefined
functions f ′(x) = f (2x) and g′(x) = g(2x+a0).

Finally, the query complexity of Kuperberg’s algorithm
is discussed. The algorithm’s query complexity is primarily
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determined by two parameters. One is the bit length n of the
hidden shift a. Another is the sieving procedure, which in-
curs a query complexity of 2O(

√
n−k) per iteration, where k de-

notes the iteration count. Consequently, the total complexity
is 2O(

√
n), and the space complexity is 2O(

√
n).[14]

3. Distributed Kuperberg’s algorithm
Before presenting the distributed Kuperberg’s algorithm

in detail, we first introduce the function decomposition, which
serves as a foundation for understanding the algorithm’s struc-
ture. We then describe the algorithmic procedure in both two-
node and multi-node settings. Finally, we analyze the compu-
tational complexity and compare the results with the original
Kuperberg’s algorithm.

3.1. Function decomposition

Based on the function established,[11] we propose a de-
tailed exposition of the function decomposition employed in
the distributed Kuperberg’s algorithm.

Definition 1 Set the original injective functions f ,g :
ZN → R satisfy f (x) = g(x+a), where x ∈ ZN , a ∈ ZN , x,a =

n = dlog2|ZN |e. To facilitate function decomposition, the in-
put is decomposed into two distinct parts, such as x = w||u ,
u ∈ {0,1}n−t ,w ∈ {0,1}t , where || refer to the string concate-
nation operation. Define the function decomposition:

fw(u) = f (w||u), gw(u) = g(w||u). (2)

Assume there are 2t distributed quantum computing
nodes, which are denoted as Nw, w ∈ {0,1}t . Each subfunc-
tion fw and gw is allocated to an isolated quantum node Nw to
handle (n− t) bits of input. Finally, the outputs of all subfunc-
tions, computed in parallel across the nodes, are subsequently
collected and aggregated into a set.

Definition 2 For each input u ∈ {0,1}n−t , there exist sets
H(u) and R(u), respectively:

H(u) = { fw(u) | w ∈ {0,1}t},
R(u) = {gw(u) | w ∈ {0,1}t}. (3)

Due to the injective properties of f and g, the sets H(u)
and R(u) are devoid of duplicate elements. However, the hid-
den shift a remains non-recoverable directly from these sets
for two critical reasons. (i) The computational outputs across
nodes are mutually independent, preventing direct establish-
ment of inter-node correlations. (ii) The elements in H(u) and
R(u) exhibit no explicit correlation with the hidden shift a. To
establish the connection between subfunction values and the
hidden shift, we impose a global ordering on the set elements.
The strings F(u) and G(u) are defined through the concate-
nation of lexicographically sorted elements from of H(u) and
R(u), respectively.

Definition 3 For each input u ∈ {0,1}n−t , the sorted
strings F(u) and G(u) are as follows:

F(u) = f (w0||u)|| f (w1||u)|| · · · || f (w2t−1||u) ∈ {0,1}2t m,

G(v) = g(w0||v)||g(w1||v)|| · · · ||g(w2t−1||v) ∈ {0,1}2t m. (4)

f (w0||u) 6 f (w1||u) 6 · · · 6 f (w2t−1||u),g(w0||v) 6

g(w1||v)6 · · ·6 g(w2t−1||v),wi ∈ {0,1}t , when i 6= j, wi 6=w j.
The ordering process ensures that the construction of

F(u) and G(u) depends on the function values and not on
the specific computing nodes, thereby removing any data de-
pendency between nodes. It then suffices to demonstrate the
relationship between the ordered results and the hidden shift
a, which can be obtained through measurements of the sorted
outputs.

Theorem 1 Let a = a1 ‖ a2, where a1 ∈ {0,1}t , a2 ∈
{0,1}n−t , for all u ∈ {0,1}n−t , v ∈ {0,1}n−t , there exists a2

such that:

F(u) = G(v) if and only if u+a2 = v. (5)

Proof By the injectivity of f and g, the elements in H(u)
and R(v) are distinct for all u,υ ∈ {0,1}n−t . H(u) = R(v) if
and only if F(u)=G(v), is equivalent to F(u) = G(v) if and
only if u+a2 = v. Let w+a1 = w′:

Necessity ∀z ∈ H(u), ∃w ∈ {0,1}t , z = f (w||u).
Since f (w||u) = g(w||u+a), z = g(w||u+a). When u +

a2 is added without carry-over, z = g(w+a1||u+a2) =

g(w′||v) ∈ R(v). If u+ a2 is added with carry-over, then z =
g(w+a1||u+a2) = g(w′+1||v)∈R(v). Hence, H(u)⊆R(v).
Similarly, R(v)⊆ H(u) implies F(u) = G(v).

Sufficiency If F(u) = G(v), ∀z ∈ H(u), ∃w ∈ {0,1}t ,
z = f (w||u) = g(w′||u+a). When u+ a2 is added without
carry-over, w||u+ a = w′||v,w+ a1 = w′,u+ a2 = v. When
u+a2 is added with carry-over, w||u+a=w′+1||v,u+a2 = v.
Therefore, u+a2 = v.

3.2. The distributed Kuperberg’s algorithm

Based on the function decomposition described above, we
present the implementation of the distributed Kuperberg’s al-
gorithm. The fundamental idea of the algorithm is first intro-
duced.

(i) The original function in Kuperberg’s algorithm is de-
composed into 2t subfunctions { fw(u),gw(u)}, where w ∈
{0,1}t . Each node Nw is responsible for processing the cor-
responding pair of subfunctions fw(u) and gw(u).

(ii) Subfunction queries are executed in parallel across
nodes, generating the quantum state

1√
2
(|0〉|u〉| fw(u)〉+ |1〉|u〉|gw(u)〉) .

Sort the data from all distributed nodes in the quantum sorting
register.
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(iii) The sorting register is measured, and the quantum
Fourier transform (QFT) is applied to extract the final bit of
a2.

(iv) New functions are subsequently defined as fw
′(u) =

fw(2u) and gw
′(u) = gw(2u+ a0), where a0 is the least sig-

nificant bit of a2. By recursively applying this procedure, the

remaining bits of a2 and a1 are determined, leading to the full

reconstruction of the hidden shift parameter a.

Following the algorithmic process, we present the dis-

tributed Kuperberg’s algorithm for the two-node (case t = 1),

as specified in Algorithm 2.

Here 𝑈sort compares the values of two registers and performs a lexicographical-order-dependent XOR operation on the third
register:

𝑈sort |q〉 |p〉 |r〉=

{
|q〉 |p〉 |r⊗ (q||p)〉, p≥ q,

|q〉 |p〉 |r⊗ (p||q)〉, p < q,
p,q ∈ {0,1}m, r ∈ {0,1}2m. (6)

Evidently, 𝑈sort executes a controlled operation contingent
upon the states of the quantum registers. To sort 2t ele-
ments with O(t) complexity, the implementation of Usort can
be adapted to employ a sort network.[17] Specifically, this can
be achieved by loading the target registers for sorting into a

sorting register, and then applying a sorting network to the
sorting register. This optimization serves as a foundation for
the distributed Kuperberg’s algorithm over 2t nodes, which is
formally outlined in Algorithm 3 and illustrated schematically
in Fig. 1.

H

Usort

Ug0

QFT

Uf0

H

n↩>


tm>

m>

m>

m>

>
1

N

1
N

2
N

3
N

N

Nw

Ug1Uf1Ug1Uf1

UgwUfwUgwUfw

Ug0Uf0

Fig. 1. Quantum circuit of the distributed Kuperberg’s algorithm with 2t nodes. Each node Nw processes subfunction oracles fw(u) and gw(u).
The circuit includes state preparation, oracle queries, global sorting via 𝑈sort, and QFT-based extraction of the hidden shift bits.
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Then, redefining the original functions as f ′w(u) = fw(2u)
and g′w(u) = gw(2u+ a0), execute Algorithm 3 to iteratively
extract the remaining bits of a2. Similarly, the parameter a1

is recursively deduced via the aforementioned function con-
struction process. Through this iterative process, the complete
hidden shift a can be obtained.

3.3. Complexity analysis

The query complexity of the proposed distributed algo-
rithm is predominantly determined by the two components of
a, a1 and a2. Specifically, the computation of a involves a
sieving process with a query complexity of 2O(

√
n−t), where

n − t is the bit length of a2. Then O(n − t) time itera-
tions required to resolve all bits of a2. Therefore, the query
complexity for calculating a2 is 2O(

√
n−t) + 2O(

√
n−t−1) +

· · ·+2O(
√

2) = 2O(
√

n−t). Similarly, the complexity for resolv-
ing a1 is 2O(

√
t) + 2O(

√
t−1) + · · ·+2O(

√
2) = 2O(

√
t). Conse-

quently, the total complexity is 2O(
√

n−t)+2O(
√

t). A key ques-
tion in terms of query complexity is how to optimally choose t
for a given n. To address this, we analyze the query complexity
with the function f (t) = 2

√
n−t +2

√
t . Obviously, the function

f (t) is strictly decreasing on (0,n/2) and strictly increasing
on (n/2,n). Thus, the optimal choice of t can be taken as
n/2 and the query complexity is 2O(

√
n/2). However, choosing

t = n/2 requires 2n/2 nodes, which is not practical. Therefore,

we consider the case t � n, where 2O(
√

t)� 2O(
√

n−t). Under
this case, the overall query complexity can be approximated
by 2O(

√
n−t).

In addition to query complexity, the cost of inter-node
quantum operations is generally a bottleneck in distributed ar-
chitectures. However, in our algorithm, the inter-node cost re-
mains negligible. This is because the inter-node operations oc-
cur during the data transfer phase of 𝑈sort. Specifically, 𝑈sort

performs 2t quantum teleportations of m-qubit registers.[10]

Due to the independence of different nodes, these 2t transfers
can be performed in parallel. Therefore, the total cost of inter-
node operation is O(m). Because m is independent of n, we
can assume m = O(1). As a result, the impact on algorithm
efficiency is minimal.

Moreover, gate complexity and circuit depth of 𝑈sort are
important aspects to consider. As previously discussed, 𝑈sort

consists of two steps: data transfer and sorting. The transfer
step has already been analyzed. Here, we focus on the sorting
step, which requires O(t) depth and O(2t · t) comparators.[17]

Each comparator is implemented as a reversible quantum cir-
cuit based on the construction described in Appendix B of
Ref. [18]. The comparator has a gate complexity and T -count
of O(m), and a circuit depth of O(logm). Therefore, the gate
complexity and T -count of 𝑈sort scale as O(2t · t ·m), and the
circuit depth scales as O(t · logm). The detailed resource esti-
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mates are listed in Table 1. Since m = O(1), it is evident that
the resource cost of 𝑈sort depends primarily on t. This further
supports our choice of setting t � n to ensure the algorithm
remains practically implementable.

Table 1. Resource cost of a m-qubit comparator and 𝑈sort.

Resource cost Gate complexity T -count Circuit depth

m-qubit comparator O(m) O(m) O(logm)

𝑈sort O(2t · t ·m) O(2t · t ·m) O(t · logm)

To further illustrate the advantages of the proposed al-
gorithm, we compare it with original algorithm. In terms
of query complexity, the Kuperberg’s algorithm requires a
query complexity of 2O(

√
n), whereas our distributed architec-

ture achieves only 2O(
√

n−t). This demonstrates a reduction
in oracle queries compared to the original algorithm. Fur-
thermore, the distributed algorithm optimizes quantum circuit
depth at each node. Specifically, the decomposition of the
original function enables a substantial reduction in per-node
circuit depth relative to the original implementation. The shal-
lower circuit depth at each node enhances operational feasi-
bility on current quantum devices and improves resilience to
noise.

4. Experiments
To illustrate the efficacy of the proposed distributed al-

gorithm, we perform experimental simulations on the Qiskit
platform (v0.44). In the experiments, we construct injective
functions: f ,g : {0,1}3 → {0,1}4, satisfying f (x) = g(x+ a
mod N), The corresponding truth tables of f and g are pre-
sented in Table 2. We implement the original Kuperberg’s al-
gorithm on a 4-qubit node and the distributed Kuperberg’s al-
gorithm on a dual-node where each node consists of 3 qubits,
with 1 ancilla qubit shared between them. Each of the two al-
gorithms was carried out 2,048 times to get the last bit of the
hidden shift a = 1112 = 710 (binary to decimal).

Table 2. Truth table.

x g(x) f (x) x g(x) f (x)

000 1001 1000 100 0111 0101
001 1100 1001 101 0011 0111
010 1010 1100 110 0001 0011
011 0101 1010 111 1000 0001

To construct the function oracle components required
for both the original and the distributed Kuperberg’s algo-
rithm, the DORCIS framework[19] was utilized, as illustrated
in Figs. 2 and 3.

In contemporary universal fault-tolerant quantum archi-
tectures, the “Clifford + T ” gate set is conventionally adopted
to achieve universal quantum computation.[20] Notably, the

fault-tolerant implementation of T gates entails significantly
higher resource overhead compared to Clifford group opera-
tions, often exceeding the latter by an order of magnitude. As
a result, the T -depth serves as a critical determinant of circuit
execution time.[21] Reducing the number of T gates decreases
the required number of ancilla qubits, significantly minimizing
the circuit footprint while enhancing fidelity. Table 3 quan-
tifies the T -depth and total circuit depth for oracles imple-
mented under both the original function and its decomposed
subfunctions. These results demonstrate the depth reduction
achieved through distributed function decomposition.

(a)

(b)

Fig. 2. Quantum circuit of original Kuperberg’s algorithm oracles.
(a) Quantum circuit of O f . (b) Quantum circuit of Og.

(a)

(c) (d)

(b)

Fig. 3. Quantum circuits of distributed Kuperberg’s algorithm oracles. (a)
Quantum circuit of O f0 . (b) Quantum circuit of O f1 . (c) Quantum circuit of
Og0 . (d) Quantum circuit of Og1 .

Table 3. Circuit depth of oracle: before and after functional decompo-
sition.

O f Og O f0 O f1 Og0 Og1

T -depth 24 24 8 0 12 16
Full depth 58 57 25 9 35 43

Functional decomposition of the original function simpli-
fies the subfunction oracle implementations, enabling the pro-
posed distributed algorithm to achieve significant T -depth re-
duction and improved compatibility with contemporary quan-
tum devices. This finding generalizes to broader computa-
tional scenarios.

The experimental methodology encompassed superposi-
tion state initialization, oracle queries, quantum sorting opera-
tion 𝑈sort, and QFT measurement. As demonstrated in Fig. 4,
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the distributed implementation achieved a measurement suc-
cess rate of 22.6%, significantly higher than the 10.6% ob-
served for the original algorithm. These results empirically
confirm the efficacy of the distributed Kuperberg’s algorithm
in reducing quantum resource overhead and enhancing mea-
surement success probabilities.
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Fig. 4. Comparisons of experimental results: (a) distributed Kuper-
berg’s algorithm with input bit 3 and correct result 101, (b) Kuperberg’s
algorithm with input bit 4 and correct result 1001.

5. Conclusion
In this paper, we present a distributed variant of Kuper-

berg’s algorithm, optimized via functional decomposition. By
distributing computation across multiple nodes operating in
parallel, the number of oracle queries required per node is
significantly reduced. This reduction not only mitigates noise
but also facilitates the practical realization of subexponential
speedups on current NISQ devices. Furthermore, to validate
the efficiency of the proposed algorithm, we implemented it on

the Qiskit platform and compared its performance against the
original Kuperberg’s algorithm. Experimental results demon-
strate that our distributed approach achieves notably higher
measurement success rates and significantly reduced circuit
depth, thereby making it more suitable for execution on NISQ
devices.
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